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Abstract
For certain non compact Riemannian manifolds with ends which may or may not satisfy the
doubling condition on the volume of geodesic balls, we obtain Littlewood-Paley type estimates
on (weighted) L” spaces, using the usual square function defined by a dyadic partition.

(French translation) Pour certaines variétés riemanniennes & bouts, satisfaisant ou non la
condition de doublement de volume des boules géodésiques, nous obtenons des décompositions
de Littlewood-Paley sur des espaces L? (& poids), en utilisant la fonction carrée usuelle définie
via une partition dyadique.
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1 Introduction

1.1 Motivation and description of the results

Let (M, g) be a Riemannian manifold, A, be the Laplacian on functions and dg be the Riemannian
measure. Consider a dyadic partition of unit, namely choose g € C§°(R) and ¢ € C§°(0, +00)
such that

L=po(N)+ ) 927", Ao (1.1)

E>0
The existence of such a partition is standard. In this paper, we are basically interested in getting
estimates of |[u||rr(M,dg) in terms of p(—27FA,)u, either through the following square function
1/2

S_a,u(@) = [ lpo(=Agu@)® + Y le(-2FAju()* |, zeM, (1.2)
k>0
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or, at least, through
1/2

Z H‘P(_2kAg)“H2LP(M,dg) J
k>0

and a certain remainder term. For the latter, we have typically in mind estimates of the form

1/2

ullzr g S | D (=28 Ag)ullF o ai.ag) + [Jull2(Mm.dg) » (1.3)
k>0

for p > 2. In the best possible cases, we want to obtain the equivalence of norms

I[S—a,ullLr(a,ag) = [|ul|Le(,dg) s (1.4)

which is well known, for 1 < p < oo, if M = R" and g is the Euclidean metric (see for instance
[13, 12, 16]).

Such inequalities are typically of interest to localize at high frequencies the solutions (and
the initial data) of partial differential equations involving the Laplacian such as the Schrodinger
equation i0yu = Ayu or the wave equation d7u = Aju, using that p(—h?A,) commutes with
Ay. For instance, estimates of the form (1.3) have been successfully used in [5] to prove Strichartz
estimates for the Schrédinger equation on compact manifolds. The article [5] was the first source of
inspiration of the present paper, a part which is to prove (1.3) for non compact manifolds. Another
motivation came from the fact that, rather surprisingly, we were unable to find in the literature
a reference for the equivalence (1.4) in reasonable cases such as asymptotically conical manifolds
(the latter is certainly clear to specialists).

We point out that the equivalence (1.4) actually holds on compact manifolds, but (1.3) is
sufficient to get Strichartz estimates. Moreover (1.3) is rather robust and still holds in many cases
where (1.4) does not. For instance, on asymptotically hyperbolic manifolds where the volume of
geodesic balls grows exponentially (with respect to their radii), (1.4) is not expected to hold, but, as
a consequence of the results of the present paper, we have nevertheless (1.3). We will briefly recall
the application of (1.3) to Strichartz estimates, and more precisely a spatially localized version
thereof, after Theorem 1.7.

Littlewood-Paley inequalities on Riemannian manifolds are subjects of intensive studies. There
is a vast literature in harmonic analysis studying continuous analogues of the square function (1.2),
the so-called Littlewood-Paley-Stein functions defined via integrals involving the Poisson and heat
semigroups [13]. An important point is to prove LP — LP bounds related to these square functions
(see for instance [8] and [6]). However, as explained above, weaker estimates of the form (1.3) are
often highly sufficient for applications to PDEs. Moreover, square functions of the form (1.2) are
particularly convenient in microlocal analysis since they involve compactly supported functions of
the Laplacian, rather than fast decaying ones. To illustrate heuristically this point, we consider
the linear Schrodinger equation i0;u = Agu: if the initial data is spectrally localized at frequency
2k/2 e o(—27 A )u(0,.) = u(0,.), there is microlocal finite propagation speed stating that the
microlocal support (or wavefront set) of u(t,.) is obtained by shifting the one of u(0,.) along the
geodesic flow at speed ~ 2¥/2. This property, which is very useful in the applications, fails if ¢ is
not compactly supported (away from 0). Another similar interest of compactly supported spectral
cutoffs for the Schrodinger equation is that high frequency asymptotics like the geometric optics
approximation are much easier to obtain for spectrally localized data.

As far as dyadic decompositions associated to non constant coefficients operators are concerned,
we have already mentioned [5]. We also have to quote the papers [7] and [10]. In [7], the authors



develop a dyadic Littlewood-Paley theory for tensors on compact surfaces with limited regularity
(but in low dimension) which is of great interest for nonlinear applications. In [10], the L? equiva-
lence of norms for dyadic square functions (including small frequencies) associated to Schrodinger
operators are proved for a restricted range of p. See also the recent survey [9] for Schrodinger
operators on R".

In the present paper, we shall use the analysis of p(—h%A,) for h € (0,1], obtained in [1], to
derive Littlewood-Paley inequalities on manifolds with ends. We can summarize our results in a
model case as follows (see Definition 1.1 for the general manifolds considered here). Assume for
simplicity that a neighborhood of infinity of (M, g) is isometric to ((R,00) x S, dr? 4 df?/w(r)?),
with (S, d6?) a compact manifold and w(r) > 0 a smooth bounded positive function. For instance
w(r) = r~! corresponds to conical ends, and w(r) = ™" to hyperbolic ends. We first show that by
considering the modified measure Zlg = w(r)'~"dg ~ drdf and the associated modified Laplacian
Eg = w(r)3=M/2A w(r)"=Y/2 we always have the equivalence of norms

HS_AguHLp(M@Ng) ~ HUHLIJ(M’(E)?
for 1 < p < oo, the square function Sfﬁg being defined by changing A, into ﬁg in (1.2). By
giving weighted version of this equivalence, we recover (1.4) when w~! is of polynomial growth.
Nevertheless, we emphasize that (1.4) can not hold in general for it implies that ¢(—A,) is bounded
on LP(M,dg) which may fail for instance in the hyperbolic case (see [15]). Secondly, we prove that
more robust estimates of the form (1.3) always hold and can be spatially localized (see Theorem
1.7).
Here are the results.

Definition 1.1. The manifold (M, g) is called almost asymptotic if there exist a compact set
K € M, a real number R, a compact manifold S, a function r € C>*(M,R) and a function
w € C™(R, (0,400)) with the following properties:

1. r is a coordinate near M\ K and

r(z) — 400, T — 00,

2. for some ri > 0, there is a diffeomorphism

MAK — (r, +oo) X S, (1.5)
through which the metric reads in local coordinates
g = Gunit (r, 0, dr,w(r)*ldt‘)) (1.6)
with
Gunit(r,0,V) = > Gu(r,0)ViVk,  V=(Vi,...,V,) €R",
1<j,k<n
if 0 =(01,...,0,_1) are local coordinates on S.

3. The symmetric matriz (G, (r,0))1<jk<n has smooth coefficients such that, locally uniformly
with respect to 0,

{3Z3§‘ij(r, 0)| < 1, >, (1.7)
and is uniformly positive definite in the sense that, locally uniformly in 0,

Gunit(r,0,V) =~ |V]?, r>re, VeR" (1.8)



4. The function w is smooth and satisfies, for all k € N,

w(r) < 1, (1.9)
wr)/w(r') = 1, if r—r'|<1 (1.10)
|d w(r)/dr*] S w(r), 1.11)

forr,r" € R.

Typical examples are given by asymptotically conical manifolds for which w(r) = r=! (near
infinity) or asymptotically hyperbolic ones for which w(r) = e~". We note that (1.10) is equivalent
to the fact that, for some C' > 0,

c-1e=Clr—r'l < 20) _goclr—| e, (1.12)
w(r!

~—

Cr

In particular, this implies that w(r) 2 e~
We recall that, if 0 = (61, ...,0,_1) are local coordinates on S and (r, §) are the corresponding
ones on M \ K, the Riemannian measure takes the following form near infinity

dg = w(r)'="b(r,0)drdb; . ..db, . (1.13)

with b(r,6) bounded from above and from below for r > 1, locally uniformly with respect to 6.
We also define the density

dg = w(r)" ldg (1.14)

and the operator

Ay = w(r)T=M2A jw(r) = D/2, (1.15)

The multiplication by w(r)™~1/2 is a unitary isomorphism between L2(M,dg) and L2(M, dg)
so the operators A, and ﬁg, which are respectively essentially self-adjoint on L?(M,dg) and
L2(M, dg), are unitarily equivalent.

Let us denote by P either —A, or —Kg. For u € C§°(M), we define the square function Spu
related to the partition of unit (1.1) by

1/2
Spu(z) = [ [po(P)u(@)® + Yl Pu()| , zeM. (1.16)
k>0

Our first result is the following one.

Theorem 1.2. For all 1 < p < oo, the following equivalence of norms holds

~ ||Sfﬁgu||Lp(M7d~g)'

HUHLP(_/\/L%)

This theorem implies in particular that @0(—357) and @(—Zkﬁg) are bounded on LP(M,Zl\g/).

For the Laplacian itself, it is known that compactly supported functions of A4 are in general not

bounded on LP(M, dg) (see [16]) so we can not hope to get the same property. We however have
the following result.



Theorem 1.3. For all2 <p < oo and all M > 0,
lullLomodg) S 1S—a,ull Lo (rag) + 111 = Ag) ™™ ul|L2(M,dg) -
Using the fact that, for p > 2, ||(32, [ur|®)Y?||z» < (3, [|luxl|2,)*/2, we obtain in particular:
Corollary 1.4. For all p € [2,00),

1/2
llpregny S | SN2 B0ull, | +lleo-Boullppnezy  (117)
= 1/2
illraan S | S22 ulBoiriag |+ lullzrnan. (1.18)
k>0

Note the two different situations. In (1.18), we have an L? remainder which comes essentially
from the Sobolev injection

(1—Ay)~"/27¢: L*(M,dg) — L=(M). (1.19)

The translation of (1.19) in terms of Zg is that w(r)™=D/2(1 - &,)*"/2*5 is bounded from
L*(M,dg) to L=(M) which of course doesn’t imply in general that (1 — A,)~"/27¢ is bounded
from L?(M,dg) to L°°(M). In particular, one can not clearly replace the last term of (1.17) by

w2 (M.dg)- We may however notice that, by the results of [1], C§° functions of ﬁg are bounded

on LP(M,E&), for 1 < p < 0.
Actually, we have a result which is more general than Theorem 1.2. Consider a temperate
weight W : R — (0, +00), that is a positive function such that, for some C, M > 0,

W'y < CW(r)(1 + |r —'|)M, r,r € R. (1.20)
Theorem 1.5. For all 1 < p < oo, we have the equivalence of norms

W () ) = [[W(r)S

u||LP(M’Eé 73gu”LP(M’EJg)'

This is a weighted version of Theorem 1.2. Then, using that
LP(M,dg) = w(r) 7 L"(M.dg),  pe [1,00), (1.21)

and that products or (real) powers of weight functions are weight functions, we deduce the following
result.

Corollary 1.6. If w is a temperate weight, then for all 1 < p < oo, we have the equivalence of
norms

||W(7")U||Lv(/v1,dg) ~ ||W(7“)S—Agu\|Lv(M,dg)-

Naturally, this result holds with W = 1 and we obtain (1.4) if w is a temperate weight. In
particular, in the case of asymptotically euclidean manifolds, this provides a justification of Lemma
3.1 of [4].

As noted previously, Theorems 1.2 and 1.3 are interesting to localize some PDEs in frequency.
In practice, it is often interesting to localize the datas both spatially and spectrally. For the latter,
one requires additional knowledge on the spectral cutoffs, typically commutator estimates. Such
estimates are rather straightforward consequences of the analysis of [1] and allow to prove the
following localization property.



Theorem 1.7. Let x € C*°(M) be constant outside a compact set (typically x or 1 —x compactly
supported). Assume that p € [2,00) and that

0<

<1. (1.22)

SRS

n
2
Then

1/2

Ixtllr(rag) S | D 1Ixe(=25Ag)ul 70 purag) + |ullz2(a1,dg)- (1.23)
k>0

This theorem could be generalized by considering for instance more general cutoffs, or even
differential operators. We give only this simple version, which will be used in [2] to prove Strichartz
estimates at infinity using semi-classical methods in the spirit of [3]. To make such applications
of Theorem 1.7 clearer, we recall very briefly the interest of the estimate (1.23) for the proof
of (spatially localized) Strichartz estimates. We follow [5]. If u(t) = e®®sug is the solution
to the homogeneous linear Schrodinger equation with initial condition uy € L?(M,dg), and if
(p1,p2) # (2,00) is a Schrodinger admissible pair of exponents, ie such that

2 n n
—+ ==, p1227p2227
P p2 2
then po satisfies (1.22) and (1.23) gives
1/2

lIxe’ ™ ouo|| o2 Mgy S | D IIxe™ @0 0(=25 Ag)uol [ vz (at.ag) +|uollL2(moag)-  (1.24)
k>0

If we are able to prove Strichartz estimates for spectrally localized data, ie

1 1/p1
([ It ulagag @) = Clualzzacan, (1.25)

with C independent of k (and ug of course), then we can assume that the term wug is spectrally
localized too, by applying a spectral cutoff 3(—27%A,) with $¢ = ¢. Proving (1.25) is a different
topic, but we point out that the spectral localization simplifies significantly the analysis. We then
automatically obtain the non spectrally localized version

1 _ 1/p1
([ e ol apait) < Cllallnan

by squaring (1.25) with a spectrally localized right hand side, and summing over k; the L? norms
in the right hand side can be summed by almost orthogonality, and for the left hand side, one uses
(1.24) to get

! itA 25 " Z ' itA k 25 " 2
% i
(/0 ||X€ gu0|Lz722(M7dg)dt) S (/0 er g<)0(_2 Ag)u0|Ll722(M7dg)dt) + Hu0||L2(M,dg)a
k

since p; > 2 and where the sum converges since each term is controlled by ||(—2"Ag)ug||2., using
(1.25).



1.2 Outline of the proofs

In this subsection, we summarize the analysis of the next sections by giving the main tools leading
to our Littlewood-Paley estimates and, as an illustration, by proving Theorem 1.3 and Corollary
1.6, in the slightly simpler situation where W = 1. The first tool relies on the results of [1] and
the second one is the core of the present paper.

For simplicity, we denote by Ay the operators

Ag=o(P), Ap=¢2"FP), k>1, (1.26)
and by
fk:[o’]‘]_}{_]'?]'}7 kZO,
the usual Rademacher sequence (see Section 5).
1st tool. Parametrix of the Aj. It consists in getting a decomposition of the operators Ay of
the form

A =V, + Ry, k>0, (127)

where Wy is a properly supported pseudo-differential operator (with kernel supported close to
the diagonal) and Ry is a remainder satisfying good properties. More explicitly, we will use the
following properties of the sequence (Rj)k>o:

1. If w is a temperate weight, then for all p; € (1, 2]

> MRkl Lo (Modg)— o1 (Midg) < 00 (1.28)
k

This actually holds for all 1 < p; < co but we shall not need this property for p; > 2.

2. In the general case, if w is not necessarily temperate, then for all M > 0,

S I = A)MRe(1 = A)M||L2(M.dg)—L2(M.dg) < 0O (1.29)
k

This means more precisely that, for all M > 0, we can split A; according to (1.27) with
Uy, = U, (M) and Ry, = Ri(M) both depending on M with (Ry(M))r>0 satistying (1.29).

This description is sufficient here. In Section 2, we will recall more precisely the results of [1]
that will be used in this paper.

2nd tool: Singular integral estimates on the diagonal term. Using the precise description
of the operators ¥y, we will show that, for all p; € (1,2],

&
1D AWl zor (Mdg)—Lo1 (Modg) S L t€[0,1], EEN. (1.30)
k=0

As usual, this will come from an interpolation between a trivial L? bound and a non trivial
weak L' bound. The L? bound, ie (1.30) with p; = 2, is obtained by writing ¥y = A — Rj, and
by using the almost orthogonality of the operators Ay and the L? summability of the Ry, (ie (1.29)
with M = 0). The weak L' estimate will use a suitable Calderén-Zygmund decomposition which
we now describe.



We first explain how to transfer the analysis to an open subset of R™ of the form
Q= (ric, +00), x Ry~ (1.31)

equipped with the measure
v =w(r)""drdd,

where dfl is the Lebesgue measure on R™~!. We simply use that M can be covered by finitely
many coordinate patches U, such that

Uy = Z Y.,

where each W, has a Schwartz kernel supported in ¢, x U,. Thus, for each ¢, the operators
> w<i Ju(t)Vs, are fully described in the single chart ¢, and, using local coordinates, we are left
with operators acting on ) and with kernels supported on 2 x ). The measure v is the expression
of dg in coordinates, up to factor bounded from above and below (see (1.13)). Note that this kind
of local charts are typically relevant in the neighborhood of infinity of M but compactly supported
charts, and the expression of dg therein, can be artificially put under this form too.

Our Calderén-Zygmund decomposition for a function v € L(Q, dv) will be of the form u =
G+ ;u; where & € L>(Q,dv) NL'(Q,dv) is the good part, and the u; form the bad parts which
will be supported either in ‘small balls’ of the form

B(ro, 0o, to) = {(r,@) | |Ir = ro| + |i]zrf§)| < to}, (1.32)

with tg < 1, or in ‘large cylinders’ of the form

Cloatonte) = {(1:0) [1r=rol < 1 ana 220}, (133)
w(ro)
with g > 1. The reason for considering those sets is that the measure dv is non doubling in
general, in the sense that v(B(rg, 8, Dtg)) can not be estimated by D™v(B(rg,0o,to)) (for some
m) uniformly with respect to (rg, 6p,to) if we allow large to. This is easily seen when w(r) = e™"
for instance. We shall however exploit that, if we set

0o, = 0 — < Dt 1.34

Bp (10,60, t0) {(7"7 ) | r—rol + w(ro) = 00 (1.34)

Cph(ro,bo,t0) = §(r0)[|r—ro/ <2 and —— < Dty , (1.35)
w(ro)

we have the doubling property on the sets of small balls and large cylinders ie
Q:={B(r,0,t) | (r,0) €, 0<t<1}U{C(r,0,t) | (r,0) €, t >1}. (1.36)
This is the meaning of the following proposition.

Proposition 1.8. For all ’doubling’ parameter D > 1, there exists C = C(n,w, D) such that
v(@p) < C(n,w,D)v(Q),  QE€Q,

where QE = B*D(T07¢90,t0) ZfQ = B(Tmeo,to) or CE(To,Go,to) ZfQ = C(To,eo,to).



Proof. Consider a cylinder @ = C(ro,00,t0). If w,—1 is the volume of the unit euclidean ball on
R™ ! then

ro+1 ro+1 n—1
v(Q) =/ w(r)l_"dr/ do :wnfltg*/ (w(“)) dr (1.37)
ro—1 [0—00| <tow(ro) ro—1 w(r)

and, similarly,

ro+2 n—1
v(Qp) = wn—1D"71t871/ <w(r0)> dr.

ro—2 ’IU(’I")

The result in this case follows from the fact that, by (1.12), w(ro)/w(r) is bounded from above
and below, uniformly with respect to 7o and r € [rg — 2,79 + 2]. The case of balls is similar : if
Q = B(To,eo,to) with to S 1, then

_ w(re) "
v(Q) = / w(r)?t ”drdﬁz// () drdoc (1.38)
[r—70[+]0—00|/w(ro)<to [s|+|a|<to w(rg + s)

and

v(Q%) = D" //|s+|agto (M)n_ldm@.

The result comes again from (1.12) which shows that w(rg)/w(re + sD) and w(rg)/w(ro + s) are
uniformly bounded from above and below, with respect to |s| <ty <1 and ¢ € R. g

That the elements of Q will be enough for our purpose relies strongly on the proper support
property of the operators.

We shall then obtain the weak L' estimate by adapting suitably the usual proof whose crucial
point is the following. Let us denote by K = KE,t the expression in local coordinates of the kernel
of 3~ 7 fu(t)¥g,., with respect to dv. If, for each Q € Q centered at (79, 0), we define by ¥g the
operator with kernel K(r,0,r',0") — K(r,0,79,0p), then we will see that, at least for some D > 1,

sup (1= xaqs) Yoxollo @an -1t (@,d) < o0, (1.39)

where xp denotes the characteristic function of the set £. More precisely this supremum will also
be uniformly bounded with respect to the parameters & and ¢ of (1.30).

We now explain the simple derivation of Theorem 1.3 and Corollary 1.6 from (1.28)/(1.29) and
(1.30) above. For a sequence of operators B = (By)k>0 (typically (Ag), (¥y) and (Ry)), it will be

convenient to denote 12
Spu = (Z |Bjul?) ",
k>0
say for u € Cg°(M). For instance, Sy is exactly the square function S_a, in (1.2).
Proof of Corollary 1.6. Using (1.28) and (1.30), we get
k

|| Z fk(t)Ak‘HLT’l (M,dg)—LP1(M,dg) 5171 1, te [Oa l]a E S Nv (140)
k=0



first for all p; € (1,2] and then automatically for all p; € (1,00) by taking the adjoint, since
> k<ii Jr(t) Ay is selfadjoint. Once we have (1.40), the proof goes exactly as the usual one on R".
We recall this proof to emphasize the difference with Theorem 1.3. By Khinchine’s inequality,
(1.40) implies that

[[SaullLe(m,ag) Sp lullLe (M,dg)s (1.41)

for all p € (1, 00), which is the expected upper bound on S_A,. To get the lower bound, one writes

(w1, u2) 1:/ Tugdg = Y /Aklul A, uz dg, (1.42)
M 1,k22>0

[k1—k2|<1

using the partition of unity >, Ay = 1 and its almost orthogonality, ie Ay, Ay, = 0 for |k; —ka| > 2.
Then, if p1,p2 € (1, 00) are conjugate exponents, Holder’s inequality in (1.42) and the upper bound
(1.41) give

(w1, uz)| 3l|Saurl|per (M ag)l1Sauzl L2 (M, dg)

<
Spr o ualloe (modg)|1Sauzl|Lez (Mm,dg)s

from which one clearly deduces the lower bound |[ug|| ez (M,dg) Spo [1Sat2||Lr2 (M, dg)-
Proof of Theorem 1.3. Using (1.30) and Khinchine’s inequality, we get for all p; € (1, 2]

[[Swull e (M,dg) Spr 1wl 2e1 (M, dg) - (1.43)

Denote by py € [2,00) the conjugate exponent of p1. For ui,us € C§°(M), we expand Ay, u; =
(g, + Ry;)u; into the right hand side of (1.42) and using again the Holder inequality, we obtain

[(ur,ug)] < 3|[Swusl|zes (m,ag) (|[Swuzl|Lrs (Mm,ag) + |[SRU||Lr> (M,dg))
+llwlloon gy | DL 1RE Uhytizl Les (mag) + [[RE, Riotiz]| o2 (M,dg)
[k1—ko|<1

By writing Ry Wy, = R}, Ay, — R, R,, where Ay, commutes with A, and combining the Sobolev
injection (1.19) with (1.29) (which of course holds also for Rj) with M large enough, we have

D> IRy, Bryuzl|es (Mudg) + 1R Reatiall o (Mdg) Spo 11— Ag) ™[22 (at,dg)-
[k1—k2|<1

We also note that (1.19) and (1.29) give

|ISru2|| o2 (Modg) Spa (1= Ag) ™ Muzl| L2 (M dg)-
Now, since
[[Swuz||Lrz (M,dg) < [1S—a,u2l[Lr2 (A,dg) + [[SRU2|| 72 (M,dg)
and using the upper bound (1.43), all this implies that

[(u1,u2)| Spo luallies (a,dg) (11S=a,u2llLr2 (Modg) + 111 = Ag) ™M sl r2(a,4g)) »

which yields

w2l Loz (Modg) Spa [1S—a,u2l ez (Modg) + 11— Ag) ™M ual|L2(A,dg)-
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2 Functional calculus

In this short section, we recall some results from [1] that will be used later in the paper. It will
also serve as a motivation for the introduction of the operators studied in Sections 3 and 4.

We fix ¢ € C§°(R) and consider a semiclassical parameter h € (0, 1]. In the applications ¢ will
be either ¢ or ¢ and h? will be of the form 27% (if ¢ = o we shall only consider h = 1).

In the following theorem, P will denote either —A, or —Zg when similar statements hold for
both operators (this notation is already used in (1.16)). Otherwise we will give separate statements
for each operator.

We recall that S™ = S™(R? x R?) denotes the space of symbols of order m, ie functions a such
that [0907 a(z, &) < (€)™171, and that §~° = n,,S™.

Theorem 2.1. [1] For all N € N, ¢(h*P) can be decomposed into
¢(h*P) = > W ®;(P,h) + hNRy (P, h),
j<N
where

e cach ®;(P,h) is a finite sum! of operators whose kernels (with respect to w(r)!="drdf) are,
in local coordinates, of the form
r—r 6—46

h a(r,@,h ()

) Cr—r"0-0" (2.1)

where ¢ € C§°(R?) is supported in the unit ball and @ is the Fourier transform with respect
to & of a symbol a(r,0,£) € ST2(R}, x R’g) which is compactly supported with respect to &
and furthermore such that

0¢supp(¢) =  supp(a) CR? x {c<[¢] < C}, (2:2)
for some C > ¢ > 0. Furthermore, for each j < N and p € [2, 0], we have

: (2.3)

@5 (=Ag, h)|| v (M, dg)—LP (M, dg) 1
hv~

S
S

w3
—
N
i~

125 (—=Ag, h)|L2(M,dg)—Lr (M, dg)
for h € (0,1].
e The remainder Ry (P, h) satisfies
1. if P=—Ay: for all p € [2,00] and all M >0,

M —n(L—1)—aM
9) ||L2(M,dg)HLT’(M,dg) < (373) (2.5)

(1= Ag) MRy (~Ag, B)(1 — A
2. if P= fﬁg: for all temperate weight W (see (1.20)) and all 1 < p < oo,

HW(r)’lRN(fﬁg,h)W(r)’

_ <1, (2.6)
LP(M,dg)—LP(M,dg)

for all h € (0,1].

Operators with kernels of the form (2.1), and sums of such kernels, will play a great role in the
sequel. We shall study some of their elementary properties in Section 4.

Ithe number of terms is simply the one of a finite cover of the manifold by coordinate charts
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3 A Calderén-Zygmund type theorem

An important consequence of the usual Calderén-Zygmund theorem is that pseudo-differential op-
erators of order 0 are bounded on LP(R™), for all 1 < p < oo (see for instance [13, 12, 16]). The
purpose of this section is to show a similar result for pseudo-differential operators with symbols of
the form a,,(r,0,p,n) = a(r,0, p,w(r)n), with a € S°, and with kernel cutoff outside a neighbor-
hood of the diagonal to be properly supported. Recall that w may not be bounded from below
(see Definition 1.1) so a,, doesn’t belong to S° in general.

We use the same notation as in Subsection 1.2, namely

Q = (rc, +o0) x R*71, v =w(r)'""drd,

and recall that v (or dv) is essentially the expression of dg in charts near infinity, ie they coincide
up to a positive factor which is bounded from above and below and thus irrelevant for LP estimates.
For convenience and with no loss of generality, we assume that ¢ € N (see Appendix A).

The following proposition is a version of the Calderén-Zygmund covering lemma adapted to
the measure dv (and to the underlying metric dr? + w(r)~2d#?). We will use the balls B(r,0,t)
and the cylinders C(r, 6,t) introduced in Subsection 1.2.

Proposition 3.1. There ezists Cy = Co(n,w) such that, for all A > 0, any u € L*(Q,dv) can be
decomposed as

u:ﬂ+Zuj7 (31)

jeN

for some @ € L' (2, dv) N L= (2, dv) and some sequence (u;)jen of L*(Q, dv) such that

N

il @) + 3 sl ary < Collulloi@.an), (3.2)

J

IA

|a]| 2= () CoA, (3.3)

and such that, for some sequence of subsets (Q;)jen of Q of the form

B(Tj,gj,tj) with t; <1,
Qj = q or for some (r;,0;) € Q, (3.4)
C(rjaejvtj) with tj > 1,

we also have

/ujdl/:O7 supp(u;) C @, (3.5)
> v(Q;) < CoAM[ull L1 @an)- (3.6)
J
Proof. See Appendix A . O

Consider next a smooth function K of the form

0—0
gl o
K(n@,r,@)—m(r,@,r T7w(7‘)>

12



with & smooth on R?? and satisfying
0, 0,9)| <IE77", (n0) €@, R\ {0}, (3.7)

supp(k) C Q x {|€] < 1}. (3.8)
We then define the operator ¥ by
(W) (r, ) = / K(r,0,0",0')u(r’,0)dv(r',0'). (3.9)
Q
The assumption (3.8) states that this operator is properly supported. Using the notation of The-
orem 2.1 with h = 275/2 we shall see that kernels of the form
k

Kz ,(r,0,7",0") Z t)2kn/2G (7‘0 2k/2(r — ¢ 2’“/2M)C<r—r’ 9—9’) (3.10)
kt Uy ) 3 ) .

2 w(r) w(r)

satisfy the conditions (3.7) and (3.8) uniformly with respect to k and ¢. This will be checked in
Section 4. We will also see that the kernel (3.10) is very close to the expression in local coordinates
of the kernel of >, 7 fx(t) ¥ (see (1.27) for ¥y).

In the rest of the present section, we consider the problem of the boundedness of ¥ on LP (), dv).
Theorem 3.2. There exists C' such that, for all ¥ as above satisfying the additional condition
W 2(0,dv)—L2(Q,dv) < 1, (3.11)
we have: for all u € L*(Q,dv) and all A > 0
v ({19 > A} < O fulls o,

In other words, B is of weak type (1, 1) relatively to dv. The proof is very close to the usual
one for singular integrals on R™ and rests on Proposition 3.4 below (which was already stated in
(1.39)). The main difference with the case of R™ is that the sets ) do not need to describe the
whole set of dyadic cubes of arbitrary sides, but only the set Q of small balls and large cylinders
defined in (1.36).

We first need to recall the following well known lemma on singular integrals.

Lemma 3.3. There exists a constant c,, such that, for allt > 0, for all K € CY(R2™) satisfying
0, K (z,y)| < le—y|™""',  x#y, zyeR", (3.12)
and for all continuous function
Yo {lz| > 2t} — {ly < t},

we have

/ @Y @)~ K0l < e (3.13)
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Note that, in the usual form of this lemma, the function Y is simply given by Y (z) = y with
ly| < t independent of z. Of course, if (3.12) is replaced by |0, K (z,y)| < C|z —y|~" "' one has to
replace ¢, by ¢,C in the final estimate. For completeness, we recall the simple proof.

Proof. By the Taylor formula and (3.12), the left hand side of (3.13) is bounded by

oo

|z|>2t

2t

where the change of variable 7 = r/t shows that the last integral is finite and independent of ¢. O

If Q@ = B(ro, 00, to) or C(rg, b0, to), we define the operator ¥ by
(Tou)(r,0) = /(K(r,@,r',@’) — K(r,0,70,00)) u(r’,0")dv(r',0").

We have the following result.

Proposition 3.4. There exists D(n,w) > 1 such that, for all D > D(n,w) and for all operator
U of the form (3.9),

sup ||(1 - XQ*D)\IJQXQ‘|L1(Q,du)~>L1(Q,du) < ¢,

QeQ

with the same ¢, as in Lemma 3.35.

The following lemma states that large cylinders do not contribute to the supremum.

Lemma 3.5. There exists D'(n,w) > 1 such that, for all D > D'(n,w) and all Q of the form
C(To,eo,to) with tg > 1,
(1—=xq;)¥xq = (1 —xq;)¥aoxq = 0.

Proof. Tt is sufficient to show that, if D is large enough,

(1= xqu)(r, 0)K(r,0,r",0")xq(r',0") = 0.

This will give the statement for ¥ and then automatically for U since xg(ro,0) = 1. If
(r,0,r',0") € supp(K) with (+',0") € Q, we have |r —ro| < |r —7'| + |r' — ro| < 2. Therefore, if we
consider (r,0) ¢ Q7%,, we necessarily have

0—90
000l _

Dt
w(ro) 0

so that |6 — 0’| > (D — D)tow(rg). Since |r — ro| < 2, there exists C' depending only on w and n
such that [0 — 0’| > C(D — tow(r). Thus %1 > (D — 1)ty > 1 if D is large enough so that

w(r)
K must actually vanish and we get the result. g

Proof of Proposition 3.4. By Lemma 3.5, we only have to consider Q = B(ro, 6o, to) with o < 1.
For D > 1, let us set

Igp(r',0") = / |K(r,0,7",0") — K(r,0,70,00)| dv(r,0),
O\Q7
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so that the Schur Lemma yields the estimate

(1= xq1)¥exellL (d)—L1 (@) < ( S;? QIQ,D(T/a 0').
r’,0")e

Using the change of variables

we have

IQ’D(T'/, 6‘/) = /

|7+ 2020 1] > Do

0" — 6

_— drdd
’UJ(’F—FT()) " ’

K’rg,@g (7:7 é7 TI — 7o, ) - K’r‘o,90 (fv 57 07 0)

with

K.y .0, (T, 0,r ) ==r (f + ro,w(r + ro)é + 00,7 —1",0 — 9/) )
Now observe that for any (r/,0’) € B(rg, 6o, to) and (7,0) € R?, we have

0'—0
°)>7é0 = 7| < |7 = (" = 7ro)| + [ = 7o < 2.

K, o | 7,0,7 —rg, ——2—
rofo \ T " w(F + o

In particular, we have wi}r(or-(l]r)%' ) ~ 1 so there exists C1 > 1, depending only on n and w, such that
IQD(r’o’)</ Ky 0 (fér’—ro M)—K 0, (7,0,0,0)| drdf
) I — |f|+‘g~|>%t0 T0,00 Y 7’(1}(’;;-’-7"0) 0,00 » Yy Yy

Similarly, there exists Cy depending only on n and w such that
|6" — 6| 16" — 6|
w(F 4 ro) w(rp)

thus, if D > 2C1Cs, (3.7) and Lemma 3.3 show that, for all (+/,6") € B(ro, 6o, to),

!

[r" —ro| + < |r" —ro| + Cs < Osty,

Igp(r',0") <cp,
and the result follows. a
Proof of Theorem 3.2. We use the decomposition (3.1) and set v =}, u;. We have
v({[Pul > A}) < v ({[Wal > A/2}) + v ({[Po] > A/2}).

Since
1917200 < lall720.a) < CoAlullLr (@)

the second inequality being due to (3.3) and (3.2), the Tchebychev inequality yields
v({|Wal > A/2}) <AN?|Wal[7 0,0 < ACTA Ul (@,a)-

We now consider v by studying the contribution of each function u;. Using the notation of Propo-
sitions 3.4, we fix D > D(n,w). Since u; has zero mean and is supported in Q; = B(r;,0;,t;) or
C(r;,0;,t;) , we have

Yu; = Vq,uy,
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which implies, by Proposition 3.4, that

||\I’uj||L1(Q\(Qj)B7du) =l - X(Qj)B)qujujHLl(Q,dV) < enllugll L (9,dv)- (3.14)
Now, if we set
O =U;(@j)p,
then Proposition 1.8 and (3.6) show that
v(0) < C(n,w, D)CoA™[ul| 1 (), av- (3.15)

On the other hand, (3.14) imply that ||®u;|| 11 (0\0,4) < Cnlltj]|L1(0,40) 50, using (3.2), we get

T[] L1 @\0.dv) < enCollullL1(0,dm): (3.16)
and then
v({|Tv|>A/2}) < v(0) +v ({Ixa\0Pu] > A/2})
< CAY|ullpr @)
using (3.15) and (3.16). This completes the proof. O

The boundedness on LP is then a classical consequence of the Marcinkiewicz interpolation
theorem (see for instance [13, 16]) and we obtain the following corollary.

Corollary 3.6. For all p € (1,2], there exists C, such that, for all U of the form (3.9), with
satisfying (3.7) and (3.8), such that (3.11) holds, we have

]| L (,dv)—Lr(@,dv) < Cp-

4 Pseudo-differential operators

In this part, we study elementary properties of certain properly supported pseudo-differential
operators. The main goal is to prove that kernels of the form (3.10) satisfy the assumptions (3.7)
and (3.8). We will also see that the associated operator is bounded on L?(€),dv) and hence on
LP(Q,dv) for 1 < p < 2 by Corollary 3.6. We shall even see that this remains true on weighted
spaces.

To put it in a slightly more general framework, we consider a bounded sequence (aj)ren in
5~ namely such that for all j € N, € N*~! 3 € N" and all m > 0,

010507 ar(r,0,€)| < Cjapm(1+ €)™, (4.17)

with a constant independent of k. Assume that these symbols are supported in Q x R™ where (2 is
given by (1.31). We also use a cutoff ¢ € C§°(R™), supported in the unit ball, and such that ( =1
near 0.

For all & > 0, consider the kernel

60—

k
kn/2 k/2 k/2Y — Y o p
Ky ( (r,0,r",0") kZQ ar (739,2 (r—r"),2 e >C(r r,0—6"), (4.18)
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where ay, is the partial Fourier transform of a with respect to . Notice that (3.10) is not exactly
of this form, due to the form of the cutoff near the diagonal. Lemma 4.2 below will prove that this
makes essentially no difference, as far as the LP boundedness is concerned.

Example. The typical example of operator with kernel of the form (4.18) is given by >, - fi (t) Vs,
using (1.27). This follows clearly from Theorem 2.1 since we have to consider ay, of the form fx(t)a
with a as in Theorem 2.1 (with h = 27%/2).

Consider next the associated operator

(¥ gu(r,0) = /QK(E) (r,0,7", 0" u(r',0")dv(r',0"). (4.19)
Throughout this section, we fix a positive function W defined on R such that, for some C' > 0,
W(r) < CW(r'), for all r,r" € R such that |r — 7| < 1. (4.20)

Temperate weights satisfy clearly this condition but also powers of w, although w may not be a
temperate weight.
The section is devoted to the proof of the following result.

Proposition 4.1. Let (ax)ren be a family of symbols supported in Q x R™ satisfying (4.17). If
moreover there exists C' > 0 such that, for all k > C,

(r,0,p,m) = (r,0,€) € supp(ax) = C~' < |p| +[n| < C, (4.21)
then, for all positive function W satisfying (4.20) and oll p € (1,2],

W () oW () e @av)—rr@a) S1,  kEN,

The proof is divided into the next four lemmas.

Lemma 4.2. Denote by o the function

or, 0,0, 0') = C(r — 1,0 — ) — ¢ ( _ Hw(fQ

and by Jy, the function

o
Ji(r,0,7",0") = 2724, <r, 0,282 (r — '), 2}9/20((§> o(r,0,7',0").
w(r

Define the operator Ty by
Tru(r,0) = / Je(r, 0,7, 0N u(r’, 0" )dv(r',0).
Q
Then, for all p € [1, 0],

Z ‘|W(T)FkW(T)71‘|LP(Q,du)~>LP(Q,dV) < oo. (4.22)
k>0
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Note that (4.22) can be written equivalently as

> ||y (1) w(r)

k>0

(4.23)
LP(Q,drdd)— L (Q,drde)

using the Lebesgue measure drdf (with the convention that (n —1)/p =0 if p = 00).

Proof. Let us prove (4.23). For all v € R, (1.10) implies that Ww? also satisfies an estimate of the
form (4.20). We may therefore replace Ww!=™/P by W with no loss of generality. Then

(W(r) TR W (r) (r,0) // Ji(r, 0,70 u(r',0")dr' do’
with W)
5 r
T (r,0,77,0") = w(r) " Jp(r, 0,1, 0") x W((r’)'

Since ¢ = 1 near 0 and w is bounded, there exists ¢ > 0 such that,
60— 6"
w(r)

Integrating by part in the integral defining ay, one sees that, for all N > 0, Ji takes the following
form

[r =’ +

>, on the support of . (4.24)

—-N
 \No—(2N-n)k/2AN k/2¢,. .1 k/20_9/ 2 0 —0')? I
(=1)72 Alpa, (10,27 (r — 1), 285 ———= ) [ [r —'|" + o(r,0,7",0").

w(r) w(r)?

By the uniform estimates in & (4.17), (4.20) and (4.24), this implies that, for all N, there exists
Cn such that

» _n
| Ji(r,0,7",6")| < Cn2~ Mo (r)' =" <1 + =7+ ww(:; >

for all (r,0),(r',0") € Q@ and all k € N. The result follows then from the usual Schur Lemma. O

By Lemma 4.2, the L? boundedness of W (r)¥ g )I/V(r)’1 is thus equivalent to the one of
W(r)\II(E)W(r)* with \I!(k) defined similarly to (4.19) by the kernel

k

okn/2; k)2 k2t =0 , 0=
1"97" ,0") Z ag (r,0,2%2(r —1"),2 o) ¢ r—r,m .

We can then write

(W(r)\fl(E)W(r)_lu) (r,0) = /QFE@) (r,@,r -7, Ow—(TG)') u(r’,0)dv(r',0")

where E(E) is defined by

Ry (r,0,p,0) = > 25 2ay(r,6,2%2p, 2827)¢ (p, 1) x
k<M
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To interpret this operator as an operator of the form (3.9), with a symbol satisfying (3.7), we
need W to be smooth. We thus assume for a while that, for all j > 0,

\dTW (r)/dri| < W (r). (4.25)
We shall see further on that this smoothness condition can be removed.
Lemma 4.3. Assume (4.20) and (4.25). There exists C > 0 such that, for all k >0,
10575y (76,5, )| < C(1] + i)~ (4.26)

Proof. 1t is standard. We recall it for completeness. Thanks to the cutoff (, it is sufficient to
consider the region where |p| + |7| < 1. By (4.17), ax(r, 6, .,.) is bounded in the Schwartz space as
(r,0) and k vary and, by (1.10), (1.11) and (4.25), W(r)/W (r — p) is bounded on the support of
¢ together with its derivatives. Thus, for all N > 0,

Opakrrw (r,0,p,0)] < Cn > 25014 28/2|p| 4 272y =N

k>0
E(n+1 E(nt1)oo-R n 50 (n+1
< CNZ22(H+)+ON222(n+ )9 ~ Oy22 (T
k<ko k>ko
. ~ A~ ko+1 R R kg
with ko = ko(p, ) such that 277z < |p| + || < 272 . The result follows. O

We next consider the L? boundedness.

Lemma 4.4. Assume (4.20), (4.25) and the existence of C' > 1 such that, for all k > C, we have
and (4.21). Then there exists C' > 0 such that, for all k > 0,

||W(7’)‘I’(E)W(7”)71||L2(Q,du)—>L2(Q,dy) < . (4.27)

Proof. The uniform boundedness of the family (W(r)\IJ(E)W(r)_l)EZO on L%(Q,dv) is equivalent
to uniform boundedness, on L(L?(R",drdf)), of the family of pseudo-differential operators with
kernels

/ / e*iW’“')P*i("*@')"?a@ (r,",0,0", p,n)dpdn

where

W (r)w(r) = _ _

) 2 17,0~ ) 3 aulr, 0,272,272l
k<F

a(%) (T7 T/7 97 9/7 P 77) =

The function in front of the sum is smooth and bounded as well as its derivatives, by (1.10), (1.11),
(4.20), (4.25) and the compact support of ¢. The result is then a consequence of the Calderén-
Vaillancourt Theorem since all derivatives of Fz@) are bounded, uniformly with respect to k, which
is a consequence of the estimate

0900 > ar(@, 27| < Cap k>0, (2,6 = (r,0,p,m) € R™".
C<k<k

This follows from the uniform estimates (4.17) and the fact that the above sum contains a finite
number of terms, independent of x,¢ and k since, by (4.21), 27%/2|¢| belongs to [C~1,C] (in
particular [¢] 2> 1) and

27F2)¢el e [C7Y, ) = k/2 € [Iny [¢] — Ing C,Ing |¢] — Inp C ']
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where the number of half integer points in the last interval is bounded. The proof is complete. [
The following lemma shows that we can assume that W also satisfies (4.25).
Lemma 4.5. We can find 1% satisfying (4.20), (4.25) and such that, for some C > 1,
W(r)/C < W(r) < CW(r). (4.28)
Proof. Choose a non zero, non negative w € C§°(—1,1) and set W(r) = [W(r — s)w(s)ds. Since
CH<W(r—s)/W(r)<C, se(-1,1),
we obtain (4.28), which implies in turn that (4.20) holds for W since

W(r) _ W(r) W(r) W)

W)y WE)We)we)

is bounded if |r — 7’| < 1. This implies that

|Wmmzdﬁw—m@@wswmsﬁm,
which shows that (4.25) holds for W. O

Proof of Proposition 4.1. By (4.28), the result holds if and only if it holds with W instead of W.
We may therefore assume that W satisfies (4.25). By Lemma 4.4, the estimate is true with p = 2.
Then, by Lemma 4.2, it is also true for \I’(E) with p =2 . By Lemma 4.3, we can apply Corollary

3.6 to obtain the estimate for all 1 < p < 2 with \TI(E) instead of ‘I’(E) and we conclude using again
Lemma 4.2. g

5 Proofs of the main results

In this section, P and dy denote either —A, and dg or —&q and EZE Using the partition of unit
(1.1), we denote as in Subsection 1.2,

Ao = ¢o(P), A = 2"V p), k>1,

so that, in the strong sense on L?(M, dpu), we have

> Ap=1, (5.1)

k>0

and the square function (1.16) reads

Spu(z) = (Y |Awu@))'?, zeM.
k

In the next subsections, we will use the following classical result of harmonic analysis. Recall
first the definition of the usual Rademacher sequence (fx)ir>0. For k =0, fo is the function given

on [0,1) by
1 if0<t<1/2
t) = =r=s
Jol®) {—1 if1/2 <t<1
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and then extended on R as a 1 periodic function. If k > 1, fi.(t) = f(2¥t), for all t € R. These
functions are orthonormal in L?([0,1]). Given a sequence of complex numbers (ax)x>0, if we set

F(t) = axfu(t)

k>0

then, for all 1 < p < oo, the key estimate related to the Rademacher functions is the following well
known Khinchine inequality (see for instance [11, p. 54] or [13, p. 276]),

1 2
1Bl 2oy = (3 lak2)"* < CollFllLoo, - (5:2)
k>0

As an immediate consequence of (5.2), we have the following result.

Proposition 5.1. Let (By)r>o be a family of operators from C§°(M) to LP(M,du), for some
1 < p < 0. Define the associated square function Spu by

Spu(z Z] Byu)(z 1/2, x e M.
k>0
Then we have
HSBu”LP M,dp) < C sup sup H Z fk BkuHLp(M dp)” (53)
keNt€(0,1] K<k

In particular, if

|| Z fk'(t)BkuHLP(M,dp,) 5 ||uHLP(./\/l7du)7 te [Oa 1]7 u € C(C)XD(M)7 E >0
k<k

then

||SBUHLP(M_’d#) S ullLe (a,dp) u € Cg°(M).

5.1 Proof of Theorems 1.2 and 1.5

In this part P = ,Em dp = E; and W is a temperate weight. Using Theorem 2.1, in particular
(2.6) for the remainder, and Proposition 4.1 (see also the Example between (4.18) and (4.19)), we
obtain the following proposition.

Proposition 5.2. For all N > 0, we can write
Ap =V + Ry,

with Wy, such that, for all 1 <p < 2,

H Z fk(t)W(’l")\IjkuHLp(M’du) /S HW(T)UHLP(M,du)7 te [Oa 1]7 u € CSO(M)a E > 0
k<k

and Ry, such that, for all 1 < p < oo,

||[W(r)ReW (r <92 Nk k>0,

- | |LP(M dp)—LP(M,dp) ~
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We can now prove Theorem 1.5 (Theorem 1.2 corresponds to the special case W = 1). This
proof is the standard one to establish the equivalence of norms of v and Spu for the usual
Littlewood-Paley decomposition on R™ (see for instance [12, 13, 16]). This is a weighted version
of the proof of Corollary 1.6 displayed in Subsection 1.2 for W = 1.

Proof of Theorem 1.5. Define A}Y = W (r)AyW (r)~!. By Proposition 5.2, we have

H Z fk(t)Al‘;VuHLp(M,du) S ||UHLP(M,du)a k >0, te [07 ”’ u € C(())O(M)a (5'4)
k<k

first for 1 < p < 2, and then for all 1 < p < oo by taking the adjoint in the above estimate and
replacing W by W~!. By Proposition 5.1, this implies that

W (r)Spull L (m,dpy S W (r)ullpe (a,du) u € Cg°(M), (5.5)

for 1 < p < oo. By the Cauchy-Schwarz inequality in the sum (1.42), Holder’s inequality and (5.5)
with W1 instead of W, we obtain

\ /Mumdu] < B S punllir WD) Spusl 1o apa

A

W (r)Spusl Lo maam W (r) " w2l o (ap
for 1 < p < oo, p’ being its conjugate exponent. This then yields the lower bound
W (r)urllLe(mawy S NIW () Spurllrvmapy), w1 € Cg° (M),

which completes the proof. O

5.2 Proof of Theorem 1.3

In this part P = —A, and dy = dg. We refer to Subsection 1.2 for the proof of Theorem 1.3 itself
and only record here the following proposition which is a direct consequence of Theorem 2.1 and
Proposition 4.1 (see also the Example between (4.18) and (4.19)) and which completely justifies
the tools used in Subsection 1.2.

Proposition 5.3. For all N, M > 0, we can write
A = Vg + Ry,
with Wy, satisfying, for all 1 < p < 2,
13 £t g gy S Mlillioianas £ € 10,1, e CEM), B2 0,
k<k
and Ry, satisfying, for all 2 < p < oo,

[|(1=A)MRL(1-A 2Nk, k> 0.

)M <
9 L2(M,dp)— L2 (M,dp) ~
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5.3 Proof of Theorem 1.7

The proof is formally the same as the one of [3, Prop. 4.5] excepted that it uses the following
commutator estimates for properly supported operators. Fix ¢ € C5°(0, 4+00) such that

Pp = . (5.6)
By Theorem 2.1, we can write
o(h?P) = ®(h) + h*R(h),  @(h*P) = ®(h) + h®>R(h),

where ®(h) and E)(h) are finite sums of properly supported pseudo-differential operators of the
form h/®;(—Ay, h). By (1.22) and (2.5), we may assume that

IR L2 (M dg)—L2(M,dg) S 15 IR(R)|| 2 (M, dg)—Lr(Modg) S R,
and, by (1.22), (2.3) and (2.4),
[|®(R)]|La(a,dg)—La(Mm.dg) S 15 [|@(h)|| 2 (M, dg)—Lr(M.dg) S R,

for each ¢ € [2,00]. Of course, the same estimates holds for R(h) and ®(h) respectively. These
estimates imply easily that

NIR*R (1), Xl 2 (Midg)— Lo (M.dg) S s (5.7)
and that

[ [Z(=n2a,), [o(~n2a0).x]] = [B(h), [@(1),x] |

<h. (5.8)
L2(M,dg)—LP(M,dg)

We have also the commutator estimates
1, (5.9)
h, (5.10)

[[@(R), X]I| L2 (M, dg)—LP (M, dg)

[ [8a. 2. x|

although they don’t obviously follow from Theorem 2.1. We shall prove them below but show first
how they lead to Theorem 1.7.

AN N

L2(M,dg)—LP(M,dg)

Proof of Theorem 1.7. By (1.18) in Corollary 1.4, we have

1/2

|[xul|Lr (A,dg) Z||<P =28 A0 ) xul |70 (at,ag) + |ullz2(a1,dg)- (5.11)
k>0

Using (5.6), we can write ¢(—h%A,)x as the sum of the following three terms

Qih) = &(- hA) p(—h*A,),
Qa2(h) = [p(=h*Ay),x] B(—h*Ay),
Qs(h) = [o(— [@(*hzﬁg),xﬂ-

Since p(—h2A,)xp(—h?A,) = &)(h)xcp(—hQAg) + h2R(h) where ®(h) is uniformly bounded on
LP(M,dg) and [|W*R(h)||L2(m,dg)—Lr(M,dg) S h> we have

HQl(h)uHLP(M,dg) S HX‘p(_thg)HLP(M,dg) + hH“HL?(M,dg)- (5.12)
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Using (5.7) and (5.9), we also have
1Q2(R)ullLrm,ag) S N1B(=hAg)ull2(a,ag) (5.13)
and, by (5.8) and (5.10),
Qs (R)ul[Lr(Mm,ag) S PllullL2(Mm,ag)- (5.14)

The result then follows from (5.11), (5.12), (5.13), (5.14) and

Z ||@(*h2Ag)U||%2(M,dg) S ||U\|2L2(M,dg)
h2=2-F keN

by almost orthogonality, since ¢ is supported away from 0, and the Spectral Theorem. O
It remains to prove (5.9) and (5.10).

Proof of (5.9). By working in local coordinates, the study of ®(h) is reduced to operators with
kernels of the form (2.1). If x1(r, 8) is the expression in local coordinates of x, the kernel of [®(h), x]
is of the form

(27Th)7d (x1(r,0) — x1(r",0")) // 6%(“#)’”%(979/)'%(7", 0, p,w(r)n)dpdn(r —r',0 — '),

which, by expanding x1(r,0) — x1(7’,8’) according to Taylor’s formula and by integrating by parts
in the integral above, is the sum of

x @) [ [ R0 051000 5,0, (s ) dpd, (5.15)
and of a remainder of the form
2 (2t [ [ eH0m RO A 10,07, 0' (o dpn, (5.16)

with symbols a; € S™°(R?") and Ay € S~>°(R3"), ie such that, for all m > 0, v € N?" and
I' e N3,

\(’T/al(r,&p, 77)| < Cm,’Y(l + ‘,0‘ + |n|)7ma
0" As(r, 0,7, 0", p,1)] < Con (1 + |p| + [n]) ™™

These estimates use that all the derivatives of y; are bounded, which is clear if y is constant
outside a compact set but would also holds for many other functions x. The estimate (5.9) would
therefore follow from the following lemma.

Lemma 5.4. Let A € S™°(R®") be supported in {r > R, r' > R}. Then, the operator A(h) with
kernel

@ty [ [ RO OG0, prwr gl — 1,0~ 0,

satisfies

AR L2((R,00) xR =1 w(r) 1= drd8) — La ((Ry00) xRP 1 w(r) —ndrde) S P 2,
for each q > 2.

Q3
wf3
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Proof. Tt follows by interpolation between the case ¢ = 2 and ¢ = co as in Lemma 2.3 and Lemma
2.4 of [1]. O

This lemma implies clearly (5.9) since both a; and As, respectively in (5.15) and (5.16), belong
to SO0 (R3™). O

Proof of (5.10). If we denote by h%.43"(h) the pullback on the manifold of the operator with
kernel (5.16), it follows from Lemma 5.4 and the uniform boundedness of ®(h) on L%*(M,dg) and
LP(M,dg) that

[|[@(R), > A3 (W)]]] L2 (M dg)— Lo (M.dg) S P

Therefore, to prove (5.10), it remains to show that
[@(h), RAT (W] L2 (M, dg)— L (Modg) S B (5.17)

with h.A(h) the pullback on the manifold of the operator with kernel (5.15). In other words, we
only have to consider commutators of operators with kernels of the form (2.1). This is the purpose
of what follows.

We recall first a composition formula for properly supported differential operators. Let By (h)
and Bs(h) be properly supported pseudo-differential operators on R™ defined by the Schwartz
kernels

Kj(z,y,h) = (27Th)_”/ﬁw—wfbj(w,i)dfxg’(ﬂ? -y, Jj=L2 (5.18)

where x; € C°(R"), x; = 1 near 0 and b; symbols in a class that will be specified below and
which guarantees the convergence of the integrals. The kernel K (z1, 23, h) of By(h)Bs(h) is

(2h) 2" ///e%(11712)'51+%(I27I3)'§Qb1(331,fl)x(m — x9)ba(x2,&2) X2 (12 — x3)dE1dEads,
that is, using the change of variables &1 = & + 7, 2 = x1 + €,
K(21,23,h) = (QWh)_n/e%(wl_%)‘gzb(ml,wsézyh)d§2,
with
b(w1, 3,62, h) = (2mh)™" // e H by (1, & + T)x1 (—E)ba(x1 + £, E2)xa (@1 + L — w5)dtdr.

Since x; and X2 are compactly supported, we can clearly choose y3 € C§°(R™) equal to 1 near 0
such that, for all ¢,z1,z3 € R",

x1(—t)xa(z1 +t — x3) = x3(z1 — x3)x1(—t)x2 (21 + t — x3),

which shows that
K(z1,23,h) = K(x1,23,h)x3(x1 — 3).

Assume now that the symbols b;(x, &) are of the form

bj<xa£) = aj(ra 0; P w(r)n)v a; € Sioo(Rn X Rn)v (519)
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with = (r,0) and & = (p,n). Writing ¢t = (¢,,tg) and 7 = (7, 7), we then have

bi(w1,&e +7)ba(2r +1,&2) = ai(ri, 01, p2 + 75, w(r1)(n2 + 7)) X
az(r1 +tr, 01 +tg, p2, w(ry + tr)n2)
= AIQ(T17917t7T7 p27w(r1)772)

with

w(r+t,) 77) .

Ara(r,0,t,1,0,m) = ai(r,0, p+ 75, m + w(r)m)as (r +t., 0+ tg, p, o)

Setting finally
A(ry, 01,735,035, 8,7, p,n) = Ar2(r1, 01,8, 7, p,m)x1 (—t)x2((r1, 01) — t — (r3,63)),
we have proved the main part of the following result.
Lemma 5.5. Let Bi(h), Ba(h) be pseudo-differential operators with kernels of the form (5.18)
and with symbols of the form (5.19). Then the kernel of B1(h)Ba(h) is of the form

(27h) =" //e%(n—rs)p+%(91—93)'"a(h,91»7“3,937/)71”(7"1)777h)deUXS((7‘1,91) —(r3,03)), (5.20)

with
a(?“1791,7"3,93,p,77,h) = (27Th)_n //6_%]5'7—14(7'1791,T3793,t777p777)dtd7'.

Furthermore,
CL(Tl, 917 T3, 937 Py 1, h) = al(rla 917 P, 77)@2(7’17 017 P, 77) + ha/h('f'l, 917 T3, 937 P, 1, h)7 (521)
with aj, bounded in S~°°(R3").

Proof. Tt remains to prove (5.21) which is standard. We first insert a compactly supported cutoff
equal to 1 close to 7 = 0 in the integral defining a. In the remaining integral, corresponding
to |7| 2 1, we can use standard non stationary phase estimates to get integrability with respect
to 7 as well as arbitrary large powers of h, showing that it is O(h>) in S~°°(R3") since A and
all its derivatives are of rapid decay with respect to (p,n). For the latter, we simply use that
w(r +t,)/w(r) is bounded from above and below since |t| < 1. The 'main’ integral, where |7| < 1,
is then clearly in S~°°(IR®") by the decay of A again. Furthermore, thanks to the compact support
with respect to (¢,7), we can use the stationary phase theorem and this gives (5.21). 0

As a direct consequence of Lemma 5.5, we obtain that [By(h), Ba(h)] = hB(h), where B(h) has
a kernel as in Lemma 5.4. Therefore, using Lemma 5.4, we have

1@ (), A ()] L2 (Modg) — Lo (Mdg) S B X B ~F <1,

which proves (5.17) and completes the proof of (5.10). O
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A Proof of Proposition 3.1

We first define special families of partitions of 2. Given ng € N and k > —ng an integer, we denote
by P(k) a countable partition of , i.e.

P(k) = (Pu(k))ien, Q= UenPi(k).

In the sequel, the sets P;(k) will always be measurable and bounded.
Given a family of partitions P := (P(k))k>—n,, we shall say that

e P is non increasing if: for all k > 1 —ng and all [ € N, there exists I’ € N such that

Pu(k) € Pk —1), (A.22)

e P is locally finite if: for all compact subset K C Q there exists a compact subset K’ C Q
such that, for all £ > —ny,

] Pk cK (A.23)

le
Pr(k)NK#D

e P is of vanishing diameter if: there exists a sequence € — 0 such that, for all k¥ > —ng and
all [ € N there exists z,; € Q such that

Pl(k) - {1’ €N | |x — Cﬂk’l| < Ek}.

The following useful remarks are easy to check.

Remarks. 1. If P is non increasing, in (A.22), I’ is uniquely defined by { and k.

2. If P is non increasing, then it is locally finite if and only if for all compact subset K there exists
another compact subset K’ such that (A.23) holds for k = —ny.

3. If P is non increasing, it follows by a simple induction that if P, (k1) N Py, (k) # O for some
ky > k1 > —ng and l1,1s € N, then Py, (k2) C Py, (k1).

Definition A.1. A family of partitions (P(k))k>—n, i admissible if it is non increasing, locally
finite and of vanishing diameter.

The proof of Proposition 3.1 is based on a suitable choice of admissible partitions which we
now describe.

Construction of a family of admissible partitions. For m = (my,...,m,_1) € Z" !, we set
O, = [mlaml + 1) X X [mn—lamn—l + 1)

and for 7 > 0, we set 700,,, = {70 ; 6 € O,,} so that U,,ezn-170,, = R"~! is a decomposition of
R"~! into cubes of side 7. Setting k; = max(0, k), we can define, for all k € Z,

Pimy (k) = 2754 (4,0 + 1] x 27 Fw([27*+4])0,p, (A.24)

for all i € NN [2F+ 7, 00) and m € Z" 1. Here [27%+i] denotes the integer part of 27%+i.
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For notational convenience, we then relabel (P(i,m)(k)) (; ;m)enngt+ re o0y xzn-1 88 (Pi(k))ien.

Let us notice that, for £ € Z and [ € N, we have
FIED Cw((2he) )"
v(Pi(k)) = Z_k(”_l)/ ( ) dr.
Pk 27F+ w(r)
Thus, using (1.10), there exists Cy > 1 such that

Ciro =R <y (Py(k)) < CptoR=D i B <0, (A.25)
Cym27F < w(Py(k)) < Cp—ta=hn if k> 1. (A.26)

Lemma A.2. Forallng € N, (P(k))k>—n, = ((Pl(k))leN),p,no (defined by (A.24)) is an admis-
sible family of partitions of Q. Furthermore, there exists Cy > 1 independent of ng such that, for
allk>1—ng and alll € N,

-1 v(Pu(k))

Tl Y < A2
C; < Pk = 1)) < Cjs, (A.27)
with I =U'(k,1) the unique integer satisfying (A.22).

Let us already point out that our family of admissible partitions has been designed in order to
have (A.27) which will be crucial in the proof of Lemma A.4 below.

Proof. For each k > —ng, P(k) = (Pi(k))ien is obviously a partition of Q. Since w is bounded,
the family P = (P(k))k>_n, is of vanishing diameter (e, ~ 27%). Let us prove that P is non
increasing. If k < 0, we have

(3,5 4+ 1] x 27%w(i)O,, C (7',i" + 1] x 22 Fw ()T,

provided i = i/ and O,, C 20,,/, which clearly holds for some m’ € Z"~1. Thus (A.22) holds if
k <0. If £k > 1, we remark that if

27F (i i+ 1) c 2VR( 7 + 1] (A.28)

then [27%4] = [2!7*{]. This follows easily from the fact that 27 (i, i+1)NN = 21 =% (3 i/ +1)NN = §.
Thus
277(i,0 + 1] x 27 Fw([27%4]) O, € 227K (7,0 4 1] x 2 Fw (20RO,

with ¢/ such that (A.28) holds and m’ such that O0,,, C 20J,,,,. Therefore P is non increasing. Using

Remark 2, it is then easy to check that P is locally finite and hence admissible. The estimate
(A.27) follows from (A.25) and (A.26). O

We now recall a basic result which is a version of Lebesgue’s Lemma.

Lemma A.3. Let u € LY(Q,dv) and P be an admissible family of partitions of Q. Assume that
A C Q is a measurable subset such that there exists C' > 0 satisfying: for allk > —ng and alll € N

1
Pk)NA£D = ) /79,(k) lu(z)| dv(xz) < C. (A.29)

Then |u| < C almost everywhere on A.
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Proof. For all v € L'(2,dv), we set
& = 71 d
(Exv)(z) E V(Pi(k) /l(k)v(y) V(y)XPL(k)(x)a

leN

X, (k) being the characteristic function of P;(k). We first remark that
klim Erv=w in L'(Q,dv). (A.30)

Indeed, since [[Exv||z1(0,d0) < [|V]|21(Q,dv) for all v, we may assume that v is continuous and
compactly supported. Then, denoting by K the support of v, we have for all k > —ny

& —vllan < D, v(Pik) sup  |o(y) —v(@)].
len z,y€Pi(k)
Py (k)NK#£0

Using the local finiteness of P and the fact that it is of vanishing diameter, there exists a compact
subset K’ such that

60— ollzs g S UKD swp foly) —u(@] 0, k- oo,
z,ye K’
lz—y|<2e

and (A.30) follows. In particular, xa&ku| — xalu| in LY(Q,dv) so there exists a subsequence
XAk, [u| converging almost everywhere to x|u|. Using (A.29) we have

0 < (xaé;lul) (z) <C, T €,

and the result follows. O

The next lemma contains half of Proposition 3.1. It is based on the classical stopping time
argument of the usual Calderén-Zygmund covering lemma.

Lemma A.4. For allu € LY(Q,dv) and all X > 0, we can find ng € N, an admissible family P of
partitions of Q, a set T C {(k,l) € Zx N | k> —ng} and functions (wy;) ez and v satisfying

u=0v-+ Z Wi 1, (A.31)
7
lv(x)] < CsA, a.e., (A.32)
/ wg, dv =0 and supp wg,; € Pi(k), (A.33)
Q
D v(Pik) < Al @, (A.34)
7

ol L1(,av) + Z Hwk,ill 21 @,a0) < 3llullLr(@,av)- (A.35)

7

The constant Cs in (A.32) is the one chosen in (A.27).

Proof. We first choose ng € N such that C3~"2"™=1) > X\=1|ju||11(q 4., using the same constant
Cy as in (A.25), and then consider the admissible family of partitions P = ((Pi(k))ien) s _n,
defined by (A.24). By (A.25), we have N

v(Pi(—no)) > )‘_1||UHL1(Q,du)7 (A.36)
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for all [ € N. Next, we define I;_,,, C N and By_,, C 2 by

Ly, = {l eN| lu| dv > Av(Pr(1 — no))} ,
'Pl(lfno)

Bin, = Uier,_,, Pi(1 = no).

By induction, we then construct I and By, for k > 2 — ng, by

I, = {l EN | |u| dv > Av(Py(k)) and Py(k) N Br_1 = (Z]}
Pi(k)

By = By U | | Pu(k).

LT},

Let us set B = Up>1-nyBr, A =0\ B and 7T = Up>1-n,{k} X I;. We can then define

u(x) r €A,
v(z) = (A.37)
Xener vy Jew v xpin (@), @ € B,

and, for each (k1) € Z,
w1 = (U —V)XP,(k)- (A.38)
Let us now check the properties (A.31) to (A.35). First, by construction, we have
B = U perPi(k) (A.39)

and this implies (A.31). To prove (A.32), we start by observing that for all £k > 1 — ng and all
leN

1
PU)NA£D = V(Pl(k))/%)m dv < A, (A.40)

Indeed, assume that P;(k) N A # 0. Then [ ¢ I} otherwise P;(k) C By C B. Furthermore, we have
Pi(k) N By, = 0, otherwise P;(k) should meet By_1 and we could find ¥’ <k — 1 and I’ € I}, such
that P;(k) NPy (k') # O in which case we would have P;(k) C Py (k') (since P is non decreasing)
and then P;(k) C B, which is excluded. Thus, if P;(k) N A # 0, then the right hand side of (A.40)
holds by definition of Iy, since | ¢ Iy and, if k > 2 —nq, since P;(k) N Bx_1 = () (since Bx_1 C By).
Therefore, (A.40) (which is also true for £ = —ng by (A.36)) and Lemma A.3 show that |u| < A
almost everywhere on A. Let us now prove that |v| < C3\ almost everywhere on B. Using (A.27),
it is enough to show that, for all (k,l) € Z (ie | € Iy),

/ lu| dv < \v(Py(k —1)). (A.41)
Py (k—1)

If Kk =1 — ng, this follows from (A.36). If &k > 2 — ng, we first remark that " ¢ I;_; otherwise [
could not belong to I since we would have P;(k) C Py(k —1) C Bi_1. Therefore, by definition
of I_1, either (A.41) holds or Py (k — 1) N By_o # 0. The latter is excluded, otherwise Remark 3
(before Definition A.1) would imply that P;(k) C Py(k — 1) C Br_2 C B3 which would prevent
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[ to belong to I. This completes the proof of (A.32). The property (A.33) is a straightforward
consequence of (A.37) and (A.38) . The estimate (A.34) is a direct consequence of the definition
of the sets Iy, k > 1 — ng, and of the fact that the sets P;(k)) are disjoint if (I,k) € Z. Finally,
(A.37) shows that [ |v|dv < [ |uldv and (A.38) that [ |wy,|dv < sz(k) |uldv + sz(k) |v|dv , and
these inequalities clearly imply (A.35). O

Proof of Proposition 3.1. We relabel the family (Pi(k))&,)ez obtained in Lemma A.4 as
(Pi;(k;))jen and define accordingly the functions % = v and u; = wy,;;;. Using Lemma A .4, (3.1),
(3.2), (3.3) and (3.5) are consequences of (A.31), (A.35), (A.32) and (A.33) respectively. It remains
to show that the sets P, (k;) are contained in balls or cylinders of the form (3.4) which satisfy
(3.6). Let j € N and consider Py, (k;), which is of the form (A.24) for some i € N and m € Z"~ '

Since any cube of side 2 in R"~! is contained in a euclidean ball of radius (n — 1)/2, we have

ks k, 0 — 2 Fiw([27Fi+i])m)| Y w([27Fi+4])
(k; — 27 ki) < 27kt | <27 hi(p-—1)2
Py, (k;) C {|7“ 1| < and @R < (n—1) W)

Therefore, if we set
rp=2"Rri 0, =2 Fw(2 R i])m

and use the fact that w([27%+d]) /w(27%+i) < C, by (1.10), we have Py, (k;) C B(r;,0;,t;) with
ti =27kt 4 027k (n —1)1/2

if this quantity is < 1. Otherwise, we have Py, (k;) C C(rj,0;,t;) with
t; = max(1,027% (n — 1)1/2).

Since v(C(r;,0;,t;)) = t?_l if t; > 1 and v(B(r;,0;,t;)) =~ t} if t; < 1, which follow easily from
(1.37) and (1.38), and since t; ~ 27% in all cases, the estimates (A.25) and (A.26) show that
v(Qj;) S v(Py,;(kj)). Thus (3.6) follows from (A.34). O

References

[1] J. M. BOUCLET Semi-classical functional calculus on manifolds with ends and weighted LP
estimates, Ann. Inst. Fourier (Grenoble), to appear.

2] , Strichartz estimates on asymptotically hyperbolic manifolds, Analysis & PDE, to
appear.

[3] J. M. BoucLET, N. TZVETKOV, Strichartz estimates for long range perturbations, Amer. J.
Math. vol. 129, 6, 1565-1609 (2007).

[4] , On global Strichartz estimates for non trapping metrics, J. Funct. Analysis vol.
254, 6, 1661-1682 (2008).

[5] N. BUrQ, P. GERARD, N. TZVETKOV, Strichartz inequalities and the non linear Schrodinger
equation on compact manifolds, Amer. J. Math. 126, 569-605 (2004).

[6] T. CouLHON, X. T. Duong, X. D. Li, Littlewood-Paley-Stein functions on complete Rie-
mannian manifolds for 1 < p <2, Studia Math. 154, no. 1, 37-57 (2003).

31



(7]

[16]

S. KLAINERMAN, I. RODNIANSKI, A geometric approach to the Littlewood-Paley theory, Geom.
Funct. Anal. 16 No. 1, 126-163 (2006).

N. LOHOUE, Estimations des fonctions de Littlewood-Paley-Stein sur les variétés a courbure
non positive, Ann. Sci. Ecole Norm. Sup. 20, 505-544 (1987).

G. OLAFSSON, S. ZHENG, Harmonic analysis related to Schridinger operators, Contemporary
Math. 464, 213-230 (2008).

W. ScHLAG, A remark on Littlewood-Paley theory for the distorted Fourier transform, Proc.
Amer. Math. Soc. 135 no. 2, 437-451 (2007).

, Lectures notes on harmonic analysis, www.math.uchicago.edu/~schlag/book.pdf.

C. D. SOGGE, Fourier integrals in classical analysis, Cambridge tract in Mathematics, Cam-
bridge Univ. Press (1993).

E. M. STEIN, Singular integrals and differentiability properties of functions, Princeton Univ.
Press (1970).

, Topics in harmonic analysis related to the Littlewood-Paley theory, Princeton Univ.
Press (1970).

M. TAYLOR, LP? estimates on functions of the Laplace operator, Duke Math. J. Vol. 58, No.
3, 773-793 (1989).

, Partial Differential Equations III, Nonlinear Equations, Appl. Math. Sci. 117,
Springer, (1996).

32



