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Abstract

Let I be a compact d-dimensional manifold, X : I — R a Gaussian
process with regular paths and Fj(u) , u € R the probability distribution
function of sup,c; X (¢).

We prove that under certain regularity and non-degeneracy conditions, F
is a Cl-function and F} is absolutely continuous, and that F} F} satisfy
certain implicit equations that permit to give bounds for their values and to
compute their asymptotic behaviour as uw — +oco. This is a partial extension
of previous results by the authors in the case d = 1.

Our methods use strongly the so-called Rice formulae for the moments of
the number of roots of an equation of the form Z(t) = z, where Z : I — R?
is a random field and x a fixed point in R%. We also give proofs for this kind
of formulae, which have their own interest beyond the present application.
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1 Introduction and notations.

Let I be a d-dimensional compact manifold and X : I — R a Gaussian process with

regular paths defined on some probability space (2, A, P). Define M; = sup X(t)
tel

and Fj(u) = P{M; < u}, u € R the probability distribution function of the random
variable M;. Our aim is to study the regularity of the function F; when d > 1.

There exist a certain number of general results on this subject, starting from
the papers by Ylvisaker (1968) and Tsirelson (1975) (see also Weber (1985), Lifshits
(1995), Diebolt and Posse (1996) and references therein). The main purpose of this
paper is to extend to d > 1 some of the results about the regularity of the function
u ~» Fr(u) in Azais & Wschebor (2001), which concern the case d = 1.

Our main tool here is Rice Formula for the moments of the number of roots
NZ(I) of the equation Z(t) = u on the set I, where {Z(t) : t € I} is an R%valued
Gaussian field, I is a subset of R? and u a given point in R?. For d > 1, even
though it has been used in various contexts, as far as the authors know, a full proof
of Rice Formula for the moments of NZ(I) seems to have only been published by R.
Adler (1981) for the first moment of the number of critical points of a real-valued
stationary Gaussian process with a d-dimensional parameter, and extended by Azais
and Delmas (2002) to the case of processes with constant variance. Cabana (1985)
contains related formulae for random fields; see also the PHD thesis of Konakov
cited by Piterbarg (1996b). In the next section we give a more general result which
has an interest that goes beyond the application of the present paper. At the same
time the proof appears to be simpler than previous ones. We have also included
the proof of the formula for higher moments, which in fact follows easily from the
first moment. Both extend with no difficulties to certain classes of non-Gaussian
processes.

It should be pointed out that the validity of Rice Formula for Lebesgue-almost
every u € R% is easy to prove (Brillinger, 1972) but this is insufficient for a certain
number of standard applications. For example, assume X : [ ~» R is a real-valued
random process and one is willing to compute the moments of the number of critical
points of X. Then, we must take for Z the random field Z(t) = X'(¢) and the
formula one needs is for the precise value u = 0 so that a formula for almost every
u does not solve the problem.

We have added Rice Formula for processes defined on smooth manifolds. Even
though Rice Formula is local, this is convenient for various applications. We will
need a formula of this sort to state and prove the implicit formulae for the derivatives
of the distribution of the maximum (see Section 3).



The results on the differentiation of F; are partial extensions of Azais & Wsche-
bor (2001). They concern only the first two derivatives and remain quite far away
from what is known for d = 1. The main result in that paper states that if X is
a real-valued Gaussian process defined on a certain compact interval I of the real
line, has C?* paths (k integer, k > 1) and satisfies a non-degeneracy condition, then
the distribution of M is of class C¥.

For Gaussian fields defined on a d-dimensional regular manifold (d > 1) and
possessing regular paths we obtain some improvements with respect to classical
and general results due to Tsirelson (1975) for Gaussian sequences. An example is
Corollary 6.1, that provides an asymptotic formula for Fj(u) as u — 400 which is
explicit in terms of the covariance of the process and can be compared with Theorem
4 in Tsirelson (1975) where an implicit expression depending on the function F' itself
is given.

We use the following notations:

If Z is a smooth function U ~» R¥, U a subset of RY, its successive derivatives
are denoted 7/, Z"....Z®*) and considered respectively as linear, bilinear, ..., k—linear
forms on R?. For example, X (¢){v;, vy, v3} is the value of the third derivative at
point ¢ applied to the triplet (v, v9, v3). The same notation is used for a derivative
on a C* manifold.

1,81 and I are respectively the interior, the boundary and the closure of the set
I. If € is a random vector with values in R? , whenever they exist, we denote by
pe(x) the value of the density of £ at the point x, by E({) its expectation and by
Var(§) its variance-covariance matrix. A is Lebesgue measure.

If u,v are points in R?, (u,v) denotes their usual scalar product and ||u|| the
Euclidean norm of w.

For M a d x d real matrix, we denote

] = sup | Ma

llzll=

We put A? = Ain,...A2 for the eigenvalues of MMT 0 < )\ < ..< M\ Then,
|M|| = \g and if M is non-singular, ||M 7| = % = m

Also for symmetric M, M > 0 (respectively M < 0) denotes that M is positive
definite (resp. negative definite).

(TT'Z) is the usual combinatorial number, i.e. (m) — __m

——%— if m,n are non-
n nl(m—n)! ’
negative integers, m > n and (7::) = 0 otherwise.

A€ denotes the complement of the set A. For real x, 27 = sup(z,0), x~ =

sup(—z,0)



2 Rice formulae
Our main results in this section are the following:

Theorem 2.1 Let Z : I ~ R? , I a compact subset of R%, be a random field and
u € RY.

Assume that:

A0: Z is Gaussian,

Al: t ~ Z(t) is a.s. of class C!,

A2: for each t € I, Z(t) has a non degenerate distribution (i.e. Var(Z(t)) = 0),

A8: P{3t € I,Z(t) = u,det (Z'(t)) =0} =0

Aj: NOI) = 0.

Then

B(NI(D) = [E(deZO)/Z() =) prola)dr 1
and both members are finite.

Theorem 2.2 Let k, k > 2 be an integer. Assume the same hypotheses as in
Theorem (2.1) excepting for A2 that is replaced by
A2 : forty, ..., t, € I pairwise different values of the parameter, the distribution

of
(Z(t1), ..., Z(tx))

does not degenerate in (RY)*. Then

B [(V2(D) (V1) = 1) (NZ(D) — £+ 1)]

_ /I B (H [det (Z'(t))/Z(t1) = ... = Z(ty) = u)

where both members may be infinite.

Remark.
Note that Theorem 2.1 (resp 2.2) remains valid, excepting for the finiteness of the
expectation in Theorem (2.1), if I is open and hypotheses A0,A1,A2 (resp A’2) and



A3 are verified. This follows immediately from the above statements. A standard ex-
tension argument shows that (1) holds true if one replaces I by any Borel subset of 1

Sufficient conditions for hypotheses A3 to hold are given by the next proposition.

Proposition 2.1 Let Z : I ~ R?% , I a compact subset of R% be a random field with
paths of class C' and u € R?. Assume that

o pyw(x) <C forallt €I and x in some neighbourhood of u.

e at least one of the two following hypotheses is satisfied:
a) a.s. t~ Z(t) is of class C?
b)
a(d) = sup P{| det(Z'(t))| < 6/Z(t) = x} —0

tel,zeV (u)

as 0 — 0, where V(u) is some neighbourhood of .
Then A8 holds true.

Proof. If condition a) holds true, the result is Lemma 5 in Cucker and Wschebor
(2003).

To prove it under condition b), assume with no loss of generality that I = [0, 1]¢
and that v = 0. Put G; = {3t € I, Z(t) = 0,det (Z'(t)) = 0} Choose € > 0, n > 0;
there exists a positive number M such that

P(Ey) = P{ sup 1Z'(t)|| > M} <e.

Denote by wget the modulus of continuity of | det(X'(.))| and choose m large enough
so that

P(F,) = P{wdex% >} <.

Consider the partition of I into m? small cubes with sides of length 1/m. Let C;
such a cube and t;, ;, its centre (1 < iy, ...,ig < m). Then

1.0

P(Gr) < P(Ex) + P(Fuy) + Y P(GCZ.

1<iy . ig<m

LN BN F:W> (3)

1---2



When the event in the term corresponding to ;...i4 of the last sum occurs, we have:
M .
|Zj(ti1---id)| < _\/ZZ J = 17 7d
m
where Z; denotes the j-th coordinate of Z, and:

|det (Z/(tllld))‘ <n.

So, if m is chosen sufficiently large so that V'(0) contains the ball centred at 0 with
MVd

radius =4, one has:

2M
P(G1) < 26 + m?(=—Vd)"Ca(n)
m
Since € and n are arbitrarily small, the result follows. 0

Lemma 2.1 With the notations of Theorem (2.1), suppose that A1 and A4 hold
true and that

Pz (x) < C forallt € I and x in some neighbourhood of u
Then P{NZ(dI) #0} =0

Proof: We use the notation of Proposition 2.1, with the same definition of Fj,
excepting that we do not suppose that I = [0,1]¢ .

Since 01 has zero measure, for each positive integer m, it can be covered by h(m)
cubes C1, ..., Chmy with centres 2y, ...t4y,) and side lengths sy, ...55(,) smaller than
1/m, such that

h(m)
Z(si)d — 0 as m — +oo.
i=1

So,

h(m)

P{NZ(I) # 0} <P(Ea)+ Y. P((NA(C:) #0) N Ey,)

=1
h(m) Vd h(m)
=1 i=1

This gives the result. O



Lemma 2.2 Let Z : I — R%, I a compact subset of R%, be a C* function and u a
point in R, Assume that

(L) inftezq({u}) ()\mm (Z/(t))> >A>0

b) wy(n) < A/d

where wy is the continuity modulus of Z', defined as the maximum of the conti-
nuity moduli of its entries and n a positive number.

Then, if t1,ts are two distinct roots of the equation Z(t) = u such that the
segment [t1,ts] is contained in I, the Fuclidean distance between t, and ty is greater
than n.

Recall that A\, (Z’(t)) is the inverse of || (Z’(t))71||.

Proof: Set i1 = ||t — taf] , v = ﬁ Using the mean value theorem, for
i=1,...,d, there exists §; € [t1, 2] such that
(Z'(&)v), =0
Thus
[(Z'(t)v),| = [(Z'(t)v), = (Z'(&)v),l

d

d
Z 12 (t1)ik = Z'(&iklJve] < wz (i) D vkl < wa()Vd
k=1

=1

IN

In conclusion

A S )\mzn(Z,(tl)> S ||Z’<t1)’l)|| S wZ’(ﬁ)d7
that implies > n. 0J

Proof of Theorem 2.1: Consider a continuous non-decreasing function F' such
that

F(z)=0 for x <1/2
1 forx > 1.

Let A and 7 be positive real numbers. Define the random function

oa () = F (i inf P Z/(5)) +1209) —ul]) x (1= F(ewnm)), @)

and the set I, = {t € I : |t —s| > n,Vs ¢ I}. If aa,(u) > 0 and NZ(I_,)
does not vanish, conditions a) and b) in Lemma 2.2 are satisfied. Hence, in each
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ball with diameter 7 centred at a point in I_, there is at most one root of the
equation Z(t) = u, and a compactness argument shows that N7 (I_,) is bounded by
a constant C'(n, I), depending only on 7 and on the set I.

Take now any real-valued non-random continuous function f : R¢ — R with
compact support. Because of the coarea formula (Federer, 1969, Th 3.2.3), since
a.s. Z is Lipschitz and aa ,(u).f(u) is integrable:

Rdf(u)Nf(fn)%,n(U)du:/ | det(Z' (1)) (Z(t)) aay(Z(t))dt.

I*”I

Taking expectations in both sides,

F)E (N (I-p)any(w)) du =
Rd

Rdf(U)dU/ E (| det(Z'(t))laan(u)/Z(t) = w) pze(w)dt.

I*TI

It follows that the two functions
(i) : E (NuZ(Ifn)O‘Am(u))

(i) i/l E (| det(Z'(t))loan(u)/Z(t) = u) pza(u)dt,
-n
coincide Lebesgue-almost everywhere as functions of w.

Let us prove that both functions are continuous, hence they are equal for every
u € RY.

Fix v = wuy and let us show that the function in (i) is continuous at u = uy.
Consider the random variable inside the expectation sign in (7). Almost surely, there
is no point ¢ in Z7!({ug}) such that det(Z’(t)) =0. By the local inversion theorem,
Z(.) is invertible in some neighbourhood of each point belonging to Z~!({ug}) and
the distance from Z(t) to ug is bounded below by a positive number for ¢t € I_,
outside of the union of these neighbourhoods. This implies that, a.s., as a function of
u, NZ(I_,) is constant in some (random) neighbourhood of uy. On the other hand, it
is clear from its definition that the function u ~» aa ,(u) is continuous and bounded.
We may now apply dominated convergence as u — ug, since NZ(I_,)an,(u) is
bounded by a constant that does not depend on .

For the continuity of (ii), it is enough to prove that, for each t € I the conditional
expectation in the integrand is a continuous function of u. Note that the random



variable |det(Z'(t))|aa ,(u) is a functional defined on {(Z(s), Z'(s)) : s € I}. Per-
form a Gaussian regression of (Z(s),Z'(s)) : s € I with respect to the random
variable Z(t), that is, write

Z(s) = Y's)+a'(s)Z(t)
Zi(s) = Yi(s)+Bi(s)Z(t), j=1,...d

where Zj(s) (j = 1, ...,d) denote the columns of Z'(s), Y*(s) and Y/(s) are Gaussian
vectors, independent of Z(t) for each s € I, and the regression matrices o(s), 35(s)
(7 = 1,...,d) are continuous functions of s,¢ (take into account A2). Replacing in
the conditional expectation we are now able to get rid of the conditioning, and using
the fact that the moments of the supremum of an a.s. bounded Gaussian process
are finite, the continuity in u follows by dominated convergence.

So, now we fix u € R? and make n | 0, A | 0 in that order, both in (i) and (ii).
For (i) one can use Beppo Levi’s Theorem. Note that almost surely

NZ(I_,) T NZ(I) = NZ(I),

where the last equality follows from Lemma 2.1. On the other hand, the same
Lemma 2.1 plus A3 imply together that,almost surely:

inf [)\mm(Z’(s)) 11 Z(s) — uﬂ >0

so that the first factor in the right-hand member of (4) increases to 1 as A decreases
to zero. Hence by Beppo Levi’s Theorem:

limlim BN/ (I-)aa,(w) = E(N(D).

For (ii), one can proceed in a similar way after de-conditioning obtaining (1). To
finish the proof, remark that standard Gaussian calculations show the finiteness of
the right-hand member of (1). O

Proof of Theorem 2.2: For each § > 0, define the domain
Dis(I) = {(t1, ... ty) € I*, ||ti —t;| > 5 if i#4,4,5=1,...k}
and the process Z
(t1y oo ty) € Dis(I) ~ Z(ty, oo ty) = (Z(t1), .., Z(ty)).

9



It is clear that Z satisfies the hypotheses of Theorem 2.1 for every value (u,...,u) €
(RY)*. So,

To finish, let § | 0, note that (NZ(I))(NZ(I)—1)...(NZ(I)—k+1) is the monotone
limit of ~

N,y (Drs(1))
and that the diagonal Dy (1) = {(tl, o tr) € I* t; = t; for some pair i, j, 1 # j} has
zero Lebesgue measure in (R?)*. O]

-----

Remark Even thought we will not use this in the present paper, we point out
that it is easy to adapt the proofs of Theorems 2.1 and 2.2 to certain classes of
non-Gaussian processes.

For example, the statement of Theorem 2.1 remains valid if one replaces hy-
potheses A0 and A2 respectively by the following BO and B2:

BO: Z(t) = H(Y (t)) for t € I where
Y : I — R" is a Gaussian process with C! paths such that for each t € I, Y (¢) has
a non-degenerate distribution and H : R" — R%is a C' function.

B2 : for each t € I, Z(t) has a density pz() which is continuous as a function of
(t,u).

Note that BO and B2 together imply that n > d. The only change to be intro-
duced in the proof of the theorem is in the continuity of (ii) where the regression is
performed on Y (t) instead of Z(t)

Similarly, the statement of Theorem 2.2 remains valid if we replace A0 by B0 and
add the requirement the joint density of Z(;), ..., Z(tx) to be a continuous function
of t1, ..., ty, u for pairwise different ¢, ..., ¢

Now consider a process X from [ to R and define

Mg (I) = #{t € I, X(.) has a local maximum at the point ¢, X (t) > u}
MY (1) =t{t € I,X'(t) = 0, X(t) > u}

The problem of writing Rice Formulae for the factorial moments of these random
variables can be considered as a particular case of the previous one and the proofs are

10



the same, mutatis mutandis. For further use, we state as a theorem, Rice Formula
for the expectation. For short we do not state the equivalent of Theorem (2.2) that
holds true similarly.

Theorem 2.3 Let X : [ ~ R , I a compact subset of R%, be a random field. Let
u € R, define Mfi([), 1= 1,2 as above. For each d x d real symmetric matriz M,
we put 61 (M) := | det(M)| My, 6*(M) = | det(M)|.

Assume:

A0: X is Gaussian,

A71: a.s. t ~ X(t) is of class C?,

A72: for each t € I, X(t), X'(t) has a non degenerate distribution in R' x R¢,

A”3: either

a.s. t ~ X (t) is of class C*

or

a(6)= sup P(|det (X"(t))] <6/X'(t) =2") -0
tel,x’eV(0)
as 6 — 0, where V(0) denotes some neighbourhood of 0,

A4: OI has zero Lebesque measure.
Then, fori=1,2:

B () = [ e / E (5 (X"(1)) /X (1) = 2, X'(£) = 0) pix oy, Ot

and both members are finite.

2.1 Processes defined on a smooth manifold.

Let U be a differentiable manifold (by differentiable we mean infinitely differentiable)
of dimension d. We suppose that U is orientable in the sense that there exists a
non-vanishing differentiable d-form €2 on U. This is equivalent to assuming that
there exists an atlas ((Ui,gbi);i el ) such that for any pair of intersecting charts
(Ui, 1), (Uj, ¢;), the Jacobian of the map ¢; o ¢j_1 is positive.

We consider a Gaussian stochastic process with real values and C? paths X =
{X(t) : t € U} defined on the manifold U. In this subsection, our aim is to write
Rice Formulae for this kind of processes under various geometric settings for U.
More precisely we will consider three cases: first, when U is a manifold without any
additional structure on it; second, when U has a Riemannian metric; third, when it

11



is embedded in an Euclidean space. We will make use of these formulae in Section
3 but they have an interest in themselves. (See Taylor and Adler (2002) for other
details or similar results).

We will assume that in every chart X (¢) and DX (¢) have a non-degenerate joint
distribution and that hypothesis A”3 is verified. For S a Borel subset of U, the
following quantities are well defined and measurable : MY, (S), the number of local
maxima and M;,(S), the number of critical points.

2.1.1 Abstract manifold

Proposition 2.2 For k = 1,2 the quantity which is expressed in every chart ¢ with
coordinates si, ..., Sq as

/ s (5 (Y"(5))/Y (s) = 2,Y"(5) = 0) py(s)y1(s) (@, 0) Ay dsi,  (6)

where Y(s) is the process X written in the chart : Y = X o o1, defines a d-form
QF on U and for every Borel set S C U

/SQ’f =E (M;5.(9)) .

Proof: Note that a d-form is a measure on U whose image in each chart is
absolutely continuous with respect to Lebesgue measure A%, ds;,. To prove that (6)
defines an d-form, it is sufficient to prove that its density with respect to A%, ds;,
satisfies locally the change-of-variable formula. Let (Uy, ¢1), (Us, ¢2) two intersecting
charts and set

Up:=UriNUy; Yi=Xogy'; Yai=Xogy'; Hi=dpopy.

Denote by s! and s?, i =1, ..., d the coordinates in each chart. We have

Wi _ %308,
dst — 0s, Os}
PYi <~ %Yy OHyOHy <Y, OHy
Dsjds) 4 - O0sj0s3 Os; Os; 4~ 0s} 0sl0s}

Thus at every point
Yi(sh) = (H'(s") Yi(s?),

12



le(sl),Yl’(sl)(xu 0) = pYz(SQ),Yé(S2)(xa O)| det(Hl(81)|_1

and at a singular point

Y{(s') = (H'(s")) Y5 (s*) H'(s"),
On the other hand, by the change of variable formula

AL dst = |det(H'(s")| 7t AL, ds?.

Replacing in the integrand in (6), one checks the desired result.

For the second part again it suffices to prove it locally for an open subset S
included in a unique chart. Let (S, ¢) a chart and let again Y (s) be the process
written in this chart, it suffices to check that

E (M.(5)) =
+oo
/ d)\(s)/ dz E (5k(Y”(s))/Y(S) =z,Y'(s) = O) Py (s),v(s)(,0). (7)
#(9) u

Since MY (S) is equal to M), {¢(S)} we see that the result is a direct conse-
quence of Theorem (2.3)

2.1.2 Riemannian manifold

The form in (6) is intrinsic (in the sense that it does not depend on the parametriza-
tion) but the terms inside the integrand are not. It is possible to give a complete
intrinsic expression in the case when U is a equipped with a Riemannian metric.
When such a Riemannian metric is not given, it is always possible to use the metric
¢ induced by the process itself (see Taylor and Adler, 2002) by setting

0.(v. 2) = B( (Y (X)) (2()) ).

for Y, Z belonging the tangent space T'(s) at s € U. Y(X), (resp. Z(X)) denotes
the action of the tangent vector Y (resp. Z) on the function X. This metric leads
to very simple expressions for centred variance-1 Gaussian processes.

The main point is that at a singular point of X the second order derivative D?X
is intrinsic since it defines locally the Taylor expansion. Given the Riemannian
metric g, the second differential can be represented by an endomorphism that will

be denoted V2X (s).
DX (s){Y, Z} = Y(Z(X) = Z(Y(X) = g,(V*X(5)Y, Z). (8)

13



In fact, at a singular point the definition given by formula (8) coincide with the
definition of the Hessian read in and orthonormal basis. This endomorphism is
intrinsic and of course its determinant. So in a chart

det (V2X(s)) = det(D*X(s)) det(gs) ™", 9)
and V2X (s) is negative definite if and only if D*X (s) is. Hence
§F(V°X(s)) = 6*(D*X(s)) det(gs) ™" ; (k=1,2)

We turn now to the density in (6). The gradient at some location s is defined
as the unique vector VX(s) € T(s) such that gs(VX(s),Y) = DX(s){Y}. In a
chart the vector of coordinates of the gradient in the basis dx;,7 = 1,d is given
by (gs)_lDX (s) where DX(s) is now the vector of coordinates of the derivative in
the basis da’,i = 1,d. The joint density at (z,0) of (X(s), VX (s))is intrinsic only
if read in an orthonormal basis of the tangent space. In that case the vector of
coordinates is given by

VX(s) = (95)1/2VX(S) = (gs)fl/QDX
By the change of variable formula :
Px(s) 5% (s) (@ 0) = Px(5),0x(5) (%, 0) v/ det(gs)
Remembering that the Riemannian volume Vol satisfies
Vol = \/det(gs) AL, ds?

we can rewrite expression (6) as
+oo
/ dz E(0"(V?X (s)/X(s) = 2, VX(s) = 0)px(s).vx(s)(7,0) Vol (10)

where we have omitted the tilde above VX (s) for simplicity. This is the Riemannian
intrinsic expression.

2.1.3 Embedded manifold

In most practical applications, U is naturally embedded in an Euclidean space R™.
Examples of such situations are given by U being a sphere or the boundary of a
domain in R™ . In such a case we look for an expression for (10) as a function of

14



the natural derivative on R". The manifold is equipped with the metric induced
by the Euclidean metric in R™. Considering the form (10), clearly the Riemannian
volume is just the geometric measure o on U.

Following Milnor (1965), we assume that the process X; is defined on an open
neighbourhood of U so that the ordinary derivatives X'(s) and X" (s) are well defined
for s € U. Denoting the projector onto the tangent and normal spaces by Pr(,) and
Pns), we have.

VX(s) = Pre)(X'(s)).
Wee now define the second fundamental form Il of U embedded in R™ than can be

defined in our simple case as the bilinear application ( see Kobayashi Nomizu 1997
T 2, chap. 7 for details).

Y,Z € T(s) ~ P (VyY).

where ViY is the Levi-Civita connection on R". The next formula is well known,
or easy to check at a singular point, and gives the expression of the Hessian on U.

Y, Z € T(s) ~ X"(s){Y, Z}+ < I{Y, Z}, X'(s) >, (11)

The determinant of the bilinear form given by (11), expressed in an orthonormal
basis, gives the value of det (V2X(s)). As a conclusion we get the expression of
every terms involved in (10).

Ezxamples:

Codimension 1: with a given orientation we get
VX = X] +1L.XY

where X/ is the tangent projection of the second derivative and X}, the normal
component of the gradient.

Sphere: When U is a sphere of radius r > 0 in R%*! oriented towards the inside

VX = X[+ r(Id) g Xy (12)
Curve: When the manifold is a curve parametrized by arc length
+o00o
/ dx / dt
(5'“ (Xz(t Xy (t)/X(t) = 2, X7(t) = 0) px(o).xp0(,0), (13)

Where C(t) is the curvature at location ¢ and X} (¢) is the derivative taken is
the direction of the normal to the curve at point ¢.

15



Remark: One can consider a number of variants of Rice formulae, in which we
may be interested in computing the moments of the number of roots of the equation
Z(t) = u under some additional conditions. This has been the case in the statement
of Theorem 2.3 in which we have given formulae for the first moment of the number
of zeroes of X’ in which X is bigger than u (i=2) and also the real-valued process
X has a local maximum (i=1).

We just consider below two additional examples of variants that we state here
for further reference. We limit the statements to random fields defined on subsets
of R?%. Similar statements hold true when the parameter set is a general smooth
manifold. Proofs are essentially the same as the previous ones.

Variant 1: Assume that Z;, Z, are R%valued random fields defined on compact
subsets I1, I, of R and suppose that (Z;, I;) (i = 1,2) satisfy the hypotheses of
Theorem 2.1 and that for every s € I; and t € I, the distribution of (Z;(s), Z(t))
does not degenerate. Then, for each pair u;, uy € R%:

E (N7 ()N (1))
= / dtydtzE (| det(Z; (0))|] det(Z5(t2))/Z1(t1) = wr, Za(ta) = u2) Pz, za) (w1, 2),
I x1Io
(14)

Variant 2: Let Z, I be as in Theorem 2.1 and £ a real-valued bounded random
variable which is measurable with respect to the o-algebra generated by the process
Z. Assume that for each t € I, there exists a continuous Gaussian process {Y?(s) :
s € I}, for each s,t € I a non-random function af(s) : RY — R? and a Borel-
measurable function g : C — R where C is space of real-valued continuous functions
on I equipped with the supremum norm, such that:

L &=g(Y'()+al()Z(t)
2. Y'(.) and Z(t) are independent
3. for each uy € R, almost surely the function
u~ g(Y'(.) + o' ()u)
is continuous at u = ug

Then the formula :
B(NZ(DE) = [ E(1detZ O)Ie/2(0) = ) pao ()it
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holds true.

We will be particularly interested in the function £ = 1, -, for some v € R. We
will see that later on that it satisfies the above conditions under certain hypotheses
on the process Z.

3 First Derivative, First Form.

Our main goals in this and the next section are to prove existence and regularity of
the derivatives of the function u ~» Fj(u) and, at the same time, that they satisfy
some implicit formulae that can be used to provide bounds on them. In the following
we assume that I is a d-dimensional C* manifold embedded in RY , N > d. o and
o are respectively the geometric measures on I and dI. Unless explicit statement of
the contrary, the topology on I will be he relative topology.

In this section we prove formula (17) for F}(u). -that we call “first form”- which
is valid for A\-almost every u, under strong regularity conditions on the paths of the
process X. In fact, the hypothesis that X is Gaussian is only used in Rice formula
itself and in Lemma 3.1 which gives a bound for the joint density

PX(s),X(t),X"(s),X"(t)

In both places, one can substitute Gaussianity by appropriate conditions that permit
to obtain similar results.

More generally, it is easy to see that inequality (15) below is valid under quite
general non Gaussian conditions and implies that we have the following upper bound
for the density of the distribution of the random variable M;.

Fl(u) < /[ E (6"(X"(t)/X () = u, X'(t) = 0) px (1), x) (u, 0)o(dt)+
/a B (0 (R0)/X(0) = X(1) = 0) g (w006 (dt), - (15)

where the function 6! has been defined in the statement of Theorem 2.3 and X
denotes the restriction of X to the boundary 01I.

Even for d = 1 (one parameter processes) and X Gaussian and stationary, in-
equality (15) provides reasonably good upper bounds for F7(u) (see Diebolt and
Posse (1996), Azals and Wschebor (2001). We will see an example for d = 2 at the
end of this section.
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In the next section, we are able to prove that Fy(u) is a C' function and that
formula (17) can be essentially simplified by getting rid of the conditional expecta-
tion, thus obtaining the “second form” for the derivative. This is done under weaker
regularity conditions but the assumption that X is Gaussian becomes essential.

In case the dimension d of the parameter is equal to 1, this is the starting point
to continue the differentiation procedure and under hypotheses Hy, one is able to
prove that I} is a C* function and to obtain implicit formulae for F I(k) (see Azais &
Wschebor, 2001)

When d > 1, a certain number of difficulties arise and it is not clear that the
process can continue beyond k£ = 2. With the purpose of establishing such formula
for F}', we introduce in Section 4 the “helix-processes” which appear in a natural
way in these formulae and have paths possessing singularities of a certain form that
will be described precisely in that section.

Definition 3.1 Let X : I — R be real-valued stochastic process defined on a
subset of RY. We will say that X satisfies condition (Hy), k a positive integer, if
the following three conditions hold true:

o X is Gaussian,
o a.s. the paths of X are of class C*;

e for any choice of pairwise different values of the parameter ty, ....,t, the joint
distribution of the random variables

X(t1) ooy X (), X (t1), oo, X (), ooy X B (1), ., XB(2,) (16)

has mazimum rank. Note that the number of distinct real-valued Gaussian
variables belonging to this set (16), on account of exchangeability of the order
of differentiation, is equal to

) G e (G50)]

The next proposition shows that there exist processes that satisfy (Hy).

Proposition 3.1 Let X = {X(t) ‘te Rd} be a centred stationary Gaussian pro-
cess having continuous spectral density fX. Assume that fX(x) > 0 for every x € R?
and that for any o > 0 f*(z) < C,||z||™ holds true for some constant C, and all
r € R

Then, X satisfies (Hy) for every k= 1,2, ...
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Proof: The proof is an adaptation of the proof of a related result for d = 1
(Cramer & Leadbetter (1967), p. 203).

It is well-known that the hypothesis implies that the paths are C* for every
k = 1,2,... As for the non-degeneracy condition, let t,...,t, be pairwise different
values of the parameter. Denote by Ok, k,.. x,-X the partial derivative of X k; times
with respect to the first coordinate, ko times with respect to the second, ...., kg times
with respect to the d-th coordinate. We want to prove that, for any k = 1,2, ... the
centred Gaussian joint distribution of the random variables

Oky kg ey X (t1)

where the d-tuple (ki, ..., kq) varies on the set of non-negative integers such that
ki+...kg < d and t, varies in the set {t1,...t,}, is non-degenerate. For this purpose,
it suffices to show that if we put

Z = Z Zk Ny ko kah Ok ey kg X (th)
h—1

where ), denotes summation over all the d-tuples of non-negative integers &y, k..., kg
such that ky+ko+..+ks < k and Mg, ,. k,n are complex numbers, then E (\Z\z) =0
implies A\, k,..k,.n = 0 for any choice of the indices ki, ks..., kg, b in the sum. Using
the spectral representation, and denoting x = (x1, ..., z4),

E<|Z|2) = Z Z/\k17k2---7kd7h )‘k’l,ké..‘,k;,h’ / (ll‘l)kl(ZId>kd(ZI1)kll(ll'd)k£l

ol =1 R4
cexp i (x, ty — ty)] fX(2)dx

where the inner sum is over all 2d—tuples of non-negative integers ky, ko..., kg, k1, k..., k
such that ky + ko + .. + kg < k, k] + k) + .. + k!, < k. Hence,

B (2P - |

The hypothesis on f* implies that if E (|Z|2) = 0, then

Z Zk Nk ko kg (iz1)" .. (izq) @ exp [i (x, ,)] = O for all z € RY.

h=1

2

X (x)da

> Zk Nevkgoodian (11)"0 . (izg) ¥ exp [i (2, )]
h=1

The result follows from the fact that the set of functions 2%'...2% exp [i (x,t,)] where
ki, ko...,kq, h vary as above, is linearly independent. O
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Theorem 3.1 (First derivative, first form) Let X : I — R be a Gaussian
process, 1 a C* compact d-dimensional manifold .

Assume that X wverifies Hy for every k =1,2, ...

Then, the function u ~» Fy(u) is absolutely continuous and its Radon-Nikodym
derivative is given for almost every u by:

Fl(u) = (—1)¢ /1 E (det(X" (1)) Mg, <a/X(£) = u, X'(£) = 0) o) (u, 0)or(dt) +
(—1)d-L /8 E (det()?”(t)) Lo, </ X (£) = u, X'(t) = o) Doy (s 0)3(dt). (17)

Proof : For u < v and S (respectively S) a subset of I (resp. 91), let us denote

M,.(S) = t{teS:u<X(t) <v, X'(t)=0, X"(t) <0}

M,.(3) = jj{t €S:u<X(t)<v, X'(t)=0, X"(t) < o}
Step 1. Let h > 0 and consider the increment
Fy(u) = Fr(u—h) = P ({My < w}n {0 () > 1} 0 { W00 > 1}]).
Let us prove that
P (Mu_;w(]') > 1, My_p(01) > 1) — o(h) as h | 0. (18)
In fact, for 6 > 0 :
P (Myona(d) = 1, My pa(01) > 1)
< B (Moo (L) Moo OD)) + B (M1 L5)) - (19)

The first term in the right-hand member of (19) can be computed by means of
a Rice-type Formula, and it can be expressed as:

/ o(dt)o dt // dxdx
I_sxdI u—h

E (5 (X)X /X () = 2, X([T) =7, X'(t) = 0, X'(F) = o)

Px ()X 0),x(t),X(D) (2,2,0,0),
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where the function §' has been defined in Theorem 2.3.

Since in this integral Ht — fH > 0, the integrand is bounded and the integral is
O(h?).

For the second term in (19) we apply Rice formula again. Taking into account
that the boundary of I is smooth and compact, we get:

E(My_nu(I\1-5)}
= /1\[ o(dt) /_hE (51()(//(25))/)((75) =z, X'(t) = 0) pX(t),X'(t)(x,O) dx
< (const) h o(I\ I_5) < (const) hd.,

where the constant does not depend on h and 9. Since § > 0 can be chosen arbitrarily
small, (18) follows and we may write:

Fr(u) — Fr(u—h)
—p (MI <, My_p (D) > 1) P (MI < u, My_po(01) > 1) +o(h)

as h — 0.

Note that the foregoing argument also implies that Fj is absolutely continuous
with respect to Lebesgue measure and that the density is bounded above by the
right-hand member of (17). In fact:

Fr(u) — Fy(u—h) <P (Mu_h,u(j) > 1) +P (J\“Ju_h,u(af) > 1)
<E <Mu_h7u(f)> VE (Mu_h,u(61)>

and it is enough to apply Rice Formula to each one of the expectations on the
right-hand side.
The delicate part of the proof consists in showing that we have equality in (17).

Step 2. For g : I — R we put
19/l = sup [g(t)]|
tel
and if k£ is a non-negative integer,

19l = sup Ok s ka9l -
ki+ka+..+kq<k
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For fixed v > 0 (to be chosen later on) and h > 0,we denote by Ej, the event:
B = {IX]los <h77}

Because of the Landau-Shepp-Fernique inequality (see Landau-Shepp, 1970 or Fer-
nique, 1975) there exist positive constants C;, Cy such that

P(Ef) < Crexp [-Coh™] = o(h) as h — 0

so that to have (17) it suffices to show that, as h — 0:
B ([Munalh) = Ly, o] TanaT, ) = o(h) (20)

B ([Muonal®0) = Tip, oo | Trtralls, ) = () (21)
We prove (20). (21) can be proved in a similar way.

Put My_pu = My_pu(I). We have:

E([Mu hyau — ]IMu hu>1 ]IM1<u ]IEh) S u h,u Mufh,u - 1) ]IEh)

) //

E (6"(X"(s))6"(X"(t)) 1, /X (s) = 1, X(t) = 22, X'(s) = 0, X'(t) = 0)
DX (s),X(8),X" (), (1) (1,72, 0,0),  (22)

on applying Rice formula for the second factorial moment.
Our goal is to prove that the integrand in the right member of (22), that is:

Agy = // dxdxs
u—h

E (|det(X"(s) det(X"(t)| Lxr(s)<o.xmt)<0 Lg, /X (s) = z1, X (t) = 22, X'(s) = 0, X'(t)
DX (s),X(1),x"(s),x' (1) (¥1,22,0,0), (23)

is o(h) as h | 0 uniformly on s, ¢. Note that when s, vary in a domain of the form
Ds:={t,se€1:|t—s| > d} for some 6 > 0, then the Gaussian distribution in (23)
is non-degenerate and A, is bounded by (const)h?, the constant depending on the
minimum of the determinant:

det Var((X(s), X(t), X'(s), X/(t))7
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for s,t € Ds.

So it is enough to prove that A,; = o(h) for ||t — s|| small, and we may assume
that s and ¢ are in the same chart (U, ¢). Writing the process in this chart we may
assume that 7 is a ball or a half ball in R¢. Let s,t two such points, define the
process Y = Y*! by

Y(r)=X(s+7(t—s)) ; 7€[0,1].
Under the conditioning one has:
Y(0)=z, Y(1)=xy, Y'(0)=Y'(1)=0
Y7(0) = X"(s)[(t =), (t—s)] 3 Y'(1) =X"(@®)[t—s),(t—s)].
Consider the interpolation polynomial Q of degree 3 such that
Q) =1, Q) ==z, Q(0)=Q(1)=0
Check that
Qy) = w1 + (22 — 1) ¥*(3 = 2y), Q"(0) = —Q"(1) = 6(wz — 21)

Denote
Z(r)=Y(r)—Q(r) 0<7<1.

Under the conditioning, one has:
Z0)=Z1)=2Z'(0)=2'(1)=0
and if also the event FE}, occurs, an elementary calculation shows that for 0 <7 <1 :

VAS) Yy (@)
27 < sup EOOL o YO0

< (const)||t — s|[*h ™. (24)
re01] 2! re01) 2!

On the other hand, check that if A is a positive semi-definite symmetric d x d
real matrix and v; is a vector of Euclidean norm equal to 1, then the inequality

det(A) < (Avy,v1) det(B) (25)

holds true, where B is the (d — 1) x (d — 1) matrix

Ly
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and {vy, vy, ...,v4} an orthonormal basis of R? containing v;.
Assume X7 (s) is negative definite, and that the event Ej, occurs. We can apply
(25) to the matrix A = —X"”(s) and the unit vector

t—s

V= .
It — s

Note that in that case, the elements of matrix B are of the form (—X"(s)v;, vy)
hence bounded by (const)h™". So,

det [~ X"(s)] < (~X"(s)or, 1) Ca h™47 = Gy [Y"(0)]" |}t — s]|~2h~-1

the constant C,; depending only on the dimension d.
Similarly, if X7 (¢) is negative definite, and the event Ej, occurs, then:

det [-X"(t)] < Cq [Y"(1)]" ||t = s]|~2n714="
Hence, if C is the condition {X(s) = z1, X (t) = x9, X'(s) = 0, X'(t) = 0}:

E (|det(X"(5)) det(X"(t))] Txr(o=0x70-0 11, /C)
< CE = 5| (VO] ()] Tk, /C)

Y Y (1 2
< Cg h72(d71)7Ht . 8”74E <|: (0) + ( ):| ]IEh/C>

2

" 1" 2
_ Cg h72(d71)7Ht . 8”74E <|:Z (0) +7Z (D} ]IEh/C>

2
< (const) C* K2 ||t —s|*

We now turn to the density in (22) using the following Lemma which is similar
to Lemma 4.3., p. 76, in Piterbarg (1996).

Lemma 3.1 For all s,t € I:
1t = 1™ px(o).x(0).x7(),x7() (0, 0,0,0) < D (26)
where D is a constant.

Proof. Assume that (26) does not hold, i.e., that there exist two convergent
sequences {s,}, {t,} in I, s, — s* t, — t* such that

d+3
p

ltn — sull X (50),X (bn), X" (52),X (1) (0, 0,0,0) — +00 (27)
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If s* # t*, (27) can not hold, since the non degeneracy condition assures that this
sequence has the finite limit ||t* — s*||d+3 Px(s),x(¢*),x"(s%),x'(¢+)(0,0,0,0). So, s* = t*.
Since one can assume with no loss of generality that I is a ball or a half ball, the

segment [s,,t,] is contained in /. Denote the unit vector ey, = II?:an ,complete

it to an orthonormal basis {e1 ,, €2, ..., €qn} of R and take a subsequence of the
integers {n;} so that e;,, — €} ask — +oofor j = 1,...,d. In what follows, without
loss of generality, we assume that {n;} is the sequence of all positive integers. For
each 7 € R? we denote 7y, ..., Ta, the coordinates of 7 in the basis {e1,, ..., €an}-
Note that ¢, — s, has coordinates (t1, — $1.n,0,...,0) = (||t, — s, 0, ..., 0).

Also, we denote 77, ..., 7} the coordinates of 7 in the basis {ef, ..., e5}

The following computation is similar to the proof of Lemma 3.2. in Azais &
Wschebor (2001). We have:

A, = detVar (X(s,), X(tn), X' (sn), X' (tn))

0X 0X 0X 0X
= X X —_— —_—
det Var ( (sn), X(tn), o (Sn)s o (tn), ey o (Sn), o (t ))
0X 0X 0X
= det Var (X(Sn), aT—lm(Sn), Yiﬂ“ Zl,n7 87_—“(8”), Zgyn, ceny aT—dm(Sn>, de)
where 9
le,n = X(tn) - X(Sn) - a—(sn)(tl,n - Sl,n)
Tin
0X 0X 2
A= o ) T ) T =
0X 0X 0X 0X
Zym = t (Sn)sveees Zam (tn) (Sn)

- 87' d,n B 87’ d,n
Using now Taylor expansions and taking into account the integrability of the supre-
mum of bounded Gaussian process, we have:

(tl,n — Sl,n)Z 62X

= n) — ——
(97'2771 (97'2771

_ 3
ifl,n = 2 87_127n <Sn) + Oél’n(th - 51,”)
(tl n — 81 n)2 83X 3
Z n — : 7 n n(tin — n
1, 6 aTin (S ) + 6 ( 1, 817 )
0*X
Z n = (tin— n n n(t1n — n 27 """" )
2, (t1n — 1, )8Tz,n871,n(8 )+ 2pn(tin — S10)
*X

Zd,n - (tl,n - Sl,n) (Sn) + ad,n(tl,n - Sl,n)2

87’477167'17”
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where the random variables a4 ,,, 2 p, ..., X4, By are uniformly bounded in L? of the
underlying probability space.
Substituting into A,, it follows that:

144 (tl,n — Slvn)_[8+2(d_1)]An —
X, . PX . 0X, . PX . 0X,. PX .
787_ik(8 )7"'7@(7_1*)3(8 )787_2*(8 )787_2*87_1*(8 )7"‘787_;<S )767_567_1*(8 ))

det Var (X(s*)

and this limit is bounded below by a positive constant, independent of s*, because
of the non-degeneracy assumption. Since t1, — s1, = ||tn — Su||, this contradicts
(27) and finishes the proof of the Lemma. O

Returning to the proof of Theorem 3.1.
To bound the expression in (22) we use Lemma 3.1 and the bound on the con-
ditional expectation, thus obtaining

E(Mu hu(Mu hu_ ]IEh

< (const) C’2 —2v ) // — 5|7 ds dt // dxdxs
IxI u—h

< (const) h?72™

since the function (s,t) ~ ||t — s|| """ is Lebesgue-integrable in I x I. The last

constant depends only on the dimension d and the set I, Taking v small enough
(20) follows. O

An example: Let {X(s,?)} be a real-valued two-parameter Gaussian, centred
stationary isotropic process with covariance I'. Assume that its spectral measure u
is absolutely continuous with density

p(ds,dt) = f(p)dsdt, p=(s*+t?)z.
So that
+oo
2#/ pf(p)dp = 1.
0

Assume further that J, = f0+°° p"f(p)dp < oo, for 1 < k < 5. Our aim is to give an
explicit upper bound for the density of the probability distribution of M; where
is the unit disc i. e.

I={(s,t):s* +1* <1}
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Using (15) which is a consequence of Theorem 3.1 and the invariance of the law of
the process, we have

Fi(u) < E (51()(”(0, 0))/X(0,0) = u, X'(0,0) = (0, 0)) Px(00)x7(00) (1 (0,0))
+ 27 (51()2“(1, 0))/X(1,0) = u, X'(1,0) = 0>pX(1,0)7X/(170) (,0) = I + Ip. (28)

We denote by X, X', X” the value of the different processes at some point (s,1);
by X7, X”, X}, the entries of the matrix X” and by ¢ and ® the standard normal

5§57 “* st
density and distribution.

One can easily check that:

e X' is independent of X and X", and has variance w.J31,
e X, is independent of X, X’ X[, and Xj;, and has variance §.Js
e Conditionally on X = u, the random variables X and X}, have

— expectation: —7J3
— variance: 2.J5 — (w.J3)?

— covariance: T.J5 — (1J3)>.

Using an elementary computation we get that the expectation of the negative part
of a Gaussian variable with expectation y and variance o2 is equal to

oo(L) - nd(L).

We obtain

N

L= /—=—p(u) [(IJ5 — (7 J3)%) 2(bu) + 7TJ3’LL<D(Z)U)]7

with
b— J. 3 ‘
(55 = (J3)?)
As for I; we remark that, conditionally on X = u, X! + X}, and X, — X]; are
independent, so that a direct computation gives:

1 7T<]5

2
= 87T—J3§0(U)E[(Oﬂh — 27TJ3U) — T(U; +13)

N

I

I 1 J . (29)
tom < 2mlsu} MMramwf—%%@+%wa
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Where 7y, 12, 13 are standard independent normal random variables and o? = 27 .J5—
472 J2. Finally we get

= Lot | [0 +a =) 0a—ca) 200 —a%(a=ca)lpla—ca) (o).

7J5

with a = 2nJ3u, ¢ = e

4 First derivative, second form

We choose, once for all along this section a finite atlas A for I. Then, to every ¢t €
it is possible to associate a fixed chart that will be denoted (U, ¢;). When ¢ € JI,
¢¢(Uy) can be chosen to be a half ball with ¢,(¢) belonging to the hyperplane limiting
this half ball. For t € I, let V; an open neighbourhood of ¢t whose closure is included
in U; and vy a C* function such that

=1 on V (30)
Y =0 on Uf (31)

e For every t € I and s € I we define the normalization n(t, s) in the following
way:

— for s € Vi, we set “in the chart” (Ui, ¢;)
1
mi(ts) = 5lls —]” (32)

By “in the chart” we mean that ||s — |, is in fact ||¢¢(t) — di(s)]|-

— for general s we set
n(t,s) = pi(s)ni(t, s) + (1= i(s))

Note that in the flat case (d=N) the simpler definition n(t,s) = 3||s — ¢
works.

e For every t € 01 and s € I, we set instead of formula (32)
1
mi(ts) = [(s = Onl + 5 lls — ¢

where (s—t)y is the normal component of (s—t) with respect to the hyperplane
delimiting the half ball ¢;(U;) . The rest of the definition is the same.
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Definition 4.1 We will say that f is an heliz-function - or an h-function - on I
with pole t € I satisfying hypothesis Hyy, k integer k > 1 if

e f is a bounded C* function on I\{t} .
o f(s):=n(t,s)f(s) can be prolonged as function of class C* on I.

Definition 4.2 In the same way X s called an h-process with pole t € I satisfying
hypothesis Hyy, k integer k > 1 if

e 7 is a Gaussian process with C* paths on I\{t} .

o fort e I; Z(s):=nlt,s)Z(s) can be prolonged as a process of class C* on I,
with Z(t) = 0 Z'(t) = 0. If s1,...,5m are pairwise different points of I\{t}
then the distribution of

ZD), ... ZW(), Z(s51), .. Z8) (51), o0 Z9) (50)

does not degenerate.

o fort € dl; Z(s) :=n(t,s)Z(s) can be prolonged as a process of class C* on I
with Z(t) =0 Z/(t) =0 and if s1, ..., Sm are pairwise different points of I\{t}
then the distribution of

Z?\T(t%z(m (t)7 7Z(k)(t)7Z(51>7 7Z(k)(81)7 JZ(k)(Sm)
does not degenerate. Z'\(t) is the derivative normal to the boundary of I at t.

We use the terms “h-function” and “h-process” since the function and the paths
of the process need not to extend to a continuous function at the point t. However,
the definition implies the existence of radial limits at . So the process may take the
form of a helix around ¢.

Lemma 4.1 Let X be a process satisfying Hy, k > 2, and f be a C* function I — R
(A) Fort eI, set forse l,s#t

X(s)=a' X(t)+ < b, X'(t) > +n(t,s)X(s),

where al, and b’ are the regression coefficients.
In the same way, set

fls) = agf(t)+ < by, f'(t) > +nlt, s)f'(s),
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using the regression coefficients associated to X.
(B) Fort € 01, s€T,s #t set

X(s) = @ X(0)+ < B, X(0) > +nlt, 5)X'(s)
and o
f(s) = a,f(t)+ < b, f'(t) > +n(t, s) f'(s),
Then s ~ X'(s) and s ~ f'(s) are respectively a h-process and a h-function with

pole t satisfying Hyy,.

Proof: We give the proof in the case t € I, the other one being similar. In fact,
the quantity denoted by X*(s) is just X(s) — alX(t)— < b%, X'(t) >. On L?(, P),
let IT be the projector on the orthogonal complement to the subspace generated by
X(t),X'(t). Using a Taylor expansion

X(s)=X({t)+ < (s—1), X'(t) > +]||t — s||2/0 X"((l —a)t+ as) [v,v](l — a)da,

With v = =L, This implies that

l[s—ll
1
Xi(s) =11 [Ht - SHZ/ X"((1 = a)t + as) [v,0] (1 — a)da], (33)
0
which gives the result due to the non degeneracy condition. 0

We state now an extension of Ylvisaker’s Theorem (1968) on the regularity of
the distribution of the maximum of a Gaussian process which we will use in the
proof of Theorem 4.2 and might have some interests in itself.

Theorem 4.1 Let Z : T — R a Gaussian separable process on some parameter
set T and denote by M? = sup,cp Z(t) which is a random variable taking values in
R U {+o0}. Assume that there exists oy >0, m_ > —oo such that

m(t) = B(Z,) > m_

o*(t) = Var(Z;) > o}

for every t € T. Then the distribution of the random variable M?Z is the sum of an
atom at +00 and a-possibly defective-probability measure on R which has a locally
bounded density.
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Proof: Suppose first that X : T — R a Gaussian separable process satisfying
Var(Xt) =1 ) E(Xt) 2 0,

for every t € T. A close look at Ylvisaker’s proof (1968) shows that the distribution
of the supremum M has a density p,,x that satisfies

exp(—u?/2)
< =
Pux (u) = 7?(“) fuoo eXp(—v2/2)dv
Let now Z satisfy the hypotheses of the theorem. For given a,b € R,a < b,
choose A € R* so that |a] < A and consider the process:
Z(t)—a N lm_|+ A
o(t) oo

for every u € R (34)

X(t) =

Clearly for every t € T"

m(t)—a+ Im_| + A - _|m-| +aql N m_|+ A S
O'(t) o) B 0g 0o -

E(X(0) -

0,

and
Var(X(t)) = 1.

So that (34) holds for the process X.
On the other hand:

Im_|+A b—a
+
go go

{a< M?<b}C < M¥ < ).

m_|+ A
{\ |
0o
And it follows that
Im_|+4  p_a b 1 . | | LA
Z o0 o0 o L Uv—a m_
Pla<m?<pp< [ " w(u)du—/a o( - Jav.
90

which shows the statement. O

Set now ((t) = 1. The key point is that, due to regression formulae, under the
condition {X(t) = u, X'(t) =0} the event

Au(X,B) = {X(s) <u,Vsel}
coincides with the event

Au(X*, 8% = {X"(s) < B'(s)u, Vs € I\{t}},

where X* and 3! are the h-process and the h-function defined in Lemma 4.1.
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Theorem 4.2 (First derivative, second form) Let X : I — R be a Gaussian
process, I a C°° compact manifold contained in R.

Assume that X has paths of class C* and for s # t the triplet (X (s), X (), X'(t))
in R x R x R has a non-degenerate distribution.

Then, the result of Theorem 3.1 is valid, the derivative Fj(u) given by relation
(17) can be written as

FI/(’U,) = (— 1)d /IE[det (Xt”(t) - ﬁt”(t)u) ]IAu(Xfﬂf):|pX(t),X’(t) (u, O)O’(dt)

d—1 ot ~ i1 ~
+(-1) /a IE{det (X7(8) = B" (0 a0 Py o) (0 005, (35)
and this expression is continuous as a function of u.

The notation X t”(t) should be understood in the sense that we first define X' and
then calculate its second derivative along OI.

Proof:  As a first step, assume that the process X satisfies the hypotheses of
theorem 3.1, which are stronger that those in the present theorem.

We prove that the first term in (17) can be rewritten as the first term in (35).
One can proceed in a similar way with the second term, mutatis mutandis. For that
purpose, use the remark just before the statement of Theorem 4.2 and the fact that

under the condition
{X({t)=u,X'(t) =0}

, X" () is equal to
Xt”(t) _ @t"(t)u.

Replacing in the conditional expectation in (17) and on account of the Gaus-
sianity of the process, we get rid of the conditioning and obtain the first term in
(35).

We now study the continuity of u ~» Fj(u). The variable u appears at three
locations

e in the density px(),xt)(u, 0) which is clearly continuous

e in
E[det (Xt”(t) — gt”(t)u) 1[1414(Xt,[3t)]

where it occurs twice: in the first factor and in the indicator function.
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Due to the integrability of the supremum of bounded Gaussian processes, it is
easy to prove that this expression is continuous as a function of the first .
As for the u in the indicator function, set

& = det (X"'(t) — 8" (t)v) (36)

and, for A > 0, consider the quantity

E[& ]IAu(Xtﬁt)} - E[ﬁv ]IAufh(Xt,ﬂt)}

which is equal to

E|:§’U HAU(Xtvﬁt)\Au—h(Xtaﬁt)} - E|:§’l) HAu—h(Xt,Bt)\Au(Xtyﬁt)] (37)

Apply Schwarz’s inequality to the first term in (37).

B[ Taucesmannorm] < BEIP{AXY B\ A1 (X", 89}
The event A, (X", 8\ A, (X", ") can be described as
Vs e I\{t}: X'(s)—B"(s)u<0; Isg € I\{t}: X'(s0) — B'(s0)(u—h) >0
This implies that 3%(sp) > 0 and that

—18 |k < sup X'(s) — B*(s)u < 0.
sel\{1}

Now, observe that our improved version of Ylvisaker’s theorem (Theorem 4.1),applies
to the process s ~ X*(s) — 3'(s)u defined on I\{t}. This implies that the first term
in (37) tends to zero as h | 0. An analogous argument applies to the second term.
Finally, the continuity of F}(u) follows from the fact that one can pass to the limit
under the integral sign in (35).

To finish the proof we still have to show that the added hypotheses are in fact
unnecessary for the validity of the conclusion. Suppose now that the process X
satisfies only the hypotheses of the theorem and define

X(t) = Z.(t) + € Y(t) (38)

where for each € > 0, Z, is a real-valued Gaussian process defined on I, measur-
able with respect to the o-algebra generated by {X(¢) : t € I}, possessing C>
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paths and such that almost surely Z.(t), Z!(t), Z”(t) converge uniformly on I to
X(t), X'(t), X"(t) respectively ase | 0. One standard form to construct such an ap-
proximation process Z, is to use a C* partition of the unity on I and to approximate
locally the composition of a chart with the function X by means of a convolution
with a C*> kernel.

In (38), Y denotes the restriction to I of a Gaussian centred stationary process
satisfying the hypotheses of proposition 3.1, defined on R”, and independent of
X. Clearly X¢ satisfies condition (Hj) for every k, since it has C> paths and
the independence of both terms in (38) ensures that X€ inherits from Y the non-
degeneracy condition in Definition 3.1. So, if

M7 = max X(t) and Fj(u) = P{M; < u}

tel

one has
F;/(U) = ( — 1)d/E[det (Xaw(t) — ﬁd”(t)u) ]IAu(X€t7ﬂe,t):|pXe(t)7Xe/(t)(u, O)O'(dt)
1

n ( B 1)d—1 /ME[det (Xetll(t>) _édl!(t)u ]IAU(Xst’Bet)]pXe(t),Xve/(t)(’LL,0)6'(dt>7 (39)

We want to pass to the limit as € | 0 in (39). We prove that the right-hand member
is bounded if € is small enough and converges to a continuous function of u as € | 0.
Since M§ — M, this implies that the limit is continuous and coincides with F7(u)
by a standard argument on convergence of densities. We consider only the first term
in (39), the second is similar.

The convergence of X, and its first and second derivative, together with the
non-degeneracy hypothesis imply that uniformly ont € I, as e | 0 :

Pxe(r),xer(r) (U, 0) = pxay,x7(t) (u, 0).
The same kind of argument can be used for
det (let//(t) o ést/l(t)u) 7

on account of the form of the regression coeflicients and the definitions of X* and
ﬁt. The only difficulty is to prove that, for fixed u:

P{C.AC} - 0ase |0, (40)

where

Oe — Au(X€t7/6€t)
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C = A, (X", 3

We prove that
a.s. Ig. — Tgasel0, (41)

which implies (40).
First of all, note that the event

L={ swp (X'(s) = §'(s)u) =0}

has zero probability, as already mentioned.

Second, from the definition of X*(s) and the hypothesis, it follows that , as € | 0,
Xt(s), 3% (s) converge to X*(s),"(s) uniformly on I'\{t}. Now, if w ¢ C, there
exists § = s(w) € I\{t} such that

X' (3) - B(38)u >0
and for € > 0 small enough, one has

X(5) = p(5)u >0,

which implies that w ¢ C..
On the other hand, let w € C'\ L. This implies that

sup (X'(s) — B'(s)u) < 0.
sel\{t}

From the above mentioned uniform convergence, it follows that if € > 0 is small
enough, then
sup (X“(s) — B%(s)u) <0,
sel\{t}
hence w € C.. (41) follows.

So, we have proved that the limit as € | 0 of the first term in (39) is equal to the
first term in (35). Since,if € > 0 is small enough the integrand is bounded for ¢t € I
and u in a compact interval of the real line.

It remains only to prove that the first term in (35) is a continuous function of u.
For this purpose, it suffices to show that the function

u ~ P{A (X", B39}
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is continuous. This is a consequence of the inequality

P{Au+h<xt,m}—P{Au(Xﬂﬁt)}( <P{] sup (X'(s)=A(s)u)| < |l sup |8'(5)|}
sel\{t} sel\{t}

and of Theorem 4.1, applied once again to the process s ~ X'(s) — (s)u defined

on I\{t}.

5 Second derivative

Theorem 5.1 Suppose now that I is a d-dimensional smooth manifold without
boundary and that the process X satisfies hypothesis Hy then the distribution of
M7y admits a density which is absolutely continuous and its derivative satisfies :

FY) = (=1)" [ B[det (X70) ~ 9"(00) ]850 0 00
- (_ 1)d/l (Z (ﬁt”( )) ig(u) Ta, )PX w.x ) (u, 0)dt

Py
/ﬁ/@@

E(det (X" (s)—p"(s)u) det (X" (£)—5""(t)u) T, /X (s) = B (s)u, X"(s) = B (s)u)
PXt(s), Xt (s) (5t(5)u 3" (s)u )px (), X"(t )(“’O)+

[ ot [det (X () -3 (w)e)6, T/ X (w) = By (wha, Xigo(w) = By )]
DXt (w), XK (w) (5 /( )x,@i’V’T(w)x) (42)

Where A, stands for A, (X", 5") and pg;g;

@X;T, are defined in the proof.

X' (t)? CZJ(U)7 K?Z/“/J XK;; XK;T; ﬁt” 5t// nd

Proof: 'We have to check that the expression given in Theorem 4.2 that now
takes the form

FI,(U) = ( — 1)d/IE[det (Xt//(t) — ﬁt"(t)u) ]IAu(Xtﬁt)]px(t)vX/(t)(U, O)O‘(dt) (43)

is differentiable with respect to u. A sufficient condition is the integrand itself to be
differentiable with a derivative integrable in t,u , ¢t € I, u in a compact interval.
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The derivative of the integrand in (43) is the sum of the three derivatives corre-
sponding to the three locations where the variable u appears, namely :

e in the density px() x/t)(u,0) which is clearly differentiable with bounded

derivative :
(1,0)
Px )

This gives the first term in (42).

x (1 0)-

e In the derivative with respect to the first occurrence of u in
B|det (X"(t) = 8" (1)) Ta, o0 .

The derivative of which is
d
1!
_E( > (871),,Ciilw) HAu(Xf,ﬂt))a
ij=1

where C; j(u) is the cofactor of location (4, j) in the matrix X*"(t) — " (t)u.
This quantity is uniformly bounded when u varies in a compact interval, which

follows easily from an expression of the type (33). This gives the second term
in (42).

e in the derivative with respect to the second occurrence of u in
B|det (X"(t) = 8" (1)) Ta, o0 |
To evaluate this derivative define &, as in (36) and set for § sufficiently small:
[7°:=1\B(t,6) ; A =AX",3") = {X"(s) < B'(s)u,Vs € [},

B(t,0) being the ball with center t and radius ¢ in the chart (¢, Uy). By dominated
convergence

El6( Tay o = Tayoen)] = ImBG( Tas | xron — Tagcsn)]
On 179, X! is a process satisfying H4. In the same manner as in Lemma 3.3 of

Azals and Wschebor (2001), we can generalize the proof of Theorem 3.1 to the case
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of a non constant function 3' and a non constant random variable £, to obtain

fv( ]IA5 - ][A‘S)}
[ e [ ot B et ()6, g/ X6) = (5), X1(5) = (5]
Pxt(s)xv(s) (B (s)z, B (s)x)

/ dx/ 1y DT F B[t (T ()6 Lag/X'(5) = B(s)a, XV (5) = B (s)a]

Dxt(s),Xtr(s) (6t(5)$aﬁ~t/(3)$) = If + Igv (44)

where S(t,0) is the sphere with centre ¢ and radius § , Y¥'(s) = X" (s) — " (s)x
f/t//(s) _ Xt//(s) _ Bt//(s)ﬂ

Let us prove that the first integral converges as 6 — 0. The only problem is the
behaviour around t. So it is sufficient to prove the convergence locally around ¢ in
the chart (¢, U;) with s in V; which implies that n(s,t) = ||t — s[|? . Without loss
of generality we may assume that the representation of ¢ in this chart is the point 0
in R¢. To study the behaviour of the integrand as s — 0, we choose an orthonormal
basis with ﬁ as first vector and set s = (p,0,...0)7. At s = 0 the process X' and
its derivative have the following expansions (for short, derivatives are indicated by
sub-indices).

; 1 ) p3 p4
X (5> = §P X+ 6= —Xy + 24X1111 + O(P ) (45)
X' P’ p’
s, (5) = Xﬁ(S) = pXy + B =X+ Einn + 0(P3) (46)
aQXt ;02
025, (s) = Xh(s) = Xy +pXon + 5 =X+ O(PQ) (47)
X' t -
9s. (8 =X;(5) = pXy; +0(7) (F#1), (48)
j

3 ot 4yt X
where X, = X/;(0), Xy, = 55 (0) and Xy, = 52 (0) Since
X'(s) = m(s).X"
with 5 om(s) .
m
0..0) = —
s%—l—...+sd 0s1 (p: )= p?

m(s) :=1/n(s,0) =
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om(s) o 9*m(s) 12
9?m(s) -4 ~0*m(s) o
0—33(’0’0'"0) = r (i #1) ; D5:05, (p,0..0) =0 (i # j)
Using derivation rules, we get
Xt<5) = X+ glln + O(P2) (49)
ox? 1
D1 (s) = XHS) = 5&111 + O(p) (50)
o2 Xt 1
925, (s) = X1,(s) = 651111 + O(p) (51)
ox? 2 .
ds, (s) = X;(S) = ;le +0(1) (j#1) (52)
aQXt

2 R . o
G ®) = X0 GA) (41 (£5) 63
from that we deduce that

Pxt(s)xv(s) (B'(s)z, B (s)x) < (const)p@

Since if A% occurs and X'(s) = B(s)z, then a.s. the matrix X" (s) — 8% (s)z is
definite negative, and using relation (25), we have

|det (X" (s) — 8" (s) \<H! i(s)z]

where the notation 8/(s) has an obvious meaning. The condition

= {X'(s) = B'(s)x ; X"(s) = B"(s)x}
converges as s — 0 to the condition

{Xu =00 Xy =067 X3(0) = p(0)x (i = 27d)}

—1

which is non singular (again the notations 3 e B @f are obvious). Consider
a Gaussian variable which is measurable with respect to the process and which is
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bounded in probability. then its distribution conditional to C'(s) remains bounded
in probability. Since for i # 1,

2 1 2
t ¢ .
Xii(s) - u(S)x = E&u + E&u - Eﬁﬁ -

—1

1 _
;@111’ = OP(IO 2)7

this variable has the same order of magnitude under C(s).
On the other hand, under C(s)

X11(8) = Op(l) ; Bu(s) = 0(1)

Finally we get:
E( |det (Xt//( ) ﬁt” )’fv 4o ) — O(pf2(d71)

Since (3'(s) is bounded we see that the integrand is O(p'~?¢) which ensures
convergence of I? as § | 0. One easily check that the bound for the integrand is
uniform in t.

We consider now the limit of I3 as § | 0. It is enough to prove that for each
r € R the expression

dl/ dac/ o(ds)f(s)
S(t,6)

E[det (Xt// ) v ]IA‘S/Xt( ) Bt( ) 7Xt/(3) :Bt,( ) }pxt(s Xt(s (ﬂt( ) ,Bt/(S)I‘).
(54)

converges boundedly as ¢ | 0. Make in (54), the change of variable s = ¢ + dw,
w € S and it becomes

/ dx/ o(dw)F(t + dw)
gd—1

[52(d Y det (X" (t+6w))&, Lo /X" (t+0w) = B (t+6w)z, 5X (t+0w) = 58" (t+0w)z]
P (14 5) 5K (145) (Bt + dw)z, 55" (t + dw)z), (55)
where we have used that
Pxy(z,u) = 8" Px sy (, 5u)

if (X,Y) is a random vector in R x R*! and § > 0.
Now consider the following decomposition in block of the matrix X"'(¢) written
in a basis with first vector equal to w € S¢!
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e X% (w) is the second derivative of X" in the direction w : w? X" w .

o XY(w) is the (d — 1) x (d — 1) matrix that consists of the second derivatives
of X" in the direction that are orthogonal to w.

o X%, (w) is the (d — 1) vector that consist of the cross second derivative X,
one in the direction w one in the d — 1 direction orthogonal to w.

We have that the expression of X"'(¢) in the new basis is
T
() (")
Xyr(w) X (w)
We make the same decomposition with obvious notations for 3" (t).
Relations (49) to (52) imply that as 0 | 0
2 s sy (B (502, 68" (E+00)) — Py, et (B (W), B (w))
(56)

and (53) implies that

52 vt 7 52 ot "
— X" (t + 6w) — XY (w) , Eﬁt (t + dw) — G/ (w).

2
Noting that T,s T T4, we get that as d | 0:
52(d—1) N B _
mE[det (X" (t+0w)) & Tps /X (t40w) = B (t+6w)z, 6 X" (t+6w) = 63" (t+0w)x]

— B[ det (X4 (w) - G ())&, Lo, /XU (w) = §4(w), Xiiz(w) = 52, (w)a].

Remarking that the integrand is uniformly bounded, we are ready to pass to the
limit and get the result. O

6 Asymptotic expansion of F'(u) for large u

Corollary 6.1 Suppose that the process X satisfies the conditions of Theorem /.2
and that in addition E(X;) =0 and Var(X;) = 1.
Then, as u — 400 F'(u) is equivalent to

U,d

Weu2/2 /1 (det(A(t))) " at, (57)

where A(t) is the variance-covariance matriz of X'(t).
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Proof: Set r(s,t) := E(X(s), X(t)), and for i, j = 1,4,
2 2

0 0
T'i;(S,t) = gr(s,t); Tij;(S,t) = mr(s,t), Ti;j(S,t) = m?’(s,t).
i ? 7 D)

For every t,7 and j
T, (t, t) = 07 Aij (t) = ’T‘i;j(t, t) = —’I“Z'j;(t, t)
Thus X (¢) and X'(t) are independent. Regression formulae imply that

1 —r(t, s)

ag =r(s,t), ['(s) n(s,t)

This implies that 3°(t) = A(t) and that the possible limit values of 3'(s) as s — ¢
are in the set {vTA(t)v : v € S4'}. Due to the non-degeneracy condition these
quantities are minorized by a positive constant. On the other hand for s # t
B'(s) > 0. This shows that for every ¢t € I one has infsc; 5'(s) > 0. Since for every
t € I the process X' is bounded it follows that

a.s. My, (xtpy — 1 as u— +00.

Also
det (X"(t) — " (t)u) ~ (—1)*det (A(t))u’.
A dominated convergence argument shows that the first term in (35) is equivalent

to

d
/Iud det(At)(27r)_1/26_“2/2(27r)_d/2(det(At))_l/gdt = me_uzﬂ/[(det(/\t))lmdt.

The same kind of argument shows that the second term is O(ud_le_ug/ 2) which
completes the proof. O
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