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• qs¡£dOdchF�vjr�v Imnd5l0q��vdch�mvjr¡�jr�njrqF�£hg�vl�ñ3d �"l;e0|
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�
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�Ijr�n�vl;esjkhgl0mI´UeFdf¡ hF�vl A yrjr�nl�ac�vmIhg�vl�dchF�vl;e0|O�;acyrykl;m�hF�vl � eFl0�;df¡�bnjr�vl0m ��dc�vlc|���jkhF�(qFdf¡�lñDace�h$jrqsqFuvl0m�´Uesdf¡èhg�vl A ykjr�vl�ap�vm(dchg�vl0eÀñDace�h$´UeFdf¡èhg�nl B yrjr�nlc|fmvunl-hgd� fl;�nl0hgjk��acy5eFl0�;df¡�bnjr�DaphFjrdf�nqmvuvesjr�v �¡£l0jrdfqsjrq;~ ��l ��jkyry�uvqFl�hF�vl(ð)acykmDac�vl¦mvjrq�h!ac�n�;l �¨��
n��
�� ���vjr�!� �0df�vqFjkqshFq#jr� ¡�d5mnl;yrykjr�v (hg�nl
eFl0�;df¡�bvjr�Daihgjrdc��b���a�qshgac�vmDacesmWx�dfjrqsqFdf��ñveFdO�;l0qFq0~ L ��jkyryvmnl;�vdchFl�hF�vl��!�veFdf¡�dfqsdf¡£l�ykl;�v phg��~�oOjr�v�0l
hg�nl ��uv¡�b3l;eBdc´� fl0�vl0hFjr� ¡£acesïcl;esq Mn

hFl;�vmnqWhgd jr�5¤D�vjkh�� ��jzhg� hg�nl ��uv¡�b3l;e n dc´�mvaph!an|�hg�nl;jre
yrdO��aihgjrdc�vq�acyrqsd£mnl;ñ3l;�vm dc� n ~��Ddfe� fjz�fl;� n |3yrlwh

{
(di,n)i=1,...,Mn

; d1,n < d2,n < . . . < dMn,n

} b3l
hg�nl�¡�acesïcl0eFqÀykd5�;aphgjkdf�vq;~����vl�¡£aceFïpl;esq$aceFl�apqFqFun¡£l0m�hgd#¡£acïcl�jzhÀñ3dfqFqsjrbvykl"hgd#mnjrqshFjr�v cuvjrqs��bTlwh��/l0l;�
hg�nl�h��"d�qFjkhFuDaphFjrdf�vq í

• hF�vl³jk�vmvjk�OjkmvuDacy7jrq"�vdf¡�df± �O fdcuvq"´Udfe"hg�vl³¡£acesïcl;e í hg�nl#acyrykl;ykl.aih�yrdO��aphFjrdf� di,n
dp´úhg�vl³esl;�0df¡(§

bvjk�vl;m��!�vesdf¡�dfqFdf¡�l#jrq�jkqFqsuvl;m	´UeFdf¡ hg�vl A yrjk�vlc|
• hF�vl�jr�vmnjk�Ojrmvuvacyvjrq��vlwhgl0eFdf± �5 cdfuvq�´Udfe$hg�vl�¡�apeFïcl0e í hg�vl.acyrykl;ykl-aphØyrdO��aihgjrdc� di,n

dc´�hF�vl.esl;�0df¡(§
bvjk�vl;m��!�vesdf¡�dfqFdf¡�l#jrq�jkqFqsuvl;m	´UeFdf¡ hg�vl B yrjk�vlc~

���vjkqÀjrq�hg�vl-�;acqFlp|f´Udfe�l&�nac¡£ñnyrlc|p´Udfe��0d5mvdc¡£jk�Dac�Qh�¡£acesïcl;esqÀhg�Daih$acykyrd�� hgd#mnjrqshFjr�v cuvjrqs��b3l0h��"l;l;�(hg�nl
hg�neFl;l(�;acqFl0q í �vdf¡�df± �O fdfunq�jkmvl;�QhFjr��apy�hgdBhg�nl A ykjr�vlp|��vl0hFl;esdf± �O fdfunq�ac�nm��vdc¡£df± �O fdfuvq�jkmvl;�Qhgjk��acyhgdIhF�vl B df�nl �U�vdchFl³hg�Daph�hF�vjrq�yracqsh��;acqFl�jrq�l&�5�;yrunmvl;m,b��Bdfuve��0eFdfqsqFjr�n £qs�!�vl;¡�l��&~o5jr�n�;l �/l(uvqsl�ð.acyrmvac�vl 
µq#¡£acñvñvjk�v W´Uuv�v�whgjrdc� �Uj ~µlc~Ijk��hFl;�vqsjkh��Z�£x�dfjrqsqFdf� �;esdfqFqsjr�v i§©d��fl0e �w|9hg�nl
eFl0�;df¡�bvjr�Daihgjrdc� ñveFdcbDacbvjkyrjkh��	b3l0h��"l;l0��h��"d,ykd5�0jÀaph# cl;�vlwhgjr�Imnjrqshgac�v�0l;q d ap�vm d′ ´Uesdf¡�hF�vlIdfeFjk fjr�dc´�hg�vl��!�veFdc¡£dfqsdf¡�l�jkq�l;t�uDacyúhgd(hg�nl¦ñvesdfbDacbnjryrjzh��£´Udce.a(ñDaceFac¡�l0hgl0e |d − d′| x�dfjrqsqFdf�	�capeFjôapbvyrl)hFdb3l�lw�fl0� í

R(d, d′) =
1− exp(−2 |d− d′|)

2
.

�



���vl( fl;�nl;egapy�¡�d5mvl0y |3hg�Daph ��jryry�b3l�ñveFl0�;jkqFl;má´Uuve�hg�vl0e;|9acqsqFuv¡�l;q³hF�Daph³hF�vl;eslIjrq#a ó ��` aph³hg�nl
yrdO��aihgjrdc� d0 ∈ [0, L] jk� 
Duvl0�v�;jk�v £hF�vl�hgegapjkh�dc´�jr�Qhgl0eFl;q�h�~-���nl�ñv�vl0�vdch��Oñvjk�¦dfbnqFl;e��paphgjkdf� Yk

dc´Àhg�nl
kth jk�vmvjz�5jkmvuDacy/jrq(¡£dOmvl0yryrl0m b�� a �0yôacqsqFjr�;acy�ac�Dapy �OqFjkq�dp´)�paceFjrac�v�0l	¡�dOmvl;y � � �vacñvñ�|/¢/eFjkmv fl;q �
¢/jkeFïcl0q ����
�
c���w|Dð.acyrl � � � �ndchFh �¨��
�
Q� ��� í

Yk = µ + Xk(d0) a/2 + εk,
���vl0eFl í

• µ jkq-hg�vl� fykdfbDacyT¡£l;ac��|
• a jrq-hg�nl� cl;�vl�l 	Tl;�wh�|

• Xk(d0) =

{
1 jk´�hg�vl kth jr�vmvjz�OjrmvuDapyTjkq��vdf¡�df± �O fdfunq�´Udce-hg�vl ó ��`

−1 jz´�hF�vl kth jk�vmvjk�OjkmvuDacyTjrq��vlwhgl;esdf± �O fdcuvq�´Udce-hg�vl ó ��`
• hF�vlWl0eFeFdce�hgl0eF¡�q (εk)

1≤k≤n

aceslWjr�nmvl;ñ3l;�vmnl;�Qh£ac�vm jrmnl;�Qhgjk��acyky � mvjkqshgesjrbvu5hgl;m ��jkhg� ¡�l�ap� �
ac�nm	¤D�njkhgl³�pacesjôac�n�;l σ2 ~

�Zl�acqsqFuv¡�l#hg�vl#´Udfykyrd���jr�n �yrdO��acy�acq��O¡�ñnhgdphgjr�³´UeFac¡�l �"dfeFï (F )
í

• hF�vl���uv¡�b3l;e n dc´Àjk�vmvjz�5jkmvuDacykq"hFl;�vmvq�hFd£jk�n¤D�vjzh��f|
• hF�vl���uv¡�b3l;e�dc´3 fl0�vl0hFjr��¡£aceFïpl;eFq$hFl;�vmvq$hFd�jk�n¤D�vjzh���ap�vm dn := inf

1≤i≤Mn

di+1,n−di,n ≥ Cn−γ

´Udfe#qsdf¡�l�ñ3dfqsjkhgjz�fl(�;dc�vqshgac�Qhgq C ac�vm γ ~����vjkq��0df�vmvjzhgjkdf� jrq�qgaphFjrq�¤Dl;m ´Udfe�lw�nac¡�ñvyrl(jz´"hF�vl¡£aceFïpl;esq.apeFl#l;t�uDapyry ��qFñDap�;l;m@ac�vm	jk´ Mn
jkq��;df¡�ñDaceFacbvyrl.hgd�ac����ñTd��"l;e�dc´ n ~

• hF�vl ó ��`Zl 	Tl;�wh.jkq�qF¡£acyry í

a = an = δn−1/2 ´Udfe�qsdf¡�l#ñDacegap¡£lwhgl;e δ ∈ � � ,

���vl�hgeFunl�dcbvqFl0es�paphgjkdf��dc´�hg�vl�ñvesdfbvyrl0¡ jkq
{
(
Yk, Xk(d1,n), ..., Xk(dMn,n)

)
, k = 1, ..., n}.

o5d �"l.hFl;q�h�ð
δ =

{
an = δn−1/2,

ó ��`ZyrdO��aphFl;m	aph�qsdf¡£l#un�vï��vd���� d0 ∈ [0, L]
} ac Qacjk�vqsh"ð

0
~

o5df¡�l dc´�hg�nl;qFl acqsqFuv¡�ñnhFjrdf�vqWaceFl acykqFd uvqsl;m<b��É�Dl;jr�n fdfyrm�|�¢/eFd���� �+o5jkl; f¡�uv�vm ��� 
�
f����ap�vm
�@ac�n fjr��| î d ���vlwh � ��l;bDa�� �¨��
�
c���w~
���vl�hgl0qsh#q�h!aphFjrq�hgjr�¦jrq.�;yôapqFqFjk��acyky ��bDapqFl;mádc� ac�ál;q�hgjr¡£aphFdfe.dp´ a mnl0hgl0eF¡�jr�vl0máaph³ac��� ñ3dfqFjzhgjrdc�

d dc��hg�nl£�!�vesdf¡�dfqFdf¡�lc~ � ´ �/l�¤DeFq�h�qsuvñvñ3dfqFl�hg�Daih¦hF�vl£ykd5�;aphgjkdf� d dc´"hg�vl ó ��` jrq�ïO�nd ��� ac�vmhg�vaph�hg�vjkqØykd5�;aphgjkdf�I�;dcjr�v�0jrmvl ��jzhg�£a�¡£aceFïpl;eØñTdcqFjkhFjrdf��|chg�vl0�£hF�vl)a��DaphFuvegapyDl;qshFjr¡£aphgdceÀ´Udfe a jrq$hF�vlmvj
	�l0eFl;�n�;l�bTlwh��/l0l;�@hF�vl�l;¡�ñvjresjr�;acy�¡�l�ac�nq�dp´��vdc¡£df± �O fdfuvq�ac�vm	�vlwhgl;esdf± �O fdcuvq.jk�vmvjz�5jkmvuDacykq;¶5jkh�jkq
hg�nl¦ap�Dacy �Oqsjrq�dc´��paceFjrac�v�;l#l0qshFjr¡£aphgdfe í

Sn,1(d) :=

n∑

k=1

Yk
� �
[Xk(d)=1]

n∑

k=1

� �
[Xk(d)=1]

−

n∑

k=1

Yk
� �
[Xk(d)=−1]

n∑

k=1

� �
[Xk(d)=−1]

,

�



���vl;esl£� �
[Xk(d)=·]

jrq-hg�nl�jk�vmvjk��aphFdfe/´Uuv�v�whgjkdf��dc´�hF�vl�l0�cl;�Qh {Xk(d) = ·} ~ð.d��"l0�fl0e;|Qhg�njrq9l;q�hgjr¡£aphFdfe9jrq�jr�v�0df�Q�fl;�njrl;�Qh�bTl0��acuvqsl"hF�vl/mvl0�vdf¡�jr�Daihgdfesq�apeFlØegac�vmndf¡ �paceFjracbvyrl0q;~
¢ ��hg�nl-`9a � dc´7`9aces fl/��uv¡�b3l;esq;|chF�vl �¦acesl/�;ykdfqFl�hgd n

2
~À�,dfeFl0d��fl;e�qFjr¡�uvyôaphFjrdf�#esl;qsuvykhFq��Da��fl/qF�vd����

hg�vaph³hg�njrq)l0qshFjr¡£aphgdfe��;dcuvyrmá�Da��clIqFdf¡�l�bvjracq.´Udfe.qF¡£acyry�qgap¡£ñvykl;q.jr�@hF�vl���apqFl ���vl0� hF�vl Yk

µq#acesl

�vdch��0l;�Qhgesl;m�~Ø����uvq �/l��;df�nqFjrmnl;e í

Sn,2(d) :=
2

n

n∑

k=1

(
Yk − Y n

) � �
[Xk(d)=1] −

2

n

n∑

k=1

(
Yk − Y n

) � �
[Xk(d)=−1].

�É�vl;��hg�nl ó ��`�jrq-ykd5�;aphgl0m�aph d ���vjr�!�	jrq-�ndch�a�¡�apeFïcl0e�ñTdcqFjkhFjrdf��| Xk(d) jrq-�vdph�dfbvqFl0es�pacbvyklac�vm �"l�¡�uvqsh�uvqsl�jk�Qhgl;esñTdcyôaphFjrdf��~�`úl0h d−n
ap�vm d+

n
b3l�mnl0¤D�vl0m acq-´Udcyryrd���q í

d−n = sup {di,n : di,n < d; i = 1, . . . , Mn} ,

d+
n = inf {di,n : di,n > d; i = 1, . . . , Mn} .

�)��l;q�hgjr¡£aphFdfe#´Udfe a jrq�dfbnh!apjr�vl0mZuvqsjr�v 	qFjk¡£ñvy
� a,ykjr�vl;ace�jr�Qhgl0eFñ3dfyôaihgjrdc�ábTlwh��/l0l;� Sn,2(d
−
n ) ap�vm

Sn,2(d
+
n ) ~��Ddfe d ≤ d1,n

dfe d ≥ dMn,n
| Sn,2

jrq�ñvesdfyrdf�n fl;m b��Za	�;df�nqsh!ap��h;~����vl£¤D�vacy"ñneFdO�;l;qsq
��jryky�bTl,mvl;�ndchgl0m Sn,2(d) ap Qacjr��~ ���vl ñvesd5�0l;qFq (Sn,2(d))d∈[0,L]

jrq(hg�vl,mvl0hFl;�whgjrdc� hgl0qshWñneFdO�;l;qsq
¡�l;�Qhgjkdf�vl;m�jk��hF�vl�jr�Qhgesd5mnuv�0hFjrdf��~
�Wå����vê���� � �Émvl;�nqFl ¡�apñ �;df�vmnjkhgjkdf��|�hg�njrqWl0qshgjk¡�aihgdfe£�DacqWhg�nláqgac¡�l ñvesdfñTl0eshFjrl;q�apqWhg�vládf�nl
dfbnhgacjr�nl;mZb���yrl;acqsh�§©qFt�uDapeFl;q¦jr�Qhgl0eFñ3dfyôaihgjrdc� b3l0h��"l;l0� Sn,2(d

−
n ) ac�vm Sn,2(d

+
n ) ´Udfun�vm jr� �@ac�v cjr��|î d ���vl0h � ��l;bDa � ����
�
p����dfeIjr� �/jkl;eF�0d �¨��
�
f� ��ac�vm l;t�uvjk�pacykl;�QhIhgd hg�nl î acuvqsqFjrac� ¡�ai�5jk¡�uv¡

yrjkïcl0yrjr�nd5dOm�l0qshgjk¡�aihgdfe-dp´À`9ac�vmnl;e � ¢/dchFqshFl;jr��
�q �K��l0bDa��g| î d ���vlwh � �@ac�n fjr� ��� 
�
Q� ���w~
}.�vmnl;e����Oñ3dchg�nl;qFl0q (F ) |3�/jrl0eF�0d �¨��
�
f� �"qshFuvmvjrl0m	hF�vl��vdfes¡�acykjr±0l;mBmvlwhgl;�whgjkdf�Bhgl;q�h)ñneFdO�;l;qsq

Xn(d) := Sn,2(d)
(
V̂ ar(Sn,2(d))

)− 1

2

,

���vl0eFl V̂ ar jkq.dfb5h!acjk�vl;m	´UeFdf¡�hF�vl�l0qshgjk¡�aihgdfe σ̂2 ´Uuv�n�0hgjkdf�@dp´Àhg�vl¦eFl0qFjrmnuDacy9qFuv¡ dc´$qst�uDaceFlp~³oO�vl
ñvesdM�cl;m�hF�DaphØhg�vjkq�ñveFdO�;l0qFq/�0df�Q�fl0eF fl0q-jr��mvjrq�hgesjrbvunhFjrdf�IhFd�a î acunqFqFjrac��ñneFdO�;l;qsq (X(d))d∈[0,L]

��jzhg� í

• �0d��capeFjôap�v�;l³´Uuv�n�0hgjkdf� r(t) := cov (X(d), X(d + t)) = exp(−2|t|) |

• ¡�l�ap���pacykuvl³´Uuv�v�whgjkdf� m(d) =
δ

2σ
exp(−2|d0 − d|) ~

	 
 ù�û�þ � 


 

� û(û�ø��Bÿ0÷�


���vlI�0yôacqsqFjr�;acy�acñvñvesdQac�!� �/dcuvyrmáb3l�hgdBunqFl�hg�nl�hgl0qsh�qshgaphgjkqshFjr� Tn = sup
d∈[0,L]

|Xn(d)| ���njr�!�á�;dceFeFl&§
qFñ3df�vmnq/hgdIa¦yrjrïpl;ykjr�vdOd5m(eFaphgjkd¦hgl0qsh�jk�£hF�vl³��apqFl³dc´ î acuvqsqFjrac��dfbnqFl;e��paphgjkdf�vq;~$���njrq/jkq/jk�v�;df�Q�cl;�vjkl;�Qh
´Udfe-h��"d£esl�acqsdf�vq0~

�



�f~����vl	yrjk¡£jzh�ñvesd5�0l;qsq��Dacq(jkeFeFl0 fuvyraceIqgac¡�ñvyklBñDaphg�nq;|/hF�vl,mnjrqshFeFjkbvunhgjkdf� dc´)jkhgq(qsuvñveFl0¡�uv¡ jkq
ï��vd���� ���nl;� δ = 0 ac�vm ´Udfe�qFdf¡�l( fjk�cl;� yrl;�n chg�vq�dc´"hg�vl(�!�vesdf¡�dfqFdf¡�l � � l;`údf�v v|Ø��
f�n���bvu5h�jrq-un�vï��vd���� ���nl;� δ 6= 0 ~Øo5dIñTd��"l;esq���ac�Bdf�ny �£bTl#aihFh!apjr�vl0mWb��Wb3dfuv�vmvq"hg�Daph�aceFl³�ndch�cl;e���qs�DaceFñ �N�Dl;jk�v fdfykm�|i¢/eFd���� � o5jrl0 f¡�uv�nm�|5� 
�
f����dfe��,df�QhFl��-acesyrd�¡£lwhg�vdOmvq���acyk�;uvyraphgjkdf�vq
hF�Daph�acesl�ykdf�v (ac�nm,jk¡£ñvesl;�0jrqFlp~

�5~ � h/mvd5l0q-�vdch"h!acïpl)jk��hFdIac�0�;dfuv�Qh-hF�DaphØhg�vl)ñveFl0qFl;�n�;l#dc´�a ó ��` aph d0
¡£dOmvjk¤vl;q�hg�vl.lw�5ñTl0�0hgai§

hFjrdf�Bdc´�hg�nl�ykjr¡�jkh"ñveFdO�;l0qFq�jr�	aI�vl;jk f��bTdcuveF�vdOdOm	dp´ d0
~

�Ddfe�hg�nl;qFl$h��"d.esl�acqsdf�vq0| �"l��Da��fl�mvl0�;jrmnl;m#hgd�qF¡�dOdchg�³hF�vl$mvl0hFl;�whgjrdc��hFl;q�h9ñveFdO�;l0qFq (Xn(d))d∈[0,L]
~

�Ddfe#��apyr�;unyôaphFjrdf�vq)qFjr¡�ñvykjr�;jzh��f|��/l�uvqFl0m a��;l0��hFeFl0m î acuvqFqsjôac� ïpl;eF�nl;y�dc´/�pace �Ojr�v B�paceFjrac�v�0l ε2 mvl&§
�vdchFl;m ϕε

~�`9lwh (Xε
n(d))d∈[0,L]

b3l#hg�vl�qF¡�dOdchg�vl0m�ñveFdO�;l0qFq;~

Xε
n(d) =

∫

� �
Xn(u)ϕε(d− u)du = (Xn ∗ ϕε) (d).

�Zl��;dc�vqFjkmvl;esl;m£hF�vl�´Udfyrykd ��jk�v ³hgl0qsh"qshgaphgjkqshgjk� T ε
n = sup

d∈[0,L]

|Xε
n(d)| ~$x$eFdfñ3l;e�h��(dc´ �"l�apï��0df�Q�fl0e�§

 fl0�v�;l-dp´7ñveFdO�;l0qFqFl0q �N¢/jkyryrjk�v fqsyrl �c|Q��
f�f� ��jr¡�ñvykjrl;q�hF�DaphÀhF�vl/ykjr¡�jkh9dc´ (Xε
n(d))d∈[0,L]

jkq�hg�nl/qF¡�dOdchg�vl0m
�fl0eFqsjrdf�	dc´�hg�vl�yrjk¡£jzh/ñneFdO�;l;qsq;|Dhg�vaph�jrq-hF�vl�ñveFdO�;l0qFq (Xε(d))d∈[0,L]

��jkhg�
• ¡�l�ap���pacykuvl³´Uuv�v�whgjkdf� mε(d) = (m ∗ ϕε) (d) =

δ

2σ

{
exp

[
2(−d0 + ε2 + d)

]
Φ

(
d0 − 2ε2 − d

ε

)
+ exp

[
2(d0 + ε2 − d)

]
Φ

(
d0 + 2ε2 − d

ε

)}

• �0d��capeFjôap�v�;l³´Uuv�n�0hgjkdf� rε  cjk�fl0�,b��

rε(d) =

∫ ∫

� � 2

ϕ
ε
(−u)ϕ

ε
(d− v)r(u− v)dudv =

∫

� �
ϕ√

2ε(d− v) r(v) dv

= exp(2(2ε2 − d))Φ

(
d− 4ε2

(2ε2)
1

2

)
+ exp(2(2ε2 + d))Φ

(
d + 4ε2

(2ε2)
1

2

)
,

���vl0eFl Φ jkq�hg�vl�qshgac�vmDapeFm� QacuvqsqFjôap��mnjrqshFeFjkbvunhgjkdf�)´Uuv�n�0hgjkdf��| Φ(t) =

∫ t

−∞
ϕ1(u)du |Mac�vm Φ = 1−Φ ~

���������	��
���
�����
���
����������������������� �
!�

¢/dfun�vmvq.aceFl�mvl;qs�;esjrb3l;m@´Udfe�a( fl;�nl;eFjk�¦ñneFdO�;l;qsq.hF�Daph ��jryky�bTl�mvl0�vdchgl0m (Y (d))d∈[0,L]
~ � �,ñvegac�whgjk�;lc|

hg�njrq(ñveFdO�;l0qFq�jrq�hF�vl�yrjr¡�jkh�ñveFdO�;l0qFq (Xε(d))d∈[0,L]
~ �.dphglBhg�Daih£qsjr�v�0l �/l �/dceFï df� acq��O¡�ñnhgdphgjr�

mvjkqshgesjrbvu5hgjrdc��|ndfune�eFl;qsuvykhFq�aceFl³´Uesl;l#´UeFdf¡ hg�vl�¡£aceFïpl;eFq�ykd5�;aphgjkdf�vq;~
o5d �/l(�0df�vqFjkmvl;e�a î acuvqsqFjrac� ñveFdO�;l0qFq (Y (d))d∈[0,L]

��jzhg� C1 qFac¡£ñnyrl�ñvaphg�vq�ac�nm �"l(acqsqFuv¡�l
hg�vaph£´Udce£lw�fl;e � t1, t2; s1, s2 ∈ [0, L] |"hg�vl,mvjrq�hgeFjkbvunhFjrdf� dc´ Y (t1), Y (t2); Y

′(s1), Y
′(s2)

jkq£�ndf�

�



mvl0 fl;�vl0egaphFlc| � Y ′ jkq�hF�vl�mnl;eFjz�paphgjz�fl���ac�vm �/lWmnl;�vdchFl�b�� pt1,t2;s1,s2

hF�vl;jke �sdcjr�Qh�mvl;�vqsjkh��c~ � � dfune
ñDace�hgjk�;uvyrace���acqslc|Dhg�njrq��;df�nmvjkhFjrdf��jrq�¡�l0h�b3l;��apuvqFl�hg�vl�qFñ3l;�whgesuv¡ dc´ (Y (d)− � � (Y (d)))d∈[0,L]

�Dapq
aI�;df�QhFjr��uvdfuvq��0df¡£ñ3df�vl0�Qh �N�/egac¡�{;e � `úl�acmvb3l0hshgl0e;|9��
f�Q¥ �w~
�Ddfe�hF�veFl0qF�vdcyrm dfe�ñ3d �"l;e¦��acyk�;uvyraphgjkdf�vq0| �"lWacesl�jk��hFl;esl;qshFl;m jk��hF�vl�mvjkqshFeFjrbnunhgjkdf�á´Uuv�v�0hFjrdf��dc´

hg�nl�eFac�vmvdc¡��paceFjracbvykl |Y |? = sup
d∈[0,L]

|Y (d)| ~���l(uvqFlIhg�nl(´Udcyryrd���jk�v Wl0�cl;�Qh¦l;t�uDacykjkh�� ���njr�!� jrq�a
ñDace�hgjk�;uvyrace.�;acqFl�dc´$hg�vl� fl;�vl0egacy�¡£lwhg�vdOm mvl0qF�0eFjrb3l;m b��,�)±�a � q � ��qF�!�vl0bTdfe �¨��
�
Q¥O|���
 
�
n|ú�p�f�f�n|
�c�f�5� �/ac�vm	�)±;a�� q0|3�/jrl0eF�;di§©� �OeFdfykyrl0q � �/esd5t�uvlwhFhgl ��� 
�
�
�� í

∀u ≥ 0, � x ({|Y |? > u}) = � x ({|Y (0)| > u} ∪ {|Y (0)| ≤ u ; (Uu + D−u) ≥ 1}) , �¨� �
���vl0eFl � ¶ �)mvl;�vdphgl;q-hF�vl³jk��hFl;esqFl;�whgjkdf��| Uu

ac�vm D−u
acesl³eFl0qFñ3l;�whgjk�cl;y
��hg�nl³��uv¡�b3l;e-dc´9unñT�0eFdfqsqFjr�n fq

dc´ u ac�nm,dc´�mvd����v�0eFdfqsqFjr�n fq.dp´ −u b��BhF�vl�ñveFdO�;l0qFq Y df�	hF�vl�jr�Qhgl0es�pacy [0, L] |vmvlw¤D�vl0m acq

Uu = # {d ∈ [0, L] ; Y (d) = u; Y ′(d) > 0}

D−u = # {d ∈ [0, L] ; Y (d) = −u; Y ′(d) < 0} .

ò³uve¦¡�l0hF�vdOm jkq�bDacqFl0m df� hg�vl�mvdfunbvyrl(jr�nl;t�uDacykjkh�� b3l;ykd���~ � ´ ξ jkq¦a�egap�vmvdf¡ �pacesjôacbvykl ��jkhF��vdf�O§©�vl0 Qaphgjz�fl#jk��hFl; fl0e��capyruvl0q;|nhF�vl;� í

� � (ξ)−
1

2
[ � � (ξ(ξ − 1))] ≤ � x (ξ ≥ 1) ≤ � � (ξ) . �N� �

�)ñvñny �Ojr�v  (2) ��jkhF� ξ = (Uu + D−u)
� �
|Y (0)|≤u

| �"l� fl0h

� � ((Uu + D−u)
� �
|Y (0)|≤u

)
−
� � [(Uu + D−u)(Uu + D−u − 1)]

2
≤ � x (|Y |∗ > u) ≤ � � ((Uu + D−u)

� �
|Y (0)|≤u

) �N� �
��l;¡£aceFï�hg�Daih � � [(Uu + D−u) (Uu + D−u − 1)] = � � (Uu(Uu − 1))+ � � (D−u(D−u − 1))+2 � � (UuD−u) .

���nñ3l;�wh!aphFjrdf�nq�jk�Q�fdfyz�fl;m�jr�#hF�vlØacbTd��cl"jk�vl;t�uDacykjkh��.��ac��b3lØlw�pacyruDaihgl;m�b�����jr�;l 
�q�´UdceF¡�uvyracl �K��jk�;lc|
��
c�c�£ap�vm ��
c���5|D�/egac¡�{;e�ac�nm@`úl�apmvbTlwhFhFl;e;|ú� 
f�Q¥5|7�,aceF�0uvq;|ú��
f¥f¥5|���qF�!�vl0bTdce;|9��
f�Q� � í

• � � (Uu
� �
|Y (0)|≤u

)
= I1(u) =

∫ L

0

dt

∫ u

−u

dx

∫ +∞

0

yp0,t;t(x, u; y)dy |

• � � (D−u
� �
|Y (0)|≤u

)
= I2(u) =

∫ L

0

dt

∫ u

−u

dx

∫ 0

−∞

|y|p0,t;t(x,−u; y)dy |

• � � (Uu(Uu − 1)) = I3(u) =

∫ L

0

∫ L

0

dt1dt2

∫ +∞

0

∫ +∞

0

y1y2pt1,t2;t1,t2(u, u; y1, y2)dy1dy2
|

• � � (D−u(D−u − 1)) = I4(u) =

∫ L

0

∫ L

0

dt1dt2

∫ 0

−∞

∫ 0

−∞

|y1y2| pt1,t2;t1,t2(−u,−u; y1, y2)dy1dy2
|

¥



• � � (UuD−u) = I5(u) =

∫ L

0

∫ L

0

dt1dt2

∫ +∞

0

∫ 0

−∞

|y1y2| pt1,t2;t1,t2(u,−u; y1, y2)dy1dy2,

���vl0eFl p0,t;t
jrq#hF�vl �sdcjr�Qh�mvl;�vqsjkh�� ´Uuv�v�whgjkdf��dp´ (Y (0), Y (t), Y ′(t)) ~ ���nñneFl;qsqFjkdf�vq�dc´"hg�vl0qFl£jr�Qhgl&§ feFacyrq³¡�dfesl(acmDacñnhFl;m hgd���uv¡�l;eFjk��acy��;df¡�ñvunhgaphgjkdf�á¡�a �@bTlI´Udfuv�nm jk� �)±�a � q;|��/jkl;eF�0dp§©� �Oesdfyrykl;q �

�/eFdOt�uvl0hshgl ����
 
�
��w~Àð.l;�n�;l �/l�dfbnhgacjr�BhF�vl#´Uuv�vmDac¡�l;�Qhgacy�jr�nl;t�uDacykjkh�� í

� x (|Y (0)| > u) + I1(u) + I2(u)−
I3(u) + I4(u) + 2I5(u)

2
≤ � x (|Y |? > u)

≤ � x (|Y (0)| > u) + I1(u) + I2(u). �U���
�Wå����vê��úì �

• ��l;yraphgjkdf� �U����jkq#aWeFlw¤D�vl0¡£l0��h�dp´ � a��5jkl;q�
�¡£lwhg�vdOm � � a��5jkl;q0|$��
Q¥f¥ �&~ � a��Ojrl;q �"dfesïcl;m ��jzhg�
hF�vl�egac�vmndf¡ �pacesjôacbvykl Y ? = sup

d∈[0,L]

Y (d) ac�vm�|Djk�vqshFl�acm	dc´ (3) |v�vl�uvqsl;m,hF�vl�eFl0yôaphFjrdf� í

� x (Y ? > u) ≤ � x (Y (0) > u) + � x (Uu ≥ 1) ≤ � x (Y (0) > u) + � � (Uu) .

¢/l0qFjkmvl;q�hF�vl"´Kap�0h�hF�Daph �/l �"dfesï ��jzhg� |Y |? jr�vq�hgl;acm�dc´ Y ? |phg�nl-uvñvñ3l;e�bTdfun�vm�jrq��fl0e��¦qFjr¡�jryrace
hFd � a��Ojkl;q�
7df�nlc|vl&�n�0l;ñnh.´Udfe-hg�nl�qs¡�apyry�jk¡£ñneFd��fl0¡£l0��h�mnuvl#hgdIhg�vl�lw�fl;�Qh {|Y (0)| ≤ u} ~

• ¢ �(qFjr¡�uvyôaphFjrdf��|fjkhØ�DacqØb3l;l;�£�fl;esjk¤Dl0m�hg�vaph�´Udfe"�0l;�Qhgesl;mWñneFdO�;l;qsq-ac�nm�egaihg�vl0e"yraceF fl��pacykuvl;q�dc´
u |Dhg�vl�yrd��"l;e�bTdcuv�vm@jkq�¡£dfesl�ac�;�0uvegaphFl�hF�Dac�	hg�vl�uvñvñ3l;e.df�vlc~/���vjrq�jrq�b3l;��apuvqFl¦dc´Àhg�nl¦uvqsldc´3hg�nl.qsl;�;dc�vm�dfesmvl;e$´Kac�whgdfesjôacy5¡£dc¡£l0��h;~$o5dn|Ojk�Ihg�vl�´Udfykyrd���jr�v n|c´UdfeÀhg�neFl;qs�vdfykm£�;acyr�0uvyôaphFjrdf�nq;|
�"l ��jryry�uvqFl#hg�nl�ykd��/l0e�b3dfuv�nm�~

• ���njrq/jk�vl;t�uDapyrjkh��(�;ac�v�vdph�bTl)acñvñvykjrl0m�mvjkeFl;�whgy
��hFd�hg�nl)dfesjr fjk�DacyDyrjk¡£jzh�ñveFdO�;l0qFq/´Udce/jkh"�Dacq/�vdf�mvj
	�l0eFl0��hFjôacbnyrl³qFac¡£ñnyrl#ñDaphF�vq;~
• }��vmvl0e³hg�vl���uvyky����OñTdphg�vl0qFjrq0|úhg�vl�ñneFdO�;l;qsq (Y (d))d∈[0,L]

jkq³�;l0��hFeFl0m�| Y ac�vm −Y �Da��flIhF�vlqFac¡£l#mnjrqshFeFjkbvunhgjkdf��ac�vm�esl;yôaihgjrdc� �K���/�Dapq.aIqsjr¡�ñvyrl0e/´UdfeF¡ í

2 [ � x (Y (0) > u) + I1(u)]− I3(u)− I5(u) ≤ � x (|Y |? > u) ≤ 2 [ � x (Y (0) > u) + I1(u)] .
� � �

� ��ÿ � ý � ��ø9ÿwû¦÷ 
úø�ý�ü��

���vjkq¦qsl;�0hFjrdf� ñvesl;qFl0�Qhgq�hF�vl£esl;qsuvykhFq¦dc´-a@�	df�Qhglw§¨�-aceFykd,l&�5ñTl0eFjr¡�l;�Qh�hgd	l0�pacykuDaphglIhF�vl£t�uDapyrjkh��@dc´
hg�nl�ñneFdfñ3dfqFl0m,¡�l0hF�vdOm	un�vmvl;e�a��paceFjkl0h��Bdp´��0df�vmvjzhgjrdc�vq;~�ò³uve�acjk¡��/acq�hgd(qshFuvm �
�f~�hF�vl£esl;yraphgjkdf�vqF�njrñ bTlwh��/l0l;� hg�nl£�pacyrunl�dp´-hg�vl�qF¡�dOdchg�vjk�v 	ñDacegap¡£lwhgl;e�ac�nmZhg�vl(�pacyrjkmvjkh��@dc´
hF�vl�acq��O¡�ñnhgdchFjr��acñnñveFd��5jr¡£aphgjkdf��´Udfe�esl�acqsdf�Dacbnyrl#��uv¡�b3l;esq�dp´À¡£aceFïpl;eFq�ap�vm,jk�vmvjz�5jkmvuDacykq;|

�5~�hF�vl)qs�DaceFñn�vl;qsq�dc´�hg�nl)b3dfuv�vmvq/ fjk�cl;�Wb��(hg�vl � ´Uuv�nmDac¡�l;�Qh!acy3jr�nl;t�uDacykjkh�� ��´Udfe��paceFjkdfuvq��capyruvl0q
dc´�hg�nl�qs¡£dOdchF�vjr�v Iñvacegac¡�l0hFl;e0~
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`úl0�v chg�	dc´�hg�vl��!�vesdf¡�dfqFdf¡�l � �5~ 
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�vdf¡�jr�Dapy�yrlw�fl0yúdc´�hF�vl#hgl0qsh
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� � �;df�n¤vmvl;�v�0l¦jk�Qhgl;e��pacy
´Udce-hg�vl�l;¡�ñ�~�yrlw�fl0y 
n~µ�v�0§!���n~�� 
 �v~ �f¥M§¨�5~��f� �5~ �f�M§!�f~z��

hF�veFl0qF�vdfykm ε = 0 �5~�¥i� �n~ �5� �n~ �f�

hF�veFl0qF�vdcyrm ε2 = 10−2 �5~��n��
 �5~ �f¥c� �5~ ¥c�Q�
hF�veFl0qF�vdcyrm ε2 = 10−3 �5~��Q�5� �5~ � 
f� �n~z�M�c�
¡£aceFïpl;e�mvl0�vqFjzh�� �¦��� ����� ¥���� ����� ����� ¥(��� ����� ����� ¥����

l;¡�ñvjresjr��apyTykl0�fl0y�´Udfe ε = 0 ¥5~��Q¥ �n~ �f¥ �v~ 
�
 �5~ 
n� �n~��Q� �5~µ� �n~ ¥f¥ �n~��Q¥ �5~��Q�
l;¡�ñvjresjr��apyTykl0�fl0y�´Udfe ε2 = 10−2 �M�5~z�M¥ �M�O~k�M¥ �f�f~��Q� �n~ ¥f� �5~ ��
 �n~��p� �f~�¥p� �f~ ¥f� �f~ ¥f¥
l;¡�ñvjresjr��apyTykl0�fl0y�´Udfe ε2 = 10−3 ���n~��c� ���5~ �f� 
n~ ¥5� �5~��f� �O~��f� �5~ �f� �f~ �p� �f~��Q� �f~��c�
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� ε = 0 ! (Xn(d))d∈[0,L]

¬���� %�
 ª0�w« �+�,%�
 ª-�1�Oª % ª�� % ­ � �.� �/� �!ª���� (Xε
n(d))d∈[0,L] 2
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��apbvyrl0qØ�ØmvjkqFñvyra��Oq9l;¡�ñvjkeFjr�;acycykl0�cl;yrqú´Udfe9qs¡£dOdchg�nl;m�ac�vm¦uv�vqF¡�dOdchg�vl0m�ñveFdO�;l0mvuveFl0q ��jzhg�#hg�vesl;qs�5§
dfykmvq���acyk�;uvyraphgl0m�uv�vmvl0e�hF�vl�acq��O¡�ñnhgdphgjr�#mnjrqshFeFjkbvunhgjkdf��~

• �Ddfe�hg�nl�uv�vqs¡£dOdchF�vl;m ñneFdO�;l;qsq;|�hF�vl�hF�veFl0qF�vdfykm jrq���apyr�;unyôaphFl;m@unqFjr�n W��apbvyrl �F� dc´ � l�`údf�v  
µq
�¨��
f�n� �&~#�Ddfe.hF�vjrq.eFl;acqFdf��|�hg�vl��!�neFdf¡�dfqFdc¡£l¦yrl;�n chg��|��n~ 
f�B� � �	dfeF Qap� �.�Dacq)bTl0l;�á�!�vdfqsl;�
hFdá�;dfeseFl;qsñTdc�vm hgd ac� l0��hFe�� dp´ � l�`údf�v  
µq�h!apbvyrlp|�ac�vm hgdáb3l�hgdáykl;�v phg� l;�n�;dfuv�QhFl;eFl0m ´Udfe
qsl0�fl0egacyú�cl; flwh!acy9qFñ3l;�0jrl0q;~

• �Ddfe-hF�vl�qF¡�d5dphg�vl0m	ñneFdO�;l;qsq;| �"l¦uvqsl;m	hg�vl�yrd��"l;e�b3dfuv�vm	jr�BhF�vl � ´Uuv�vmvac¡£l0�Qh!acy�jk�vl;t�uDapyrjkh�� �ac�nm hg�vláo + ñvesdf fegap¡ mnl0�fl0yrdfñ3l;m b�� �/jrl;es�;dp§ � �OeFdfykyrl;q0|��/eFdOt�uvl0hshgláap�vm � l0yr¡£acq �N�c�f�f���
´Udfykyrd���jr�n �´UdfeF¡�uvyôacl) fjk�cl;��jr�,o5l0�0hgjkdf�	�n~

o5jr¡�uvyôaphFjrdf�nqØ�va��cl�bTl0l;�Bñ3l;es´UdceF¡�l;m�´Udfe"h��/d��pacykuvl;q-dp´úhg�vl³qs¡£dOdchF�vjr�v ¦ñDaceFac¡£lwhgl0e-ac�vmWhF�veFl0l
¡£aceFïpl;eFq$mnl;�vqsjkhgjkl;q0~����vl���uv¡�b3l;eÀdp´Tjk�vmvjz�5jkmvuDacykq��va��cl�bTl0l;�(�!�vdfqsl;��l;t�uDacynhFd��c�f�n~����vl��;esdfqFqsjr�v i§
d��fl0eFq �"l;esl³qFjk¡�uvyôaihgl;m£ac�0�;dfesmvjr�v �hgd�a�x�dcjrqFqsdf�Wñvesd5�0l;qsq ��jkhF�Wjr�QhFl;�vqsjkh����f~ ��l)ñ3l;e�´UdfeF¡�l;m,���f�f�c�
qFjk¡�uvyraphgjkdf�vq;|úqsd,hF�Daph�hg�vl�� � �0df�n¤Dmvl0�v�;l£jr�Qhgl0es�pacyÀ´Udfe#hF�vl£l0¡£ñnjreFjk��acy�yrl0�cl;ykq�acqsqFdO�;jraphgl0m hFd,hg�nl
hg�nl;dfesl0hgjk��acy�df�vl;q�acesl�jr�vmvjk��aphFl;m�~
��apbvyrl���ñveFl0qFl;�QhFq�hF�vl³ñ3d��/l0e�acqFqsd5�0jôaphFl;m�hFd�hg�vl³mnl0hgl0�0hFjrdf��hFl;q�h�jr��hF�vl³��apqFl#dc´�a� cl;�vl#dc´9qsjr±0l

δ = 6 ykd5�;aphgl0m�aph-hF�vl�ñTdfqsjkhFjrdf� d0 = 0.4 ~$���nl�ykl;�v phg�Bdc´9hg�nl��!�neFdf¡�dfqFdc¡£l³jkq³�¦��|v�;acyr�0uvyôaphFjrdf�nqacesl�¡£acmvl#un�vmvl;e�hF�vl�acq��O¡�ñnhgdchFjr�#mvjkqshFeFjrbnunhgjkdf��|OuvqFjk�v �a(hFl;qsh ��jzhg���vdf¡�jr�Dapy�yrlw�fl0yúl;t�uDacy�hFdW� � ~






• �Ddfe"hg�vl�uv�vqs¡£dOdchF�vl;m�mvlwhgl;�whgjkdf�	hFl;q�h.ñneFdO�;l;qsq;|vhF�vl#hg�vesl;qF�ndfyrm�jrq��;acyr�0uvyôaihgl;mW�Ojra � l�`údf�v  
µqhgacbvyrl�ac�nm�hg�nl£ñ3d��/l0e¦b�� hg�vl�df�vy
�áñ3dfqFqsjrbvykl�¡�l0hF�vdOm ���vjk�!�Zjkq¦a@�,df�Qhgl&§��-acesyrd	¡£lwhg�vdOm�~
104 qsjr¡�unyôaphFjrdf�vq"�Da��fl�bTl0l;�,uvqFl0m�~

• �Ddfe�hg�vl�qF¡�dOdchg�vl0m(ñveFdO�;l0qFq;|QhF�vl�hg�vesl;qF�ndfyrm(jrq$�;acyr�0uvyôaihgl;m(apq"apbTd��fl�uvqsjr�v #hF�vl�yrd��"l;e�bTdcuv�vmac�nm hF�vl(ñTd��"l;e�jrq#��apyr�;unyôaphFl;m b��áhg�vesl;l(¡�ap�v�vl;esq í uvqsjr�v �hg�vl(uvñnñTl0e�b3dfuv�nm�jk� hF�vl � ´Uuv�5§
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