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Abstract

This paper deals with the problem of obtaining methods to compute the
distribution of the maximum of a one-parameter stochastic process on a fixed
interval, mainly in the Gaussian case. The main point is the relationship
between the values of the maximum and crossings of the paths, via the so-
called Rice’s formulae for the factorial moments of crossings.

We prove that for some general classes of Gaussian process the so-called
”Rice series” is convergent and can be used for to compute the distribution
of the maximum. It turns out that the formulae are adapted to the numerical
computation of this distribution and becomes more efficient than other nu-
merical methods, namely simulation of the paths or standard bounds on the
tails of the distribution.

We have included some relevant numerical examples to illustrate the power
of the method.
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1 Introduction

Let X = {X; : t € R} be a stochastic process with real values and continuous paths
defined on a probability space (2, ¥, P) and My := max{X; :t € [0,T]}.
The computation of the distribution function of the random variable My

F(T,u):= P(Mr <u),u e R

by means of a closed formula based upon natural parameters of the process X is
known only for a very restricted number of stochastic processes (and trivial functions
of them): the Brownian Motion {W; : ¢ > 0}; the Brownian Bridge, B; := W; —
tWy (0<t<1); B — fol Bgds (Darling, 1983); the Brownian Motion with a linear
drift (Shepp, 1979); fot Wids+yt (McKean, 1963, Goldman, 1971 Lachal, 1991); the

stationary Gaussian processes with covariance equal to:
1. 7(t) = eIl (Ornstein-Uhlenbeck process, DeLong, 1981),

2. r(t) = (1 — |t|)", T a positive integer (Slepian process, Slepian 1961, Shepp,
1971),

3. r(t) even, periodic with with period 2, 7(t) = 1—at| for 0 < [t| < 1,0 < a < 2,
(Shepp and Slepian 1976),

4. r<t):1_‘t’/1_ﬂv_ﬂ/1_ﬁa ’t‘<1_ﬁ/ﬁ7 0<ﬁ§1/27 T:(1_6>/ﬁ
(Cressie 1980),

5. r(t) = cost.

Given the interest in F'(T,u) for a large diversity of theoretical and technical
purposes an extensive literature has been developed of which we give a sample of
references pointing to various directions:

1. Obtaining inequalities for F'(T,u) : Slepian (1962); Landau & Shepp (1970);
Marcus & Shepp (1972); Fernique (1974); Borell (1975); Ledoux (1996); Tala-
grand (1996) and references therein. A general review of a certain number of
classical results is in Adler (1990, 2000).

2. Describing the behaviour of F(T,u) under various asymptotics : Qualls and
Watanabe (1973); Piterbarg (1981, 1996); Leadbetter, Lingren and Rootzén
(1983); Berman (1985a, b, 1992); Talagrand (1988); Berman & Koéno (1992) ;
Sun (1993); Wschebor (2000); Azals, Bardet and Wschebor (2000).
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3. Studying the regularity of the distribution of M7 : Ylvisaker (1968); Tsirelson
(1975); Weber (1985); Lifshits (1995); Diebolt and Posse (1996); Azais and
Wschebor (2000) and references therein.

Generally speaking, even though important results are associated with problems
1) 2) and 3) they only give limited answers to the computation of F(T,u) for fized
T and u. As a consequence, Monte-Carlo methods based on the simulation of the
paths of the continuous parameter process X are widely used, even though they
have well-known difficulties : a) they are poor for theoretical purposes ; b) they are
expensive from the point of view of the number of elementary computations needed
to assure that the error is below a given bound and c) they always depend on the
quality of the random number generator being employed.

The approach in this paper is based upon expressing F(7,u) by means of a
series (The ”Rice series”) whose terms contain the factorial moments of the number
of upcrossings. The underlying ideas have been known since a long time (Rice
(1944-1945), Slepian (1962), Miroshin (1974)).

The main new result in this paper is that we have been able to prove the con-
vergence of that series in a general framework instead of considering only some
particular processes. This provides a method that can be widely applied.

A typical application is Theorem2.2 that states that if a stationary Gaussian
process has a covariance which has a Taylor expansion at zero that is absolutely
convergent at t = 27, then F(T,u) can be computed by means of the Rice series.
On the other hand, even though Theorems 2.1 and 2.3 below do not refer specifically
to Gaussian processes, in practice, at present we are only able to apply them to the
numerical computation of F/(7',u) only in Gaussian cases.

In the section "Numerical examples” we include a comparison between the com-
plexities of the computations of F(T,u) using the Rice series versus Monte-Carlo
method, in the relevant case of a general class of stationary Gaussian processes. It
shows that the use of Rice series is a priori better. More important is the fact that
the Rice series is self-controlling for the numerical errors. This implies that the a
posteriori number of computations may be much smaller than the one required by
simulation. In fact, in relevant cases for standard bounds for the error, the actual
computation is performed with a few terms in the Rice series.

As examples we give tables for F(T,u) for a number of Gaussian processes.
When the length of the interval T increases, one needs an increasing mumber
of terms in the Rice’s series not to surpass a given bound for the approximation
error. For small values of T an large values of the level u one can use the so-



called ”Davies bound” (1977), or more accurately, the first term in the Rice series
to obtain approximations for F'(T, ). But as T increases, for moderate values of u
the ”Davies bound” is far from the true value and one requires the computation of
the succesive terms. The numerical results are shown in the case of four Gaussian
stationary processes for which no closed formula is known.

An asymptotic approximation of F'(T',u) as u — 400 recently obtained by Azals,
Bardet and Wschebor (2000). It extends to any T a previous result by Piterbarg
(1981) for sufficiently small T'.

One of the key points in the computation is the numerical approximation of the
factorial moments of upcrossings by means of Rice’ integral formulae. For that pur-
pose, the main difficulty is the precise description of the behaviour of the integrands
appearing in these formulae near the diagonal, which is again an old subject that is
interesting on its own - see Belayeiv (1966), Cuzick (1975) - and remains widely open.
We have included in the Section ” Computation of Moments” some new results, that
give partial answers and are helpful to improve the numerical methods.

The extension to processes with non-smooth trajectories can be done by smooth-
ing the paths by means of a deterministic device, applying the previous methods
to the regularized process and estimating the error as a function of the smoothing
width. We have not included these type of results here since for the time being they
do not appear to be of practical use.

The Note (Azals & Wschebor 1997) contains a part of the results in the present
paper, without proofs.

Notations

Let f: I — IR be a function defined on the interval I of the real numbers,

Cu(f; 1) :={tel: f(t)=u}
Nu(f; 1) =1 (Cu(f; 1))

denote respectively the set of roots of the equation f(¢) = u on the interval I and the
number of these roots, with the convention N, (f; ) = +oc if the set C, is infinite.
N, (f;1) is called the number of “crossings” of f with the “level” u on the interval
I. In what follows, I will be the interval [0, 7] if it is not stated otherwise.

In the same way, if f is a differentiable function the number of “upcrossings” of
f is defined by means of

Uu(fi 1) :=t8({t € I: f(t) = u, f'(t) > 0}).



| f]l, denotes the norm of f in LP(I, A), 1 < p < +o0, A the Lebesgue measure. The
joint density of the finite set of random variables X7, ...X,, at the point (zy,...z,)

.....

the density of the standard normal distribution, ®(t) := [ " ¢(u)du its distribution
function. |I] is the length of I. ™ = sup {z, 0}. h

If Ais a matrix, AT denotes its transposed, and if A is a square matrix, det(A)
its determinant. Var(§) is the variance matrix of the (finite dimensional) random
vector £ and Cov(&,n) the covariance of £ and 7.

For m and k, positive integers, k < m, define the factorial kth power of m by

m* = m(m —1)...(m — k+ 1)

For other real values of m and k we put m!* := 0.
If k is an integer k > 1, the “diagonal of I*¥ 7 is the set:

Dy(I) = {(t1,....,tx) € I*, t; = t, for some pair (j,h), j # h}.
™) is the m-th derivative of the function f. d;n = 0 or 1 according as j # h or

j=h.

2 The distribution of the maximum and the Rice
series

We introduce the notations
v = B(U0) ™ xozy); T o= B(U)™) (m=1,2,..)

where U, = U,(X,[0,T]). vy, is the factorial moment of the number of upcrossings
of the process X with the level u on the interval [0, T, starting below u at ¢ = 0.
The Rice formula to compute v,,, whenever it holds is:

[0,7]™ -
PXo, X4, 0o X, (T, Uy o U) = 0
_ / dty.dty [ da / ool
017" —oo J[04o0)™
pX07th """ Xtm’X£1 """ Xém (ZL’,U, "‘7u7$,17 x;n)dl‘lldl';n (2)



(References for conditions for this formula to hold true that suffice for our pre-
sente purposes and also for proofs can be found, for example, in Marcus (1977) and
in Wschebor (1985).

This section contains two main results. The first is Theorem 2.1 that requires
the process to have C* paths and contains a general condition enabling to compute
F(T,u) as the sum of a series. The second is Theorem 2.2 that illustrates the same
situation for Gaussian stationary processes from conditions on the the covariance.
As for Theorem 2.3, it contains upper and lower bounds on F(T,u) for processes
with C*—paths verifying some additional conditions.

Theorem 2.1 Assume that a.s. the paths of the stochastic process X are of class
C> and that the density px..,, is bounded by some constant D.

(1) If there exists a sequence of positive numbers {ci}._, 5  such that:

_ _ D, _
V=P (HX(% 1)”oo > ¢, T 1) + 22k—1 2k — 1) =0 (2 k) (k—o0)  (3)
then :
o0 m Vm
1—F(T,u):P(X0>u)—I—Z(—1) +1m (4)
m=1

(i) In formula (4) the error when one replaces the infinite sum by its mg-th
partial sum is bounded by vy, ., where:

2k+1

Y 1= SUP ( %) .

k>m

We will call the series in the right-hand term of (4) the ”Rice Series”.

For the proof we will assume, with no loss of generality that 7" = 1.

We start with the following lemma on the Cauchy remainder for polynomial
interpolation (Davis 1975, Th. 3.1.1 ).

Lemma 2.1 a) Let I be an interval in the real line, f : I — IR a function of
class C*, k a positive integer, ty,...,ty, k points in I and let P(t) be the - unique
- interpolation polynomial of degree k — 1 such that for i = 1,....k: f(t;) = P(t;),
taking into account possible multiplicities.



Then, fort eI :

)t~ 1) 1 (E)

£6) = ) =

where
min(ty, ..., t, t) < & < max(ty, ..., tg, t).
b) If f is of class C* and has k zeros in I (taking into account possible multi-

plicities), then:

1f(1/2)] € 7z 1.

= k'Qk

The next combinatorial lemma plays the central role in what follows. A proof is
given in Lindgren (1972).

Lemma 2.2 Let & be a non-negative integer-valued random variable having finite
moments of all orders. Let k,m, M (k> 0,m > 1, M > 1) be integers and denote

=PE=Fk) i pi=EEM) 5 Sy =Y (—1mhim
(g ) ;M (5 ) ) M ;§;< ) ﬂﬂ
Then
(i) For each M :
2M 0o
Sonmr < Zpk < Zpk < Sonrt1 (5)

k=1 k=1

(ii) The sequence {Syr; M = 1,2, ...} has a finite limit if and only if p,,/m! — 0
as m — oo, and in that case:

PE=1)= Zpk > (et (6)

m=1

Remark. A by-product of Lemma 2.2 that will be used in the sequel is the following:
if in (6) one substitutes the infinite sum by the M —partial sum, the absolute value
par+1/((M + 1)!) of the first neglected term is an upper-bound for the error in the
computation of P({ > 1).



Lemma 2.3 With the same notations as in Lemma 2.2 we have the equality:

"y=m> (k-D"UPE k) (m=1,2,..).
k=m

Proof: Check the identity

=m Ji (l{;)[m_l]

k=m—1
for each pair of integers 7, m. So,
00 00 J
BE™) =3 _j"MPE =) = 3 PE=jym Y (k=1 =
j=m j=m k=m

Lemma 2.4 Suppose that a.s. the paths of the process X belong to C*° and that
Px,,, i bounded by the constant D. Then for any sequence {cyx,k = 1,2,...} of
positive numbers, one has

- m— — DCk
E(( Z R { (XN 2 ) + gy =gy - (@)

Proof: Because of Lemma 2.3 it is enough to prove that P(U, > k) is bounded
by the expression in brackets in the right-hand member of (7). We have

P(U, > k) < P(|I X Vo > ) + P(Uu > K, [| XV < ).
Because of Rolle’s theorem:
{Uy > k} C{NL(X;I) > 2k — 1},

Applying Lemma 2.1 to the function X() — u and replacing in its statement k& by
2k — 1, we obtain:

Ck

(2k—1) _
{Uu =k, [ X oo < i} C{IX1p2 —ul < 92k~ (2 — 1)]}'




The remaining is plain.

Proof of Theorem 2.1 :
We use the notation 7, := E(U{™) (m=1,2,...).
Using Lemma 2.4 and the hypothesis we obtain:

~ o * (m)

v 1 v 1

oo [ml~* o—(k+1) _ mo—(m+1) — ~*
m! Sm!;k m? _m!2 [(1—:{:) ‘m:1/2] —m

Since vy, < Uy, we can apply Lemma 2.2 to the random variable { = U, I;x,<y)
and the result follows from ~;, — 0.

Remarks

One can replace condition px,. ,(z) < D for all z by px,. ,(z) < D for z in some
neighbourhood of u. In this case, the statement of Theorem 2.1 holds if one adds in
(44) that the error is bounded by ~;, ., for mq large enough. The proof is similar.
Also, one may substitute the one-dimensional density px,. /2 DY px, for some other
t € (0,7T), introducing into the bounds the corresponding modifications.

The application of Theorem 2.1 requires an adequate choice of the sequence
{ck,k = 1,2,...} that depends on the available description of the process X. The
whole procedure will have some practical interest for the computation of P(M > u)
only if we get appropriate bounds for the quantities «;", and the factorial moments v,
can be actually computed by means of Rice formulae (or by some other procedure).
The next Theorem shows how this can be done in the case of a general class of
Gaussian stationary processes.

Theorem 2.2 Let X be Gaussian, centered and stationary, with covariance I'.

Assume that T' has a Taylor expansion at the origin that is absolutely convergent
at t = 2T. Then the conclusion of Theorem 2.1 holds true so that the Rice series
converges and F(T,u) can be computed by means of (4)

Proof. Again we assume with no loss of generality that "= 1 and that I'(0) = 1.
Note that the hypothesis implies that the spectral moments \; exist and are
finite for every £ =10,1,2, ...
We will prove a stronger result, assuming the hypothesis:

Hy @ Mgy < Ch (K2



It is easy to verify that if I' has a Taylor expansion at zero that is absolutely
convergent at ¢t = 2, then H; holds true. (In fact, both conditions are only slightly
different, since H; implies that the Taylor expansion of I' at zero is absolutely
convergent in {|t| < 2}).

Let us check that the hypotheses of Theorem 2.1 hold true.

First, px, ,(v) < D = (2m)~1/2.

Second, let us show a sequence {c;} that satisfies (3). We have

P XV > e) < P(IXSV] > ) + 2P (U (XD 1) > 1) <

< P(|Z] > e 2) + 2B(U., (XD 1)), (8)

where Z is standard normal.

Note that {X 7"t € R} is a Gaussian stationary centered process with co-
variance function —I'**=2)(\). So we can use Rice formula for the expectation of the
number of upcrossings of a stationary centered Gaussian process (see for example
Cramér & Leadbetter, 1967) to compute the second term in the right-hand member
of (8). Using the inequality 1 — ®(z) < (1/x)¢(z) valid for > 0, one gets:

2)‘1222 A )2 c?
PUXE 2 e < [ 2252 4 m (D) ()
T Ck Adg—2 2\ p—2

Choose

>\4k

Cr = (Bll{)\4k_2)l/2 if —— S Blk’
4k—2
L 1/2 >\4k
Cp 1= (>\4k) if ——— > B k.
)\4ka

Using hypothesis Hy), if By > 1 :

P(IX®* Vo > ) <

2 1 1
\ﬁ+ —(Blk)m] e 3
s T

Finally, choosing By := 4log(2):
2
Vi < \/;(1 F20C D)2 (k=1,2,..),
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so that (3) is satisfied. As a by product, note that

v < \/§(1 +2(C + Dm)2™™ (m=1,2,..). (10)

Remarks
a) If one is willing to use Rice formulae to compute the factorial moments v,,, it
is enough to verify that the distribution of

/ /
Xty ooy Xp Xp s ooy X,

is non-degenerate for any choice of k = 1,2, ... (t1,...,t) € I*\Di(I). For Gaussian
stationary processes a sufficient condition for non-degeneracy is the spectral measure
not to be purely atomic (see Cramér and Leadbetter (1967) for a proof). The same
kind of argument permits to show that the conclusion remains if the spectral measure
is purely atomic and the set of its atoms has an acumulation point in IR. Sufficient
conditions for the finiteness of v, are given also in Nualart & Wschebor (Lemma
1.2, 1991).

b) If instead of requiring the paths of the process X to be of class C*, one relaxes

this condition up to a certain order of differentiability, one can still get upper and
lower bounds for P(M > u).

Theorem 2.3 Let X = {X; : t € I} be a real -valued stochastic process. Suppose
that px,(z) is bounded for t € I, x € IR and that the paths of X are of class CP™.
Then

2K+1

if 9K +1<p/2 : P(M < P(X, _qymtilm
AT <p/2 s PO S PG> 0+ 3 (1)
and
2K v
f 2K 2. P(M < P(X, > —1)ymtt
B2 <pf2: PO ) S PO >+ D1

Note that all the moments in the above formulae are finite.

The proof is a straightforward application of Lemma 2.2 and Lemma 1.2 in
Nualart & Wschebor (1991).

When the level u is high, the results by Piterbag (1981, 1996), which were until
recently the sharpest known asymptotic bounds for the tail of the distribution of the
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maximum on a fixed interval of general Gaussian stationary processes with regular
paths (for a refinement, see Azais, Bardet and Wschebor, 2000) can be deduced
from the foregoing arguments. Here, only the first term in the Rice series takes part
in the equivalent of P(M > u) as u — +oo. More precisely, if Ay < oo, it is not
hard to prove that

)\2 —u?(1+4n)

0< o(u) — v < (const)e™ 2z |

—V 2r

w2 (1+4m)
ve < (const)e” 7 ,

for a certain n > 0. Lemma 3.2 implies that

o u2(1+n)

0<1—®(u)+ ;—;qb(u) — P(M > u) < (const)e” 2z, (11)

which is Piterbarg’s result.

3 Computation of Moments

An efficient numerical computation of the factorial moments of crossings is associ-
ated to a fine description of the behaviour as the k-tuple (ti, ..., ) approaches the
diagonal Dy(I), of the integrands

A+ o / / / / / /
Al W u) = / Ty e T DXty o K X1 o XL (U, .., u, 2y, .z )day...dx) .
[0,4-00)™

tm

u
/ / / / / /
Atl,m’tk(u):/ dx/ Ty e gD X0, Xy o Xty XL s X (x,uy.coyu, 2y, . )day...dx) .
—00 [0,+00)™

that appear respectively in Rice formulae for the k" —factorial moment of upcross-
ings or the k" —factorial moment of upcrossings with the additional condition that
Xo < u (see formula(2).

For example in Azais, Cierco and Croquette (1999) it is proved that if X is
Gaussian, stationary, centered and A\g < oo, then the integrand g:t(u,u) in the
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computation of 75 - the second factorial moment of the number of upcrossings -
satisfies:

At ~
s,t(U/?u) 1296 ()\4 . )\%)1/2 7]_2 )\2

1 (Dode — A2 IR VI s
R el (t—s)',  (12)

ast—s — 0.
(12) can be extended to non-stationary Gaussian processes obtaining an equiv-
alence of the form:

AL (uu) = J@)(t—s)*  as st —1 (13)

where J(t) is a continuous non-zero function of ¢ depending on u, that can be ex-
pressed in terms of the mean and covariance functions of the process and its deriva-
tives. We give a proof of an equivalence of the form (13) in the next proposition.

One can profit of this equivalence to improve the numerical methods to compute
vy (the second factorial moment of the number of upcrossings restricted to Xy <
u). Equivalence formulae such as (12) or (13) can be used to avoid numerical
degeneracies near the diagonal Do(I). Note that even in case X is stationary at the
departure, under conditioning on X, the process that must be taken into account
in the actual computation of the factorial moments of upcrossings that appear in
the Rice series(4) will be non-stationary, so that equivalence (13) is the appropriate
tool.

Proposition 3.1 Suppose that X is a Gaussian process with C° paths and that for
each t € I the joint distribution of Xt,Xt’,Xtm,Xt(g) does not degenerate. Then (13)
holds true.

&

&
bility distribution the conditional distribution of ())gg/) given X, = X; = u.
One has:

Proof. Denote by & = < ) a two-dimensional random vector having as proba-

"Z[;:t(ua u) =FE (éi‘—g;) Pxq.x, (U’7 U) (14)
Put 7 =t — s and check the following Taylor expansions around the point s:

E (&) = mam +mot® + L7 (15)
E (&) = —my1 +mhm? + Lot? (16)

13



at? + b3 + et + pp7? —ar?— b+Tb/7'3 +drt + prar? > a7

/
—ar? — B L drt 4 po7S a2+ 0T + T A poat®

Var(©) = (

where my, ma, mj, a, b, ¢, d, a’, b’, ¢’ are continuous functions of s and Ly, Lo, p11,
p12, p2e are bounded functions of s and ¢t. (15),(16) and (17) follow directly from
the regression formulae of the pair ())?,) on the condition X, = X; = u.

Note that (as in Belyaiev, 1966 or Azais and Wschebor, 2000)

det Var(X,, Xy, X))T  det Var(X,, X, X; — X, — (t — s)X))T
det Var(X,, X,)T det Var(X,, X; — X,)T

Var(§:) =

A direct computation gives:

det Var(Xs, Xt)T ~ 72 det Var(X,, XQ)T (18)

1y @hT
Var(e) ~ 1det Var(X,, X7, Xs™)" ,
4 detVar(Xs, X)T

where =~ denotes equivalence as 7 — 0. So,

 ldet Var(X,, X, X)T
4 detVar(X,, X)T

which is a continuous non-vanishing function for s € I. Note that the coefficient of
73 in the Taylor expansion of Cov(£, &) is equal to —b+Tb,. This follows either by
direct computation or noting that det Var(§) is a symmetric function of the pair
s, t.

Put

A(s,t) = det Var(§)
The behaviour of A(s,t) as s,t — t can be obtained by noting that

Als 1) = det Var(X,, X;, X2, X))
T det Var(Xs, Xi)T

and applying Lemma 3.2 in Azals and Wschebor (2000) or Lemma 4.3, p.76 in
Piterbarg (1996) which provide an equivalent for the numerator, so that:

A(s,t) = A(t)78 (19)

14



with

1 detVar(Xp XL XD, xONT

)
t) = t t

144 det Var(Xz X)T

The non degeneracy hypothesis implies that Z(tN) is continuous and non zero.
Then:

bery— L o +OO;E ex —#x x
B gl L e[ty ee @

where

F(z,y) = Var(&)(z — E(&))* + Var(&)(y — E(&))* — 2Cov(&1, &)(z — E(&))(y — E(&))

Substituting the expansions (15), (16), (17) in the integrand of (20) and making
the change of variables x = 7%v, y = 72w we get, as s,t — t:

E(&&) = ﬁ(})}m /(:OO /O+OO VW exp {—%@F(U,w)] dvdw (21)

Z(f) can also be expressed in terms of the functions a, b, c,d, d’, V', -

R NEEAY
A(t) = ad + ca’ + 2ad 5

and

F(v,w) = a(v—mg+w—mh)’ +m?(c+ ¢ +2d) —my (b — ) (v + w — my —m))

The functions a, b, c,d,b’, c’,mq, mo that appear in these formulae are all evaluated
at the point .

Replacing (21) and (18) into (14) one gets (13).
when (t1, ..., ) approaches the diagonal is not known. Proposition 3.3 , even though
it contains restrictive conditions (it requires E{X;} = 0 and v = 0) can be applied
to improve the efficiency in the computation of the k*"-factorial moments by means
of a Monte-Carlo method, via the use of important sampling. More precisely, when
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.....

(t1,ta, ..., t;) in the cube I* with a uniform distribution, we do it with a probability
law that has a density proportional to the function [, ;< (¢; — t;)*. For its proof
we will use the following auxiliary proposition, that has its own interest and extends
(19) to any k.

Proposition 3.2 Suppose that X = {X;:t € I} is a Gaussian process defined on
the interval I of the real line with C?*~1 paths, k an integer, k > 2, and that the

joint distribution of (Xt,Xl{, ....,X,f(%_l)) is non-degenerate for each t € I. Then,
iftl,tg, ,tk —

det Var(Xpe, X}e, ..., X25D)T
A =detVar(Xy,, X, , ---,thXt/k)T ~ [25 3't (Ztk‘ — 1)62 |

1<i<j<k

(22)

Proof. With no loss of generality, we consider only k—tuples (¢1, s, ...., t;) such

Suppose f : I — IR is a function of class C*™ , m > 1, and ti,t9,...., tn,
are pairwise different points in I. We use the following notations for interpolating
polynomials:

P,.(t; f) is the polynomial of degree 2m — 1 such that

Pulty f) = f(t;) and PG f) = F(t;) forj=1,..m.
Qm(t; f) is the polynomial of degree 2m — 2 such that
Qumty; )= f(t;) forj=1,..m; Q. (tf)=[f(t;) forj=1,...,m—1.

JFrom Lemma 2.1 we know that

f@) = Pn(t; f) = @(t =)t =) FO(E) (23)

f(t) = Qult; f) = 1 t1)%(t = ) (2 — ) ™D () (24)

1
(2m —1)

where

5 = §(t17t27 "“7tm7t)an = 7](75171527 7tm7t)
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and
min(ty, to, ..., tym,t) < & 1 <max(ty, ta, ..., tim, t).
Note that the function

g(t) = f(zmil)(n(tl,tg, ey by ) = (2m — D[ (t) = Qm(t; f)]

(t—t1)2%(t — ti—1)?(t — t)
is differentiable at the point t = ¢, and differentiating in (24):

F'(tm) = Quu(tms f) = m(zﬁm = t1) (b =t ) FE I (1 s st )

(25)

Put
é- 5(151,752,... m,tm)anm:n<t17t2;~-~;tm7tm)-
Since Py, (t; f) is a linear functional of

(f(t1>v ceey f(tm)> f/(t1)7 ceey f/(tm))

and Q,,(t; f) is a linear functional of

(F(E)sooes (), (1), s [ (b))

with coefficients depending (in both cases) only on ty, s, ...., t,,, t, it follows that:

A det Var(th,th,th — P1<t27 ) X{Q QQ(tQ, ),

T
o Xy — P (s X), X, — Qi(ti; X)) =
1 1
= det Var(Xy,, X, 2|(t2 —t1) X€<1>, 3'(25 )2 X, ..
1 2 2 (2k 2) 1 2 v (2k—1

A s

= 2 H (tj_ti)

[21...(2k — 1)]] 1<i<i<k
with

N (2) (2k—2) 2%k—1\T
A = det Var(Xy,, X{,, X, ,X7§2),...,X§k_1 ,anH N —

— det Var(Xp, X, ..., XZEDT
as ty,to, ..., ty — t*. This proves (22).
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Proposition 3.3 Suppose that X is a centered Gaussian process with C**~1 paths
and that for each pairwise distinct values of the parameter ti,ts,...,t, € I the joint
distribution of (Xth,Xgh,....,Xt(fk*l), h = 1,2,...k) is non-degenerate. Then, as
tl,tQ, ,tk — ¥

Al 0,0~ ) T @ -t

1<i<j<k
where Ji(t) is a continuous non-zero function of t.
Proof. Introduce the notation
Dy(t) = det Var(Xy, X}, ..., X'T

In the same way as in the proof of Proposition 3.2 and with a simpler computation,
it follows that as t,t, ..., tx — t*

1
det Va?"(th,th, ceey th)T =~ [ H (t] — t1)2] . Dk’—l(t*> (26)

1<i<j<k

For pairwise different values ty,t, ..., tx, let Z = (Zy,..., Zx)" be a random vector
having the conditional distribution of (X7 ,...., X )T given Xy, = X3, = ... = X, =
0. The (Gaussian) distribution of Z is centered and we denote its covariance matrix

by . Also put:

IR
- det(2) (Uj)i,jzl,...,k

Z—l

o' being the cofactor of the position (i,7) in the matrix 3. Then, one can write:

AL 0,.,0) = E{Z..Z}}  px,, ..x, (0,....0) (27)
and
~ 1 F(zy,...,xk)
Af 0,..,0) = : / T1...Tp exp {—% dz;...dx
tl’m’tk( ) (27T)%(det(2))% (R+)* ! F 2. det(E) ! k
(28)
where
k
F(Ih 756/6) = Z O-ijxlx]
ij=1



Letting t1,to, ..., tx — t* and using (22) and (26) we get:

det(S) = det Var(Xy,, X{,, ... X¢,, X7 )T
¢ B det Var(Xy,, ..., Xy,

B 1 6| Daa(t)
T (kL. (2k—1)!]2[ I @ tl)]'Dkl(t*) '

1<i<j<k

We consider now the behaviour of the ¢%(i,j = 1,...,k). Let us first look at o'!.
Using the same method as above, now applied to the cofactor of the position (1,1)
in X, one has:

o det V(l?”(th, Xt27 ceey th, X/

to) *

det Var(Xy,, ..., X¢, )T
oo | esicsan(ts = 6)°] [acnan(ts — )] Dara(t")

BT [H1§i<j§k(tj - tz’)z] Dy—1(t%)

1 6 2
T2k 2)1 [ i (tj_ti)] [ L1 0o

2<i<j<k 2<h<k

LX)

~

0_11

Doj—o(t")
Dy_1(t¥)

A similar computation holds for ¢ i = 2, ..., k.
Consider now ¢'2. One has:

i  det (B {( X0, Xbgs ooy X, X[y X[ )T (X, Xy oo X, X1 XL X )

B det Var(Xy,, ..., X¢,)" B
o X, XL X)) T (X, X Xy, Xy X X, X0,)

t3»
det Var(Xy,, ..., X¢,)T

) de@; —2>!]2[ [ =y [H (tl_th)4(t2‘th>4] (tg—t, 2, D2

3<i<j<k 3<h<k Dy ()

det [E{(X,,, X]

27

~

A similar computation applies to all the cofactors o, i # j.
Perform in the integral in (28) the change of variables

i=k
€Ty = [ H (tz—tj)2]yj jzl,,k

i=L,ij

19



and the integral becomes:
1
(t; —t;)° / Yi---Yp €Xp {——G(yl,.-.,yk)} dyy...dyy,
nggk I (R+)k 2.det(§])
where
h=Fk h=k
Gy1, - Uk) Zo— [ 1T th—ti)Ql [ 11 (th—tj):’] Vi Uj.
i,j=1 h=1,h#i h=1,h#j

so that, as tq,ts,...,tp — t*

G(yla“'ay ) —~ 2 D, 2 i
det(Z)k ~ 2k =1 D2: o (Zy)

Now, passage to the limit under the integral sign in (28), which is easily justified by
application of the Lebesgue Theorem, leads to

1 _ s (Dea) )2 o
(%ﬁk!...(% 1)![ IT 1t t,|](D2kl(t*)) Ii(a)

1<i<j<k

E{Zi. 2} ~

where Iy(a), a0 > 0 is

i=k 2
o 1
I.(a) = LY EXp | —— i dyy...dy, = —I.(1
k() /(Rﬂkyl yi exp | =2 (;y> - dyy = —T(1)

and

o Dog_o(t")

=D, )

Replacing into (27) one gets the result with

Ji(t) =

...(2k — 2)! I:(1) {D%_l(t)r
[27r(2k )]Qk ! [D%_l(t)]% Doy,_o(t)

This finishes the proof.
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4 Numerical examples

4.1 Comparison with Monte-Carlo method

First, let us compare the numerical computation based upon Theorem 2.1 with
the Monte-Carlo method based on the simulation of the paths. We do this for
stationary Gaussian processes that satisfy the hypotheses of Theorem 2.2 and also
the non-degeneracy condition that ensures that one is able to compute the factorial
moments of crossings by means of Rice formulae.

Suppose that we want to compute P(M > u) with an error bounded by &, where
0 > 0 is a given positive number.

To proceed by simulation, we discretize the paths by means of a uniform partition
{t; :==j/n,7=0,1,....,n}. Denote

M™ = sup Xi; -
0<j<n
Using Taylor’s formula at the time where the maximum M of X occurs, one
gets :

0<M—M™ <[|X"]|/(20%)
It follows that

0<PM>u)—P(M™ >u)=P(M>u M™ <u) <
< P(u< M <u+||X"||o/(20%)).

If we admit that the distribution of M has a locally bounded density (which is a
well-known fact under the mentioned hypotheses) the above suggests that a number
of n = (const)d~'/2 points is required if one wants the mean error P(M > u) —
P(M™ > u) to be bounded by 6.

On the other hand, to estimate P(M™ > u) by Monte-Carlo with a mean square
error smaller than §, we require the simulation of N = (const)d—? Gaussian n-tuples
(X4, --ry Xy,,) from the distribution determined by the given stationary process. Per-
forming each simulation demands (const)nlog(n) elementary operations (Dietrich
and Newsam, 1997). Summing up, the total mean number of elementary operations
required to get a mean square error bounded by J in the estimation of P(M > u)
has the form (const)§—*/?log(1/9).

Suppose now that we apply Theorem 2.1 to a Gaussian stationary centered pro-
cess verifying the hypotheses of Theorem 2.2 and the non-degeneracy condition.
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The bound for ~/, in Equation (10) implies that computing a partial sum with
(const)log(1/6) terms assures that the tail in the Rice series is bounded by 6. If
one computes each v, by means of a Monte-Carlo method for the multiple integrals
appearing in the Rice formulae, then the number of elementary operations for the
whole procedure will have the form (const)d~2log(1/§). Hence, this is better than
simulation as  tends to zero.

As usual, for given § > 0, the value of the generic constants decides the compar-
ison between both methods.

More important is the fact that the enveloping property of the Rice series implies
that the actual number of terms required by the application of Theorem 2.1 can
be much smaller than the one resulting from the a priori bound on ;. More
precisely, suppose that we have obtained each numerical approximation v, of v,
with a precision 7

|V:n - Vm‘ S m,

and that we stop when

*

12

_motl 29
Then, it follows that
[e%e) mo *
A N 1] [ PR P
D D DIC i R

Putting n = 6/(e + 1), we get the desired bound. In other words one can profit of
the successive numerical approximations of v, to determine a new mg which turns
out to be - in certain interesting examples - much smaller than the one deduced
from the a priori bound on «},.

4.2 Comparison with usuals bounds

Next, we will give the results of the evaluation of P(Mr > u) using up to three
terms in the Rice series in a certain number of typical cases. We compare these
results with the classical evaluation using what is often called the “Davies (1977)
bound”. In fact this bound seems to have been widely used since the work of Rice
(1944). It is an upper-bound with no control on the error, given by:

P(M > u) < P(Xo > u) + E(U,([0,T7)) (30)
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The above mentioned result by Piterbarg (11) shows that in fact, for fixed T" and
high level u this bound is sharp. In general, using more than one term of the Rice
series supplies a remarkable improvement in the computation.

We consider several stationary centered Gaussian processes listed in the following
table, where the covariances and the corresponding spectral densities are indicated.

process covariance spectral density

X I'y(t) = exp(—t*/2) fi(z) = 2m)"Peap(—a?/2)
X 2(t) = (ch(t))™! fa(@) = (2¢h((x2)/2)) "
X3 Fg(t) (31/2t) Sln(31/2t) fg(x) = 12_1/21{{—\/§<x<\/§}
Xy Tu(t) = e VRIEERP + 262+ VBt + 1) falz) = 2L (5+22)

In all cases, A\g = Ay = 1 to be able to compare the various results. Note that I';
and I'3 have analytic extensions to the whole plane, so that Theorem 2.2 applies to
the processes X; and X3. On the other hand, even though all spectral moments of
the process Xy are finite, Theorem 2.2 applies only for a length less than /4 since
the meromorphic extension of I'y(.) has poles at the points iw/2 + ki, k an integer.
With respect to I'4(.) notice that it is obtained as the convolution I's * I's * I's % I';
where T'5(t) := el is the covariance of the Ornstein-Uhlenbeck process, plus a
change of scale to get \g = Ay = 1. The process X, has \g < 0o and A\g = oo and its
paths are C3. So, for the processes X, and X, we apply Theorem 2.3 to compute
F(T,u).

Table 1 contains the results for 7' = 1,4, 6, 8, 10 and the values u = -2, —-1,0,1, 2,3
using three terms of the Rices series. A single value is given when a precision of 1072
is met; otherwise the lower-bound and the upper-bound given by two or three terms
of the Rices series respectively, are diplayed. The calculation uses a deterministic
evaluation of the first two moments v and 15 using program written by Cierco Cro-
quette and Delmas (2000) and a Monte-Carlo evaluation of v3. In fact, for simpler
and faster calculation, 73 has been evaluated instead of v3 providing a slightly weaker
bound.

In addition Figures 1 to 4 show the behavior of four bounds : namely, from the
highest to the lowest

e The Davies bound (D) defined by formula (30)
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Length of the time interval T
w1l |4 |6 E | 10
-210.99 | 1.00 | 1.00 1.00 1.00
0.99 | 1.00 | 1.00 1.00 1.00
1.00 | 1.00 | 1.00 1.00 1.00
0.99 | 1.00 | 1.00 1.00 1.00
-110.93 | 1.00 | 1.00 0.99-1.00 | 0.98-1.00
0.93 10.99 | 1.00 0.99-1.00 | 0.98-1.00
0.93 | 1.00 | 1.00 1.00 0.99
0.93 | 1.00 | 1.00 0.99-1.00 | 0.98-1.00
0 0.65 |0.90 |0.95 0.95-0.99 | 0.90-1.00
0.65 | 0.89 | 0.94-0.95 | 0.93-0.99 | 0.87-1.00
0.656 | 0.919 | 0.97 0.98-0.99 | 0.92-1.00
0.65 | 0.89 | 0.94-0.95 | 0.94-0.99 | 0.88-1.00
11025 |0.49 |0.61 0.69-0.70 | 0.74-0.77
0.25 |0.48 | 0.58 0.66-0.68 | 0.70-0.76
0.26 | 0.51 | 0.62 0.71 0.76-0.78
0.25 |0.48 | 0.59 0.67-0.69 | 0.72-0.77
2 10.04 |0.11 |0.15 0.18 0.22
0.04 |0.11 |0.14 0.18 0.21
0.04 |0.11 |0.15 0.19 0.22
0.04 |0.11 |0.14 0.18 0.22
31 0.00 |0.01 |0.01 0.02 0.02
0.00 |0.01 |0.01 0.02 0.02
0.00 |0.01 |0.01 0.02 0.02
0.00 |0.01 |0.01 0.02 0.02

Table 1: Values of P(M > w) for the different processes. Each cell contains, from
top to bottom, the values corresponding to stationary centered Gaussian processes
with covariances I';,I'5, '3 and I'y respectively. The calculation uses three terms
of the Rice series for the upper-bound and two terms for the lower-bound. Both
bounds are rounded up to two decimals and when they differ, both displayed.
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e One, three, or two terms of the Rice series (R1, R3, R2 in the sequel) that is

K
Vm
P(Xy > u) + Z(—nm“%
m=1 ’

with K = 1,3 or 2.

Note that the bound D differs from R1 due to the difference between vy and
v1. These bounds are evaluated for T = 4,6,8,10,15 and also for 7" = 20 and
T = 40 when they fall in the range [0, 1]. Between these values an ordinary spline
interpolation has been performed.

In addition we illustrate the complete detailed calculation in three chosen cases.
They correspond to zero and positive levels u. For u negative, it is easy to check
that the Davies bound is often greater than 1, thus non informative.

e Foru=0,T =6, =T, we have P(X, > u) = 0.5, i = 0.955, v; = 0.602,
vp/2 = 150, 73/6 = 0.004, so that:

D =1.455, R1=1.103, R3 =0.957, R2=0.953

R2 and R3 give a rather good evaluation of the probability, the Davies bound
gives no information.

e For u = 1.5, T = 15, I = T'y, we have P(Xy > u) = 0.067, »; = 0.517,
Vi = 0.488, 15/2 = 0.08, 75/6 = 0.013, s0 that:

D =0.584, R1=0.555, R3=0.488, R2=0.475

In this case the Davies bound is not sharp and a very clear improvement is
provided by the two bounds R2 and R3.

e For u = 2, T = 10, ' = T'3, we have P(X, > u) = 0.023, 7, = 0.215,
vy = 0211, 1,/2 = 0.014, 13/6 = 31074, so that:

D =0.238, R1=0.234, R3=0.220., R2=0.220
In this case the Davies bound is rather sharp.

As a conclusion, these numerical results show that it is worth using several terms
of the Rice series. In particular the first three terms are relatively easy to compute
and provide a good evaluation of the distribution of M under a rather broad set of
conditions.
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Figure 1: For the process with covariance I'; and the level © = 1, representation of
the three upper-bounds D, R1, R3 and the lower-bound R2 (from top to bottom)
as a function of the length T' of the interval

r, u=o

Values of the bounds

Length of the interval

Figure 2: For the process with covariance I's and the level u = 0, representation of
the three upper-bounds: D, R1, R3 and the lower-bound R2 (from top to bottom)
as a function of the length 7' of the interval
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Figure 3: For the process with covariance I's and the level u = 2, representation of
the three upper-bounds: D, R1, R3 and the lower-bound R2 (from top to bottom)
as a function of the length T of the interval
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Figure 4: For the process with covariance I'y and the level u = 1.5, representation of
the three upper-bounds: D, R1, R3 and the lower-bound R2 (from top to bottom)
as a function of the length 7' of the interval
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