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Abstract. We prove the existence of an SRB measure and the exponential

decay of correlations for smooth observables for mixing Anosov C1+α diffe-

ormorphisms on a d-dimensional (d ≥ 2) Riemannian manifold. The novelty
lies in the very simple method of proof. We construct explicitly a coupling

between two initial densities so that under the action of the diffeomorphism,

both components get closer and closer. The speed of this convergence can be
explicitly estimated and is directly related to the speed of decay of correlations.

The existence of the SRB measure and its properties readily follow.

1. Introduction

The study of convergence to equilibrium in Dynamical Systems has witness an
exciting revival in the last years.

This is due to the introduction of new approaches that have supplemented the
original one based on Markov partitions [2]. In particular, the approach based
on quasi-compactness of the Perron-Frobenius operator has shed a new light on
expanding maps [1]; the use of projective metrics has provided a general constructive
tool that can be applied to a large variety of situations [12], [21], [13], [20], [17]; a
specialized type of tower construction has introduced a new, more flexible, way of
coding dynamical systems [22]; new insights on the properties and the structure of
the transfer operator for flows have finally allowed to obtain results for a vast class
of Anosov flows [7], [5], [6]; the use of random perturbations has proven an easy
tool to obtain rough estimates on the rate of convergence to equilibrium [15], [14],
[9].

In this paper we explore yet another approach. An approach well known in other
fields but only recently introduced in this context by [23], [3], [4]: coupling.

Coupling is a technique used to compare stochastic processes that has yielded
very important results in probability [11]; statistical mechanics [10] and abstract
ergodic theory [18], just to mention a few.

In this paper we apply it to Anosov diffeomorphisms. The result that we obtain
is exponential decay of correlations for a large (as far as we know larger than usual)
class of functions. Of course, this result is far from new, nevertheless it should be
emphasized that the method yields explicit estimates on the rate of convergence
to equilibrium (unlike other methods).1 The main difference with Lai-Sang Young
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approach is that the technique is applied directly to the system without the need
to code it beforehand into an expanding tower.

The aim is twofold. On the one hand we want to introduce the coupling method
as a general tool to study decay of correlations. On the other hand we tried to
simplify as much as possible the method in order to understand exactly the technical
conditions needed to make it work. This is an essential preliminary work needed if
one wants to try to apply coupling techniques to situations with polynomial decay
of correlations which it is certainly the next challenge in the field.

1.1. Coupling. Let X and Y be two random variables valued in M distributed
according to smooth densities with respect to the natural measure on M. The task
is to construct a coupling (X̃, Ỹ ) of these random variables such that, in mean, the
distance between TnX̃ and TnỸ decays to 0. Since the dynamic is deterministic,
the only possibility is to couple the initial distributions.

A coupling of two random variables is a joint distribution, that is a distribution
on M×M with the marginals given by the two random variables. The simpler
example is the so-called independent coupling (simply take the product distribu-
tion). If the random variables have the same law, another simple coupling is the
diagonal coupling (X̃ = Ỹ with probability one). Intermediate cases present some
“correlation” between the two random variables.

Let us think of discrete random variables for one moment. A coupling is a way
of filling an array with a constraint on the sums of the lines and of the columns.
Given two distributions (µi)i=1,...,n and (νi)i=1,...,n, it is an array (pi,j)i,j=1,...,n

with non negative entries satisfying
∑
j pi,j = µi and

∑
i pi,j = νj . Let us see

how to construct a coupling with a strong correlated part. We can fill first the
diagonal of the array in an arbitrary way imposing only that the value of each
entry is less than the constrained values of the associated row and column (this will
be the “correlated part”). For example choose a third distribution (ηi)i=1,...,n and
an ε > 0 small enough so that for all i, εηi < min{µi, νi} and put the values εηi on
the diagional. 2 The total amount of mass “used” is ε. The remainder can (among
other possibilities) be coupled ”independently”,

pi,j = χ{i=j}εηi + (1− ε)−1(µi − εηi)(νj − εηj).

Such an array is indeed a coupling of µ and ν. One can realize this coupling as
follows. Drop a Bernoulli coin (ε, 1 − ε). If you get head, then choose the two
random variables according to the distribution η (in this case they take the same
value). If you get tail, then choose both random variables independently according
to the “remaining” joint distribution, (1− ε)−2(µi − εηi)(νj − εηj).

This last point of view easily generalizes to the case of continuous random vari-
ables with densities. Consider two density functions, g and h, bounded away from
0. Let f be a third density function and ε > 0 such that εf(x) < min{g(x), h(x)}.
Now, drop a Bernoulli coin (ε, 1 − ε). If you get head, then choose the two ran-
dom variables according to the distribution with density f . If you get tail, then
choose both random variables independently according to the “remaining” joint
distribution, whose density on the square is given by F (x, y) = (1 − ε)−2(g(x) −
εf(x))(h(y)− εf(y)).

2To be optimal, one could choose η so that εηi = min{µi, νi}. But then, the remainder cannot
be coupled independently.
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Back to our case, the general idea is to try to make points match whenever
possible. Yet, since the map is a diffeomorphism, two points which do not match
will never match. Nonetheless, two points that are on the same stable manifold
will come closer and closer under the action of the diffeomorphism. Thus, it should
suffice to couple points laying in the same stable manifold. A first obstacle stemms
from the highly non–local nature of the stable manifod which makes it hard to
control the speed at which points get closer. To overcome this we will consider only
local stable manifolds and proceed inductively.

Fix some δ > 0. Firstly, we decide to couple points that are in the same local
stable manifold of size δ. Then, we couple points that will be in the same local
stable manifold after one iteration of the diffeomorphism, and so on. What happens
is that, at each step, we can couple a certain fraction of the mass that was not yet
coupled. Finally, every point is coupled with points that will be in the same local
stable manifold after some time (and hence that were in the same stable manifold
since the beginning). Technically, the procedure consists in a sequence of couplings
(X̃n, Ỹn) of TnX and of TnY , constructed inductively, keeping track of the mass
coupled at each step. In the limit all the mass is coupled. More precisely, for the
coupling at step n the probability that the two components are in different pieces
of stable leaves of size δ is bounded by (1− ε)n, decaying exponentially fast with n.

1.2. Plan of the paper. In Section 2 we state precisely the result and introduce
some basic notations.

Section 3 is devoted to the precise definition of the space of densities that will
be used in the following.

In Section 4 we define special averages that will be used to actually construct
the wanted coupling. In addition, some standard and less standard, but essential,
parts of the theory of Anosov diffeomorphism are recalled and stated.

Section 5 investigates the properties of the densities when iterated via the dy-
namics. Such properties based on the results of Section 4, are the reason why the
approach ultimately works.

Section 6 introduces the coupling and details its properties.
In Section 7 we have the proof of the main theorem and its corollary.
Finally, the appendix contains the proof of some technical facts that are used in

the paper and it is added for completeness.

2. Statement of the result

Let M be a d-dimensional (d ≥ 2) Riemannian manifold endowed with the
Riemannian volume m. We consider a transitive (and hence mixing) Anosov
C(1+α)(M,M) diffeomorphism T on M. We mean that T is a diffeomorphism
of M whose differential DxT at point x ∈ M depends α–Hölder continuously
on x and is such that there exists an invariant splitting of the tangent bundle
TxM = Es(x)

⊕
Eu(x) into a stable and an unstable directions, that is with

||DT |Es ||∞ < 1 and ||DT−1|Eu ||∞ < 1. We denote by ds and du the dimensions of
the stable and unstable subspaces, respectively.

We denote by D the distortion constant,

(2.1) e−Dd(x,y)
α

≤ |det(DxT )|
|det(DyT )|

≤ eDd(x,y)
α

,
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where d(·, ·) is the Riemannian distance. We set,

(2.2)
‖DT |Es‖∞ = λ−1

− ; ‖DT |Eu‖∞ = µ+

‖DT−1|Es‖∞ = λ+; ‖DT−1|Eu‖∞ = µ−1
− .

2.1. Stable and unstable foliations. For all x ∈ M, we denote by W s(x) and
Wu(x) the global stable and unstable manifolds (such manifolds are C(1+α), e.g.
[8]). For all x ∈M and all y ∈W s(x), we denote by ds(x, y) the distance measured
along the leaves W s(x) induced by the Riemannian metric on the leaf considered
as a sub-manifold in M. In addition, for each x, y ∈ M define ds(x, y) = ∞ if
they do not belong to the same stable manifold. The corresponding distance for
the unstable manifolds will be denoted by du. In the same spirit, ms will denote
the restriction of the Riemannian volume to the stable manifolds. For all δ > 0 and
all x ∈M, we will denote by W s

δ (x) the ball of radius δ centered at x in W s(x),

W s
δ (x) = {y ∈M | ds(x, y) < δ}.

2.2. Observables. Fix δ > 0 and βs ∈ (0, 1). For all real functions f : M → R,
we set

|f |s = sup
ds(x,y)≤δ

|f(x)− f(y)|
ds(x, y)βs

and

(2.3) ‖f‖s = ||f ||∞ + |f |s.

We consider the following subset of the Borel measurable functions B(M,R),

Cs = {f ∈ B(M,R) | ‖f‖s < +∞} .

2.3. Statement. We are interested in the convergence to equilibrium, that is in
the speed with which an initial measure, absolutely continuous with respect to
the Riemannian measure, converges toward the SRB measure. As is well known,
only reasonably smooth initial measures yield fast convergence. To state the result
we must then introduce introduce, for the densities of the initial measure, Hölder
norms ‖ · ‖u defined in analogy with (2.3) by using the unstable distance instead of
the stable one,

(2.4) ‖f‖u = ‖f‖1 + sup
du(x,y)≤δ

|f(x)− f(y)|
du(x, y)α

.

Note the L1–norm instead of the L∞–norm to take advantage of the obvious duality.

Theorem 2.1. There exists a θ < 1, computable, and a constant C such that, for
each βs ∈ (0, 1], for all f ∈ Cs and g, h ∈ C(α)(M,R) with

∫
M hdm =

∫
M gdm = 1,

(2.5)
∣∣∣∣∫
M
f ◦ Tngdm−

∫
M
f ◦ Tnhdm

∣∣∣∣ ≤ C‖f‖s max{‖g‖u, ‖h‖u} θnβs
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From this result it is easy to deduce the existence of an SRB measure for the
system as well as the exponential decay of the correlations for this measure. This
is the content of the following corollary

Corollary 2.1. There is a unique T -invariant measure µ such that

(2.6) lim
n→+∞

1
n

n−1∑
k=0

δTkx = µ, m− a.s.,

where δx denotes the Dirac mass at point x. In addition, there is a θ < 1 and a
constant C such that, for all f ∈ Cs and all h ∈ C(α)(M,R),

(2.7)
∣∣∣∣∫
M
f ◦ Tnhdµ−

∫
M
fdµ

∫
M
hdµ

∣∣∣∣ ≤ C‖f‖s‖h‖u θn

In fact, the other standard properties of the SRB measure can also be easily
obtained, we do not insist on them since the present method does not seem to add
any particular insight on such issues.

3. Densities

To prove the above theorems we find necessary to specify more precise regularity
requirements for the smoothness of the densities along the unstable manifold. It
turns out that in two dimensions, or more generally when the foliations are smooth,
this can be done in a rather näıve way by defining smoothness with respect to the
metric du as already done in (2.4).3 Nonetheless, in the more general situation in
which the foliations are only Hölder it is not immediately obvious how to proceed.
As we will see later the problem arises because if du(x, y) ≤ ε, then the maximal
distance of the associated local stable manifolds W s

δ (x) and W s
δ (y) can be of order

ετ which is not enough for our need. To overcome this we introduce a different
notion of “distance” between point, which in fact is not a distance (it does not
satisfy the triangle inequality and it is degenerate) but is nevertheless well suited
to satisfy our needs.

Let ϕ : R+ → [0, 1] be a smooth positive monotone function such that, for some
δ > 0,

ϕ(x) = 0 ∀x ∈ [0, δ] and ϕ(x) = 1 ∀x ≥ 2δ.

Definition 3.1. Fix ν > 1. Given two points x, y ∈ M we define their separation
s(x, y) by

(3.1) s(x, y) =
∞∑
n=0

ν−nϕ(d(Tnx, Tny)).

A direct computation shows that if µ− < ν this separation is Lipschitz, while if
µ− > ν, it is Hölder of exponent log ν

log µ−
. The relation between the separation and

the usual distance, as well as some useful properties of the separation are clarified
by the next lemma.

3To purse this point of view it is also necessary to impose an a priori bound on the measure

of small balls in the stable manifold, this is a natural condition since the invariant measure is
typically singular when restricted to the stable manifold and it is characterized by some Hausdorff

dimension.
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Lemma 3.1. There exists c0 = c0(δ, ν) ∈ R+ such that for each two points x, y ∈
M, if d(x, y) ≤ δ, then

s(Tx, Ty) = νs(x, y).
If x ∈Wu

δ (y), then,

c−1
0 du(x, y)α+ ≤ s(x, y) ≤ c0d(x, y)α− ,

with α− = ln ν
lnµ+

and α+ = ln ν
lnµ−

. In addition, if y ∈ B δ
4
(x),

c−1
0 s(x, y) ≤ sup

z ∈W s
δ
4
(x)

w ∈W s
δ
4
(y)

s(z, w) ≤ c0s(x, y).

The proof of the Lemma is by direct computation. The idea is that s is essentially
a continuous version of the usual discrete separation. For completeness we provide
the details in the appendix.

To define the smoothness of a function along the unstable directions we can then
define

(3.2) |f |σ = sup
du(x,y)≤δ

|f(x)− f(y)|
s(x, y)

.

The relation with the above mentioned more conventional definitions of smooth-
ness

|f |u,β = sup
du(x,y)≤δ

|f(x)− f(y)|
du(x, y)β

(which characterizes Hölder continuous functions) is explicitly stated in the follow-
ing immediate consequence of Lemma 3.1.

Corollary 3.1. Let ν ≤ µ−, then α−, α+ ∈ (0, 1] and

|f |u,α− ≤ |f |σ ≤ |f |u,α+ .

We can finally define the class of densities we are interested in

(3.3) Cu(a) =
{
h ∈ C0(M,R)

∣∣∣∣ h > 0;
h(x)
h(y)

≤ eas(x,y), ∀x, y : du(x, y) ≤ δ

}
,

where C0(M,R) is the space of continuous functions.

4. Mean on the stable leaves

4.1. Holonomy map. Given two manifolds U, V transversal to the stable foliation,
with distance less than δ, we define the (stable) holonomy map φ = φsU,V : U → V

by φ(z) = W s
δ (z) ∩ V .4 We define the unstable holonomies symmetrically.

Given z ∈ U , let EU (z) = TzU . Since EU (z) is transversal to Es(z) we can
define the map LEU (z) : Eu(z) → Es(z) by asking that LEU (z)v be the unique
vector w ∈ Es(z) such that v + w ∈ EU (z). Let γU : U → R be

γU (z) = ‖LEU (z)‖,
clearly this quantity measure the “angle” between EU (z) and Eu(z). Similar defi-
nitions can be given for manifolds transversal to the unstable distribution.

4Of course, the domain of φ is given exactly by

the z ∈ U for which W s
δ (z) ∩ V 6= ∅.
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Proposition 4.1. There exists τ ∈ (0, α] such that the stable and unstable distri-
butions are τ -Hölder continuous.

In addition, the holonomy maps are τ -Hölder continuous and absolutely contin-
uous as well.

Finally, calling JφU,V the Jacobian of the holonomy, also
the Jacobian is τ -Hölder continuous, more precisely,

JφUV (z)
JφUV (ξ)

≤ e−const d(z,ξ)τ

if z, ξ ∈ U ;

and it is close to the identity, namely

e−const {d(z,φ(z))τ+γU (z)+γV (z)} ≤ JφUV (z) ≤ econst {d(z,φ(z))τ+γU (z)+γV (z)}.

Proof. These are classical results. See for example [8] for the Hölder continuity of
the distributions and of the holonomies and [16] for the bounds on the Jacobian. �

4.2. The local product structure. Given x0 ∈ M, we want to introduce local
coordinates, adapted to the hyperbolic structure, in a neighborhood of x0. Given
δ0 > 0 small enough, we start by considering the manifolds W s

δ0
(x0) and Wu

δ0
(x0)

endowed with the restriction of the Riemannian metric on M. Since they are
C(1+α), we can introduce two C(1+α) systems of coordinates ψsx0

: Rds → W s
δ0

(x0)
and ψux0

: Rdu →Wu
δ0

(x0).5 We can then define the map ψx0 : Rds ×Rdu → Bδ0(x0)
by

ψx0(ξ, η) = Wu
δ0(ψ

s
x0

(ξ)) ∩W s
δ0(ψ

u
x0

(η)).
Note that in the coordinates η, ξ the stable and unstable foliations consist of the

linear parallel subspaces {ξ = a} and {η = b} respectively. In addition, remark that,
by Proposition 4.1, ψx0 is an Hölder, and hence continuous, change of coordinates.
We consider the Lebesgue measure mL(dξ, dη) = dξdη. It is also natural to consider
that the Riemannian volume m induces the measure m̄ = ψ−1∗

x0
m in Rds × Rdu . It

turns out that m̄ is absolutely continuous with respect to the Lebesgue measure and
that the Jacobian is a rather nice function as the next proposition more precisely
states.

Proposition 4.2. There exist c,M, δ0 > 0 such that, for each x0 ∈ M, one can
construct a measurable function ρx0 : Rd → R+ for which, given any function
f ∈ L1(M,R) supported in Bδ0(x0), holds∫

M
f(y)m(dy) =

∫
Rd

f ◦ ψx0(ξ, η)ρx0(ξ, η)dξdη.

The above function has the following properties:

e−c|η−η
′|τ ≤ ρx0(ξ, η)

ρx0(ξ, η′)
≤ ec|η−η

′|τ , ∀ξ ∈ Rds , η, η′ ∈ Rdu ,

and
1
M

≤ ρx0 ≤M.

The above result is more or less known to experts in the field, yet we were not
able to locate a clear cut reference to it. Due to this sorry state of affairs we provide
a complete proof in the appendix.

5If the manifold were C2, one could use the standard exponential mappings, identifying, iso-

metrically, Eu(x0) with Rdu and Es(x0) with Rds .
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4.3. Stable averages. We introduce an average on the local stable manifolds
W s
δ (x), namely Aδ : C0(M,R) → C0(M,R) defined by,

Aδf(x) = Zδ(x)
∫
W s

δ (x)

f(z)ms(dz)

where

Zδ(x)−1 =
∫
W s

δ (x)

ms(dz) = ms(W s
δ (x)).

The following Lemma is the key fact we will use in studying the conditional
expectation we will define shortly.

Lemma 4.1. For all δ > 0, sufficiently small, there exists ε0 = ε0(δ, a) > 0 such
that, for all h ∈ Cu(a),

(4.1) ε0

∫
M
h ≤ Aδh ≤

1
ε0

∫
M
h.

Proof. If δ < δ0, then we can write Aδh in some local coordinates and use regularity
of the observable to compare it to the integral on an open set of positive volume.
In particular, we can choose any C(1+α) coordinate systems ψ̃ : Rds × Rdu → M
such that ψ̃(0) = x, ψ̃({(ξ, 0)}) = W s

loc(x); ψ̃({(0, η)}) = Wu
loc(x) and ‖Dψ‖∞ +

‖Dψ−1‖∞ ≤ M1 for some M1 independent of x.6 Let ψ̃(W s
δ (x)) := A(x) and

ψ̃(Wu
δ (x)) := B(x), then const−1δdu ≤

∫
B(x)

dη ≤ const δdu , for some constant
independent of x, and

(4.2)

∫
W s

δ (x)
h =

∫
A(x)

h ◦ ψx(ξ, 0)|det(Dξψ̃)(ξ, 0)|dξ

≤ eM1(d+ds)eac0δ
α+

const Cδdu

∫
A(x)×B(x)

h ◦ ψ̃(ξ, η)|det(Dψ̃)(ξ, η)|dηdξ

≤ const
∫
ψ̃(A(x)×B(x))

h

≤ const
∫
M h.

For further reference notice that the same type of reasoning shows that there
exists c1 > 1, independent of x ∈M, such that

(4.3)
∫
W s

c1δ(x)

h(z)ms(dz) ≥ const
∫
B2δ(x)

h,

where, as usual, Bδ(x) is the ball of radius δ centered at x.
The proof of the opposite inequality is slightly more sophisticated.
It is well known that there exists N0 such that, for each ε > 0, one can cover M

with balls of radius ε in such way that each ball does not overlap with more than
N0 other balls of the cover. From now on we will only consider covers with such a
property.

Let {Bε(xi)} be one of such covers. For each function h ≥ 0 there exists i such
that

1
m(Bε(xi))

∫
m(Bε(xi))

h ≥ N−1
0

∫
M
h.

6If in doubt about existence, see footnote 12 in the appendix for the explicit construction of
such a coordinate

systems.
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To see it, just suppose the contrary, then∫
M
h ≤

∑
j

∫
m(Bε(xj))

h < N−1
0

∑
j

m(Bε(xi))
∫
M
h ≤

∫
M
h

which is a contradiction. Let us fix ε such that c1ε < δ0 and {Bε(xi)} a cover with
the above property.

It is a standard consequence of topological mixing (or transitiveness) and the
Anosov property that there is a Lε such that any piece of stable manifold of (inner)
diameter Lε is at distance less than ε from any point of M. Let us fix n such that
λn−δ > 2Lε. We write∫

W s
δ (x)

h =
∫
T−nW s

δ (x)

h ◦ Tn|det(DTn|Es)|

≥ λ−nds
+

∫
T−nW s

δ (x)

h ◦ Tn.

Since h ◦ Tn is positive, we can choose Bε(xi) in the cover such that

(4.4)
1

m(Bε(xi))

∫
Bε(xi)

h ◦ Tn ≥ 1
N0

∫
M
h ◦ Tn.

For the inner diameter of T−nW s
δ (x) is larger than 2Lε, there exists a piece

W s
c1ε(z) ⊂ T−nW s

δ (x) of inner diameter c1ε, centered on a point z ∈ Wu
ε (xi). Re-

member that our choice of c1 is such that ψ−1
z (B2ε(z)) ⊂ Cc1ε(z) := ψ−1

z (Wu
c1ε(z))×

ψ−1
z (W s

c1ε(z)). Accordingly, remembering (4.3) and (4.4),∫
W s

δ (x)

h ≥ λ−nds
+

∫
W s

c1ε(z)

h ◦ Tn ≥ λ−nds
+

∫
B2ε(z)

h ◦ Tn

≥ const
∫
Bε(xi)

h ◦ Tn

≥ const
∫
M
h.

Both estimates hold in particular for h = 1 and hence for Zδ. So the ratios
defining Aδh are uniformly bounded.

�

Remark 4.1. Note that the only dynamical property used in Lemma 4.1 (apart
from the existence and regularity of the stable and unstable manifolds) is the tran-
sitiveness.

For the purposes of the next section it is necessary to define an
averaging operator that preserves regularity along the unstable manifold. This is

the case for the operator Aδ only if the difference between λ− and λ+ is sufficiently
small.7 To deal with the general case it is necessary to define a different (more
local) average. The definition of such an operator and its properties are the focus
of the rest of the section.

7There are two sources of trouble. On the one hand, if the foliation is only Hölder, then the
image, under the holonomy, of a ball, in the unstable manifold, it is not a ball anymore. We know

how to handle this mismatch only if the difference between λ+ and λ− is small enough. On the
other hand, if y ∈W s

δ (x), then the stable distance, measured along the holonomy, between Wu
δ (x)

and Wu
δ (y) can be of order d(x, y)β , where β depends also on λ−λ

−1
+ and can be < 1.
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Pick any x̄ ∈M and consider

(4.5) R =
⋃

z∈Wu
δ (x̄)

W s
δ(z)(z).

Where const−1δ ≤ δ(z) ≤ const δ, for some constant independent of x̄, and∫
ψ−1

x (W s
δ(z)(z))

dξ = δds .

By construction R is foliated by stable manifolds and, provided δ is small enough,
there exists c∗ ∈ (0, 1) such that

Bc∗δ(x̄) ⊂ R ⊂ Bc−1
∗ δ(x̄) ⊂ Bδ0(x̄).

Next, consider the σ-algebra F associated to the partition {{W s
δ(z)(z)}z∈Wu

δ (x̄), R
c}.

Finally, choose a smooth function Φ such that

Φ ≥ 0;
∫
M

Φ = 1; supp Φ ⊂ Bc∗δ(x̄).

Define

(4.6) AΦf(x) = Φ(x)E(Φf | F)(x),

where E( · | F) denotes the conditional expectation given F , with respect to the
probability measure m. Notice that, using the local coordinates around x̄ intro-
duced in section 4.2, we can write a nice version of this conditional expectation:

(4.7) AΦf(ψx̄(ξ, η)) = Φ(ψx̄(ξ, η))
∫
{‖ξ′‖≤δ}

(Φf) ◦ ψx̄(ξ′, η))
ρx̄(ξ′, η)
ρx̄(ξ, η)δds

dξ′.

In the following, we shall omit the ψx̄ if no confusion arises. Clearly, if f has
support disjoint from R, then AΦf = 0. Other instrumental properties of AΦ are
summarized by the

following Lemma

Lemma 4.2. Assume ν ≤ µτ−, so that τ ≥ α+, then, the following statements hold:

• E(gAΦf) = E(fAΦg);
• there exists ε1 = ε1(a, δ) ∈ R such that, for all f, g ∈ Cu(a),

‖AΦf‖∞ ≤ ε−1
1

∫
M
f and

∫
M
gAΦf ≥ ε1

∫
M
f

∫
M
g.

• there exists κ1 = κ1(a, δ) > 0 such that, for
all f ∈ Cu(a),

|AΦf |σ ≤ κ1

∫
M
f ;

Proof. The first statement follows directly by the properties of the conditional
expectation. The second assertion follows from Lemma 4.1.

In fact, formula (4.7) shows that AΦ is constructed via stable averages; thus the
same arguments as in Lemma 4.1 can be used to obtain upper and lower bounds
for such averages (formulae (4.2) and (4.3)).

For the last part of the lemma we must compute

Φ(x)E(Φf |F)(x)− Φ(y)E(Φf |F)(y).
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This is most easily done by using in R the coordinates introduced just before
Proposition 4.2. Let (ξ1, η1) be the coordinates of x and (ξ2, η2) the coordinates of
y. Thus we have

|Φ(x)E(Φf |F)(x)− Φ(y)E(Φf |F)(y)| ≤ const s(x, y)Φ(y)E(Φf |F)(y)

+Φ(x)
∫
{‖ξ‖≤δ} |Φ(ξ, η1)f(ξ, η1)ρx̄(ξ, η1)− Φ(ξ, η2)f(ξ, η2)ρx̄(ξ, η2)|dξ.

But, if z = ψ(ξ, η1) and w = ψ(ξ, η2),

|Φfρx̄(z)− Φfρx̄(w)| ≤ ||Φ||∞const (as(z, w) + cd(z, w)τ )fρx̄(z)
+fρx̄(w)|Φ|σs(z, w)

≤ const (fρx̄(z) + fρx̄(w))s(z, w).

We can now conclude since, by the third statement of Lemma 3.1, we can control
the distance of the two stable manifolds. The integral

∫
M f appears by Lemma 4.1.

�

Remark 4.2. Concerning possible attempts to generalize the present scheme: note
that the last two points of Lemma 4.2 are the only points in our construction where
the properties of the holonomies (and their Jacobians) play a role.

5. Regularity properties of the densities

5.1. Losing regularity. The following lemma gives an estimate on the regularity
of g(1− εAΦh) given that g and h are in Cu(a) and ε is small enough.

Lemma 5.1. Choose a real number a0. For all g and h in Cu(a), with
∫
M h = 1,

(5.1) g(1− εAΦh) ∈ Cu(a+ a0)

provided ε < min{ε1, a0κ
−1
1 (1− εε−1

1 )}.

Proof. It follows directly by Lemma 4.2. We have

g(y)(1− εAΦh(y)) ≤ g(x)eas(x,y)(1− εAΦh(x))(1 + ε
AΦh(x)− AΦh(y)

1− εAΦh(x)
)

≤ g(x)(1− εAΦh(x))eas(x,y)(1 + ε
|AΦh|σ

1− ε‖AΦh‖∞
s(x, y))

≤ g(x)(1− εAΦh(x))eas(x,y)(1 + ε
κ1

1− εε−1
1

s(x, y))

≤ g(x)(1− εAΦh(x))e
(a+ε

κ1
1−εε

−1
1

)s(x,y)
.

�

5.2. Recovering regularity. The diffeomorphism T has regular derivatives. Re-
call that D is the distortion constant (crf. (2.1)).

The Perron-Frobenius operator is given by8

Lg(x) = |det(DxT
−1)|g ◦ T−1(x).

It satisfies,

8Remember that if the measure µ on M is absolutely continuous with respect to the Riemann-
ian volume m with density g, then the evolved measure T∗µ, defined as usual by T∗µ(f) = µ(f ◦T ),

is absolutely continuous with respect to m as well and its density is given by Lg.
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Lemma 5.2. Assume ν ≤ µα−, so that α ≥ α+, then

(5.2) L(Cu(a)) ⊂ Cu(ν−1a+ c0D)

Proof. Clearly, for all g ∈ Cu(a), Lg > 0. For x ∈ M and y ∈ Wu(x), d(x, y) ≤ δ,
by Lemma 3.1,

Lg(x) = |det(DxT
−1)|g(T−1x)

≤ |det(DyT
−1)|eDd(x,y)

α

g(T−1y)eas(T
−1x,T−1y)

≤ Lg(y)e(aν
−1+c0D)s(x,y).

�

6. Coupling

We fix a δ > 0 small enough and ν ≤ µτ−, where τ is given by Proposition 4.1. We
choose a0 and set a = ν−1a0+c0D

1−ν−1 . Let g and h be in Cu(a) with ||g||1 = ||h||1 = 1.
We consider two independent random variables X and Y , on some probability space
(Ω,F ,P), valued in M and distributed according to, respectively, gdm and hdm.
That is, P(X ∈ A) =

∫
A
g(x)dm(x) and P(Y ∈ A) =

∫
A
h(x)dm(x).

We set θ > max {λ−1
− , 1− ε21, 1−

a0ε
2
1

a0+κ1ε1
}.9 Our key estimate consists in the

following statement.

Proposition 6.1. There exists a constant C such that, for all n ≥ 0, one can
construct a coupling (X̃n, Ỹn) of TnX and TnY such that

E
[
dsδ(X̃n, Ỹn)

]
≤ Cθn,

where dsδ(x, y) = min {ds(x, y), δ}.

Proof. Given two density functions h, g ∈ Cu(a) the basic idea to construct a cou-
pling between the corresponding two random variables (measures) is to introduce
the auxiliary random variable τ on Ω with values in {0, 1}, independent of X and
Y , having the distribution10

P(τ = 0) = ε,

where ε = 1− θ. We set,

(6.1) δΦ,h,g(A×B) =

∫
M χAgAΦ(hχB)∫

M gAΦh
.

9Since the choice of a0 is arbitrary, the last term it is not harmful. It should also be remarked
that the second term can be improved. To do so consider n disjoint setRi in which to couple (rather

than just one set R). Each set will have associated its operator AΦi
. Define then AΦ =

∑
i AΦi

.

Clearly
∫

AΦhg ≥ nε1
∫
g while AΦh ≤ ε−1

1

∫
h. Following the proof of Proposition 6.1 yields that

1− ε21, can be substituted with 1− nε21. We did not pursue this possibility because, most likely,

the estimate we are obtaining are anyhow not optimal and if one wants to improve the bounds
realistically, then more work is certainly needed.

10Intuitively if τ(ω) is zero then the two points X(ω) and Y (ω) will be coupled and if it is one
then they are left independent. For example one can imagine that a coin (loaded accordingly to

the distribution {ε, 1− ε}) is tossed in order to decide if to couple the points or not.
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We can then define the coupling (X̂, Ŷ ) by

P(X̂ ∈ A; Ŷ ∈ B | τ = 0) = δΦ,h,g(A×B)

P(X̂ ∈ A; Ŷ ∈ B | τ = 1) = (1− ε)−2[P(X ∈ A)− εP(X̂ ∈ A | τ = 0)]

×[P(Y ∈ B)− εP(Ŷ ∈ B | τ = 0)].

Note that the distribution of (X̂, Ŷ ), conditioned to the absence of coupling
(that is to {τ = 1}), is a product measure absolutely continuous with respect to
the Riemannian volume. A direct computation shows that the above is indeed a
coupling (i.e. P(X̂ ∈ A) = P(X ∈ A) and P(Ŷ ∈ B) = P(Y ∈ B)). It is now
natural to define

X̃0 = X; Ỹ0 = Y X̃1 = TX̂; Ỹ1 = T Ŷ .

An obvious computation shows that,

P(X̃1 ∈ A; Ỹ1 ∈ B | τ = 1) =
∫
A

g̃dm

∫
B

h̃dm,

where,

g̃ = (1− ε)−1L
(
g(1− ε∫

M gAΦh
AΦh)

)
,

and,

h̃ = (1− ε)−1L
(
h(1− ε∫

M hAΦg
AΦg)

)
.

This is consistent, since, according to Lemma 4.2,∫
M
hAΦg =

∫
M
gAΦh ≥ ε1,

and,

1− ε
AΦh∫

M gAΦh
≥ 1− ε

ε1
AΦh ≥ 1− ε

ε1
ε−1
1 > 0.

Lemma 5.1 and 5.2 together with our choice of a and ε guarantee that g̃, h̃ ∈ Cu(a).
Obviously, ‖g̃‖1 = ‖h̃‖1 = 1.

The result of what we just said is that (X̃1, Ỹ1) is a coupling of (TX, TY ). In
addition, E(X̃1 | τ = 1) and E(Ỹ1 | τ = 1) are independent random variables with
absolutely continuous distributions in Cu(a). This is exactly the original situation
for the variables (X,Y ). It is then clear the possibility to perform the same cou-
pling again. This leads to the following inductive procedure. We start with the
independent coupling of the original random variables. Then, given a coupling
(X̃n, Ỹn) of TnX and TnY , we construct a new coupling (X̂n, Ŷn). If τn−1 was
equal to 0, meaning that points were coupled, we keep them coupled, while if τn−1

was equal to 1, we use a random variable τn, defined independently of what has
been constructed up to this stage, to define the law of (X̂n, Ŷn); then we obtain
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(X̃n+1, Ỹn+1) by applying T :

τ−1 = 1; X̃0 = X; Ỹ0 = Y

P(X̃n ∈ A, Ỹn ∈ B | τn−1 = 1) =
∫
A
hn(x)m(dx)

∫
B
gn(x)m(dx)

P(τn = 0 | τn−1 = 0) = 1

P(τn = 0 | τn−1 = 1) = ε

P(X̂n ∈ A; Ŷn ∈ B | τn−1 = 0) = P(X̃n ∈ A; Ỹn ∈ B | τn−1 = 0)

P(X̂n ∈ A; Ŷn ∈ B | τn = 0; τn−1 = 1) = δΦ,hn,gn
(A×B)

P(X̂n ∈ A; Ŷn ∈ B | τn = 1) = (1− ε)−2[P(X̃n ∈ A | τn−1 = 1)

−εP(X̂n ∈ A | τn = 0; τn−1 = 1)]

×[P(Ỹn ∈ B | τn−1 = 1)− εP(Ŷn ∈ B | τn = 0; τn−1 = 1)]

X̃n+1 = TX̂n; Ỹn+1 = T Ŷn.

The event {τn = 1} corresponds to the points that have not yet been coupled at
time n; their measure is easily computed

P(τn = 1) = (1− ε)n.

To compute the expectation it is useful to introduce the time of coupling τ̄ =∑∞
n=0 τn. Clearly the above computation shows that τ̄ is almost everywhere finite.

Thus

E[dsδ(X̃n, Ỹn)] =
∑∞
k=0 E[dsδ(X̃n, Ỹn) | τ̄ = k]P(τk+1 = 0; τk = 1)

=
∑n
k=0 E[dsδ(T

n−kX̃k, T
n−kỸk) | τ̄ = k]P(τk+1 = 0; τk = 1)

+
∑∞
k=n+1 E[dsδ(X̃n, Ỹn) | τ̄ = k]P(τk+1 = 0; τk = 1)

≤
∑n
k=0 λ

−n+k
− E[dsδ(X̃k, Ỹk) | τ̄ = k](1− ε)k +

∑∞
k=n+1 δ(1− ε)k

≤ const θn

�

Remark 6.1. In alternative, it is possible to construct a coupling (X̃, Ỹ ) of X and
Y such that for all n ≥ 0,

E
[
dsδ(T

nX̃, TnỸ )
]
≤ const θn.

The idea is to introduce a random variable τ̄ with geometrical law of parameter
1− ε and set,

P(X̃ ∈ A; Ỹ ∈ B | τ̄ = n) = δΦ,hn,gn
(TnA× TnB).
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It is a coupling since,

P(X̃ ∈ A) =
∑
n≥0

P(X̃ ∈ A | τ̄ = n)P(τ̄ = n)

=
∑
n≥0

δΦ,hn,gn
(TnA×M)ε(1− ε)n

=
∑
n≥0

(1− ε)n
ε∫

M gnAΦhn

∫
TnA

gnAΦhn

=
∑
n≥0

(1− ε)n
(∫

TnA

gn − (1− ε)
∫
Tn+1A

gn+1

)
=

∫
A

g0 = P(X ∈ A),

and its properties follow from previous results.

7. Proofs of the main statements

7.1. Proof of Theorem 2.1.

Proof. Let g and h be in Cu(a) such that
∫
M gdm = 1,

∫
M hdm = 1. We consider

two random variables X and Y valued in M distributed according to, respectively,
gdm and hdm. Clearly,

(7.1) E[f(TnX)] =
∫
M
f ◦ Tngdm.

Hence

(7.2)
∫
M
f ◦ Tngdm−

∫
M
f ◦ Tnhdm = E[f(TnX)]− E[f(TnY )].

For all coupling (X̃n, Ỹn) of TnX and TnY ,
we have,

(7.3)
∫
M
f ◦ Tngdm−

∫
M
f ◦ Tnhdm = E[f(X̃n)− f(Ỹn)].

If f ∈ Cs, we have,

(7.4)

∣∣∫
M f ◦ Tngdm−

∫
M f ◦ Tnhdm

∣∣ ≤ ‖f‖sE[dsδ(X̃n, Ỹn)βs ]

≤ ‖f‖sE[dsδ(X̃n, Ỹn)]βs .

This together with Proposition 6.1 concludes the proof of Theorem 2.1 in the special
case g, h ∈ Cu(a). The general case is obtained by noticing that each function g
with ‖g‖u < ∞ can be seen as the difference of two positive such functions. Then
we can restrict to the case g ≥ 0 and, for each b > 0, we have

g(x) + b

g(y) + b
≤ g(y) +Hσ(g)s(x, y) + b

g(y) + b
≤ |g|σs(x, y)

b
+ 1 ≤ e

|g|σs(x,y)
b

that is g + b ∈ Cu(a) provided we choose

b = a−1|g|σ.
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In conclusion, if b = a−1 max{|g|σ, |h|σ} and ‖g‖1 = ‖h‖1 holds

|
∫
M f ◦ Tng −

∫
M f ◦ Tnh| = |

∫
M f ◦ Tn g+b

‖g‖1+b −
∫
M f ◦ Tn h+b

‖h‖1+b |(‖g‖1 + b)

≤ const ‖f‖s max{‖h‖u, ‖g‖u}θnβs .

�

Remark 7.1. The d–distance (associated to a distance d) between two random
variables X and
Y is the infimum over all couplings (X̃, Ỹ ) of these random variables of E[d(X̃, Ỹ )].

It is a general fact that the speed of decay of correlations can be expressed in terms
of the d–distance (associated to the distance dsδ):

(7.5)
∣∣∣∣∫
M
f ◦ Tngdµ−

∫
M
fdµ

∫
M
gdµ

∣∣∣∣ ≤ ‖f‖sd(TnX,TnY )βs .

7.2. Proof of Corollary 2.1.

Proof. For simplicity, we write the proof for the case βs = 1. We start by proving
a weak convergence result to identify µ.

Let h ∈ Cu(a), ‖h‖1 = 1 and set dµ0 = hdm and µn = Tn∗µ0. We want to show
that the sequence {µn} is weakly convergent.

Let f ∈ Cs then, by Theorem 2.1, for each n,m ≥ n0,

|µn(f)− µm(f)| =
∣∣∣∣∫
M
Ln−n0hf ◦ Tn0 −

∫
M
Lm−n0hf ◦ Tn0

∣∣∣∣ ≤ constθn−n0‖f‖s,

since Lkh ∈ Cu(a). Noticing that Cs ∩ C(0)(M,R) is dense in C(0)(M,R), by the
usual 3–ε argument it follows that {µn} is a weakly Cauchy sequence from which
the claim follows.

In addition, an obvious modification of the above argument shows that the limit
measure µ does not depend on the function h. Clearly µ is an invariant measure.
The next step is to prove that µ satisfies (2.7).

Given h ∈ C(α)(M, R), let us apply Theorem 2.1 to the two functions h1 = hLk1
and h2 = Lk1

∫
M hLk1dm, then for each f ∈ Cs holds

(7.6)
∣∣∣∣∫
M
h1f ◦ Tn −

∫
M
h2f ◦ Tn

∣∣∣∣ ≤ const ‖f‖s max{‖h1‖u, ‖h2‖u}θn

but ‖h2‖u ≤ const and ‖h1‖u ≤ const (‖h‖u + 1). We can then take the limit for
k →∞ in (7.6) and the result follows.

By a standard approximation argument (2.7) implies that µ is mixing, and hence
ergodic.

Before we turn to the conclusion of the proof, it is very relevant to notice the
following stronger convergence result.

Lemma 7.1. If h ∈ C(α)(M, R) and dµ0 = hdm, µn = Tn∗µ0, then

lim
n→∞

µn(g) = µ(g) ∀g ∈ Cs.

Proof. We know already that the limn→∞ µn(g) exists, what is not obvious is that
it equals µ(g), since g may very well not be a continuous function. To prove this
the idea is to approximate g by continuous functions in some not too weak sense,
the problem is that we need some control on the ‖ · ‖s of the approximation. This
can be achieved by using the average operator Aδ, let us see how.
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For each δ > 0, νδ(f) = µ(Aδf) defines a Borel measure, moreover, if f ∈
C(0)(M, R) then Aδf ∈ C(0)(M, R). By Lusin’s theorem, for each g ∈ Cs and ε > 0
there exists gε ∈ C(0)(M, R) and a closed set Kδ ⊂ M such that g|Kδ

= gε|Kδ
,

‖g‖∞ = ‖gε‖∞ and (m+ νδ)(Kc
δ) ≤ ε.

Let gδ,ε = Aδgε, then ‖gδ,ε‖s ≤ (δ−βs + 1)‖g‖∞ and

‖gδ,ε ◦ Tn − g ◦ Tn‖1 ≤ ‖(Aδgε − Aδg) ◦ Tn)‖1 + ‖Aδg ◦ Tn − g ◦ Tn‖∞
≤ Λn‖Aδ(gε − g)‖1 + ‖g‖sδβs

≤ const (Λnε+ δβs),

where Λ = |det(DT−1)|∞. Accordingly,

|µ(g)− µn(g)| ≤ |µ(Aδg)− µn(g)|+ δβs‖g‖s
≤ |µ(gδ,ε)− µn(g)|+ (ε+ δβs)‖g‖s
≤ |µn(gδ,ε)− µn(g)|+O((δ−βsθn + ε+ δβs)‖g‖s)

≤ O(Λnε+ δβs + δ−βsθn).

Thus, by choosing first δ small, then n sufficiently large and finally ε sufficiently
small, the result follows. �

We are now in position to conclude the argument. Let

A =

{
x ∈M

∣∣∣∣∣ lim
n→∞

1
n

n−1∑
i=0

δT ix = µ

}
.

Then, clearly T−1A = A and A is not empty. In fact, for f ∈ C(0)(M, R), the set
Af for which

lim
n→∞

1
n

n−1∑
i=0

δT ix(f) = lim
n→∞

1
n

n−1∑
i=0

f(T ix) = µ(f)

is measurable and µ(Af ) = 1 by Birkhoff Theorem. This, plus the separability of
C(0)(M, R), implies A measurable and µ(A) = 1.11 Finally, notice that if x ∈ A
then W s(x) ⊂ A. Accordingly, χA ∈ Cs hence, by Lemma 7.1,

m(A) = m(χA ◦ Tn) = lim
n→∞

m(χA ◦ Tn) = µ(A) = 1.

�

8. Appendix

Proof of Lemma 3.1. The first statement is obvious:

s(Tx, Ty) =
∞∑
n=1

ν−nϕ(Tn+1x, Tn+1y) = νs(x, y).

To prove the next statement, let us consider x ∈Wu
δ (y), then

(8.1) µn+d(x, y) ≥ d(Tnx, Tny) ≥ µn−d(x, y).

Next, let nδ ∈ N be defined as

nδ = inf{n ∈ N | d(Tnx, Tny) > δ}

11Indeed, if {fn} ⊂ C(0)(M, R) is dense, then A =
⋂

n∈N
Afn .
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and set n− = nδ and n+ = n2δ. Accordingly,

(8.2) s(x, y) ≤
∞∑

n=n−

ν−n =
ν−n−

1− ν−1

and

(8.3) s(x, y) ≥ ν−n+ϕ(d(Tn+x, Tn+y)) = ν−n+ .

On the other hand, from (8.1) follows, if δ is
small enough,

n− ≥
ln δ

d(x,y)

lnµ+
and n+ ≤

ln 2δ
d(x,y)

lnµ−
from which the result follows with α− = ln ν

lnµ+
and α+ = ln ν

lnµ−
.

To prove the third statement of the Lemma, first notice that the triangle in-
equality yields,

d(Tnx, Tny)− 2λ−n−
δ

4
≤ d(Tnz, Tnw) ≤ d(Tnx, Tny) + 2λ−n−

δ

4
.

Then notice that if n∗ = n δ
2
, then n+ − n∗ is bounded. So that, since 2λ−n−

δ
4 <

δ
2 ,

s(z, w) ≤
∑
n≥0

ν−nϕ

(
d(Tnx, Tny) + 2λ−n−

δ

4

)

≤
∑
n≥n∗

ν−nϕ

(
d(Tnx, Tny) + 2λ−n−

δ

4

)
≤

∑
n≥n∗

ν−nϕ(d(Tnx, Tny)) + ‖ϕ′‖∞ν−nλ−n−
δ

2

≤ s(x, y) + const νn+−n∗ν−n+

≤ c0s(x, y),

where we have used (8.3) to conclude. �

Proof of Proposition 4.2. To prove Proposition 4.2, we start by noticing that ψsx0

and ψux0
can be extended to a C(1+α) system of local coordinates on the manifold:

ψ̃x0 : Rds×Rdu → Bδ(x0) that mapsW s
δ (x0) andWu

δ (x0) onto straight subspaces of
Rd (but does not, a priori send the foliation into a foliation in parallel subspaces).12

The image of the Riemannian volume through this map is absolutely continuous
with respect to the Lebesgue measure on Rd and its Jacobian is α–Hölder. To sim-
plify, we shall write again m for this measure as if it was exactly the Riemannian

12Consider any chart ϕ : Rd → Bδ(x) ⊂ M not too far from an isometry (for example the

chart provided by the exponential map). Clearly, provided that δ is chosen small enough (δ ≤ δ0
independent on x0), there exists M0 ∈ R+, independent on x0, such that ‖Dϕ‖∞ + ‖Dϕ−1‖∞ ≤
M0. Then we can define

ψ̃x0 (ξ, η) := ϕ(ϕ−1 ◦ ψs
x0

(ξ) + ϕ−1 ◦ ψu
x0

(η)).

Since D0ψs
x0

and D0ψu
x0

are transversal by the Anosov property and ψs
x0

, ψu
x0

are C(1+α), it

follows that Dξψ
s
x0

, Dηψu
x0

are uniformly transversal, provided δ ≤ δ0 for some δ0 independent

on x0. Thus ψ̃x0 , is a change of coordinates and there exists M1 ∈ R+, independent on x0,

such that ‖Dψ̃x0‖∞ + ‖ψ̃−1
x0 ‖∞ ≤ M1 (we have used the fact that Dξψ

s
x0

, Dηψu
x0

are uniformly

bounded, e.g. [8]).
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volume (that is we confuse m with its image ψ̃−1∗m in the coordinates) and use
ms and mu to denote the restrictions of m to subspaces of dimension ds and du.
Consequently, we just need to prove absolute continuity and regularity of the Jaco-
bian for the map Ψ = ψ̃−1

x0
◦ψx0 : Rd → Rd. It means that we (locally) identify the

manifold M with Rd, the stable and unstable manifold around x0 being straight
subspaces. Remark that Ψ(ξ, 0) = (ξ, 0) and Ψ(0, η) = (0, η) by construction (see
Figure 1 for a pictorical representation of the action of the map Ψ).

-
Ψ

x0 x0

Wu(x0)��+

W s(x0)
���

Figure 1. The action of Ψ (all curves on the right are stable and
unstable manifolds)

Our task is then to investigate the regularity of Ψ. That is we want to show
that Ψ−1∗m is absolutely continuous with respect to the Lebesgue measure and we
must compute dΨ−1∗m

dmL
.

Let us introduce two families of sets.
Sr(x) = {Wu

δ (y) ∩W s
δ (z) | y ∈W s

δ (x); z ∈Wu
δ (x); ‖x− y‖ ≤ r; ‖x− z‖ ≤ r},

Pr(x) = {x+ v + w | v ∈ Es(x); w ∈ Eu(x); ||v|| ≤ r; ||w|| ≤ r},

where the tangent space TxM is isometrically identified with Rd. We shall see that
it is possible to compare the measure of these sets with the measure of their images
Ψ(Sr(x)). The Sr, we will refer to as pseudo-rectangles, are constructed on pieces
of stable and unstable manifolds which are close to balls (they are intersections of
balls in the ambient space and the manifolds)

while the Pr, parallelograms, are bounded by affine “approximations” of these
pieces of manifolds which are real balls of radius r in Rds and Rdu . Let us denote
P sr (x) = {x + v | v ∈ Es(x); ||v|| ≤ r} = {x + Es(x)} ∩ Br(x) and Pur (x) =
{x+ w | w ∈ Eu(x); ||w|| ≤ r}.

A first Lemma shows that the measure of the Sr is well approximated by the
measure of the parallelograms Pr, which we know how to compute in terms of the
measure of their faces and the angle between them.

Lemma 8.1. There exists c ∈ R+ such that the following properties hold:
(1) Pr(1−crτ2 )(x) ⊂ Sr(x) ⊂ Pr(1+crτ2 )(x) .
(2) There exists a τ -Hölder function θ : M→ R+ such that

m(Sr(x)) = (1 +O(rτ
2
))θ(x)ms(P sr (x))mu(Pur (x)),
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Proof. To investigate the shape of the sets Sr(x) it is convenient to introduce normal
coordinates with respect to the the base point x ∈ Rd. A stable manifold, in
the neighborhood of x, can be represented by {x + ξ + A(ξ), ξ ∈ Es(x)} where
A : Es(x) → Eu(x) is a smooth map. The map A associated to W s(x) has clearly
the propertyA(0) = 0 andD0A = 0. More generally, for z ∈ x+Eu(x), the manifold
W s(z) is uniquely represented by the map Az as {z + ξ + Az(ξ), ξ ∈ Es(x)}. By
construction Az(0) = 0 while Proposition 4.1 (the Hölder continuity of the stable
distribution) implies

‖DξAz‖ ≤ const ‖z + ξ +Az(ξ)‖τ ,

where the constant is independent on x. Proposition 4.1 also shows that, to repre-
sent points in Sr(x) we need only to consider |z| ≤ r and ‖ξ‖ < rτ .

For v ∈ Es(x), ‖v‖ = 1 we define

h(t) = ‖Az(vt)‖.

We have∣∣∣∣dhdt
∣∣∣∣ =

∣∣∣∣ (Az(tv), DtvAzv)
‖Az(tv)‖

∣∣∣∣ ≤ ‖DtvAz‖ ≤ const ‖z + vt+Az(tv)‖τ

so that, if |z| ≤ r, h must satisfy the following differential inequality in the domain
|t| < rτ , { ∣∣dh

dt

∣∣ ≤ const (rτ + h(t))τ

h(0) = 0

Solving the above differential inequality yields

h(t) ≤ const trτ
2
+O(t2r−τ+2τ2

)

We conclude that if |z| ≤ r and ‖v‖ < rτ , we have

(8.4) ‖Az(v)‖ ≤ const ‖v‖rτ
2
.

The same estimate clearly holds for unstable manifolds. The two estimates together
immediately imply that (see Figure 2)

Pr(1−crτ2 ) ⊂ Sr ⊂ Pr(1+crτ2 ).

Hence m(Pr(1−crτ2 )) ≤ m(Sr) ≤ m(Pr(1+crτ2 )). But the measure of Pr can be
expressed as

m(Pr(x)) = const θ(x)rd

where, the constant depends only on the dimensions, ds and du, and where, Propo-
sition 4.1 shows that, if {vi} is an orthonormal base for Es(x) and {wi} for Eu(x),
then

θ(x) = |det(v1 . . . vds
w1 . . . wdu

)|
is τ -Holder. Finally,

m(Sr(x)) = m(Pr(x))(1 +O(rτ
2
)).

�
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Figure 2. Foliation and its linear approximations (z = (r, 0), y = (0, r))

The next lemma shows that the Lebesgue measure of the sets

Cr(x) = Ψ−1(Sr(Ψ(x)))

can be compared to the measure of the corresponding parallelogram Pr(Ψ(x)) and
hence to the measure of Sr(Ψ(x)) = Ψ(Cr(x)).

Lemma 8.2. There exists a τ -Hölder function ρ̃x0 such that

mL(Cr(Ψ−1(x)))
m(Sr(x))

= ρ̃−1
x0

(x)(1 +O(rτ
2
)).

Proof. Let x = Ψ(ξ, η). The sets Cr(ξ, η) are product sets.

Cr(ξ, η) = Csr (ξ, η)× Cur (ξ, η),

where Csr (ξ, η) = {ξ′ ∈ Rds | Ψ(ξ′, η) ∈ Sr(x)} (that is Ψ−1(W s(x) ∩ Sr(x)) seen
as a subset of Rds) and Cur (x) is similarly defined. Since Ψ is the identity when
restricted to the coordinate axis, their measure is exactly

mL(Cr) = mL(Csr ) mL(Cur )

= ms(Ψ(Csr × {0})) mu(Ψ({0} × Cur )).

To compare this measure to the measure of Sr, we shall compare it to the measure
of the parallelogram Pr. The images by Ψ of the projection of the faces of Cr on the
coordinate axes are approximately images of the faces of Pr through the holonomy
map φu : {x + Es(x)} → W s(Ψ(0, η)). More precisely, the estimate (8.4) shows
that, if r is small enough,

φu(P sr(1−crτ2 )
) ⊂ {Ψ(0, η′), η′ ∈ Csr} ⊂ φu(P sr(1+crτ2 )

).
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The holonomy map has a Jacobian J̃u. This Jacobian is not exactly the one defined
in Proposition 4.1 because of the change of coordinate ψ̃x0 , but together with the
regularity of ψ̃x0 , Proposition 4.1 proves that it is τ -Hölder. We can thus compute
the measures by doing a change of variable:

mL(Csr ) = ms({Ψ(0, η′), η′ ∈ Csr})

=
∫
φ−1

u ({Ψ(0,η′),η′∈Cs
r})

J̃u

= J̃u(x)ms(φ−1
u ({Ψ(0, η′), η′ ∈ Csr}))(1 +O(rτ ))

= J̃u(x)ms(Pr(x))(1 +O(rτ
2
)).

Of course, the same estimate holds for the unstable part. Hence, denoting J̃s

the corresponding Jacobian,

(8.5)
mL(Cr(Ψ−1(x)))

m(Sr(x))
=
J̃u(x)J̃s(x)

θ(x)
(1 +O(rτ

2
)).

�

We shall now use these estimates to compare the measure m̄ = Ψ∗m with the
Lebesgue measure.

Lemma 8.3. The measures m̄ and mL are equivalent.

Proof. Let us start by proving that m̄ is absolutely continuous with respect to mL.
This is equivalent to saying that if, for some measurable set A, m̄(A) = 0 then
mL(A) = 0. Since, by definition, m̄(A) = m(Ψ(A)) this means that, for each ε > 0,
it is possible to cover the set Ψ(A) with a collections of pseudo-rectangles Sn such
that ∑

n

m(Sn) ≤ ε.

But, by Lemma 8.2, m(Sn) ≥ c−1mL(Cn), where Sn = Ψ(Cn). Hence,

mL(A) ≤
∑
n

mL(Cn) ≤ c
∑
n

m(Sn) ≤ cε

which shows that mL(A) = 0.
Next, let us prove that mL is absolutely continuous with respect to m̄. To prove

this we will show that if for a measurable set A, m̄(A) > 0, then mL(A) > 0. We
will argue by contradiction.

Suppose that there exists a measurable set A such that m̄(A) > 0 and mL(A) =
0. Since both m̄ and mL are Borel measures they are regular. Accordingly, for each
ε > 0 there exists an open set U ⊃ A such that

mL(U) ≤ ε,

and there exists a compact set K ⊂ A such that

m̄(K) ≥ 1
2
m̄(A).

Since Ψ is continuous together with its inverse, Ψ(K) is compact and Ψ(U) is open.
It is then easy to construct a finite disjoint collection of cubes Γn such that Γn ⊂ U
and

m(∪nΓn ∩Ψ(K)) ≥ 1
2
m̄(K).
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By Lemma 8.1 it is clear that in each such cube we can fit a pseudo-rectangle Sn
such that m(Sn) ≥ cqm(Γn). Collecting the above considerations and remembering
m(S) ≤ cmL(C) from Lemma 8.2 yields

mL(U) ≥ mL(∪nΨ−1(Sn)) ≥ c−1
∑
nm(Sn) ≥ c−1cq

∑
nm(Γn)

≥ cq

2cm̄(K) ≥ cq

4cm̄(A)

which leads to the announced contradiction provided ε has been chosen small
enough. �

We are now in position to conclude the proof of Proposition 4.2. In effects,
the family {Sr(x)} is a family of nicely shrinking sets (in the sense of Rudin [19],
p. 163). So we can use the Lebesgue differentiation Theorem (see, for example,
Rudin [19], p. 166) to conclude that the Radon-Nikodym derivative of m̄ with
respect to Lebesgue can be computed as inverse of limit of ratios ψ∗mL(Sr(x))

m(Sr(x)) as
r → 0. Its value, at all points, is given by Lemma 8.2.

The result is obtained by pulling back the Jacobian to the manifold M through
the C(1+α) change of coordinates ψ̃x0 to finally obtain ρx0 . This function inherits
the regularity properties of ψ̃x0 , J̃

s, J̃u and ρ̃x0 . �
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