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After an elementary proof of the Area Formula, we give a proof of Rice Formula for the
expectation of the number of roots of a random system of equations. We provide a complete
proof which is new and quite elementary, and in any case shorter than previous ones (see for
example [1]).

Similar formulae hold true for higher order factorial moments of the number of roots (The-
orem 2). Theorem 3 provides a formula for the expectation of the total weight, when random
weights are put in each root.

1 The Area formula

We begin with a proof of the so-called Area formula, under conditions that will be sufficient for
our main purpose. One can find this formula in its full generality in Federer [3] Th 3.2.5

For any function f, we denote N (T') the number of roots of the equation f (t) = u that
belong to the subset T of the domain of f.

Proposition 1 (Area formula) Let f be a C' function defined on an open subset U of R?
taking values in R%. Assume that the set of critical values of f has zero Lebesque measure.
Let g: RY — R be continuous and bounded. Then

/ g(U)NJ(T)dUZ/!det(f’(t))lg(f(t))dt- (1)
R4 T

for any Borel subset T' of U, whenever the integral in the right-hand side is well defined.

Proof. Notice first that, due to standard extension arguments, it suffices to prove (1) for
non-negative g and for T" a compact parallelotope contained in U. Second, if T is a compact
parallelotope, since f is C!, the set of boundary values of f, that is, f(0T) has Lebesgue measure
Z€ro.

We next define an auxiliary function §(u) for u € R? in the following way:

o If u is neither a critical value nor a boundary value and n := N (T') is non zero, we denote
by M, ..., 2™ the roots of f(x) = u belonging to T. Using the local inversion theorem, we
know that there exists some 6§ > 0 and n neighborhoods Uy, ..., U, of of (1), ... (™ such that:
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1. fis a C! diffeomorphism U; — B(u;6), the ball centered at u with radius 6.
2. Uy, ..., U, are pairwise disjoint and included in 7T'.
3. ift ¢ U, Ui, then f(t) ¢ B(u;9).

The compactness implies that n is finite.
In this case, we define

§(u) :=sup{d > 0: (1), (2), (3) hold true for all § < §}.

e If w is a critical value or a boundary value we set §(u) := 0.
. Iquf(T) = 0, we put

d(u) :=sup{d > 0: f(T) N B(u;9) = 0}.

It is clear that in this case d(u) > 0.

The function §(u) is Lipschitz. In fact, let u be a value of f which is not a critical value nor
a boundary value, if «’ belongs to B(u;d(u)), then B(u';6(u) — ||v' —u||) € B(u;6(u)) and as
a consequence 0(u') > 6(u) — ||u’ — u||. Exchanging the roles of u and v/, we get

0(w') = 0(u)| < [lu — /|-
The Lipschitz condition is easily checked in the other two cases.
Let now F be a real-valued monotone continuous function defined on RT such that

F=0on|0,1/2],
F=1lon[l+ ). (2)

Let 6(u) > 0 and 0 < § < §(u). Using the change of variable formula we have

[ et )] Tyt = Z/rm Ndt =V (3)n.

where V' (9) is the volume of the ball with radius ¢ in R¢. Thus, we have an exact counter for
N (T') when it is non-zero, which obviously holds true also when NI (T) =0 for § < 6(u)

Let g : R? — R continuous, bounded and non-negative and &y > 0. For every ¢’ < dp/2 we
have:

[ stz (52 ) au= [ ot 7 (%) duy

Applying Fubini’s Theorem we see that the expression above is equal to:

1 o(u)
A /:—/ det(f dt/ f()gudu.
50,5 | ‘ V((S/) (f(t);(S/) 50 ( )

As, s in fact does not depend on ¢’ so it is equal to its limit as ¢’ — 0 which is, because of the

O L 8y —uf <ot

continuity of the function u ~ F ( Su) ) g(u), equal to

o (B0
[ 1aectronE (U5 ot

Let now Jg tend to zero and use monotone convergence. For the left-hand side, we take into
account that the set of critical values and the set of boundary values have measure zero. For




the right-hand side, we use the definition of F, that the boundary of T" has Lebesgue measure
zero and the integrand is zero if ¢ is a critical point of f. [J

Remarks:
1: By standard extension arguments the continuous function g can be replaced by the
indicator function of a Borel set say B. Formula (1) can be rewritten as

/Rd > )h(t, w)du = /R Jdet(f' (1) h((t, £(1)dt, (3)

teZ-(u

where h is the function (¢,u) ~ T;erg(u). Again by a standard approximation argument (3)
holds true for every bounded Borel function h such that the right-hand side of (3) is well-defined.

2:

2. Notice that the hypothesis that the set of critical values has zero Lebesgue measure is
unnecessary, since this follows from the fact that f is C1. The statement above is sufficient to
prove Rice formula, but the interested reader can prove this as an exercise. On the other hand,
one can prove the result under weaker hypotheses: it suffices f to be Lipschitz ([3]).

2 Rice formulae

Theorem 1 (Rice formula) Let Z : U — R be a random field, U an open subset of R and
u € R? q fized point in the codomain. Assume that:
(i) Z is Gaussian,
(ii) almost surely the function t ~ Z(t) is of class Ct,
(iti) for each t € U, Z(t) has a non degenerate distribution (i.e. Var(Z(t)) = 0),
(iv) P{3t € U, Z(t) = u,det (Z'(t)) =0} =0
Then, for every Borel set B contained in U, one has

B(NA(B) = [ E(1de(Z@))/2() =) pr(wi. ()
If B is compact both sides in (4) are finite.
Theorem 2 Let k, k > 2 be an integer. Assume the same hypotheses as in Theorem 1 except

for (iii) that is replaced by
(iii’) for ti,....,tx, € U pairwise different values of the parameter, the distribution of

(Z(t1), ... Z(tr))

does not degenerate in (R4, Then for every Borel set B contained in U, one has

E[(NZ(B))(NZ(B) —1)..(N2(B) — k + 1)]

u u

k
= /Bk E(H |det (Z'(t))|/Z(t1) = ... = Z(tg) = u)
j=1

Pz, Z(t) (U oy w)dty . dy,  (5)
where both members may be infinite.
Theorem 3 Let Z be a random field that verifies the hypotheses of Theorem 1. Assume that

for each t € U one has another random field Yt : W — R | where W is some topological space,
verifying the following conditions:



a) Yt(w) is a measurable function of (w,t,w) and almost surely, (t,w) ~ Y'(w) is continu-
ous.

b) For eacht € U the random process (s,w) ~ (Z(s),Y"(w)) defined on U x W is Gaussian.

Moreover, assume that g : U x C(W, Rd/) — R is a bounded function, which is continuous when

one puts on C(W, Rd/) the topology of uniform convergence on compact sets. Then, for each
compact subset I of U, one has

BCS g(tvh) = / B(| det(Z'(6)|g(t, Y*)/Z(t) = u).po (w)dt. (6)

tel, Z(t)=u I
Sufficient conditions for (iv) are given in the following proposition

Proposition 2 Let Z : U — R? | U a compact subset of R® be a random field with paths of
class C' and v € R?. Assume that

® pzw(r) < C forallt € U and x in some neighborhood of u.

e at least one of the two following hypotheses is satisfied:
a) a.s. t~ Z(t) is of class C?

b)
a(d) = sup P{|det(Z'(t))| <6/Z(t) =z} —0
teU,zeV (u)

as 0 — 0, where V(u) is some neighborhood of u.

Then (iv) holds true.

Proof. If condition a) holds true, the result is Lemma 5 in Cucker and Wschebor [2].

To prove it under condition b), assume with no loss of generality that I = [0,1]? and that
u=0. Put Gy = {3t € I, Z(t) = 0,det (Z'(t)) = 0} Choose € > 0, n > 0; there exists a positive
number M such that

P(Ey) = P{ sup 1Z' ()] > M} <e.

Denote by wget the modulus of continuity of | det(X’(.))| and choose m large enough so that

P(me) = P{wdet(ﬁ) 2 77} S e

Consider the partition of I into m¢ small cubes with sides of length 1/m. Let Cj, ;, be such a
cube and t;, _;, its centre (1 <iy,...,iq < m). Then

P(G) <P(E) +P(Fny) + > P(Gq,

L NE§ N F;fw> (7)
1<iy..ig<m

1...’L
When the event in the term corresponding to i1...i4 of the last sum occurs, we have:

M )
|Zj(ti1-~-id)’ < 7\/(3 ] = 1,...,d
m
where Z; denotes the j-th coordinate of Z, and:

‘det (Z/<ti1...id))‘ <n.



So, if m is chosen sufficiently large so that V(0) contains the ball centered at 0 with radius

MT‘/E, one has:
a0 2M
P(Gr) <2e+m (W\/g) Ca(n)
Since € and 7 are arbitrarily small, the result follows. O
Remark:

With the hypotheses of Theorem 1 it follows easily that if J is a subset of U, A\g(J) = 0,
then P{NZ7(J) = 0} = 1 for each u € R%.

Proof of Theorem 1

Let F : Rt — [0, 1] be the function defined in (2), For m, n positive integers and = > 0, define:
Fm(z) :=F(mz) ; Gp(z) :=1—F(x/n). (8)

A standard extension argument says that it is enough to prove the theorem when B is a
compact rectangle included in U. So we assume that this is the case. Let us introduce some
more notations:

o A(t):=|det(Z'(t))| (t € U)

e For n, m positive integers and u € R? :

ClB) == Y FulA): (9)

sEB:Z(s)=u
Q" (B) = G (B)Gn(Cy'(B))- (10)

u

In (9) when the summation index set is empty, we put C™(B) = 0. Let g : R? — R be
continuous with compact support . We apply the area formula (3) for the function

h(t,u) = Fm (A1) Gn(C(B))g(w) Tiep

to get:
/ 9(w)Q, "™ (B)du = / A(t) Fin(A)) Gn(C7)(B)) g(Z(1))dL.
Rd B

Taking expectations on both sides :

/ g(u) E(QZ’m(B))du:/ g(u)dU/ E[A®) Fn(A®)Gn(Cy(B)/Z(t) = u] pzay(u)dt.
Rd Rd B

Since this equality holds for any g continuous with bounded support, it follows that
E(Qy™(B)) = /BE[A(t)fm(ﬁ(t)Gn(CqT(B))/Z(t) = ]y (u)dt, (11)

holds true for almost every u € R,
Let us prove that the left-hand side of (11) is a continuous function of u. Fix u € R?. Outside
the compact set

{te B:A(t) >1/2m},

the contribution to the sum (9) defining C™(B) is zero, for any v € R%. Using the local inversion
theorem, the number of points ¢ € B such that Z(t) = u; A(t) > 1/2m, say k, is finite. Notice
that almost surely there is no such point in the boundary of B.

If k£ is non-zero, Z(t) is locally invertible in k neighborhoods Vi,...,Vj, C B around these k
points. For v in some (random) neighborhood of u, there is exactly one root of Z(s) = v in
each Vi, ..., Vj and the contribution to C](B) of these points can be made arbitrarily close to



the one corresponding to v = u. Outside the union of Vi, ..., Vi, Z(t) — u is bounded away from
zero in B, so that the contribution to C]*(B) vanishes if v is sufficiently close to w.

This shows that a.s., the function v ~ Q"™ is continuous at v = u. On the other hand, it is
obvious from its definition that Qy™(B) < n and an application of the Lebesgue dominated
convergence theorem implies the continuity of E(Qy"™ (B)) as a function of u.

Let us now write the regression formulae for fixed t € B :

Z(s) = a'(s)Z(t) + Z(s)

Z'(s) = (a") (s)Z(t) + (Z) (s), (12)
where 7”7 denotes the derivative with respect to s and the pair (Zt(s), (Z4y (s)) is independent
from Z(t) for all s € U.

Then, we write the conditional expectation on the right-hand side of (11) as the unconditional
expectation :

B[AL (1) Fn (AL (1) Gn (CI(B))] (13)
where we use the notations

A (s) := | det(Z,) (s)|

ZZ(S) =a ( Ju + Zt(s)

CMB) = Y. ]—"m(At())

sEB,Zt (s)=

Now, observe that (11) implies that for almost every u € R? one has the inequality
BQ™(B) < [ BIA®/Z(0) = oz (14)

which is in fact true for all v € R? since both sides are continuous functions of u.

The remainder of the proof consists in proving the converse inequality. Let us fix n,m,u
and t. Let K be the compact set

K :={s€ B:Al(s) >1/4m}

If v varies in a sufficient small (random) neighborhood of u, the points outside K do not
contribute to the sum defining C]"*(B).

Let k the almost surely finite number of roots of Z!,(s) = u lying in the set K. Assume that
k does not vanish and denote these roots by 51,...,35;. Consider the equation

ZHs) —v=0. (15)

in a neighborhood of each one of the pairs s = 5; , v = u. Applying the Implicit Function
Theorem, one can find k pairwise disjoint open sets sets Vi,...V; such that if v is sufficiently
close to u, equation (15) has exactly one root s; = s;(v) in V; ,1 =1,... k. These roots vary
continuously with v and s;(u) = 3;. On the other hand on the compact set K\(V; U ... U Vj)
the quantity || Z%(s) — u|| is bounded away from zero so ||Z!(s) — v|| does not vanishes if v is
sufficiently close to u. As a conclusion, we have that

limsup C"(B) < C™(B)
v—U
where the inequality arises from the fact that some of the points s;(v) may not belong to B and
hence, don’t contribute to the sum defining C)"(B). Now since (11) holds for a.e. w, one can
find a sequence {uy, N = 1,2,...} converging to u such that (11) holds true for u = uy and



all N = 1,2, .... Using the continuity -already proved- of u — E(Qy" (B)), Fatou’s Lemma and
the fact that G,, is non-increasing, we have :

E(Qi™(B) = lim B(Q4(B))

= Jlim [ E[AL (0Fa (AL, (G (ClL (B)]pzo(un)dt
m

> [ BIALOF LG (2 (B) 2o ()t
B

Since QT(B) is a.s. finite, we can now pass to the limit as n — +o0o0, m — +o0o in that order
and applying Beppo-Levi’s Theorem, conclude the proof. U

Proof of Theorem 2:
For each § > 0, define the domain

Dy.s(B) = {(t1,...,ty) € B*, |[t; —t;]| > 6 if i # j§,4,5 = 1,...,k}
and the process Z

(t1, oy tk) € Dy s(B) ~ Z(t1, s ty) = (Z(t1), o, Z(tr)).
It is clear that Z satisfies the hypotheses of Theorem 1 for every value (u,...,u) € (R%)*. So,
B [Néu) (Dk,a(B))}
k
:/ E(H det (Z'(t)/Z(t1) = ... = Z(ty,) = u)pz(tl)wwz(tk)(u,...,u)dtl...dtk (16)
Dy 5(B) j=1
To finish, let § | 0, note that

(NZ(B))(NZ(B) = 1)...(NZ(B) — k+1)

u u

is the monotone limit of

N(%,...,u) (Drs(B)),

and that the diagonal Dy (B) = {(tl, ., tg) € B¥ t; = t; for some pair i, j,i # j} has zero Lebesgue
measure in (R?)*. O

Proof of Theorem 3:

The proof is essentially the same. It suffices to consider instead of C}*(B) the quantity

CM(I) = > FnlA(5)).gs(s,Y?). (17)
sel:Z(s)=u
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