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Abstract

In many problems of PDE involving the Laplace-Beltrami operator on manifolds with
ends, it is often useful to introduce radial or geodesic normal coordinates near infinity. In this
paper, we prove the existence of such coordinates for a general class of manifolds with ends,
which includes asymptotically conical and hyperbolic manifolds. We study the decay rate to
the metric at infinity associated to radial coordinates and also show that the latter metric is
always conformally equivalent to the metric at infinity associated to the original coordinate
system. We finally give several examples illustrating the sharpness of our results.
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1 Introduction and result

The purpose of this note is to study the existence and some properties of radial (or geodesic
normal) coordinates at infinity on manifolds with ends, for a general class of ends. Our motivation
comes from geometric spectral and scattering theory (see e.g. [10] for important aspects of this
topic), but our results may be of independent interest. The kind of manifolds we consider is as
follows. We assume that, away from a compact set, they are a finite union of ends £ isometric to
((R,+00) x S, G) with S a compact manifold (of dimension n—1 > 1 in the sequel) and G of the
form

G = adz” + 2b;dzdl; Jw(z) + gi;d0;df; Jw(z)?, (1.1)

(using the summation convention) with coefficients satisfying, as x — oo,

a(z,0) — 1, b;(z,0) — 0, gij(r,0) = g;;(0) =8 <8891, (,;ZJ) . (1.2)
The nature of the end is determined by the function w which we assume here to be positive, smooth
and, more importantly,
w(z) =0 T — +o00,

meaning that we consider large ends. The two main important examples are asymptotically conical
manifolds (or scattering manifolds) for which w(x) = 2~ and asymptotically hyperbolic manifolds
for which w(z) = e~ for some ¢ > 0. In (1.2), 6s = (61,...,0,—1) : U C S — R~ are local
coordinates on S so if 7 : £ — S is the projection, we obtain local coordinates on £ by considering
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(z,01 0m,...,0,_10m) which, for simplicity of the notation, we denote by (z,61,...,0,-1). The
precise meaning of (1.2) is that the convergence holds in C*° (QS(U ))7 such a statement is intrinsic
in that it is invariant under the change of coordinates on §. We call g the metric at infinity with
respect to this product decomposition.

For analytical purposes, it is often very useful to work in a system of coordinates such that
a=1and b; =0, i. e. to replace x by a new coordinate ¢ such that

o 0
89l789j> as t — +OO, (13)

G = dt* + h;;d0;d0;/w(t)?,  hy(t,0) = h;(0) = h <

at the expense of changing g into a possibly different metric h. One then says that ¢ is a radial
coordinate (see for instance [9] for the terminology). Using such coordinates, the Laplacian can then
be reduced, up to conjugation by a suitable function, to an operator of the form —d? + Q(t) with
Q(t) an elliptic operator on S asymptotic to —w(t)? Ay as t — oo (see e.g. (1.1) in [4]). The absence
of crossed term of the form 0;0p, is convenient for Born-Oppenheimer approaches, i. e. to consider
—0? + Q(t) as a one dimensional Schrédinger operator with an operator valued potential (see for
instance [1] for applications in this spirit); in the special case when Q(¢) is exactly —w(t)?Ag, i. e.
if G = dt? + h/w(t)?, one can use separation of variables as is well known. Important questions
requiring such a reduction of the metric also include resolvent estimates [2, 3, 4] (construction of
Carleman weights) or inverse problems [7, 8] (reduction to a problem on S).

In the works [2, 3, 4, 7, 8], the reduction of G to the normal form (1.3) is either proved on
particular cases [2, 7] (conical ends) and [8] (asymptotically hyperbolic ends), or even taken as an
assumption in [3, 4]. For this reason and also in the perspective of studying intermediate models
between the conical and the asymptotically hyperbolic cases, we feel worth proving in detail the
existence of radial coordinates for general manifolds with ends (i. e. associated to w satisfying the
assumption (1.4) below). Another motivation is that, although the existence of radial coordinates
may seem intuitively clear, there are some subtleties on the rate of convergence to the asymptotic
metric. We shall in particular show that, even if the convergences in (1.2) are fast as ¢ — oo, it
may happen that the decay in radial coordinates, i. e. the rate of convergence to h in (1.3), is
slow. We shall see how this depends on w. This point is important in scattering theory since it
means that the reduction to (1.3) may be at the price of considering a long range type of decay.
As a last point, we shall also describe the relationship between g and h. For the class of functions
w we are going to consider, we shall see that h is always conformally equivalent to g, as is well
known in the asymptotically hyperbolic case. In certain situations, such as the conical case, the
conformal factor is equal to 1 (i. e. there is no conformal change) and this will be covered by our
result.

Let us now state our main result precisely.

First, for simplicity and without loss of generality, we will assume that M = & = (R,00) X S
equipped with a Riemannian metric G as in (1.1). We will use a quantitative version of (1.2) given
in term of symbol classes S™. Recall that, given m € R and a function f defined on a semi-infinite
interval (M, +o0) or on (M, +00) x V, with V an open subset of R"~!, we have

def
<~

fes™ 0105 f = O({x)" ™),

on (M,4o00) x K for all K € V. Occasionally we shall also say that a function or a tensor defined
on (M, +00) x S belongs to S™ if its pullback by every coordinate chart of an atlas of S is in S™.
The precise assumptions on G are as follows. We assume first that, for some A > 0 and ¢ > 0,

N
we S, (Z) e 571, (1.4)



where S™ = S™(R,0) for m = —X and —1 — e. The condition on (w’/w)’ implies the existence
of the non positive real number
/
T (m)
r—+00 w(w)

(1.5)

Notice that k < 0. Otherwise w’ should be positive at infinity hence w should be increasing which
would be incompatible with the fact that w € S™ (recall that w > 0). To state our second
assumption, we set b = (by,...,b, 1), g = (gi;) and g = (g;;) (see (1.1) and (1.2)). We assume
that

a—1eS™H, be ST, g—ges T, (1.6)

where S™ = S™((R,o0) x 05(U)) (for all charts s : U — 05(U) of some atlas of S) and with
exponents satisfying
1 1
pel4r, w2l ax-ET
2 2

We finally define the outgoing normal geodesic flow. Given r > R, denote by v, the outgoing
normal vector field to the hypersurface {r} x & C M. Here outgoing means that (dz,v,) > 0. The
outgoing normal geodesic flow N,. is then

with 7 > 0. (1.7)

Ny (t,w) = exp(,. ) (tvr), weS, t>0,

namely the exponential map on M with starting point on {r} x S, initial speed v, and nonnegative
time.

Theorem 1. Assume (1.4), (1.6) and (1.7). Then, for allr > 1, N, has the following properties.
1. It is complete in the future (i. e. is defined for allt > 0).

2. It is a homeomorphism (resp. a diffeomorphism) between [0,00); X S (resp. (0,00) X §) and
[r,00)s X S (resp. (r,00) X S).
3. There exists a diffeomorphism Q, : S — S and a real function ¢, : S — R such that
NFG = dt* + w(t)"*h(?)
with (h(t))

50 @ smooth family of metrics on S such that

h(t) —he s~™nma  with  h:=e 2 Qg (1.8)

Note the dependence on & in 7(1.8). In particular, if kK = 0, there is no conformal factor. Observe
also that the decay rate of h — h in (1.8) can in principle be worse than the one of g — g in (1.6).
We shall see that this can be the case in some of the examples below.

Examples. 1. Asymptotically conical metrics: w(x) = x~! (for z > R > 0). We have obviously
A=1, e=1, k=0.

On one hand £ = 0, so the metric at infinity is not affected by a conformal factor, but on the other
hand € = 1 so h(t) is in general a long range perturbation of h. Actually, one can see that

h(t) = (1+2¢,t " Hh +o(t™1), (1.9)



which shows that the decay rate of h(t) — h is only S~! (see the proof of Theorem 1 below in
Subsection 2.2 for a justification of (1.9)).

2. Asymptotically hyperbolic metrics: w(x) = e~ (with ¢ > 0). In this case, we can take
A > 0 arbitrarily large, € > 0 arbitrarily large, K =c.

Here k # 0 hence the metric at infinity is only conformally equivalent to the original one. On the
other hand, since € can be taken as large as we wish, in particular larger than 7, the decay rate of
h to h cannot be worse than the one of g to g in (1.6).

3. An intermediate case. For the function w(z) = e==" with 0 < 8 < 1, we have
A > 0 arbitrarily large, e=1-0, k=1

This suggests that both a conformal factor and a weaker decay (if € < 7) happen at the same time.
Actually the decay can indeed be weaker if ¢ < 7, for one can show that

h(t) = (1+28¢,t° Hh+ o’ 1) +O(t™). (1.10)

See again the proof of Theorem 1 below for a justification of this expansion.

2 The outgoing normal geodesic flow

2.1 The main estimates

In this subsection, we fix some notation and state intermediate results leading fairly directly to
Theorem 1 which is proved in Subsection 2.2. The more technical proofs are postponed to the next
sections.

It will be convenient to use some fixed geodesic distance d(.,.) on S associated to an arbitrary
Riemannian metric (which has nothing to do with g). We then fix a cover of S by finitely many
coordinates patches. At any wy € S, there is a chart s : U ¢ S = V c R ! and, if we set
0o = Os(wo), there is €, such that

B(e(],46w0) (& V, (21)
where, here and below, the ball B(f, €) refers to a fixed norm | - | on R"~!. By the compactness
of S, we have

S = U 05" (B(0o, €wy))- (2.2)

wop Efinite set
Furthermore, we can assume that, for some fixed C' > 0 depending on d and the cover (2.2),
d(w,w") < Clls(w) — s(w")], w, w' € 05" (B(bo,3eu,)), (2.3)

with d the distance which was chosen above.

We next summarize the expressions of several important objects in the coordinate patch of
M associated to the patch 05'(B(6y,4e,,)) of S. We will study the geodesic flow through its
hamiltonian expression on the cotangent bundle and thus need to compute the dual metric. To
this end, we recall that (1.1) can be recast in matrix form as

(b utn) G596 ) o

G



. . . . L 1 0 a b\ (1 0
Then the dual metric, obtained by inverting (2.4), is given by 0 wx))\b g 0 w(z)

with

1 ~1 -1 13T -1
Note that, by possibly increasing R and by (1.2), we may assume that a—b” g~ b does not vanish.
It is important to note that, by (1.6) and (1.7), we have

a—1eg§ mn) - g-l=-r pegv  g_glesST. (2.6)
According to the notation (2.5), the dual metric, i. e. the principal symbol of the Laplacian, reads
p(@,0,p,1) = a(z,0)p* + 2w(w)pb(w,0) - n + w(x)*n - g(z, O)n, (2.7)

with p € R and n € R"~'. We denote by (z',6",p’,n") the hamiltonian flow of p, namely the
solution to

P R R
op’ on’ ox 20’

(2.8)

with initial condition at ¢ = 0 to be specified. A simple calculation shows that the outgoing normal
to {r} x § is the vector field
12 0 b0

oz Y@ E 50

where a and b are evaluated at (r,0) = (r,0s(w)). The associated co-normal form v2, i. e. such
that G(v,,.) = 12, is then

vr=a

V= a Y %dx,

so the geodesic starting at (r,w) with v, as initial velocity, i. e. exp,.,(tv:), is given in these
local coordinates by

x,, (t,0) := zt/? (7", 0, (171/2,0)7 0, (t,0):= gt/? (r, 0,012, 0). (2.9)

Here the factor 1/2 on the time is due to the fact that we consider the Hamiltonian flow of p rather
than the one of p'/2. We also note in passing that the condition G(v,,1,) = 1 reads

p(r.0,a=/2,0) = 1. (2.10)

The expression of the normal geodesic flow given by (2.9) is of course meaningful only as long as
the geodesic remains in the coordinate patch. We shall see below that, if r is large enough and 6 is
restricted to B(fo, 2€,,,) (which is technically more convenient than B(fy, €, ), though the latter
would be sufficient by (2.2)), then the geodesic remains in the same coordinate patch for all ¢ > 0
(thus is complete in the future) and satisfies suitable estimates. To make the proof as clear as
possible, we pick up its main steps in the following propositions which will be proved in separate
subsections.

Proposition 2 (the geodesic flow in a chart). Assume (1.4), (1.6) and (1.7). Then, for all M > 1,
there exists X > 0 such that, for all initial condition (x,0,p,n) of (2.8) satisfying

r> X, 6 € B(0,2¢ew,), pe M M|, In| < M, (2.11)



the hamiltonian flow of p is defined for all t > 0 and satisfies
t
't >ax+ U 0" € B(6o, 3e.,)- (2.12)

Furthermore, for all j > 1 and all 97 = 8’;83‘85)85, we have the estimates

|8§87(a:t —x— 2tp1/2)|

S
9]0 (0" - 0)| <

where p= p(SU, 9, Ps 77)
Proof. See Section 3.

We now derive here a proposition on the outgoing normal geodesic flow from which Theorem 1
will follow easily. We introduce the notation

N, =: (2, w;) (2.15)

for the components of N,. on (R,+00) and S, respectively. Note the relationship between (2.15)
and (2.9):

z, (t,05'(0)) = 2, (1,9), (s ow,) (t,05(0)) = 6,, (,0). (2.16)

Proposition 3 (Global properties of the normal flow). For all r > 1, the following properties
hold.

1. For each t >0, w,(t,.) is a diffeomorphism from S to S and
d(w,wr(t,w)) <C{r)7 7, r>1,t>0 wes,
with C' independent of r,t,w.
2. The limit . := limy_, o w;(¢,.) exists and is a diffeomorphism from S to S.

3. For any coordinate system Os associated to the cover (2.2), we have

s o (' ow,)(t,05'(0) =6 mod ST, 0 € B(bo, e, )-

4. There exist ¢ € C°(S,R) such that
- (t,w) =t + ¢r(w) mod S77,
fort>0andw € S.

5. Forallr > 1, N, is a homeomorphism (resp. diffeomorphism) from [0,00) xS onto [r, +00) X
S (resp. (r,+o0) x S).

This proposition will follow from Proposition 2 and the following lemma on perturbations of
the identity (see Appendix A for the proof).



Lemma 4. Let Fy, : S — S be a family of smooth maps indexed by r > 1 and t > 0, such that,
for some C > 0,

d(Fyp(w),w) < C{r)™ ", r>1, wes, t>0, (2.17)
and, in each chart of the cover (2.2),
||D(0s 0 Fypobg')(0) = Inn—r|| < C(r)77, r>>1, € B(0y,26,,), t>0. (2.18)
Then, for all r large enough and allt > 0, F} , is a smooth diffeomorphism on S.

In (2.18), || - || is a fixed norm on linear maps on R"~!. Note also that fs o F;, o 05" is
meaningful on B(6p, 2e,, ), since (2.17) implies, if r is large enough, that F} , maps 05" (B(6o, 2€.,))
into 65" (B(6o, 3€.,)) which is contained in the domain of fs by (2.1).

Proof of Proposition 3. For r large enough, (1.6) allows to assume that a~'/%(r,) € [1/2,3/2]
hence that the initial condition (r, 6, a~'/2,0) satisfies the assumption (2.11). By (2.9), (2.12) and
(2.16), we have then

w e Hgl(B(Go, 2€.,)) = wr(t,w) € 051(3(00, 3€wy))

and, by (2.14),
1 t
|0,,(t,0) — 6] = ‘2/ D50°/2(r, 0,0 Y2,0)ds| < (1)7T, 7> 1,0 € B(fy,2€,,), t > 0.
0

This is a fortiori true if 6 € B(fg, €,,). So we obtain, using (2.2) and (2.3), that
d(w,w,(t,w)) < C{r)77, r>1, wes, t>0. (2.19)

Furthermore, by (2.14), we also see that 6,, (t,.) = 0s ow, (t,05"(.)) satisfies the condition (2.18),
since

|69 (9’/7‘ (t,6) — 9)| =

s M (2.20)

t
‘;/ (85000°/%) (r,0,a=1/2,0) + (850,0°/%) (r,0,a=/2,0)9pa™"/?ds
0

for all 7 > 1, t > 0 and 6 € B(6y, 2¢,,)?. This proves the item 1.

We now consider the item 2. To prove the existence of the limit of w,(¢,.) as ¢ goes to infinity,
it suffices to show that 6, _(t,6) has a limit for each § € B(6y, €., ), since we now that, by taking
7 large enough, w,(t,w) belongs to 05" (B(6, 2€y,)) if w € 05" (B(0, €w,)). The existence of the
limit will then follow from the integrability of 0,6,,, which is an immediate consequence of

1
O, (t,0) = 500%(r,0,a71/%,0) = O({r +)7177)
by (2.14). The derivatives with respect to € satisfy the same bounds in time, so the limit as t — oo

of 0, (t,.) is smooth. We can also let ¢ go to infinity in (2.19) and (2.20) to conclude that 2,
satisfies the assumptions of Lemma 4 and thus is a diffeomorphism for r large enough.

2this is the interest of considering initial conditions with 8 € B(o, 2€u,)



To prove the item 3, we start by choosing r large enough so that
3
0., (t, B(6o, €w,)) C B(bo, 5%0)-

Furthermore, since . satisfies the same bound as w,.(¢,.) in (2.19), this also holds for Q1. So we
may assume that

Q! (B(HO, ;ew0)> C B(0o,2¢u,)-

Thus, by setting © :=fso0Q, 1o 051, it suffices to consider © 0 6,,.. Since § = lim;_, ., © 06, (¢,0),
we have

0—000,,(t0)

+oo
/ 95(©08,,)(s,0)ds
¢

+oo
- /t (D@) (GVT(S, 0)) : aseyr (57 G)dS = O(<t>77—)

using (2.9) and (2.14). By differentiating this expression in ¢ and 6, we conclude that © 0§, — 0
belongs to S™7, which is the expected result.

To prove the item 4, we observe first that the existence of ¢, is equivalent to the existence
of limy oo (z(t,.) — t) which follows from the integrability of diz, — 1. This integrability in
turn follows from (2.13) and (2.10) using the local expression of x,. given by (2.9) and (2.16). We
actually have the following formula

t
Ty, (6,0) = t—r —I—/ (Osav, (s,0) — 1)ds
0

= t+(ro005")(0) - /too (00, (s,0) — 1)ds. (2.21)

Since 95 (0yx, — t) is integrable in time for any «, we see that ¢, is smooth. It also follows easily
from (2.13) that the last term in (2.21) belongs to S™7.

It remains to prove the item 5. It is convenient to denote by O.(t,.) : S — S the inverse
map of w,(t,.). Note that since w, is smooth on [0,00) X S, so is the map O, : (t,w) — O, (t,w).
Therefore, the map

M, : (t,w) — (t,wr(t,w))
is a homeomorphism from [0,00) x & onto itself with inverse (¢,w) — (¢, O,(t,w)). It is also
obviously a diffeomorphism on the interior. It is thus sufficient to prove the result for the map
P.:= N, o M[l instead of NV,.. Notice that P, has the following simpler form

Pr(t,w) = (2:(t, Or(t,w)),w).

This map is smooth up to ¢t = 0 and it is thus not hard to see that the conclusion would be a
consequence of the fact that, for each w € S, the map

t— X, w(t) = 2,(t,0p(t,w))

is a bijection from [0, c0) onto [r,c0). Clearly, if t = 0 we have X, ,,(0) = r, so it is sufficient to
show that

|atXr,w(t) - 1‘ < 1/2a (222)
for r large enough and ¢ > 0. Using (2.14) and (2.20), it is not hard to see that 9,05 o O,(¢,.) is
of order (r)~" which, together with (2.13), implies (2.22) and completes the proof. O



2.2 Proof of Theorem 1

Item 1 follows from Proposition 2 and (2.9). The item 2 is the item 5 of Proposition 3. We now
prove the item 3. If 05 = (61, ...,0,_1) are coordinates on S, then (¢, 61, ...,6,_1) are coordinates
on (0,00) x § and

f::toNr_l7 gjzzﬁjoNr_l, j=1...,n—1,
are coordinates on M which we work with. It is useful to note, by standard properties of the local
normal flow, that N, is smooth up to t = 0 and N,~! up to = r. In particular, this allows us to

use the fact that the vector fields 9/0t, 9/06;, 0/0t and 9/00; are defined up to the boundary.
We show first that

g 0 o 0
N'G —,— ] =1 N'G —,— | =0. 2.23
X (tw) (at’ 6t> ’ X (tw) (at’ aej) (2.23)
To that end, we observe on one hand that
0 0 0 0
— =dN, | — , — N =dN, | — , 2.24
57 1 (1) (at (t,w)) o7, [N, (t) <80j |<t,w)> (2.24)

and, on the other hand that
0 d
— = —N,(t,w), 2.2
8t|N7‘(tvw) dt ( w) ( 5)

which is the tangent vector to the geodesic expy, ,,(tv). In particular, at ¢ = 0, the vector field
in (2.25) is v, so (2.23) is true for ¢t = 0. It then suffices to show that the left hand sides in (2.23)
are constant with respect to t. Using the standard properties of the Levi-Civita connection V and

(2.25)
aNr G(t,w) <8t7 8t> ot <G <3t’ 375)) IN,(t,w)

0 g 0
- iG -_—, ==
ot (at’ at>
o 0
- 2G V = - O7
( o Ot 6t>
where, in the last two lines, we dropped the evalutation at N,.(¢,w) from the notation for simplicity.
This yields the first equality of (2.23) for all ¢ > 0. For the second equality, we compute similarly

) 0 9 0 0.2
D e 9 0 _ Y —
o rG(t’w) (8t739j) ot (G(at786]’>>N (t,w)
d 0 0
= =G| =,—
ot (81&’8@-)

- G(vaa,8)+c(a,vaa).
at Ot 90 at’ 9t ) ;

Here, using that the Levi-Civita connection is torsion free, we have

5 9 P o [0 0
G(Lv,2) = ¢g(Z %71 155 797,
(vs;) = (@ aalom)

10 0 0
= -—G|(=,=) =
200, <8t’ at> 0



since the Lie bracket in the first line vanishes and since, in the second line, we are differentiating
a constant function. This completes the proof of (2.23).

To determine NG (%, %) it suffices to compute the last n — 1 columns and rows of the
i J

following block matrix decomposition of V)G in local coordinates,

Oz, /0t Ox,,/00\" (1 0\ 'fa BT\ (1 0\ ' [0z, /0t O, /00
06,, /0t 00, /00) \0 w b g/)\0 w 90, /0t 06, /00)°

where a, b, g and w are evaluated at (x,,,0,, )(t,0). After a simple calculation, the matrix is

oz, T oz 9z, T .00 a0, T oz 90, T 00
—2 2 Uy Uy Vp T Uy Vp Vp Vp Vp ] 2 ) 2
w {waae 20 “”(ae b 50 t a0 baa)*aa 850 (2.26)

By (1.6), (1.7) and Proposition 3, the matrix (of the metric) inside {---} is of the form
ST ST T (05Y) g+ ST, (2.27)
where, for the last two terms, we used that 0, (t,.) = 0s 0, o 951 4+ S77 as well as the fact

that 65g = g + S~ 7. On the other hand, using the second condition of (1.4) and (1.5), we have
w'/w — Kk € S7¢, from which it follows that

t+b
w(t +b) = w(t)e™ exp </f Ug(s)ds> , (2.28)

for some o_. € S7¢°. This identity and the item 4 of Proposition 3 imply that
way, (£,0)) = w(t)er(#ro%)O) (14 g minten))
Combining this identity and (2.27) completes the proof of the item 3 of Theorem 1. g

Justification of example 1. Using the item 4 of Proposition 3, we see that the term w(x,)~2 in
front of (2.26) is of the form

w(z,) 2=+ ¢ +577) =1 (14204 +o(t™)),
which proves (1.9).

Justification of example 3. In this case, (2.28) reads explicitly

b
w(t)e b exp (—/0 ﬁ(t+u)B_1du>

= wt)e "(1- BbtP =t 4 o(tﬁfl)), (2.29)

w(t+0b)

where o(t#~1) is uniform with respect to b as long as b remains in a compact set. Using again the
item 4 of Proposition 3 to write z, as t +b, (2.29) combined with (2.26) and (2.27) implies (1.10).

10



3 Proof of Proposition 2

The proof will be reduced to the analysis of hamiltonians globally defined on R?”. Indeed, by
possibly increasing R and by (1.4), we may assume that w is defined on R and belongs to S~*(R).
Also, by (1.6), we can modify the coefficients of p on B(fy,4e,,,) \ B(6o, 3€w,) so that

a—1e 8§ mnw2)(R xR pe STYRXxR™Y), g—gleSTRxR™Y), (3.1)

for some positive definite matrix g~! defined on R"~! with Cp* coefficients, such that g~ () >
C > 0 for all # and which coincides with the original g~ on B(fy,3e,,). Then, we keep the
notation p for the symbol

p(x,0,p,n) = a(x,0)p* + 2w(x)pb(x,0) - n + w(x)’n - g(x, O)n, (3.2)

which coincides with the principal symbol of the Laplacian on (R, +00) x B(fg, 3€,,) x R™". We
may assume that for some Cy > 1,

Co M (p* +w(@)*Inl*) < pla,0, p,n) < Co(p® +w(x)*nl?), (3.3)

everywhere on R?".
We consider (z*,0", p', "), the hamiltonian flow of p with initial condition (z, 6, p,n) at t = 0.

Proposition 5. Assume (1.4), (1.6) and (1.7). Then, for all M > 1, there exists X1 > 0 such
that, for all

r=X.,  0eR,  pe[MLM], <M (3.4

the hamiltonian flow of p is defined for all t > 0 and satisfies

ot 2| < ()T,
’Ht -0 5 <x>—‘r’
Prls L (3:5)
'l <1,
where p = p(x,0, p,n). Furthermore, for all t >0
S (3.6)
- M7
iz, (3.7)
' =p"? S (z+t)T T (3.8)
Notice that (3.8) implies that
: t__ . 1/2
Jim pt=ps (3.9)

and also that, in the left hand side of the first estimate of (3.5), 2tp! could be replaced by 2tp'/2.

Proof. By boundedness of w and w’, we have

p(x,0,p,m) < Cy,  for |p| <M, [n| < M, (3.10)

11



with C{ depending only on Cy and M. On the other hand, by (1.7) and (3.1), we have

0,0 — 2| < cl<w>1TEp+|n§,
ap| < Cola) (o] + ). .
dp| < Cale) (2 + ), R (3:11)
|0ap| < Calx) ™77 (0% + [n]?),

using that
min(p,2v) > 1+ 71, A4 v>1+T, 2A> 1+ 1.

Given (z,0, p,n) satisfying (3.4), denote by [0,7%) the domain of the maximal solution. We shall
prove that T = 400 and that

t
t> — < 2M 12
e 2rt o s 2M, (3.12)
for all ¢t € [0,T). Introduce the set

I-={T€]0,74) | (3.12) holds on [0,T]}.

This is obviously an interval containing 0 and we set T+ = sup I, which is clearly positive. Using
(3.10), the conservation of energy and (3.3), we obtain a bound

'] < (CoCy)Y?

along the flow and see that there exist C}, C%, C} depending only on Cy,C3,Cy and M such that

‘is—st‘ < Ci<xs>—1—'r’
‘ps‘ S Cé<xs>—2—'r’
|ns‘ S Ci<$s>_1_7—,

for all s € I. Thus, if one chooses X; large enough so that

ey < gy

o —1-7 M
C’/ <X1+i> ds < =,
s M 4

then, for all t € I,

;'Ct >2pt

>2' =5 el < g el

Using (3.4), this implies clearly that, for all ¢ € I,

|77t’§T» PtZ%, at>a4 =

yielding a contradiction with the fact that T, < T (one could otherwise obtain (3.12) beyond
T.4). Thus T4 = T4 and T4 = 400, since (3.11) and (3.12) imply that the flow cannot blow up
in finite time. We have thus shown the completness of flow on [0,400) as well as the third and
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fourth estimates of (3.5), (3.6) and (3.7). In particular, using that z' — co as t — 400, we also
deduce (3.9) from the conservation of energy and the positivity of pf. Integrating p* for s € [t, 00),
we obtain the quantitative bound (3.8), using the third estimate of (3.11) and (3.12). It remains
to prove the first two estimates of (3.5). For the first one, it suffices to observe that

0wt — o = 2001)| = |i* = 2 —20p4| S (w4 1),

using the third estimate of (3.5), the first and third estimates of (3.11) and (3.12). The second one
is obtained similarly from the second estimate of (3.11). O

Remark. As one can see from this proof, the completness of the flow as well as the estimates
(3.5) (3rd and 4th) to (3.7) could be obtained even if we only had —7 and —1 — 7 rather than
—1 —7 and —2 — 7 in the first and third lines of (3.11) respectively. Furthermore, in this case we
also would have a lower bound similar to (3.6). The powers —1 — 7 and —2 — 7 play a role only
when we prove the first estimate of (3.5).

For future reference, we note here the following elementary fact. Assuming that the initial
conditions satisfy (3.4) with X large enough, we can freely modify the Hamiltonian vector field
of p for |p| + |n| large (e.g. cutoff) by conservation of energy. More precisely, using the last two
estimates of (3.5), we work on a domain where we can assume that the Hamilton equations (2.8)
read

it = 2pt+al($t’9t’pt,nt) _ ao(xt79t,pt7,]7t)’
/- aQ(xt79t’pt7nt)’
o= a3(xt79t,pt’nt)7
0t = ag(at, 0, p' '),

(3.13)

with
ai,az,a4 € 57771, as € 57772, ap € SY.

This remark will be useful below. In the next proposition, we recall that 07 = 8’;838285 .

Proposition 6. Assume (1.4), (1.6) and (1.7). Then, for all M > 0, there exists X1 > 0 such
that, on the domain defined by (3.4), we have

Dt~ -2 S (@),
(0" =0) S (o),
N =p)| < (&) (3:14)
I —=m)| < (@),
and, forj >1,
007 (2 — x — 2tpt)| S (x4t
0107 (6" =) S (w+t)T
~ T 3.15
00 =p)| S Gty (19
{0t —m)| S (x4t
Notice that p may be omitted in the third line of (3.15) or even be replaced by p'/2. From this
remark, we obtain the additional useful estimates, for j > 0,
0]07(p" —p/?)| < (w+t)y T (3.16)

13



Proof. Let us introduce
u' =zt — 2tp", ' = (u', 6", o'\ ).

Clearly, (3.14) follows by integration in time of (3.15) since u! — x, 0* — 0, p* — p and n* — n vanish
at t = 0. It is thus sufficient to prove (3.15), which we consider now. Using the identity

ot =it — 2pt — 2tpt,

and (3.13), one checks that @' satisfies an ODE of the form

at = (b +thy) (24, 6%, by t),
-t — b t ot t ot
Z{ ~2($, 7Pa77)> (317)
pt = b3($t,9t7Ptaﬁt),
7.7t = b4(xt70t7pta77t)7
with o
bi,bo,by € ST by,bye ST
Independently, (3.13) again and a simple induction on j show that
a€esS™” = 8ga($t,9t, pt,nt) = 5(xt, Gt,pt,nt) for some @ € S™ 7. (3.18)
Assume for a while that we have proved the bounds
o<, . (3.19)
Then, for |y| > 1,
072t S (), 970+ 197p! | + |07 S 1, (3.20)

and let us show how it leads to the result. By applying &' to (3.17) and using (3.18), we see
first that

agut = (Cl+t51)(xt76tapt7nt)v
ag@t = CQ(xtvgt’ptant)a

: - (3.21)
8gpt = C3(xt76t7pt777t)7
8577t = C4(xta6t7ptant)a
with _ _
C1,C2,Cy4 ES_T_J, 51,53 ES_T_l_J.
On the other hand, the Fad Di Bruno formula (see for instance [5]) yields
a7 (a(xt, ', pt, nt)) = 0,a0"z" + 9pad"0" + 0,a0" p" + 0,,a0"n" +
linear combination of (8’;83‘828561) H ot H o’ 0% H o pt H o’ nk, (3.22)
1<i<k 8, i 8i

where all derivatives in the products of the second line are of striclty smaller order than || and

satisfy
DD AT A =
B 5. P 5.
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and where all derivatives of a are of course evaluated at (¢, 0%, p*,n'). If a € S™, using (3.6), we
deduce from (3.20) and (3.22) that

07 (a(a', 0%, p',0")) | S (e + @)™+ Y e+,
k<|v|
< (zpm

Therefore, by applying 97 to (3.21), (3.15) is a straightforward consequence of (3.19). It thus
remains to prove (3.19), which we do now by induction on |y|. By (3.21), we can introduce

B,=B+tB, BeS T, BeS T,
which are R?" valued so that
d' = By(2', 0", p',n"). (3.23)
By applying 97 to this equation (with |y| =1 first) and using that
07z S WX, 070 + |07 + |07 S |07 XY,
we obtain ,
1070t < |07®Y) +/0 (x4 8)"27T(s)|07P| + (w + s) 17|97 D%|ds

using also (3.6). By the Gronwall Lemma, this yields (3.19) for |y| = 1. Then, assuming |y| > 2
and that (3.19) has been proved for lower orders, we obtain

[v]

t t
@S [t 2TV + (ks @+ Y [ o) T () s,
0 k=00

by applying 97 to the equation (3.23) and using (3.22). Then (3.19) follows from the Gronwall
Lemma. The proof is complete. 0

Proof of Proposition 2. The localization properties in (2.12) follow from (the second line of)
(3.5) and (3.6). Note in particular that within the domain (X7, 00) x B(fg,3€,,) x R™ (with
X1 > 1), the hamiltonian flow of the globally defined hamiltonian p in (3.2) does indeed represent
the geodesic flow in a chart. The estimates (2.13) and (2.14) follow directly from (3.15). O

A  Proof of Lemma 4

Let us prove first that Fy , is injective for r large enough. Assume that w,w’ € S satisfy F; . (w) =
F;,(w'"). Then, by the triangle inequality

d(w,w") < d(w, Fir(w)) + d(Fy p(w), Frp (W) + d(Fp p (W), 0") <2C(r)77.

For r large enough, we can thus insure that if w € 05" (B(fp,€.,)) then w’ € 05" (B(6p,2¢y,))-
In particular, they belong to the same coordinate patch so we can consider 6 := 0s(w) and 0" :=
fs(w'). Furthermore, using that 65 o F} ,(w) = 6s o F;,(w'), we have

0-0'| = |I—-0s0F,,005")(0)—(I—0s0F,,005")0)
C(r)y~7|6 —¢'|

IN
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the second line following from (2.18) on the ball B(6y, 2¢,,,) which is convex. If r is large enough,
this implies that # = 6’ hence that w = w’.

We next prove that F;, is surjective. More precisely, we show that if r is large enough, then
for all w € 05" (B(0o, €u,)) in the cover (2.2), there exists 6 € 05" (B(6, 2€.,)) such that

Os(w) =0s 0 Fy, 005 (),
which we rewrite as the following fixed point equation
0 =T, (0) = (I —0s0F,, 005")(0) + Os(w). (A1)

Indeed, we observe that the estimate (2.18) still holds on B(fo, 2€y,) by (2.1) which implies that,
for r large enough, the map T}, is 1/2-Lipschitz on B(fy, 2¢,,,). Furthermore, for r large enough,
(2.17) implies that

|0 — (0s 0 Fyr0051)(0)] < €w 6 € B(bo,2€,,),

hence that T}, maps B(fp, 2¢,,) into B(fy, 2¢,,), since |fs(w) — p| < €y,- We can thus use the
Picard fixed point Theorem to solve (A.1) and this completes the proof of the surjectivity of F} .

All this shows that, for r large enough, F;, is (smooth and) bijective from S to S. The
smoothness of the inverse map follows from the inverse function theorem and (2.18). More precisely,
by (2.18), we may assume for r large enough that the differential of fs o F,.; o 0;1 is invertible at
any point of B(fy, €.,) hence that fs o F;.; o 951 is a local diffeomorphism close to any point of
B(6o, €u,)- By (2.2), we thus see that, for any w € S, Fy, is a diffeomorphism from a neighborhood
of w onto a neighborhood of F; . (w), which proves the smoothness of thrl. 0
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