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Abstract

We study transfer operators over general subshifts of sequences of an infinite alphabet. We
introduce a family of Banach spaces of functions satisfying a regularity condition and a deacreasing
condition. Under some assumptions on the transfer operator, we prove its continuity and quasi-
compactness on these spaces. Under additional assumptions - existence of a conformal measure and
topological mixing - we prove that its peripheral spectrum is reduced to 1 and that this eigenvalue
is simple. We describe the consequences of these results in terms of existence and properties of
invariant measures absolutely continuous with respect to the conformal measure. We also give some
examples of contexts in which this setting can be used - expansive maps of the interval, statistical
mechanics.

1 Introduction

Given a measured space (X, m) and an application T' mapping X into itself, it is a classical ques-
tion to ask if it admits an invariant measure absolutely continuous with respect to m ([15],[7],[18]).
It is then natural to study the ergodic and statistical properties of the system with respect to this
invariant measure.

When T is a non invertible, piecewise differentiable and expansive map from R™ into itself,
the Ruelle-Perron-Frobenius operator has proved to be a rather efficient tool for these aims:

P = Y i)

y|T(y)=z

The study of the spectral properties of transfer operators is a slightly more general setting.
Given a function ¢ - that will be called a potential - defined on X, the transfer operator associated
with ¢ is a linear operator acting on Banach functional spaces ([19],[16],[25],[27]):

Lo(f)x)= > Wiy

y|T(y)=z

Under reasonable assumptions, one proves the existence of a measure for which L is the
RPF operator - such a measure is said to be conformal. A classical and important result is the
quasicompactness of the transfer operators over the Banach space of Holder functions on the
shift with finite alphabet, if ¢ itself is Holder ([19],[16]). It is sufficient to obtain the existence
of a measure absolutely continuous with respect to the conformal measure. Its density is the
eigenfunction associated to the real eigenvalue of maximal modulus of the transfer operator. One
then obtains exponential decay of correlations for Hoélder continuous functions. It is also possible,
using the perturbation theory of linear operators to obtain limit theorems for the sums ) foT",
for f Holder ([17],[10],[24]).



This formulation comes from statistical mechanics ([19]). But these results can be used for
the study of interval maps ([4]) or differentiable hyperbolic dynamical systems ([3]).

These methods are well developed and efficient. But two assumptions are usually required and
limit their possible applications:

e The considered transfer operators are acting on the shift with a finite alphabet. This ensures
the compactness of the original space and hence, the existence of a conformal measure. It
also simplifies the obtention of various uniform bounds.

e The corresponding results for subshifts concern subshifts of finite type. In more general cases,
the space of Holder functions might not be stable for the transfer operator.

Different authors have studied different ways to extend these results in various particular
cases. For interval maps, see for example [20], [26], [14], [6], [1], [13], for symbolic dynamics, [22],
(9], [23].

In this paper we prove a quasi compactness result for some transfer operators defined on a
general closed subshift of a shift over an infinite alphabet. The assumptions are formulated on the
“potential” ¢ associated with the transfer operator.

Let us precise the content of our result.

One of the main point is the introduction of particular Banach spaces that will allow us to
deal with the infinite case. These Banach spaces contain bounded functions satisfying a decreasing
condition and a regularity condition . Roughly speaking, they go to zero exponentially fast with
the first coordinate. A weighted sum, Vy(), of the oscillations on each cylinder is asked to be finite.

On one hand, the usual pressure P(¢) is defined to be the logarithm of the spectral radius
of the transfer operator. We introduce another quantity, called pressure at infinity, P (¢), which
plays the same role as the pressure, but taking in account only what happens at infinity. The
system has a nice behavior if Py (¢) < P(¢).

On the other hand, we have to control the regularity of the Ly(f). For this aim, we ask ¢ to
be regular enough (Vp(e?) < +00), and small enough to compress the oscillations (||¢]| . < P(¢)).

Under these conditions, we prove that the transfer operator acting on the introduced Banach
spaces is quasicompact. (Theorem 1)

This first result does not involve any measure. The existence of a conformal measure is
possible to prove under the same kind of assumptions (See [5]) but, here, we assume there exists
one. In this case and under a topological mixing condition, we prove that the only peripheral
eigenvalue is 1 and that it is simple (Theorem 2).

We deduce that there exists a unique invariant measure absolutely continous with respect to
the conformal measure; it is mixing and has exponential decay of correlations. (Corollary 1). We
then apply these results to the case of a statistical mechanics setting (Corollary 2) and to the case
of an interval map with an infinite coding partition (Corollary 3 and 4).
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2 Statement of results

2.1 Shift and subshift

Let A be a countable set (say A = N*) and S = AN the set of all the sequences of elements
of A. The elements of S are denoted by © = (zy,)nen+ = (21,...,Zn,...). For any integer n and
any elements iq,...,i, of A, the subset {z € S|z1 = i1,...,2, = i,} of S is called a n—cylinder
and is simply denoted by (i1,...,i,). S is endowed with the c—algebra B, generated by the finite
cylinders.

Let then T : S — S, © — Tz, where : Vn € N*, (Tx), = x,41. T is not invertible; let
iz denote the preimage of = in (i): iz = (i,21,...,%pn,...). In the same way, let iy - i,z =
(i1y.veyin, T1,y.. s Tn,...). T is called one-sided full shift (or simply shift). We shall denote by U
the linear operator (acting on various functional spaces) defined by: Uf = foT.

Let F be a T-invariant closed subset of §. The induced o—algebra on F is generated by the
traces (i1,...,%,) NF of the cylinders. The restriction of the map T to the subset F is called a
one-sided subshift. Notice that it is either of finite or infinite type.

Definition 1 (Topological mixing) We shall say that the subshift Tx is topologically mixing if
and only if for any cylinder (i1,...,i,) intersecting F, there exists an integer N such that

TN ((i1,...,in) NF)=F

2.2 Banach spaces

Let o and 6 be two reals, a > 1 and 0 < § < 1. We shall denote by & the application @ : S — R
depending only of the first coordinate, defined for all i and all z in the cylinder (i) by a(x) = a™.

Given a function f : F — C, we can define the followings:

vary, i, (f) == sup ([f(z) = f(W)])

Y€ (i1, yin)NF

+o0o
Vo(f)=) 0"( Y wvari..q,(f)) and [f],:=sup(a’ sup (f(w)))ZHéllm
n=1 i in

L JEN z€(jINF

Let now consider the family of sets Xo9 := {f : F — C | Vo(f) < 4o0,[f], < +oo}
endowed with the norm ||.|| := Vy(.) + [],. We will prove that these spaces are Banach spaces
(proposition 3).

Let then Xy denote the space X} ¢ and &, the space &, q.

Let us define notations for the corresponding local quantities. Given a cylinder (j1,...,jn), let

fliasovin) = sup |f(2)]

xe(il,.“,in)ﬁ}'

and let Vo(jl’”"jN)(f) denote the variation of f, restricted to the cylinder (ji,...,jn). Namely:

VeI ()= N 3 vars,....i, (f))
= Z 6" ( Z VAT jy1 . N AN+ 15 sin (f)

n>N IN+15ee50n



Let us introduce a very similar quantity that will be useful to deal with the case of subshifts of
infinite type.

Definition 2 Let N € N*. We shall say that the N-cylinder (j1,...,jn) in S is non regular for
F if and only if

Az,y € (o, -, iN) NF | iz € (J1,---,in) NF and 1y & (J1,---,in) NF
We shall then distinguish:
e The set M? of the non regular cylinders
e The set M™ of the regular cylinders that intersect JF.

e The set M~ of the regular cylinders that do not intersect F.

Let now set:

vare(f) if C e MT
varc(f) == supyec f(z) if C e M°
0 if Ce M~

We then denote by Vg (f) the corresponding total variation:

+o00o
Vo(f) =Y 0™
n=1

Wi17---7in (f))
. in

21,...,:

Remark 1 [t is equivalent to count the variations of f as a function defined on T~ F and equal
to zero on T~YF\ F.

Remark 2 Notice that if all the cylinders are regular (the subshift is then called Markovian), or
equivalently if the sets {j € N*|jz € F} do not depend on i1(x), then Vo(f) = Vo(f) for all f.
2.3 Transfer operators
To any function ¢ : F — R, one can associate an operator, called transfer operator , Ly, by :
Lo(Nx) = Y *Wf(y)
YT (y)==
or, using the introduced notations:
Lo(Nx) = Y U9 f()
JEN*|jzeF

Notice that it is defined only if the serie converges. Assumptions on ¢ will make it defined at any
x if f remains in a correct functional space. For example, if |[£4(1)]|., < 400, it is defined on the
space of bounded functions.

||<>o

Let ¢ denote : ¢n = i\:ol ¢oTF*. The iterates of the operator have the following expression:
ciH@y= D eI ya)
i1, 0iN [j1INTEF
Remark 3 We also can think of ¢ as defined over S and set ¢(x) = —oo if x & F. It then makes
sense to write: Eg(f)(x) =D iiin e®NUin®) £, ... jyx) without defining f out of F.

.....

We shall say that a potential ¢ defined over a subset F of S is topologically mixing if the subshift
over the subset F is.

When it is not ambiguous, we shall write simply £ instead of L.



2.3.1 Pressure

We now introduce a quantity which will play the same role as the usual pressure in statistical
mechanics.

Definition 3 We will denote by P(¢) and call Pressure of ¢ over L™ the real number :

1
P(g) = lim_—log(|L3(1)].).

n

The following proposition gives a criterion for the existence of the pressure.

Proposition 1 If [|£(1)||.. < +oo, then, the sequence (+log(|[L™(1)||..))nen- converges to a limit
—00 < P(¢) < +00.

The sequence is convergent because (|[£™(1)]|., )nen is sub-multiplicative. O

< 400. We will ask ¢ to satisfy:

Hoo

In practice, we will use a condition stronger than ||£(1)

+oo
sup Zed’(”) < 400
JENT =1

Notice that:

+00 +00
I£(1)]|.. = sup sup Y e?0) < sup P
JEN* ZL’G(]) i—1 JEN* P

To deal with this kind of quantities that take in account only the supremum of e® on cylinders,
let introduce the following notations:

+oo
Ap(¢) = sup(d_e? D) and Ay, (¢) =sup( Y ednlirivg)
IZP =1 A

The next proposition gives a relationship between pressures of different potentials.

Proposition 2 If P(¢) < oo then, for any c real and h function satisfying ||log h||_, < +o0, one
has:

e P(p+c)=P(¢)+c
o P(p+loghoT —logh) = P(¢)

The proof is immediate. O

The first equality implies P(¢ — P(¢)) = 0. Hence, it always is possible to reduce a problem
to the case of potentials with pressure zero. Notice that the second equality does not hold if A is
only non negative or if h is unbounded.

2.3.2 Pressure at infinity

The set F is not compact. Usual results existing for the shift over a finite alphabet use the
compactness of the set on which acts the shift. For some potentials, some of these results do not
stand.

To overcome this difficulty, and be able to state results for some classes of potentials, we
introduce a quantity that measures the importance of what "happens’ outside of compact subsets
of 7. In a general setting, these quantities would be of the form: inf (sup L31(x)).

compact yc[e



To state our result, we shall use simpler criterions. Let then introduce:

Ao (9) := inf (Ap(¢)) = inf (sup( Ze(b(”) —hmsupZe(b(”)

EN eN
P PER g>p i J=tee T

We can define the same kind of quantity for iterated operators:

AN.oo(¢) = inf (An,(¢)) = inf (sup( Y eV i)y = limsup »_ ePvlind)

pEN PEN ) i )
>P oy s J=Ho0 N

We define the pressure at infinity as follows:

Definition 4 If Ay(¢) < +oo, we define the Pressure at infinity of ¢ by:

Poo(9) = limsup 1 10g Ay o (0)

N—oo
It is not necessary to estimate this quantity. We only need upper bounds. If there exists ¢ such
that P (¢) < logd, then, there exists two integers N and py such that Ay, < 6V
2.4 Properties of the invariant elements
Assume that the spectral radius of L is 1.

Definition 5 We shall say that a measure m is conformal if it satisfies
Ve Xao, /£¢(f)dm:/ fdm
F F

It is quite easy to check that if m is a conformal measure for the potential ¢ and h is in Xy, then
h.m is a conformal measure for the potential ¢ — log (h o T') + log (h).

If m is a conformal measure and p is an invariant function (L4(p) = p), then the measure
du = pdm absolutely continuous with respect to m is invariant (we shall say it is an a.c.i.m.).

We shall denote by ¥(P) the spectrum of a bounded operator P and by o(P) its spectral radius.
The essential spectral radius of P is the infimum over all the compact operators Q of the spectral
radius of the operators P — Q. An operator is said to be quasicompact, or equivalently to have
a spectral gap, if its essential spectral radius is strictly smaller than its spectral radius. Then, its
dominating behaviour is compact-like.

The existence of a spectral gap for £ induces ergodic properties for the corresponding a.c.i.m.
because of the relation:

/ff.goT"du:/}_Eg(f.p).gdm

2.5 Suitable classes of potential

Let o > 1 and 0 < 0 < 1 be two reals.
Definition 6 We will say that ¢ is in the class Cy if it satisfies the following conditions :
(Co0) P(¢) =0
(Col) limy_o [[e¥]| 7 < 62
(C02) Po(d) < P(9).
(Co3) VN € N*, Vy(e®V) < +00



We want to deal with some potentials for which the condition (Cp3) is not satisfied, but only

the weaker: supl-(V@(i)(ed’)) < +00. This means the variation of e® on each cylinder is uniformly
bounded but that the sum of these variations can be infinite. (This is for example the case in [2]).

We have to enforce the other assumptions, to compensate this effect. Mainly, we will ask
(Cp0) and (Cp2) to remain satisfied for a potential which is "less expansive at infinity’.

Let us introduce ¢ := ¢ — log (& o T') + log &. Roughly speaking, e#(*/) is much greater than
e®(17) when i is fixed and j goes to infinity. If x is in the cylinder (ij), we have e?(®) = o ~%e?(@),

Remark 4 We set a(x) = a~* for x € (i) for simplicity. But the results and the proofs remain
the same if we replace a™" by any sequence oy with Y, a; < +00.

We shall denote by P*(¢) := P(p) and by P%(¢) := Px (). In general, the exponent o will
mean that the quantity is calculated for ¢ instead of ¢.

Definition 7 We will say that ¢ is in the class Co ¢ if it satisfies the following conditions :

(C0) Po(g)=0
(C1) limy o [l | F < 62
(C2) P(9) < P(6)
(€3) sup, (V5 (e%)) < +o0

As (C2) is difficult to check, we will also give some criterions that make easy a majoration of
P2 (¢). Namely, one has the following results:

Proposition 6 If (a) Ag(¢) < +00, (b) Auc(¢) < and (c) limj_ o ) =0, then
P (¢) < logd

The proof is in section 3.6.4, page 20.
We will also introduce other classes of potentials more directly adapted to the proofs.

2.6 Statement of the main results

We now are able to state the main result we will prove:

Theorem 1 Let ¢ be a potential of Co9. The operator Ly : X9 — Xu 9 5 quasicompact. More
precisely, there exists T/ < 1 such that it has the following spectral decompostion :

Ly=Q+R, Q compact, {1} CX(Q) C{0}U{z|lz|=1}, o(R) <7 <1, QR=RQ=0

It is enforced by the following:

Theorem 2 Let ¢ be a potential of Co 9. Assume that there exists a conformal measure and that
the system is mixing. Then, the operator has only one eigenvalue of modulus 1. This eigenvalue is
simple. It is 1. Let p denote the corresponding eigenfunction. It is strictly positive. The conformal
measure is unique. It charges all the cylinders in F. The spectral projector on the eigenfunction p
is:

o(f) = ( /f fdm)p



Let us make a few remarks about these results.

Remark 5 7., = maz (67! limy o [e®™ Hi,exp(Pgé((b))) is an upper bound of the essential spec-
tral radius of Ly over X, 9. Notice that we do not give any bound for the modulus 7" of the second
eigenvalue of the operator. We only know it is strictly less than 1.

Remark 6 In many cases, such results also imply the existence of a lower bound (away from 0)
for the density p. Under our assumptions, the density is strictly positive but can tend to zero.

Remark 7 The fact that the conformal measure charges all the cylinders comes from the topolog-
ical miring condition and is important. If we already knew that it is true, then, we could use a
weaker topological mixing property as, for example:

Vn,il,...,in, VIEf, 3N7j1,...7j]\/7 |lenj1_]N{E€f

2.7 Consequences
2.7.1 Ergodic results

The following corollary is a direct consequence of the spectral decomposition of the transfer
operator.

Corollary 1 Let T be a mizing subshift over a part F of S. Let a > 1, 0 < 0 < 1 be two reals
and ¢ a potential in (Cy.9). Denote by m a conformal measure of the system.

T has a unique invariant probability p, absolutely continuous with respect to m. Its density
p with respect to m is in Xo 9. The measure di = pdm is ergodic, mizing and the functions of X
have exponential decay of correlations with respect to p.

Under the same assumptions, and using quite classical methods, it is possible to prove limit
theorems for the system. The central limit theorem follows directly of the summability of the
iterates £™1 (see [12]). Large deviations results can be obtained using pertubations of quasicompact
operators theory (see [6], [5]). Convergence of the laws of entrance times in families of rare events
can be obtained following [8].

2.7.2 Statistical mechanics
One can notice that ¢ gives raise to a compatible system of conditional probabilities:

b (i1 rin T )

Z . . ed’n(jl"'jnan)
J15dn

Oy (X1 =i1,..., Xy = in|o (Xp)p>n))(z) =

A Gibbs state for this system of conditional probabilities is a probability measure whose con-
ditional probabilities are precisely these values. Namely, m is a Gibbs state for the system of
conditional probabilities associated to ¢ if and only if it satisfies:

Lif(Tmx)

m(f|T"B)(z) = W, for m—uae. x

Adopting this point of view, it is not very difficult to deduce from theorem 1 and theorem 2
the following;:

Corollary 2 Let (F,T) be a one-sided mizing subshift. Let ¢ be a potential of the class Co 9. Let
m = myg be a conformal measure for this potential. It is also a Gibbs state for this potential.



There ezists a unique function p and a unique invariant measure [ = f1y satisfying,

p(fIT"B) (@) = L _10g (por)+10g (0 (LX), for p—ae x

This measure is a Gibbs state for the new potential, absolutely continuous with respect to m. It
is translation invariant, ergodic and mizing. The decay of correlations for functions of Xy is
exponential.

2.7.3 Interval maps

Let (I,F) be a topologically mixing, piecewise C' interval map with a countable number of
subintervals of monotonicity. If it is expanding, it is possible to encode it using its monotonicity
partition. We shall identify it with a subshift F on an infinite alphabet.

Let m be the image of the Lebesgue measure on F. It is conformal for the potential ¢ =
—log F’. The corresponding transfer operator is then called Ruelle-Perron-Frobenius operator.

We can deduce from theorem 1 and theorem 2 the following:

Corollary 3 Let (I, F) be a topologically mizing interval map, with an infinite coding partition.
If —log F' is in Cqa,g then there exists a unique probability measure p, invariant and absolutely
continuous with respect to the Lebesgue measure. Moreover, p is ergodic, mizring and functions
with bounded variations have exponential decay of correlations.

We now consider as an example a set of assumptions - close to the assumptions of the Folklore
Theorem - under which it is possible to use our result.

Corollary 4 Let I = [0,1] be the unit interval, and suppose {I1,Ia, ...} is a countable collection of
disjoint open subintervals of I such that U;I; has the full Lebesque (dl) measure in I. Suppose there
are constants Kg > 1 and K1 > 0 and mappings f; : I — I satisfying the following conditions.

1. f; extends to a C? diffeomorphism from I; onto I, and inf.cy, |f!(z)| > Ko for all i.

2. SUp,cy, %UA < K for alli.

3. M =-3%|L|log|;] <+oc0

Then, the mapping F defined by F(x) = f;(x) for x € I;, has unique invariant ergodic probability
measure 1 absolutely continuous with respect to Lebesque measure on I. This measure is mizing
and functions with bounded variations have exponential decays of correlations.

In this context, the result cannot be applied directly because the corresponding potential does not
satisfy P$ < 0 for any suitable sequence a. We introduce a conjugate potential which fits the
assumptions of our result and leads to the conclusion for the original system.

3 Proof of the theorems

3.1 Main steps of the proof

The section 3.2 contains preliminary results. The introduced functional spaces are proved to be
complete. Then, we prove an inequality bounding the variation of the image of a function of X, 4.
In particular, we precise how it can be proved in the case of the subshift. This inequality plays the
same kind of role as the “basic inequality” in [16].



Let us introduce the following notations:

o v =0V,

_ p—2N 5(J15--0N)
o oy = 0N sup;, enn Vg (e0%)
a _ g—1xtoo i) _ oo i
e ay =073 a'Vy (e?™) = n=124iy,... in 0" lvari1,~.-,in(6¢N)

e Oy > A?V,oo(¢)

o TN = V4max(7N;vN;6N)
In the section 3.3, we exhibit a criterion for the continuity of a transfer operator over both X,
and X, 6.

Lemma 2 If vy, af; and AY o are finite, then, the operators Ly : Xy — Xo and
Ly : Xoo — Xop are continuous.

In section 3.4, under the same assumptions we obtain an upper bound for the spectral radius of
Ly as an operator over X, g.

Proposition 4 If vy, af; and AR are finite, then, the essential spectral radius of
Ly : Xoo — Xop is strictly less than Ty

We complete the proof of this result in three steps:
e We explicit a linear decomposition of the operator in three parts:

— A part deals with the action of L4 on the oscillations of f on the N-cylinders.

— A part deals with what happens to f on each cylinder except a finite number of them.

— The last part concerns what happens on the remaining finite number of cylinders. The
corresponding operator is compact. It will not contribute to the essantial spectral radius.

e We introduce a balanced norm ||||, wich is equivalent to the usual norm on X, . It depends
on the properties of the potential ¢:

— [f] = a7PV[f],, where py is such that A%, < dn.
= [Iflls = Vo(f) + [/]
e We then need inequalities to control the norm of the two first parts of the decomposition.

As the last part is compact, this provides an upper bound for the essential radius.

These two results make natural the introduction of the following classes of potentials depending
on an integer N:

Definition 8 We shall say that ¢ is in CS’\Q if:

(Cn0)  PH(9)=0

(Cn1)  flefv]. < &

(CN2) AR <+oo and A <%
(Cn3.1) supy, ., (V5™ (eon)) < &8
(CN3.2) a‘]"\, < +00

The potentials of these classes will give raise to continous transfer operators with essantial spectral
radius strictly smaller than 1, whereas their spectral radius is exactly 1. This will ensure the
existence of a spectral gap.

More precisely, in section 3.5, we shall prove the following lemma,

Lemma 4 Let a positive operator L be continuous on X, with a spectral radius o.
Assume it is also continuous on Xo g, with an essential spectral radius g. < 0.

10



The spectral radius of Ly on X, ¢ is evactly 0. Moreover, the real o is an eigenvalue

of L.

Using this lemma, we will be able to prove a result slightly more general than theorem 1:

Theorem 1-(N) If ¢ is in Cs\;), then, there exists T < 1 such that the operator
Ly Xo0 — Xop has the following spectral decomposition.

Ls=09+R, Q compact, X(Q) C {0}U{z||z| =1}, o(R)<7' <1, QR=RQ=0

To conclude, we have to explicit the links between the different introduced classes of potentials.
In section 3.6, we shall see that for any ¢ € C, g, there exists an integer NV such that ¢ € Cé{? .

Coc U N €

M>1N>M

Proposition 5

This achieves the proof of theorem 1.

In the section 3.7, we prove:

Proposition 7 If ¢ is in Cy 9, is topologically mizing, and if there exists a conformal
measure for ¢, then 1 is a simple eigenvalue of L, over X, g, and it is the only eigenvalue
of modulus 1.

The proof is completed in three steps:

e The existence of a conformal measure implies that the positive part of any invariant function
is almost invariant. This provides a simple way to exhibit a positive invariant function.

e Using the topological mixing property, we prove that such a positive invariant function is
strictly positive. From this argument we deduce that there cannot exist any other invariant
direction. We deduce that the conformal measure is the only one.

e We then prove that 1 is the only eigenvalue of modulus 1.

Remark 8 The property of topological mizing is equivalent to the irreductibility of the operator in
the sense of Schaefer ([21], Définition II1.8.1, page 186). The previous results could be obtained
using the results describing the peripheral spectrum of a positive irreductible operator ([21] V.5,
pages 328-333).

The theorem 2 easily follows from proposition 7.

3.2 Preliminary results
3.2.1 Completness of the spaces
We first prove:
Proposition 3 The spaces X, 9 are Banach spaces.
Proof We must prove they are complete. Let (f,)nen be a Cauchy sequence of X, 9. The

sequence (gn)nen defined by g, = % is a Cauchy sequence in L*°, which is a Banach space.
Hence, it converges in L toward a limit g. We deduce that f, converges in (X, ) toward f = ag.

We choose a real € > 0 (e < ﬁ) We will exhibit an integer N; such that if n > Ny, we

have:

Va(fn_f) < 4e

11



To do this, let first choose a way of counting the cylinders: to each integer k we associate
a cylinder Cy in such a way that each cylinder is counted (the set of all the finite cylinders is
countable). Let [(k) denote the lenght of the cylinder Cj.

To the kth cylinder Cy = (41,... ,il(k)), we now associate an integer N with the following
properties:

o Vn > Ny, || fn — fll. <t Tamw (f, — fin X, and also in L)

o Vn,m > Ny, Vo(fn — fm) < € ((fn) is a Cauchy sequence in X, g)

Let n > N;. We have, for all integer k (and hence for all cylinder Cy):

k
varc, (fo — ) <wvare, (fn — fn,) + Z vare, (fn,_, — In;) +vare, (fn, — f)
j=3

Hence, summing;:

+oo
Volfn = f) = Y _0Wvare, (fu— f)
k=1

k “+o00
< Volfa— o) D Valfn,o — fn) + >0 W f, = fll
j=3 k=1
k 400
< Zejfl_FZgl Z gt
j=2 I=1  i1,....i
< € . Oe
— 1l—¢e¢ 1—¢€—0¢
< 4e

The proof is complete. O

3.2.2 Regularity of the images

We wish to prove the following inequality:

Lemma 1 If vy and vy are finite, the following inequality holds:

15005 — 7(‘1»"'7‘1\’) N
Vo(CNf) <an Y V(407N ST VI @) G el (1)

Ji,--JN J1s-JN

Proof Let complete the proof only for N = 1. It works exactly in the same way when N is
larger. We first assume that all the cylinders are regular. For all z and y in F, one has:

+oo
ILf(x) — Lf(y)] 1> (20D f(jz) — 2O f ()

j=1
< > U f(r) — FUl+ D £ (Gy) (V) — et
j=1 j=1
Hence, if z,y € (i1,...,i,) N F,
“+o0 “+o0 ) )
Lf@) = Lf@)] < el D 1FG2) = FGDI+ DLyl 207 — e#6v)]
j=1 j=1

12



Taking the supremum, we obtain:

vari, ..., (Lf) = sup ILf(z) = Lf(y)]
Z,Yy€E(i1,...,0n )NF
+oo too
< el D o varsay i (F) Y 1L Giin lovarii,. i, (€?)
j=1 j=1

A sum over all the cylinders gives:

V(Lf) = ZG" 2, valisein (L)
S NS CUES YD SR TR AT
n=1 Jyi1seensin

If some cylinders are not regular, then the sum Ly (f)(2) = >_ enjjuer e®U7) f(j2) might depend
on z. Then, for two x et y in the same 1-cylinder, the sum is made over two different subsets of the
alphabet IN*. More precisely, |£f(z) — Lf(y)| can not any longer be written as | 3 (e?V®) f(jzx) —
e®WY) f(jy))|. Tt is to overcome this problem that we introduced the V(). Let verify that this fits
the problem. For z,y € (i1,...,in),

ILf(x)—Lf(y)] < | > (e?U) f(jx)—e?UY) f(jy))|+| > ePUt=tn) £( iy )|

J1(Gyin,ein) EMT J1(Gsi,eein) EMO

We get:

Vo(Lf)

+o00

S0 S war,.a) (L))
n=1 i1 i

le?]| .0~ Va(f)

—+o00
+Y 0 > wvarga, ) (€)1 £l
n=1

Jyi1seyin EMT

“+o0o
LD ILANED DI PR

n=1 ji1,.,in€MO

IN

And finally,

“+o0
Vo(Lf) < e?ll 07 Vo) + D 0" D 0, innr (€)1 f 10l

Jyi1seenstn

or,
Vo(Lf) < mValf)+6" 1Zv<” Ll

The proof of the iterated inequality is the same. The only point to notice is that the non
regular cylinders for £V (Let denote by M$, their set) also are non regular for £ (Meaningly:
MG, C MP®), because, if i1, ... ,14y is such that there exist z,y € (in41,...,0n) With 41 ---iyz € F
and iy ---iny € F, then, ' = iy---iyx and y’ = iy ---iyy are such that 12’ € F and i1y € F. O

13



3.3 Continuity of £

Let us recall the introduced notations:
o v =0"NeN]|,

* OIn > AR (9)

_ p—2N 5(J15e-0N)
o vy =10 SUPj, . iyeNN Vg (€¢N)
o _ g—1x~Foo 770 _ Nt P ppu—
e ay =073 a”'V, (e?V) = n=12i1,... in 0" a~"war;,, i, (V)

° TN = J{/4maz(ny;vN;5N)

Lemma 2 Ifyn, af and A% are finite, then, the operators Ly @ Xo — Xo and Lo+ Xo 9 — Xayo
are continuous.

Proof

e On one hand, according to (1), we have:

VoLNf) <m0 VI IO (1 407N ST T e fa gl

Ji,--5JN J1s-3JN

Using the finiteness of a$;, we deduce:

+o0o
Vo(LNf) < wVe(N 40" Y 1T, €)1
n=1 J1see s INE15eeeyin
< WVa)+ D a0 Y 0 i (€9Y)0 | LG [
i =1 ii,.in
< wVe(f) +ai [f].

e On the other hand, we have:

@ LN fiz)| < () alTretNGriNEmai f1g ) )

D150 IN

Nolfl.

IN

We can conclude that £V is bounded on X, and KXo O

3.4 Essential spectral radius
We shall now prove the following proposition:
Proposition 4 If vy, a and A%O are finite, then, the essential spectral radius of Ly : X9 —
Xo g is strictly less than T
3.4.1 Explicit decomposition of L

If £V = Q + R, with Q a compact operator, the spectral radius of R maximizes the essential
spectral radius of £V. The following decomposition of £V will enable us to derive the anounced
estimation.

14



The compact part will concern the action of the operator over finite approximations of func-
tions measurable with respect to the N-cylinders. Let m be a measure and consider:

1
N
EM(f= > hnwnnnwhwnf%)l. - fdm

L T e in)

For any finite family of N-cylinder K (this letter shall denote the family as well as the union of the
corresponding cylinders), we define:

BV () = BN ().
The operator Q;CN) =N E,(CN) clearly is compact. Let then write:
f=1= BN and  fr= BN - B
The next relations clearly stand for any function f in X, ¢ and any (41,...,9n5), N-cylinder,
o Vi EM(f)) = 0.
o /il Svars, i (f) = vars, i (f)
o [fl. <2[fl.

3.4.2 Inequalities

Let py be an integer such that A% = < dy and set [f] = a7PV[f],. We define the balanced
norm ||||p as follows: ||f]ls = Vo(f) + [f]. The next lemma will enable us to control the norm |||,

of the operator £ — Q,(CN)

Lemma 3 There exists K such that the following inequalities stand for all f in X, 0.

Vo(LNf*) < on [f] (2)
Vo(LNF) < (v +on)Vao(f) (3)
(LN < OS] (4)
LN ] < AnVe(f) + 20n(f] (5)

Proof
e Using (1) and ‘/;(il"“’iN)(f*) = 0, we obtain:

* 7( e ) *
VoLV ) < > VT Gyl

J1sJN
+oo
< D a0 Y @, i (€))7 [ f 1) L
J1,--,JNEKE n=1 T1yeeesin

< ai(K) oM [f]

Where aQ (K) denotes the sum a$; restricted to the cylinders which are not in K. As a%; is
finite, one can choose K enough big for a%;(KC) to be small. In particular, it can be chosen
such that a% (IC) < dya™PN.

e Using (1) and ||f1¢||.. < varc(f), we obtain:

_ 1, N _ 7('17"'741\7) r
Vo(LNF) < an Y (VI N ST VT 01 F gyl

J1s-JN Ji-JN
PREEEY — 7( seeesd )
< oy () 407N sup (VY () N warg, g (F)
JisesdN JLremsN JisesdN

IA

(v +on)Va(f)

15



e The hypothesis says that the sum Y3, .= ai~hebn(inind g finite for all 4 and, hence,
converges uniformly for ¢ < py. K can then be chosen such that

max ( E (117“64)]\](““'”\”)) <N
1<pN . -
i1,...,0N €LCC

Then, if i < py:

'LV f* ()] < max( Y alThetvEiD)f)
=PN v eke

< nl[fl.

a

If i > pn, let use the definition of dy:

o' LV ()] < sup (Y aiThetNUreividyig)

P>PN TN
< onlfl.
Finally,
[N f*] < OS]
o If 4 S PN:

o' £ f (i)

IN

o Z 6¢N(i1“'iNi)vari1,4..,z‘N(f)

i1, iN

< PN ||efN | Z vary, .in(f)
i iN

< PNy Va(f)

Notice that the balanced norm will be useful here to erase the term o .

And, if i > py:
QLN f(iz)] < sup( 3 aiTneswlnivdy g
PN N
< On2[f].
Hence,

[Lf] <AnVa(f) +20n][f]

The lemma 3 is proved. O

3.4.3 Conclusion

Let us choose K such that the inequalities of the lemma 3 are satisfied. We obtain, by combination
of these inequalities: B
LN+ 9)lls < (29w + on)Va(f) + 40n[f]

We have established, for all N, the existence of a compact operator Q;CN) such that:
1Y = Qs < maz(2yn + vxi4dn) < T

We can conclude that the essential spectral radius of £ over X, ¢ is less than 7. As the
spectrum of an operator does not change when a norm is replaced by an equivalent norm, this
achieves the proof of the proposition 4. O
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3.5 Spectral decomposition of £

We first prove:
Lemma 4 Let a positive operator L be continuous on X, with a spectral radius o. Assume it is
also continuous on X, g, with an essential spectral radius o, < o.

The spectral radius of L on X, ¢ is exactly o. Moreover, the real o is an eigenvalue of L.

Proof The points of the spectrum of L over X, ¢ whose modulus is more than the essential
spectral radius are eigenvalues. But, an eigenfunction of £ in X, ¢ also is in &,: the modulus of
the corresponding eigenvalue is less than the spectral radius of £ over X,. Hence, the spectral
radius of £ over X, ¢ is less than p.

As @ is in X, g, the following inequalities: +log[|£™(&)|| > + log [L"(&)],, > log ¢ prove that
the spectral radius of £ over A, ¢ is greater than o.

Let then A be one of the eigenvalues of modulus p. There exists a sequence of complex
numbers with modulus strictly greater than o, (An)nen, going to A as n tend to infinity, and a
function h such that the sequence: (|[R(An, £)A] = |3525 A, £ (h)||)nen is not bounded.

We deduce that the sequence (|| R(|An|, £)|h]||)nen is not bounded and that, hence, lim,, |\,| =
0 is in the spectrum of £ (for more details, see proposition V.4.1 in [21]). As the elements of the
spectrum with modulus p are isolated, they are eigenvalues: g is an eigenvalue of £. O

We now are able to finish the proof of the theorem 1-(N). Let us recall:

Definition 8 We shall say that ¢ is in Cé{\g) if:

(Cn0)  PH(9)=0

(Cn1)  fledv]. < &

(CN2) ARy <400 and A < i
(Cn3.1) sup,, ., (V5™ (eon)) < &8
(CN3.2) a?{, < +00

We shall prove that if ¢ is in CS\(;), then the conclusion of theorem 1 holds (This is what says
the theorem 1-(N)) . In this case, the assumptions of the proposition 4 are satisfied and we have
7n < 1. The lemma 4 implies the existence of a spectral gap.

It becomes possible to precise the decomposition of L£4. One can find a curve (for example,
a circle) that separates the spectrum in two different subsets:
e One, Yj included in the disk of radius 7.
e The other one made of a finite number, k, of isolated points, (A;);=1..x out of this circle.
According to Kato ([11], theorem 6.17, page 178) one can define two spectral projectors, Py
and Py, each of them associated to one of the subsets, such that, if Rg = LP; et Qo = LP;, then,
L=9y+Ro
with QyRo = RoQo =0, X(Q0) = (Ai)i=1..p, 2(Ro) = Xo.
The operator Qg can itself be expressed as the finite sum of the spectral projectors on the (finite
dimensional) eigenspaces associated to each non zero eigenvalue ()\;);=1. . Let 7/ be the biggest
modulus of the (\;);=1. x whose modulus is strictly less than one. It is possible to use the following

decomposition: £ = Q + R where the eigenvalues of the compact operator Q all are of modulus
one and the spectrum of R is included in the disk of radius 7/ < 1. O
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3.6 Classes of potential

We first will prove intermediate results in order to prove the following proposition:

canc |J )y

M>1N>M

Proposition 5

Then, we will give independantly a proof of the proposition 6 providing a way to estimate
the pressure at infinity.

3.6.1 Oscillations
A first result concerns the local oscillations of the iterated potentials.

Lemma 5 For any integer p, there exists a constant C, such that for any N, r integers, with
0<r<p,
Ve(jl,-u,ijJrr)(e(;SpNM) < CpHed)pHgve(jl,m,jp)(e%)

and, more precisely, — Upn4r < C’p||e¢1’||£vp

Proof We will only prove the result for p = 1 (and r = 0). The general proof works in the same
way. So, we have to prove the existence of a constant C' such that for any integer N,

sup (V) (e9%)) < Cle? |V sup(V{) (7)) (6)

D150 N
We first are going to prove that for any integer N, any integer n > N and any cylinder
(i1,...,1y,) of lenght n, one has:

N

varg,..i, () < |71 (var,...i, (7)) (7)
k=1

It clearly stands if N = 1 (equality). Assume it holds at the step N — 1 and write var;, . ; (e®~):

vaml,,..,in(e%) - Uaril,'..7i7l(e¢N—1e¢OTNfl)
< le?llvari,, i (€Y ) variy, i (e?) e 27
N—-1
< el <|e¢||g2 Z(vam..,in<e¢>>> +variy, i, (e9)]|e?]|N 7
k=1
N
< Je? 1Y D (vars, ()
k=1

Hence, (7) holds for any N, n > N and any cylinder iy, ...,4,. We deduce, by summing over all
the cylinders:

Vg(]l,...,JN)(etlﬁN) _ Z 0" ( Z VAT, i s sein (6¢'N))

n>N INA4150sln
N—-1
D> <||e¢||£1 <<¢>>)
n>N TN yeees in k=1
N-—1
< ||e¢||ﬁ_129k Zen—k Z varjk,m,jz\r,iN+1,~~,in(e(b)
k=1 n>N N yeensin
N—-1 ] )
< el Y060 sup (V7Y ()
k=1 JkreoIN
<

Clle? N~ sup(Vy " ()
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Hence, the inequality (6) is proved.

Using this result, we obtain the corresponding result taking in account the non regular cylinders:

uN < Sllp (V(“ ..... ’LN)( ¢N + Z o Z eqﬁN(ilmin)
n=0

7 7 . .
1y-e0tN i1, in EMS

IN

+oo
CH@#HJG\Q’ Sl}p(Ve(z)(edJ)) + e 1| Zen Z olin-in)
' = 015yl EMO

IA

C'lle?|| %o
The anounced result can be proved exactly in the same way. O

3.6.2 Total weighted variation

The following lemma refers to the quantities a$;, weighted sums of the local oscillations of the
potential defined in section 3.3, page 14. It provides a simple criterion for their finitness.

Lemma 6 If af < +o0, then, for all N > 1, a¥; < +o00.

Proof We need an inequality a bit more precise than (7). For any N > 1, and n > 1:
vari, i, (€)= wari,, i, (PN 10T
e(b(il'”i")vavril,...,in (ed)N—l o T) + vary,. . (6¢)6¢N—1OT(i1...in)

D uary, i, (€9) +vars, g, ()

IN A

Ifn=1:

var (¢9%) < PN | var, (e) ||

Assume that all the cylinders are regular. Then, by recurence, :

ay = Zen Z a “Uar“, Lin (€ ¢N)

U1 yeenyln

< GZa‘“ PV +vari, () eV L)
£ Y (@0, )+ v, )
n= Tl yeenyin
< 01e”IN Qa0 a tvary, (¢9)
i] il
+Zen Z 0512 i1 qb(uu) Q'Uariz...i (6¢N—1)
B1yneeyin
+lle” 29” > amwary, ., (e?)
11,yin
< 9He¢llﬁ(za‘1)

+sup Zatz i1 ¢(1122) 929” 1 Z a ’Qvanz, Jn( ON— 1)

12,0050
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“+oo
+ HeqﬁNa”m Zg" Z a_ilvanl,,,.,z‘n(ed))
n=1

1500500

< O IN D e + Afba_, +yn-1af
i
< 400
If some cylinders are not regular, the same argument as in the previous lemma ensures the
result. O
3.6.3 Conclusion
Let ¢ be a potential in C,9. We are going to exhibit an integer N3 such that if N > Nj,
N
pecy.
e (C0) is the same as (Cn0)

e There exists an integer Ny such that ||e?¥o || is bounded. For N > Ny, |[e®¥o || decreases
exponentially fast, strictly faster than #2Y. Hence there exists some integer N; such that if
2N
N > Ny, |le?~ ||, < . Meaning that as soon as N > Ny, (Cn1) holds for ¢.

According to (C2), there exists an integer Ny (say Ny > Np) such that as soon as N > Ny,
(Cn2) holds.

(C3) and the inequality (6) prove that vy, < +o0o. The lemma 5 proves that for N > Ny,
vn decreases exponentially fast with rate “{/||e?™ || _ < 6%. Hence, there exists N3 > N
such that as soon as N > N3, vy < %. This proves that (Cn3.1) holds.

e (Cn3.2) holds for any N, according to the lemma 6, because af < >, a vy < +o0.

It appears that ¢ € Cé{\g) for any N > N5. O

Remark 9 We also get a bound for the essential spectral radius of the operator. As it is smaller
than T for any N > N3, we can say that it is smaller to the corresponding limits when N tends
to infinity. Hence, using again lemma 5, we obtain:

1
log 7 < max (A}gnoo v logvn, P (9))

3.6.4 Pressure at infinity

The following proposition shall be useful to obtain an upper bound of the pressure at infinity of
a potential.

Proposition 6 If (a) Ay(¢) < +00, (b) Ax(d) < § and (c) lim;_.o e?) = 0, then Py () <
log &

Remark 10 We also could state it in the following way. Any potential ¢ satisfying (C0), (C1),

(C3) and (a) Ao(p) < +00, (b) Asc(p) < 6 and (c) lim;_.o. e?9) =0 for o = ¢—loga o T +loga
is in Ca.g-

Proof Let first notice that, as the sequence (A% o) Nen is subadditive, Af < +oo implies for all
N, AY o < +oo.

For any N € N*, consider the statement Hy:

oy €N, sup Z en(ining) | o~ §N

JI>PN i1yein
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The statement Hy holds for N = 1, as this is one of the assumptions. Assume it holds for
an integer N. Let py be the corresponding integer (it can be chosen greater than p). Then:

Z e®nyi(iningd) Ze (in+41]) Z e®n (i1ing1])

D1y N 41 INf1

— Z o(in+17) Z 6¢>N(11 'LN+1])+ Z d(in+17) Z 6¢N(21 AIN41])
iN+1<DPN SHIN IN+1>PN D100 iN

< Z e (U) ) sup ( Z e®n (i1 tm))
i<pN ESPN Gy in
_|_( Z €¢(2N+1J)) sup Z e<15N(11 ZN+11))

IN+1>PN i>pN D1,y N

< (Z PN Ay o+ ( Z ePlin+19)) 5N

i<pN IN+1>DN

For all € > 0, one can choose p. enough big to ensure that as soon as j > pc, >, e?l) < §
(Assumption (b)) and >~ e¢ W) < e (Assumption (c)). One then has:

sup ( Z efnliving)y < €A+ oV

IZPe 4y in

This is sufficient to see that Hy 1 is satisfied. Hence, Hy is satisfied for all integers. We deduce
that Py (¢) < logd. O

3.7 Mixing
We now assume that the system has a conformal measure, say m. We also assume that ¢ is

topologically mixing.

Proposition 7 (Mixing) If ¢ € Cu, is topologically mizing and if there exists a conformal
measure m for ¢, then 1 is a simple eigenvalue of L, over X, 9, and it is the only eigenvalue of
modulus 1.

3.7.1 Existence of a positive invariant function

Lemma 7 There exists a positive invariant function

Proof We first prove that the conformal measure charges all the cylinders of F. Let (iy,...,,)
be a cylinder intersecting F. The topological mixing property says that an integer N can be chosen

large enough to ensure that for all x in F, there is a (j1,...,jn) with ¢1+-+d,51 - jyz € F and
hence e®n+n(iinjiin®) > () As m is conformal,

m(iv,... i) =m(L" N, )= Y m (e¢”+N(i1'“i"jl“‘jN”)) >0

JisendN
Hence, we can use the conformal measure m in the definition of the part E(N) of the explicit
decomposition of LV (section 3.4). If w is in Xy and [ |w|dm = 0, then EWyw = 0. We deduce

from the lemma 3 that for such a w, ||LNw|, < 7 ||w||p-

Let now p be an invariant function. p™ := max (p,0) is invariant m-almost everywhere in the
following sense. We have L(p*) > p* and m(L(p™)) = m(p™).

Set w = L(p*) — p*. As w > 0 and m(w) = 0, we know that [|[LVw||, < 7 ||wl|]y. We deduce
that £"(p) converges in X, ¢ as n goes to infinity. The limit is a positive invariant function. O
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3.7.2 Simplicity of the eigenvalue 1

Lemma 8 Let p € X, 9 be a non zero positive invariant function. p is strictly positive. All the
invariant functions of Ly are proportional to p. There are no other elements in the characteristic
space associated with the eigenvalue 1. The conformal measure is unique.

Proof Assume that for any cylinder C, infenz p = 0. Then, for all x € F and all integer n:

pla)=Lrp(a) = Y et Dpliy - vina) <O Y wary,,.i, (p)

1s--05ln 1yeeotn

and hence, as Vy(p) < +oo, Vo € F,p(x) = 0. As p is non zero, we deduce that there exists a
cylinder C' over which p is greater than a strictly positive real.

The topological mixing condition ensures the existence of an integer n such that T"(CNF) = F.
Hence, for all z € F, exists iy,...,4, such that ¢;---i,x € CNF. Hence, p(z) = L(p)(z) >
e®lrin®) (i oo, x) > e®n®) inf o p. Finally:

VeeF, p(z)>0

Let p’ be another invariant function, A a real, and set py := p’ — Ap. The function p, is invariant.
For the same reasons as in the lemma 7, there exists a set X C F, with m(X) = 1, such that for
all x € X, L(p!)(x) = pf(x). On this set, the same argument as for p proves that either p} is
zero either it is strictly positive. Hence, the set {p’ < Ap} = {p} = 0} is either of measure 0 or of
measure 1.

We now choose A as the infimum of the reals such that m{p’ < Ap} = 0. We then have
p' = Ap, m-almost everywhere. The same argument as in the proof of the lemma 7 ensures that
loalls = 1LY (pa)lls < 7 [|oalls and, hence, ||pxlls = 0. We conclude that p’ = Ap in X, ¢. p is the
only eigendirection associated to the eigenvalue 1.

Let now assume that p’ is such that L4(p") = p+p’. This implies m(p+p') = m(Ly(p")) = m(p’)
and, hence, m(p) = 0. But p is strictly positive. We deduce that such a p’ can not exist. Hence,
the eigenvalue 1 is simple.

The unicity of the conformal measure follows from the theorem 6.22, page 184 in [11]. It ensures
that the eigenvalue 1 of the adjoint operator of £ also has multiplicity 1. O

3.7.3 Renormalization

Definition 9 The only strictly positive invariant function, p, being given, one can define the
renormalised operator, P, by: P = Lytiog p—log poT, OT equivalently:

Vi€ Xag, P(f) = %%(ﬁp)

The real 1 is eigenvalue of P with eigenfunction 1. Notice also that P is the adjoint of U in Li
because:

/fU(f)ydu:/fU(f)y.pdm=/ff.ﬁ¢(gp)dm=/ff.7’(g)du

3.7.4 Other eigenvalues

Lemma 9 The only eigenvalue of modulus 1 is 1.

Proof We first prove that that if A is an eigenfunction of modulus 1 of £, then A is a root of the
unity.

22



The set of the eigenvalues of U is a subgroup of the complex unit circle. P is its adjoint: the
eigenvalues of modulus 1 of P also form a subgroup of the circle.

Let h € X, ¢ be an eigenfunction of £, associated to the eigenvalue A of modulus 1. Then,
|h| = p (because it is an invariant function p-almost everywhere) and, if we set h = pe'”, P(e') =
e, We see that AP also is eigenvalue of P (with eigenfunction e?¥). Hence AP also is an
eigenvalue of L.

The total number of eigenvalues with modulus greater than 7 is finite. The subgroup of
eigenvalues of modulus 1 must then be finite. Hence, it is made of a finite number of roots of the
unity.

The eigenfunctions of £ corresponding to eigenvalues of modulus 1 are invariant with respect to

an iterate of £. We can prove that they are strictly positive and hence, proportional to p, using
the same argument as in lemma 8.

We conclude that 1 is the only eigenvalue of £ over X, 9. The lemma 9 is proved. O
The proposition 7 is proved. O

3.7.5 Decomposition

It now is possible to precise the spectral decomposition of L.
e On one hand, Q(f) = p. [, fdm

e On the other hand, R with spectral radius lower than some 7/ < 1.

4 Consequences

We shall now briefly present the links between the main results and the settings in which they
might be used. The only aim is to give an idea of the possible use of these results.

4.1 Ergodic results

The existence of a real eigenfunction associated with the eigenvalue 1 of £ in X, ¢ implies the
existence of an a.c.i.m.. Choose p such that m(p) = 1 and set du = pdm. The measure p is
invariant and absolutely continuous with respect to m.

The following proposition proves that the functions of Xy have exponential decay of correlations.

Proposition 8 (Exponential decay of correlations) There exists 7/ €]0,1[ such that for all
functions f,g in Xy, there exists a constant C = C(f, g) with:

Corn(f,9) == I/ f.goT"du—/ fdu-/ gdp| < C.7""
F F F

Proof In that case, fp € X, et g € L. We get:

Cora(fa) = | [ taomau— [ san. [ g

< /f‘ﬁg(fp)—/ffpdm-pllgldm
< /F R™(f0)llgldm < [R™(fo)]. /f lgladm < 7| follllg]..
< 7™ O
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The set {f| fp € Xa,0} which contains Xp is dense in L2. This proves the strong mixing of the

system because we have the convergence of ff f-f oT™du toward (ff fd/,L)2 for all f in a dense
subset of LZ. The corollary 1 is proved. O

4.2 Statistical mechanics

The only point we have to notice is the following:

Lemma 10 The conformal measure mg of the operator L4 is a Gibbs state of the potential ¢.

Proof We have to verify that, over m, a version of the conditional expectation of f knowing that
T"x =T"y can be written:
wL)"(f))
m(f|IT"B)(y) =
(L) (1)(y)

First notice that this last quantity is measurable with respect to T"B. Then, let g be a
function measurable with respect to T"B (depending only of the coordinates whose index is more
than n) ; let write g = ho T™,

[ = [ (5
= /fh.ﬁ"(f)dm
m(g.f) O

The same computation can prove that if p is the unique eigenfunction of £, the measure du = pdm
is a Gibbs state on N*, translation invariant, associated to the potential ¢ — log p o T + log p.

4.3 Interval maps

4.3.1 General result
A simple change of variable proves that the Lebesgue measure is conformal for the RPF operator.
The functions of the interval with bounded variations are in Xp. The partition of F in cylinders

(i1,-..,1,) corresponds to a partition of the original interval in subintervals I; Hence, if
Var;(f) denotes the (usual) variation of f on the interval J,

1seeytn®

and, hence,

4.3.2 Example

We now give the proof of the corollary 4.

Proof We denote by dl the Lebesgue measure on I, as well as its image on the shift. We shall
denote by a; := |I;| = I(I;) = I(i). Without loss of generality, we can assume that this sequence is
decreasing.

Let notice that the condition 2. implies:

. lz -yl _ F'(y)
Va,y € (i), exp(—K; o ) < Flo) = 17 (2)
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Let ¢(x) := —log F'(z). This potential does not satisfy the required properties for the applica-

tion of our theorem. We shall use another one. Let iy be the first integer ¢ such that a; < e 1 .
Let (a,,) be the sequence defined as follows:
a. = Qs Zfl < iO
= a; Zf ) > io
Let then set:
Va € (ij), ¢(z) =v(z) +loga; —loga;
Let us set \/7 < @ < 1 and for all integer i, a; = —a;loga,. According to the condition 3.,

the sequence («;) is summable. We shall use our result enlarged by the remark 4 ; the results
also apply when the sequence is only summable and not exponentially decreasing. Let then set
p(ijx) = ¢(ijx) — log a; + log a; and notice that there is a constant M > 0 such that,

= w(ij) « = Q; K, a; < a; K = azal K 1 *M 8
Ze _Z;ale a, — ;6 (Z a; loga Zal 084;) < loga (8)

i=1 i=1 7 = J i=1 =

Let now verify that the potential ¢ is in Cq 6.

e (C0) The pressure P*(¢) = P(y) is finite because Y_,-% #(¥) is uniformly bounded (proposi—
tion 1). The measure dm,, = ¢*dl is finite and satisfies m, (1) = my,(LL1) < me(1)||L31]]

We deduce that, P¥(¢) > 0. It is enough here because in what follows, we can replace ¢ by
¢ — P%(¢). But in facts it is possible to prove P*(¢) = 0.

e (C1) Let us estimate e?(ijz) = e¥ (zyx)i—f Let distiguish three cases:
— Ifi <7, e®(ijx) < e¥(ijz) < K%)
— If j <i <ig, e?(ijz) = e¥(ijx) < K%)
— If j <iand i > g, e®(ijr) < aieK1% < gjeKl < a;efr < %}
e (C2) From (8), we deduce that
(8) Do) = sup, (15 €#9) < sup, (1= )M < oo
(b) Ap(p) < supj>p(@)M is smaller than 1 if p is large enough.

(€) limj_ o e?l9) < Mlim; o logiz =0

We now apply the proposition 6 to conclude that P2 (¢) < 0.
o (C3) If ,y € (ij),

69(0) _ gb0)| = 0|5 —00) _ 1| < g1 B | TS ) <0280 % e [P0
a; a; a;
We deduce,
(e 21, & Wiz, - 0n) 2 s
3 variji (€)<Y ke < K2 4 (i, 5)
ig,0in i3yeyin a; Q; a;
Hence,

ZG" Z VAT 4y, i ( ZG" 2 2 L < K < +00

n>1 i2,. n>1 &

We have proved that the potential ¢ is in C4 9. The measure a; dl is conformal. The system
is topologically mixing. Hence, applying the corollary 1, we obtain the existence of an invariant
function p for £, in X, 9. The measure du = pg{ldl is invariant for the original system and
absolutely continuous with respect to the Lebesgue measure on I. The ergodic properties of this
invariant measure also follow from corollary 1. The proof is complete. O
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