THE OPTIMAL MASS TRANSPORT PROBLEM FOR RELATIVISTIC COSTS
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ABsTRACT. In this paper, we study the optimal mass transportation problem in R® for a class of cost functions
that we call relativistic cost functions. Consider as a typical example, the cost function ¢(z,y) = h(z —y) being
the restriction of a strictly convex and differentiable function to a ball and infinite outside this ball. We show the
existence and uniqueness of the optimal map given a relativistic cost function and two measures with compact
support, one of the two being absolutely continuous with respect to the Lebesgue measure. With an additional
assumption on the support of the initial measure and for supercritical speed of propagation, we also prove the
existence of a Kantorovich potential and study the regularity of this map. Besides these general results, a
particular attention is given to a specific cost because of its connections with a relativistic heat equation as
pointed out by Brenier in [18].

1. SETTING OF THE PROBLEM

In the last ten years, the Monge-Kantorovich problem has been widely investigated. So far, there was no
general result that could be compared to the Gangbo-McCann theorem for strictly convex and real-valued cost
functions on R? [29]. In this paper, we provide the first result of this kind for a large class of strictly convex
functions that are infinite outside a bounded convex set. The cost functions we consider are not even continuous
maps from R? to [0, +00]. We show that under quite standard assumptions including the compactness of the
supports, there exists a unique optimal transport map relative to such a cost function. We refer to Theorem
2.6 for a precise statement. Among all these cost functions, a particular attention is given to a cost function
that we call relativistic heat cost function. This relativistic heat cost, introduced by Brenier in [18], is related
to a relativistic heat equation as explained below. In [18], Brenier mentions the question of the existence of
an optimal map for this cost function, putting the emphasis on the case where only a part of the mass can be
transported. This cost function was our initial motivation to study this kind of problems. Let us now describe
more precisely the problem we are interested in.

1.1. The general optimal transportation problem. Let us first recall the Monge problem.

Given two probability measures po € P(R?) and p; € P(RY), we consider the maps F, if any, that push uqg
forward to f11, meaning the maps that satisfy Fiupo = pq1. In terms of test functions, the equation Flpg = 11
amounts to

/ o(F(2))dpo() = / o)y (1)
Rd Rd

for any test function ¢ € C°(R9).
Monge asked whether the infimum

inf / c(z, F(z))duo(x)
Fygpo=p1 JRd
is attained among the maps F' such that Fliujio = p11. The function ¢ above is called the cost function. Note that
there might be no map that pushes pg forward to p; and that the Monge problem is nonlinear in general. This
leads Kantorovich to consider a relaxation of the Monge problem, now called the Kantorovich problem [32].
In this problem, we consider transport plans instead of transport maps. A transport plan 7 is a probability
measure on R? x R? with first marginal yo and second marginal ;1. This means that uo(U) = 7(U x R9)
and py (U) = m(RY x U) for any Borel set U C R? Note that a transport map F induces a transport plan
(Id, F)gpo. The set of transport plans between po and p; is denoted by II(po, p1).

The Kantorovich problem then consists in studying, given two probability measures jo and p1 in P(R?), the
optimal transport plans, namely the plans that achieve the minimum

min / c(z,y)dr(z,y).
m€ll(po, k1) JRA xR
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Indeed, contrary to the Monge problem, the Kantorovich problem always admits solution as soon as the cost
function is a lower semi continuous and non-negative map, see [43, 44] for a proof. We refer to [16, 17, 28, 29,
43, 44] for existence and uniqueness of solution to the Monge-Kantorovich problem in the quadratic (or L?)
case and for strictly convex cost functions and to [4, 27, 20, 7, 6, 24, 25, 21, 42| for the study of the L! case.

1.2. The relativistic heat cost. The original motivation of this paper comes from what we call the relativistic
heat cost given by ¢(z,y) = h(x — y) where

(1) h(z):{l—\/w 2| <1

00 |z] > 1.

The peculiarity of this cost function is that even if it is strictly convex, it is neither real-valued nor continuous
and its gradient goes to infinity when |z| — 1.

The name of this cost function comes from the fact that it prevents the displacement — or the velocity if we
take the Lagrangian point of view — to be larger than one which corresponds to a relativistic behavior. This cost
has been proposed by Brenier in [18] to obtain a relativistic heat equation as a gradient flow of the Boltzmann
entropy (see [3, 5, 43| for references on the notion of gradient flows). Several Cauchy problems for PDE’s has
been studied via the JKO time discrete scheme [1, 31, 36]... For example, the heat equation can be obtained
by computing the time discrete solution at the time step i in the following way

2
i : i— : i— : r—y
(2) p' = arg inf,cpga) /plogp+ eW3.(p" ' p) with W3 (o' p)= Lopthin, p)/ <|5|> dr(z,y)

and by passing to the limit when the time step € goes to zero. Analogously, a Cauchy result has been proved
by R. McCann and the second author in [34] for the equation

Vo
(3) Orp = div(p———==) = div(pVh"(V(log p)))
14 (X212
p
replacing W3 _ in (2) by
We,=  min /h(a7 - y)dTr(x, y) where c¢(z,y) = h(z — y) is the relativistic heat cost.
m€ll(pi=1,p) €

Equation (3) is called relativistic heat equation since it can be seen as a relativistic version of the heat equation
interpreted [35, 38| as a transport of mass equation with velocity —p. It has previously been investigated via

more PDE’s oriented method in the series of papers [9, 11, 10, 12, 13, 14, 15, 23|. The proof of the main result
of [34] already requires the existence of an optimal map relative to the problem W, with pi~! and p’. This
map is obtained by a regularization argument applied to the cost function and based on the Yosida transform
(we refer to [19] for the definition). However, the limiting process is strongly based on the double minimization
involved in the scheme, in particular the compactness of the sequence of maps comes from the fact that the
target measure p’ also minimizes the entropy. In this paper, we propose another method to prove the existence
and uniqueness of the optimal map that goes beyond the particular setting described above.

The method we found applies to more general relativistic cost functions including the cost given by formula
(1) and another important class of cost functions given by

(4) c(z,y) = f(z —y) + 6z —y[C)

where §(-|C) is the indicator function of a strictly convex body C containing 0, namely d(z|C) = 0if z € C and
+00 otherwise and f : R? — R* is a strictly convex and differentiable function such that f(0) = 0.

The question of the existence of an optimal map for cost functions as in (4) has been mentioned in [22].
In that paper, Carlier, De Pascale, and Santambrogio propose a different strategy based on the existence of a
maximizer in the Kantorovich dual problem. As they point out, the existence of such a maximizer is a delicate
question. We are nonetheless able to prove its existence under additional assumptions on the initial measure.
Note that the case where f = |- |? is also considered in [30] with the weaker assumption that C is a convex
body.
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1.3. The parametrized optimal transportation problem for relativistic costs. In this work, we intro-
duce an additional parameter called the speed (of light) which takes into account the relativistic behaviour of
the cost functions we consider. To explain this, it is convenient to use a Lagrangian point of view, namely given
c(x,y) = h(x — y) a relativistic cost function, observe that

cla,y) = inf / Wy (5))ds

where C,, = {7:[0,1] — R%~(0) = ,~7(1) =y and v is C* on (0,1)}.
When h(x—y) is finite, we can only consider curves whose energy fol h(v'(s))ds is finite, in other terms whose
speed v is confined to C. Thus, let us introduce the one-parameter family of cost functions

er(w,y) = h(=7)

for any positive number t.

Now, given two probability measures pg and g with compact support, and a relativistic cost function, we
can always change the speed of light ¢ so that the minimum in the Kantorovich problem relative to ¢; is finite.
The study of the variation of this minimum in terms of the speed also gives us some useful informations. Thus,
let us define the total cost function

. r—Yy
C(t) = d 1Y)
® ﬁeﬁ?;zul)/ﬂwc( ;) dr@y)

The overall idea is that the total cost function should be infinite when ¢ is small (at least if pg # p1), whereas
when ¢ is large, the transportation plans should not be affected by the discontinuity of the cost function and
we should get as in [29], existence and uniqueness of the optimal transport map. These properties are proved
as part of a more general result in the next sections together with the existence of a critical speed of light T'
defined below.

Definition 1.1 (Critical speed).
(5) There exists a speed T such that for any ¢ > T, C(t) < +o0o whereas C(t) = 00 otherwise.

2. STATEMENT OF THE MAIN RESULT
In order to state the main result of that paper, we need to introduce a few definitions and notations.

Definition 2.1. A probability measure u = pdz on R? is said to be regular if there exists a domain  (i.e. an
open bounded connected set) on which p is concentrated and such that

dm >0; p(x)>m
for almost every = € ).

Definition 2.2 (Directional derivatives). Let h : R? — [0, +00] be a convex function such that h=1([0, +00)) =
C is the closure of an open bounded convex set. We set h’ the directional derivative map

R :IDom — RU{—o0}
(x,w) +— K (z;w)
where IDom = {(z,w) € C x RG;x +w € OC} and

h'(z;w) = lim Mz +dw) - h(x)
A0 A

Remark 2.3. Observe that IDom is an open bounded subset of C x R? for the induced topology.

Definition 2.4 (Relativistic cost functions). We say that c¢(z,y) = h(x — y) is a relativistic cost function if
h : R% — [0, +00] is a strictly convex function such that h=1([0,+00)) = C is the closure of an open bounded

and strictly convex set. We further assume that h(0) = 0 and 0 € C. Last, we assume that h (respectively h')
is continuous on C (respectively on the subset (h')~*(R) C IDom).

Remark 2.5. Notice that the condition on the directional derivatives amounts to h differentiable on C when the
differential blows up on all the boundary of C as for the relativistic heat cost for instance.
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Notations: we set
llel|oo = sup e(x).
zeC
Moreover, using that 0 € C, we set r,, > 0 a positive number such that the open ball of radius r,, centered
at the origin satisfies

(6) B(0,r.,) C C.
Last, given two probability measures jio and j; on R%, we denote by
1—‘6 (/L()v p’l)

the set of optimal transport plans relative to the cost function ¢; where ¢t > T (T being defined in (5)).
The aim of this paper is the proof of the following theorem.

Theorem 2.6. Let g and j11 be two probability measures with compact support on R? and c(z,y) = h(z —y)
be a relativistic cost function. We assume that pg = podx is absolutely continuous with respect to the Lebesgue
measure. Then, for any critical or supercritical speed t > T, there exists a unique optimal transport plan 7l for
the cost ci(x,y) = h(=2) and this plan is induced by a map

t
7T'6 = (Id, Ft)ﬁ/,bo.

Moreover, if we further assume that pg is regular and that t > T, there exists a c;-concave map ¢¢ such that F*

is defined po almost everywhere on p,({x —y € té} Nsupp ) by the formula
(7) F'(z) = & — tVR* (V' (2)])

where h* denotes the Legendre transform of h and V¢! is the approzimate gradient of ¢ (see Definition 5.14
for a definition) .

Remark 2.7. More can be said in the case of the relativistic heat cost by using that the differential of the cost
blows up on the unit sphere. Indeed, Corollary 3.6 implies that for almost every supercritical speed, the map
F? is almost everywhere given by (7) since the subset made of pairs of points at maximal distance is a negligible
set.

In the next section, we study the parametrized function C(t) and we prove the existence of a critical speed
of light T". Then, in section 4, for ¢ > T fixed, we use the notion of c-cyclical monotonicity to prove existence
and uniqueness of the optimal transport map. In the last section, we give for supercritical speed, the expression
of the optimal map in terms of the Kantorovich potential.

3. PROPERTIES OF THE PARAMETRIZED TOTAL COST FUNCTION

In this part, we are given two probability measures py # p1 € P(R?) with compact support. Let us recall
the parametrized cost function defined above

(8) C(t)= min MEYY dn(z,y).
7€M (po,u1) JR2d 4
Proposition 3.1 (Properties of C(t)). The total cost function satisfies:
a) The speed T = inf{s; C(s) < oo} is positive and finite. T is called the critical speed.
b) The function C(t) is a decreasing function on (T, +00).
¢) The total cost C(T) is finite.
d) The fonction C(t) is right continuous on [T, +00).

Proof. a) Let us first prove that T' > 0. Since up and p; are not equal, there exists a Borelian set B such that
po(B) # p1(B). Without loss of generality we can assume that B is a compact set and

(9) po(B) < p(B).

The proof of T > 0 is by contradiction. First of all, note that the assumption C(¢t) < +oc implies the two
following inequalities

(10) po(B) < pa (B +tC) and puo(B +¢C) > pa(B).

Indeed when C(t) < 400, there exists a transport plan whose support is in {(z,y) ; « — y € tC}. Therefore, if
C(t) < 400 for any t > 0, we get by passing to the limit in po(B +tC) > p1(B) that po(B) > u1(B). Here, we
have used the fact that B is a closed subset and C is a bounded set. This contradicts (9).
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Now, let us prove that T' < +oo. Since the supports of o and p1 are compact sets, the quantity sup{|z —

yl; (x,y) € supp po x supp p1} is finite.
Thanks to (6), there exists ¢y such that {x — y; (z,y) € supp o X supp u1 } C to C. Consequently,

/Cto dpo ® dpy < 400

and C(ty) < +o0.
b) Let t; > ty > T. By definition of T, C(t3) < +00. Let mo € (1o, 1) be an optimal plan for the cost

¢t,- By definition of the cost function, we have suppmy C {(z,y);x — y € t2C}. Now, since h(0) = 0 and h is

h(auw) h(bu)
a < b

strictly convex, for a fixed vector u # 0 € C and 0 < a < b < 1, we have . This yields for any

(z,y) € supp 7o such that = # y, h($; y) < h(x; y) Therefore, since pg # p1, we get

/Ctl d7T2 < /Ct2 d’]TQ
hence the result, by definition of 5.
¢) Let us consider a sequence of speed t,, \, T and 7,, a sequence of optimal plans for ¢; . By definition of T,
the total cost for any t,, is finite and then for all n € N, m ({(x,y);z —y € ¢, C}) = 1. Since 7y, is a sequence
of probability measures in I'(10, 1), up to extracting a subsequence, we can assume that m;, converges weakly
t0 Too € II(p1o, 1) thanks to Prokhorov’s theorem. Given € > 0, by noticing that {(z,y);z —y ¢ (T +¢)C} is
an open set, we get

moo({(@. )iz —y ¢ (T +2)C}) < liminfr,, ({(z.):2 —y ¢ (T +2)C}) =0.

Thus, meo({(z,y);z —y € (T +¢)C}) = 1 for any € > 0. Since C is a closed bounded set, this yields
Too({(z,y); 2 —y € TC}) = 1 and, therefore, [ ¢ dmo, < +00.

d) Fix s > T. Let us consider a sequence t, \, s and for each n, let 7, € II(1o, 1) be an optimal transport
plan for ¢;,. Thanks to Prokhorov’s theorem, we can assume that 7, converges to moo € II(ug,u1). Since

ty, > s,
/ WE—ydr,. z/ hWE—ydn, .
R2d tn {z—yesC} tn

Moreover, since sC is a compact set and h is assumed to be continuous on C, for any € > 0, there exists ng
such that for n > ng and z —y € sC,

Ctn(%y):h(xt;y)Zh(x;y)—s.

By combining this together with the continuity of ¢s when restricted to {(z,y);z —y € sC}, we get

litm inf C(t,) = litm inf/ctn dmy, > /cs dTse-

On the other hand, since C is decreasing,
liminf C(t,) < C(s).

tn—s
Thus
C(s) > liIJIrl C(ty) = /cs drse > C(8)
and the statement is proved. O

Now, we give some properties relative to the critical speed T'.
Lemma 3.2. Let m € II(po, p11) such that [ erdm < +o0o. Then, this plan satisfies
suppm N{(z,y);x —y € TOC} # 0.
Moreover, the critical speed is characterized by the equality

T= min m—esssup|z—y|c
we(po, 1)
where |z|c = inf{\;x € AC} and 7 — esssup |z — y|c = inf{s; 7({(x,y); |z — y|c > s}) = 0}.
Remark 3.3. In the case of the relativistic heat cost (or any other radial relativistic cost function), |- |¢ is
nothing but the Euclidean norm (up to scaling). Thus in this case, min er(,,,.,) ™ — €sssup [z — y|¢ coincides
with the co—Wasserstein distance studied in [26].
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Remark 3.4. This lemma means that for the critical speed T', the support of any optimal transport plan must
intersect the critical set {(x,y) ;  —y € TOC} but we do not know whether or not all the optimal transport
plans give some mass to this critical set. See below for more on this set in the case of the relativistic heat cost.

Proof. We prove the first statement by contradiction. Suppose on the contrary that suppm N {(x,y);z —y €
TOC} = 0. By assumption on 7, we have supp7 C {(z,y);x —y € T C}. Thus, by compactness of the support
of 7, there exists § > 0 such that

supp7 C {(z,y);z —y € (T — ) C}.
This implies C(T — §) < +00, a contradiction.
Now, we prove the second statement. Let us start with the following equalities.
T = inf{s;C(s) < +oo}

= inf{s; 3m € W(po, p1) st. 7({(z,y);2 —y € sC}) =1}
= inf{s; 37 € (o, p11) s.t. W({(x,y); |z —yle < s}) =1}
— inf{s; 3 € Wpo, ) st 7({(w )i |2 — yle > s}) = 0}
= inf inf{s; 7({(z,y); |z —y|c > s}) =0}

m€M(po,11)
= inf 7 —esssup|r—ylc.
mEM(po,11)

To conclude, let us prove that the infimum above is actually a minimum. To this aim, consider a minimizing
sequence (7;);en and assume thanks to Prokhorov’s theorem, that m; — mo, € II(po, 1). We need the following
fact.

Fact: v(aja y) € Supp 7o, H(xiayi)iEN € supp 7i; (Z‘ia yz) - (xay)
A proof is given in [26, Lemma 2.3]. Thus, since C satisfies (6), this gives for any ¢ > 0,
Supp oo C suppm; +eB(0,1) C suppm; + Lo
r'rn
for large 7. This yields

sup |z —y|c < hmlnf sup |z —ylc
SUPP oo —+00 supp

thus 7, is actually a minimizer. O

In the case of the relativistic heat cost, we obtain the following additional proposition and its straightforward
corollary (similar statements are probably within reach for other relativistic cost functions).

Proposition 3.5. In the case of the relativistic heat cost denoted by ci(x,y) = h(lx;y‘ ), the following property
holds true for any t > T

C'(t) > —o0 == ¥m € Ty(no, 1), 7({(@,y)ilz —y|=1}) =0
where C'_(t) denotes the right derivative of C' at t.
Proof. Recall that T = inf{t ; ¢; < co}. Let m; € T'f(110, 11). For any s > t, let us compute

cty-ct) = [y~ =) ar

[z —yl

{(zy)ila—yl=t} t §
t
> / h(L) — h(~) dm,
{(z,y)sle—y|=t} §
> & Jm{le -yl =1}).
We get the result by letting s decrease to t. O

Since C' is a monotone function, the proposition implies readily the following property on the critical set
{(z,9)i |z —y| =1}.
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Corollary 3.6. In the case of the relativistic heat cost, any optimal transport plan 7§ € T§(uo, p1) satisfies

mo({(z,y); |z —y| =1}) =0

for almost every t > T.

4. EXISTENCE AND UNIQUENESS OF OPTIMAL MAP

In this section, we prove the uniqueness of the optimal transport plan and that this plan is induced by a
map. Let us recall the definition of a relativistic cost function.

Definition 4.1 (Relativistic cost functions). We say that c¢(z,y) = h(x — y) is a relativistic cost function if
h : R4 — [0, +o0] is a strictly convex function such that h=1([0, +00)) = C is the closure of an open bounded

and strictly convex set. We further assume that h(0) = 0 and 0 € C. Last, we assume that h (respectively h') is
continuous on C (respectively on the subset (h')~!(R) C IDom where IDom = {(z,w) € C x R%x +w € C}).

Remark 4.2. In general, the function A’ is an upper semi-continuous function on IDom (this follows from a
straightforward adaption of the proof of [37, Theorem 24.5]). Thus, the assumption above actually implies
that h' is continuous on IDom. Note also that if h'(z;w) = —oo then h'(z;w’) = —oo for all w’ such that
(z,w") € IDom. Under our assumptions these points z are exactly those in C such that dh(x) = () (we refer to
[37, Theorem 23.3] for a proof of the last two statements).

The main result of this part is the following theorem.

Theorem 4.3. Let juo and p1 be two probability measures with compact support on R%. We assume that
o = podx is absolutely continuous with respect to the Lebesgue measure. Then, for any critical or supercritical
speed t > T, there exists a unique optimal transport plan w} for the cost ¢, and this plan is induced by a map

wh = (Id, F")sp0.

The proof of this result is based on a method introduced by Champion, de Pascale and Juutinen [26]. A
cornerstone of their proof is the following lemma.

Lemma 4.4. Assume that u << L% Let 7 € (u,v) and T a set on which 7 is concentrated. Then T is
concentrated on a o—compact set R(m) C T such that for all (z,y) € R(w) the point x is a Lebesgue point of
pe(supp po X B(y,r) NT) for all r > 0.

This precise version is proved in [24, Lemma 4.3].

Definition 4.5. A couple (z,y) € T is said to be m-regular if z is a Lebesgue point of p, (supp po X B(yo,r)NT)
for any positive r.

Consequently, we get the corollary below.

Corollary 4.6. Let (zg,y0) € R(n), 7 >0, a € (0,1), £ € ST ! and § > 0. Then for e > 0 sufficiently small,
the set of points x € py(supp po x B(y,r)) NT) such that x € C(xo,€,8) N (B(xo,e) \ Blxo,ae)) has positive
measure where

— 2

Cl(x0,€,0) = {x € R\ {x}; E>1-4}.

X~ o
|z — o]

Before we start the proof of Theorem 4.3, let us recall the definition of ¢—cyclically monotone subset. This
notion was introduced by Knott and Smith [41] in order to detect the optimality of a given transport plan.

Definition 4.7 (c-monotone set). A subset S C R? x R? is called a c-cyclically monotone set if and only if for
any positive integer m and any pairs (z1,y1), - , (Tm, ym) € S, the following inequality is satisfied:

c(xlvyl) + 4+ c(xmaym) S 0(371792) + c(x2ay3) + 4+ c(xmayl)'

It is well-known that an optimal plan is concentrated on a measurable c-cyclically monotone set when (the
transport problem is well-posed and) the cost function ¢ : R x R? — R* U {+oc} is a lower semi-continuous
map [7, Theorem 3.2].
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4.1. Proof of Theorem 4.3. We are given 7}y € I (0, 1). Thanks to Lemma 4.4 and the result above,
there exists a measurable c-cyclically monotone set I'fy C supp 7§ made of regular points such that 7§(T'}) = 1.
Following the approach in [26] and the subsequent papers, we are going to prove by contradiction that I'f} is a
graph.

Let us assume that (g, o) and (xq, y1) belong to T’y with yo # y1 and set ug = (zo—yo)/t and u1 = (zo—y1)/t.
Note that ug # w1 and ug and u; belong to C since t > T'. We also claim that

(11) B (ug; wout) + b (u1;urug) < 0.

Indeed, h'(ug;uour) + h'(uy;urug) = 0.(0) — (1) where ¢ (respectively 6" ) denotes the right derivative
(respectively left derivative) of the convex real-valued function of a real variable 6(s) = h(ug + sugui). Now,

since C is a strictly convex set, the open segment (ug,u1) = {tug + (1 — t)us;t € (0,1)} is actually within C.
Therefore, since IDom is an open subset of C x R¢ with respect to the induced topology, we get the existence
of numbers r > 0 and r’ > 0 such that for all v € B(ug,r) N C,w € B(uy,r)N C and z € B(0,7’)

v4upui/2+z € Cand w—ugui /2 — z € C.
Let us recall that y — h'(z;y) is a positively homogeneous function. Thanks to the formula above, we get that
v+ Augui/2+ z) € C and w — A(ugui/2 —2) € C

whenever v € B(ug,7) N C, 0 < XA <1 and z € B(0,r"). For the sake of clarity, let us introduce a notation for
some truncated cones:

C(0,mou1/2,7";m) = {dx € R% XA > 0 and z € wou; /2 + B(0,7/)} N B(0,7) \ B(0,71/2).
In particular, when 7 is small enough (and r, " << |ugui/2|), we have
B(ug,r) N C + C(0,ugui/2,7";m) C C and B(uy,7) N C — C(0,upui/2,7';n) C C.

Now, since h is continuous on C and k' is continuous on I Dom (see Remark 4.2), for any £ > 0 there exist
0<7<r0<7r <r and n > 0 small such that

h —h _
(12) sup{’W — h'(ug, ugui /|ugui|)|;v € B(ug,7) N C,z € C’(O,uoul/Q,r’;n)} <€
and
13 h(w — z) — h(w) ! —— . = — 1o 7.
(13) sup T—h(ul,—uoul/mouﬂ),wEB(ul,r)ﬁC,zEC(O,uoul/Z,r,n) < €.

In the second part of the proof, we use the fact that (xg,y1) is a regular pair in the sense of Definition
4.5 to get a contradiction. Given ¢ > 0, let 7,7/,n > 0 such that (12) and (13) hold. We also assume
that n < t7/2. Now, applying Corollary 4.6 to (xq,y1) with r = 7/2, we get the existence of (Z,7) € I'}
such that & € {z¢} + C(0,upu1/2,7’;n) and § € B(y1,t7/2) (up to shrinking n). By construction we have
(Z —g)/t € B(u1,7) and (Z — g) € tC since t > T. Now, by applying the estimates (12) and (13) with v = o,
w=(Z—7)/tand z = (T — x0)/t , we get

B((E - y0)/t) + hl(zo — §)/t) < h((zo - y0)/t) + h((& — §)/2)
(@ — o) /t1(2 + B (uos igut i ) + W' (urs g /i)

Combining this together with (11) contradicts the c-cyclical monotonicity of T'fy for small e. Thus, we have
proved that any optimal plan is concentrated on a measurable graph.

The uniqueness proof is more classical. Consider two opimal plans, by what precedes these plans are induced
by maps. The arithmetic mean of these plans is still an optimal plan but it cannot be induced by a map unless
the two plans coincide.

5. SUPERCRITICAL SPEED

This section is valid only for supercritical speed. The goal of this part is to obtain (7) linking the optimal
map and the Kantorovich potential. We recall that a domain is an open bounded connected set.

Theorem 5.1. Let jg and py be two probability measures with compact support on R, We assume that
o = podx is reqular and concentrated on a domain Qg in the sense of Definition 2.1. Then, for any supercritical
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speed t > T, there exists a c¢;-concave map ¢* such that the map F* defined by wh = (Id, F*)gpo is defined almost
everywhere on p,({x —y € té} NTY) by the formula
Fi(z) =z — tVh* (Vo' (z)).
This section is divided into three parts. In the first one, we establish a technical result on the volume growth

of set enlargements. This result is a key result in the study of special maps related to the transport problem
(namely ¢;-concave maps) that is performed in the second part. In the last part, we prove the theorem above.

5.1. Volume growth estimate for set enlargements. The goal of this part is to establish the technical
proposition below.

Proposition 5.2. Let Q be a domain and t > 0. For any constants 0 < My < My < ||, there exists a positive
constant € = €(Q, t, M1, Ms) depending on , t, My, and My such that

igf(|(E+tC) NQ—|ENQ|) >e
where S = {E compact subset of R%; My < |[ENQ| < Ma}.

Moreover, there exists a constant 0 < k < || depending on t and Q0 such that for any compact subset E of
R? satisfying |E N Q| > k, the following equality holds

(E+tC)nQ| = Q.

This result is proved by contradiction. The first step of the proof is to reduce the result to a similar statement
involving the De Giorgi perimeter. Then, we use a compactness result for functions of bounded variation.

5.1.1. Notions of boundary area for a nonsmooth set. The first notion is the (relative) Minkowski content of a
set. This is the notion we are mainly interested in. Its definition is the following.

Definition 5.3 (Relative Minkowski content). Let E be a compact subset of R?. The (relative) Minkowski
content of E is defined as

([E+rC)NnQl—|ENQ|
" )

Minke(E|Q) = limﬁ)nf

The second notion is the De Giorgi perimeter. We refer to the book [2] for a detailed exposition.

Definition 5.4 (Relative perimeter). Let E be a mesurable subset of R%. The perimeter of E relative to 2 is
defined as

Per(E|Q) = sup {/ div pdz;p € Ci(Q,B)}
E
where B = B(0,1) is the unit Euclidean ball centered at the origin in R?.

This definition is not the only one but is certainly the most elementary. Note that when E C R? is a bounded
open set with smooth boundary, the divergence theorem implies Per(E|Q) = H?"1(OE N Q). Moreover, with
this definition, it is easy to see that the perimeter is a lower semi-continuous functional with respect to the
L-topology (also called topology of sets convergence) whose definition is recalled below.

Definition 5.5 (Set of finite perimeters and convergence). We set M, the set of measurable subsets E of
R? whose relative perimeter Per(FE|() is finite. The set M., is endowed with the L!'-topology. Namely, a
sequence (Ey, )nen converges to E in M if, by definition, the (restriction to 2 of the) characteristic functions
XE, converges to xg in L*(€).

Lemma 5.6. Given a domain Q in R, the relative perimeter is a lower semi-continuous map
Per(-]Q) : Mcio — RT
when the set M o is endowed with the L'-topology.

Proof. Given ¢ € Cl(Q,B), the map E — [, div ¢dz is clearly continuous for the L'-topology. Therefore,
Per(-|Q) is lower semi-continuous as the supremum of continuous functions. O

Our goal is to compare the relative Minkowski content to the De Giorgi perimeter. To this aim, we first
reduce this comparison result to the case when C = B. Recall that, by definition of C, there exists a constant
rm > 0 such that the open ball B(0,r,,) satisfies

(14) B(0,7,,) C C.



10 JEROME BERTRAND AND MARJOLAINE PUEL

Thus, we get the inequality
[(E+rB(1)NQ|—|ENQ
r

(15) Minkc(E|Q) > liml%nf =r;m,Minkg(E | Q).

Complementary to this result is the following proposition.
Proposition 5.7. Let E be a compact subset of R?. Then, the following inequality holds
(16) Minkp(E|Q) > Per(E|Q).

Proof. We first rewrite

[(E+rB)NQ —|ENQ| 1/
= - XQ
E.\E

r r

where yq denotes the characteristic function of 2 and E, = F + rB. Now, we set dg the Euclidean distance
funtion to the set E. More precisely for any = € RY,

dg(x) = min |z — y|.
e(z) yeE| Y|

1 1
o = [ xalvil
" JE\E T JE\E

_ 1/ H (OB, N Q) ds
0

We have the following equalities

.
1
_ / HIY(DE,, N Q) ds.
0

where the second equality follows from the coarea formula. Now, thanks to [2, Proposition 3.62|, we get for any
measurable subset A of R?
HITLHANQ) > Per(A|Q).
Therefore, this yields
[(E+rB(1)NnQ—|ENQ S
r

1
/ Per(Es, | Q) ds.
0

To conclude, note that E,, converges to Fy = E with respect to the L'-convergence. Thus, we get the result
by combining Fatou’s lemma together with Lemma 5.6. ]

Remark 5.8. The proof above is inspired by [8].

5.1.2. An intermediate result. Thanks to the properties of De Giorgi perimeter, we can prove the following
result.

Proposition 5.9. Let Q be a domain of R%. For any constants 0 < My < My < |Q|, there exists a positive
constant € = €(Q, M1, M) depending on Q, My, and Ms such that

inf Per(FE|Q) > ¢
M
where M = {E measurable subset of Q; My < |E| < Ms}

Proof. We prove the result by contradiction by assuming that the infimum above is 0. Let (E;);eny be a
minimizing subsequence. Thanks to [2, Theorem 3.39 p.145], there exists a subsequence still denoted by (F;);en
which converges to a measurable subset E, of € in L*(). By definition of this convergence, E+, belongs to
M and Lemma 5.6 yields

Per(E |92) = 0.
Consequently, up to modifying E., on a negligible subset, xg__ is constant on the connected set Q (see [2,
Proposition 3.2 p118] for a proof). This contradicts the fact that Fo, € M and the proof is complete. O

By combining (15), Proposition 5.7 together with the proposition above, we get

Proposition 5.10. Let Q be a domain of RY. For any constants 0 < My < My < ||, there evists ¢ =
e(2, M1, M3) > 0 depending on Q, M, and My such that

igf Minke(E|Q) > €.



THE OPTIMAL MASS TRANSPORT PROBLEM FOR RELATIVISTIC COSTS 11

5.1.3. Proof of Proposition 5.2. Both statements are proved by contradiction. Let us remark that the quantity
[(E+tC)NQ —|ENQ is unchanged if we modify E outside a large ball B(R) (whose radius R depends on
the diameters of  and C). Thus in this proof, we only consider compact sets into B(R). Let (E,)nen be a
sequence of elements in S such that

1
(17) |(Bn+tC)NQ| < |E, N Q|+~

and (E,)nen converges to the compact set Eo, C B(R) with respect to the Hausdorff metric (see [40] for a
definition). By definition of this metric, we get

(18) limsup |E, N Q| < |Ex N Q.
n—-+oo
Now, recall that B(0,r,,) C C (14). For large n, we have
Foo C By + %’”tB

by definition of the Hausdorff metric, therefore
FEo + %C C E,+tC
and
(19) |EOOOQ\§|(Eoo+%C)ﬂQ|§|(En+tC)ﬁQ|

for large n.
Consequently thanks to (17) we get liminf,, ;o |E, NQ| > |Eoo N and, thanks to (18), Ex € S. Moreover,
(19) also yields

(20) I(Eoo+%C)ﬂQ\—|EooﬂQ|:0.

Let us prove that the equality above leads to a contradiction. We set 6 the non decreasing and right continuous

map defined by

0(s) =|(Ex +sC)N Q.
In particular, this map is differentiable for almost every sg and the first derivative equals Minke(Foo + soC | ).
Moreover, since 6 is right continuous and non decreasing, the set (Eo + $9C) is in § when sq is small (up to
slightly increase Ms). Therefore, Proposition 5.10 implies that for almost every small s, §'(s) > e and this
contradicts (20). The first part of the proposition is proved.

The proof of the second part is very similar so we only sketch it. Consider a sequence (E,,),en of compact
subsets of B(R) such that |E,NQ| — || and [(E, +tC)NQ| < |Q|. Since B(R) is compact, we can assume that
E,, converges to a compact set Eo, with respect to the Hausdorff metric. Thanks to (18), we get |[E, NQ| = |].
Now, using (14), we get

E,+tCD>E,+tr,,BD FE
for large n. Thus,
[(En +tC)NQ| > [Ex NQ| = |0

for large n, hence a contradiction.

5.2. Regularity of Kantorovich potentials. Throughout this section, we fix ¢ > T a supercritical speed and
the dependence on ¢ may be omitted at some points. Let us recall the notion of ¢c-concave function.

Definition 5.11 (c-concave function and c-subdifferential). Let ¢ : g — RU {—o0} be a function. We define
@° : supp 1 — R U {—o00, +o0}, the c-transform of ¢ by the formula

¢°(y) = inf c(x,y) — o(x).

e

Such a function ¢ is said to be c-concave if for all y € supp p1, ¢°(y) < +oo (so that (¢°)¢ is well-defined)
and (¢°)¢ = ¢ (where usually, the role of x and y is unchanged because of the possible asymmetry of the cost
function; note that in the rest of the paper, we will write ¢°¢ for simplicity). The c-subdifferential of a c-concave
function ¢ is defined by the formula 0.¢(Qy) = Uzeq,0:¢(x) where

Oep(x) = {y € supp p1; (x) + ¢°(y) = c(x,y)}
Remark 5.12. The c-subdifferential of a c-convave function is a c-monotone set, see for instance [44].

In order to motivate the study of (certain) ¢;-concave maps, we start with a Rockafellar-type theorem.
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Theorem 5.13. Let g and py be two probability measures on R with compact support. We also assume that
Lo = podx is reqular and concentrated on a domain Qg in the sense of Definition 2.1. Then for t > T, there
exists a c;-concave map ¢' such that

mo((1d, 8e,9")) = 1
where (Id,0.,¢%) = {(x,y) € Qo x supp u1; ¢* () + ¢'°(y) = ci(z,y)}. Such a map is called a Kantorovich
potential.

Proof. Let T} be the set introduced in the proof of Theorem 4.3. We shall prove
Ih c (Id,0.,¢").
We fix (zo,y0) € I}y and define

¢'(x) =

Jnf inf{ce(z1, o)+ -+ (@m, Ym—1) (@, ym) = (ce(@o, Yo) +- - ee(Tm, Ym)); Vi € {1,y m} (23, 5:) € INYS

Since t is a supercritical speed, supp 7 C {¢; < 400}. Thus, for (x1,y1) - (Tm,ym) € T}, the term inside
the brackets above is in R U {+o00} and the map ¢! is well-defined. Moreover, ¢!(£y) C RU {+o0}. Now we
shall prove that for all x € Qq, ¢'(z) < 400. To this aim, let us recall that I} is a ¢;-monotone set. Taking
m = 0 in the definition above leads to the inequality ¢!(zo) < 0, the ¢;-monotonicity of T gives us the reverse
inequality, thus ¢'(zo) = 0. As a particular case, consider = € {yo} + ¢C. By definition of the cost function, it
is clear that ¢!(z) < +o0o for such a x. For arbitrary x, we shall show that there exists a finite chain of points
linking zo to x such that, loosely speaking, the previous condition is satisfied. More precisely, we shall prove
that there exists k € N'\ {0} such that for any = € Qq, there exists (z;,v;)¥_, € I'} such that

Ct($17y0) < +OO,
(21) Vie{l,--k—1} ee(ip1,y:) < oo,
ez, y) < oo

To this aim, let us notice that by Proposition 3.1, we have the property C(T) < +oo which implies, see (10),
that for all closed set A,

(22) po(A+TC) = m(A),
mA+TC) > po(A).
Now, we fix ¢’ such that T' < ¢’ < t and define by induction the following sequence of sets:
Ao = {yo},
Aip1 = py(pz (A +C)NTY).

where p,, and p, stand for the projections on the z and y coordinates respectively, and A is the closure of A (in
R%). Formally speaking, Property (21) is equivalent to the existence of an integer k such that Ay +'C D
with ¢’ = t. However, since the sets p,(p;(A; +tC) NT'}) are not necessarily closed sets, we have to require a
little more to get the claim. Note that the existence of such a k also implies

(23) Vo e Qo, ¢'(z) < [leljoo(k +1).

Let us prove that Ay +¢' C D Qg for large k.
By using the optimal transport plan 7, we obtain for any integer i

p1(Aig1) > po(A; +1C).
Property (22) above gives us

pi(Aiv1) > (A 4+ po((Ai +1C)\ (A +T0C))
(24) > 1 (A;) + essinf(pg) (J(A; + 1 C) N Q| — [(A; + T C) N Q).
Now, we claim that there exists M; > 0 such that for any integer i > 1,
(25) (A +TC) N Q| > M.
To this aim, first notice that
(26) fo(Ag +1'C) = po({yo} +1'C) > 0.

This follows from the existence of a small € such that

{yo} +¥'C D> {yo} +TC+ B(e)
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together with an application of (22):
po(B(yo.€) + T C) > p1(B(yo,€)) > 0

since yo belongs to supp ;. Consequently, we get

po(A1 +TC) pa (A1)

po(Ag +1'C)

where the first inequality follows from (22) and the second one from the definition of A;. Since (A;)en is a
non decreasing sequence with respect to the inclusion and by assumption on pg, we get (25). Now, we claim
that the non decreasing sequence |(A; + T'C) N Qo| — || when 4 goes to infinity. Otherwise, the sequence
[(A; + TC) N Q| would be bounded away from 0 and [€2g], and using the first statement of Proposition 5.2, we
would get the existence of a positive number ¢’ such that for all 7 > 1,

‘(Az +TC+ (t/ —T)C) ﬂ90| - |<Az +TC) ﬁﬂo| Z El.

>
>

This property combined with (24) clearly contradicts the fact that p; is a probability measure and the claim
is proved. With this property in hand, we can now apply the second statement of Proposition 5.2 and obtain
that for large i, [(A; + ' C) N Qo| = |Qo|. This implies that for large i, ug(A; + ¢ C) = 1 which in return gives
11 (A;4+1) = 1 by definition of A; ;. As a consequence,
supp p1 C Ajt1.
Since t' is a supercritical speed, C(t') < 4o00. Consequently, the following inclusion holds

Qo Csuppur +t'C.

By combining these last two properties, we get (21).

Using the same approach, we shall show that ¢' > —oo on p,(T'f) hence po—almost everywhere. Let us
mention that this last property entails that ¢'“(suppui) C R U {—o00} as required in the definition of c;-
concave map. Once again, consider as a particular case a pair (z,y) € T}y such that ¢;(zg,y) < +oo. By
definition of ¢, we have for any z

(27) d)t(z) S ¢t(x)+ct(z,y)—ct(x,y).
Choosing z = =z in (27) together with the fact that ¢'(zo) = 0 gives the result. To prove the general

case, let us define Cy = p,(pz*({z}) NTE) (which is a non empty set by assumption on (z,y)) and Ciyq =

py(pz 1 (C; + ¥ C) NTE). The same computations as above give 1 (Cy) = 1 for k large enough, and consequently,
xo € C) + t' C. This entails ¢!(x) > —oo, and more precisely

(28) Vo € pu(T5), ¢'(2) = —le|lo(k + 1).

It remains to check that ¢*“*“ = ¢! and that I'Y C (Id, d,#"). The latter property follows easily from (27).
Let us prove the other one. We start by renaming y,, as vy,

o) =t aley) - u)

where u(y) = —oc if y ¢ p, () and
u(y) = SUPSUP{Ct(%,yO) + -+ ct(xm,y) - (Ct('xhyO) + -+ Ct(mmvym—l)); (x17y1)7 e (x’ffmy) € Fé}

otherwise.

By (28), u(py(I')) C R, that is to say ¢' = u® with u : supp 1 — R U {—o00}. Now, for arbitrary admissible
map «, we have
(29) a < a
by definition of the c-transform. Applying the c-transform again, we get

af > afc.

On the other hand, (29) applied to o = u® gives the reverse inequality. Therefore, u“ = u° which exactly
means ¢! = ¢!““ as required. O

To state our result concerning the regularity of the Kantorovich potential, we need to recall the notion of
approximate differential.
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Definition 5.14. We say that f : X — RU{—oco0} has an approximate differential at a point z if f(z) € R and
there exists a map g : X — R differentiable at z such that the set {f # g} has density 0 at z and f(z) = g(z).
The approximate gradient of f at x is denoted by V f(z).

Theorem 5.15. Under the assumptions of Theorem 5.13, the map ¢ o
Ipm({w—yetC}ﬂFB)
modification on a negligible set) and belongs to L>=(Q). Moreover, ¢t is approzimately differentiable Lebesgue

is measurable (up to a

o
almost everywhere on p,({x —y € tC} NT}).

Proof. First, notice that |¢f| is bounded apart from a negligible set thanks to (23) and (28). For any positive
integer n, we set
0, ={z€Q0;3y;(z,y) eTfandz —y € (1 —1/n)tC}.

Thus, the following equality holds

(30) O:=p,({x—yetCInll) = U O,,.

neN\{0}
Note that © is measurable as an analytic set. We claim that for any n, ¢'|e, is a Lipschitz map. Indeed, for
any x € ©,, and any z € B(z, &) N ©,, (see (14) for the definition of 7,,), let us denote by y a point such that

’ 2n

(z,y) €T and x —y € (1 — 1)tC. We get by (27),
¢t(z) - ¢t(x) < Ct(z,y) - Ct(xay)

which implies the existence of a positive constant k(n)
¢'(2) — ¢'(x) < k(n)|z — |
by assumption on the cost function. Thus ¢! is locally Lipschitz and since it is bounded, it is a Lipschitz map
on O,.
Now using Kirszbraun’s theorem, we set ¢!, a Lipschitz function defined on © and which coincides with ¢

on O,,. For all n, ¢! is measurable on ©. Moreover, using (30), we get that ¢, converges pointwise to ¢ on ©.
This implies the measurability of gblt@. To conclude the proof, let us remark that if n < m, then ©,, C 0,,, and

consequently ¢! |o = ¢! |o,. Using Rademacher’s Theorem together with Lebegue’s density Theorem, we get
|A,| =0and |4,] =0
where
A, = {x € ;¢! is not differentiable at 2}
and
A, ={x € ©,;z is not a point of density 1 of ©,,}.
Note that since ©,, C ©,41 for all n, a point of density 1 of ©,, is a point of density 1 of © as well. We claim
that ¢’ is approximately differentiable on Z = © \ (UneN\{o} (A, U fln))

Indeed, given = € Z, there exists ny such that z € ©,,, and gbfm is differentiable at . Now since by definition
of Z, x is a point of density 1 of ©,, and ©,, C {¢' = ¢!, }, ¢' is approximatively differentiable at x.
O

5.3. Proof of Theorem 5.1.

Proof. In this short section, we combine previous results in order to prove Theorem 5.1. Let (z,y) € {x —y €

tC}NTENZ x R In particular, we have
¢'(z) + 6" (y) = cr(z,y).

Therefore by definition of the c-transform and since c;(z,y) = h(*3%) with h a strictly convex function, we get

for z close to x
(31) 0'(2) = 9'(2) < h(*—) = h(=7) < +oo.

Let g be a differentiable map at x such that the set {¢' = g} has density one at z and g(z) = ¢'(z). We get
that for any z € {¢' = g},

(=) = h(==2) > V¢! (2) - (z = 2) + o(|2 — a])
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[e]
and since y — € tC, h is continuous at *=¥. Therefore, the inequality above yields

Ve!(x) € Oh(—)

which gives the result since h is stricly convex. |
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