¢-BOREL-LAPLACE SUMMATION FOR ¢-DIFFERENCE EQUATIONS
WITH TWO SLOPES.

THOMAS DREYFUS AND ANTON ELOY

ABSTRACT. In this paper, we consider linear g-difference systems with coefficients that
are germs of meromorphic functions, with Newton polygon that has two slopes. Then,
we explain how to compute similar meromorphic gauge transformations than those ap-
pearing in the work of Bugeaud, using a g-analogue of the Borel-Laplace summation.
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INTRODUCTION

Let ¢ be a complex number with |¢g| > 1, and let us define oy, the dilatation operator
that sends y(z) to y(gz). Divergent formal power series may appear as solutions of linear
g-difference systems with coefficients in C(z). The simplest example is the ¢g-Euler equation

20y Ty = 2,

that admits as solution the formal power series with complex coefficients

. e(e+1)
h = Z(—l)gq gy
£eN

To construct a meromorphic solution of the above equation, we use the Theta function

—een) . e L,
O42) = q¢ 2z L=J[0-a"HA+qg2)A+q "),
YAV reN

which is analytic on C*, vanishes on the discrete g-spiral —¢” := {—¢",n € Z}, with simple
zero, and satisfies

0494(2) = 204(2) = Oy (z_l) .

For \ € C* we denote by [\] the class of A in C*/¢%. Then, for all [\] € ((C*/qZ) \ {[-1]}

the following function A

, is solution of the same equation as h and is meromorphic on
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C* with simple poles on the g-spiral —Ag”:
g‘\ 1

BN .
T e, ()

It is easy to see that it does not depend of the chosen representative A of the class [A].

More generally, the meromorphic solutions play a major role in Galois theory of ¢-difference
equations, see [Bugl2, DVRSZ03, RS07, RS09, RSZ13, Sau00]. In the usual Picard-Vessiot
theory, the Galois group of a ¢-difference equation with coefficients in C(z) is defined over
C, but the solutions in the Picard-Vessiot rings involve symbols. On the other hand,
Praagman in [Pra86] has shown the existence of a fundamental solution for such system,
that is an invertible solution matrix, with entries that are meromorphic on C*. Applying
naively the classical Picard-Vessiot theory with those solutions would give a Galois group
defined on the field of functions invariant under the action of oy, that is, the field of
meromorphic functions on the torus C*/¢%, rather than a group defined on C. Fortunately,
Sauloy has explained how to recover the Galois group with the meromorphic solutions.

Let us consider

(1) o, = AY, where A € GL,,(C({z})),

which means that A is an invertible m x m matrix with coefficients that are germs of mero-
morphic functions at z = 0. We are going to assume that the slopes of the Newton polygon
of (1) belong to Z. See [RSZ13], §2.2, for a precise definition. Then, the work of Birkhoff
and Guenther implies that after an analytic gauge transformation, such system may be
put into a very simple form, that is in the Birkhoff-Guenther normal form. Moreover, after
a formal gauge transformation, a system in the Birkhoff-Guenther normal form may be
put into a diagonal bloc system. Then, the authors of [RSZ13] build a set of meromorphic
gauge transformations, that make the same transformation as the formal gauge transfor-
mation, with germs of entries, having poles contained in a finite number of ¢-spirals of the
form ¢%a, with o € C*. Moreover, the germs of meromorphic gauge transformations they
build are uniquely determined by the set of poles and their multiplicities.

V. Bugeaud considers the case where the Newton polygon of (1) has two slopes that
are not necessarily entire. Analogously to [RSZ13] she builds meromorphic gauge trans-
formations, but this time, the germs of meromorphic entries have poles on ¢%-spirals, for
some d € N*, instead of ¢Z-spirals. See [Bugl2].

In the differential case, we also have the existence of formal power series solu-
tions of linear differential equations with coefficients in C({z}), but we may apply
to them a Borel-Laplace summation, in order to obtain meromorphic solutions. See
[Bal94, Ram85, Mal95, vdPS03|. In the g¢-difference case, although there are several g-
analogues of the Borel and Laplace transformations, see [Abd60, Abd64, Drelba, Drelbb,
DVZ09, Hah49, MZ00, Ram92, RZ02, Tah14, Zha99, Zha00, Zha01, Zha02, Zha03], we do
not know how to compute in general the meromorphic gauge transformations of [Bugl2]
using g-analogues of the Borel and Laplace transformations. Remark that when (1)
has two entire slopes, we are in the framework of [RSZ13], and [Drelba], Theorem 2.4,
explains how to compute them with g-analogues of the Borel and Laplace transformations.
See Remark 3.3. Although the g-summation process of [Drel5a] applies for g-difference
equations with two slopes in general, the functions obtained have too many poles to be

optimal. Indeed, if the slopes are 0 and § with n,d coprimes numbers, we expect to find

meromorphic gauge transformations having entries with n g% spirals of poles of order at
most one, and those of [Drel5a] have n ¢Z spirals of poles of order at most one. The main
goal of this paper is to compute Bugeaud’s like meromorphic gauge transformations with
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a g-Borel-Laplace summation and with a minimal number of poles.

The paper is organized as follows. In §1 we introduce the g-analogues of the Borel and
Laplace transformations. In §2, we give a brief summary of [Bugl2]. The meromorphic
gauge transformations she builds have ¢%-spirals of poles of multiplicity at most n,
for some n € N*. We prove the existence and the uniqueness of meromorphic gauge

transformations having q%—spiral of poles of multiplicity at most 1. In §3, we explain
how to compute the latter meromorphic gauge transformations using a g-analogue of the
Borel-Laplace summation.

Acknowledgments The authors would like the thank the anonymous referee for per-
mitting them to correct a mistake that was originally made in the first version of the

paper.

1. DEFINITION OF ¢-ANALOGUES OF BOREL AND LAPLACE TRANSFORMATIONS.

We start with the definition of the ¢-Borel and the ¢-Laplace transformations. The
definition of the ¢-Borel we use comes from [Drel5a]. Note that when p = 1, we recover
the g-Borel transformation that was originally introduced in [Ram92]. The ¢-Laplace
we use is slightly different than the transformation defined in [Drel5a]. When ¢ > 1
is real and ¢q is replaced by q/*, we recover the ¢-Laplace transformation and the
functional space introduced in [Zha02], Theorem 1.2.1. Earlier introductions of g-Laplace
transformations can be found in [Abd60, Abd64]. Those latter behave differently than our
g-Laplace transformation, since they involve ¢-deformations of the exponential, instead of
the Theta function.

Throughout the paper, we will say that two analytic functions f and g are equal, if
there exists U C C, open connected set, such that f and g are analytic on U and are equal
on U. We fix, once for all, a determination of the logarithm over the Riemann surface of
the logarithm we call log. If & € C, and b € C*, then, we write b instead of e*1°8() One
has b7 = 2P, for all a, 8 € C, and all b € C* Let CJ[[2]] be the ring of formal power
series.

Definition 1.1. Let p € Qsg. We define the g-Borel transformation of order u as follows
Bu: Clle)  — c[)

—e(e—1)

Zagzg — Zagq 2p Cg.

leN leN

We are going to make the following abuse of notations. For A € C*, and n,d positive

co-prime integers, we denote by [A] the class of A in (C*/q%. Let M(C*,0) be the field
of functions that are meromorphic on some punctured neighborhood of 0 in C*. More
explicitly, f € M(C*,0) if and only if there exists V', an open neighborhood of 0, such
that f is analytic on V' \ {0}.

Definition 1.2. Let p = 4 € Q- with n,d positive co-prime integers and [A] € C*/q%.

An element f of M(C*,0) is said to belongs to ]HIL)‘} if there exist € > 0 and a connected
domain 2 C C, such that:

SN ¢
oegiz{zec z )\q’<5’qA’}CQ.

e The function f can be continued to an analytic function on {2 with q%-exponential
growth at infinity, which means that there exist constants L, M > 0, such that for
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all z € Q:
7)< 16, g (MI:))
Note that it does not depend of the chosen representative A. An element f of M(C*,0)
is said to belongs to H,, if there exists a finite set X C C*/q%, such that for all
[A] € (C*/q%) \ X, we have f € ]HI N,

Definition 1.3. Let u = & € Q¢ with n,d positive co-prime integers, [A] € C*/q%.
Because of [Drelba], Lemma 1.3, the following map, which does not depend of the chosen
representative \, is well defined and is called g-Laplace transformation of order u:

cNomY — m(cr o)
f (qe/\)
f — Z (qu)\).

A

For |z| close to 0, the function ELM (f) () has poles of order at most 1 that are contained
in the q%-spiral —)\q%.

Remark 1.4. The ¢-Laplace we use is slightly different than the transformation defined in
[Drel5a). Let u € Qs and ¢’ := ¢'/#. The ¢/-Laplace transformation of order (1,1) of
[Drelba] equals to the g-Laplace transformation of order p of this paper.

The following lemmas, which give basic properties of the Borel and Laplace transfor-

d/n

mations, will be needed in §3. For n, d positive co-prime integers, we set 04"~ := 0 a/n.

Lemma 1.5. Let pi:= %5 € Qso with n,d positive co-prime integers, and [\] € (C*/q%.
e Let h € C[[z]]. Then, we have B, (zagl/n (A)> =¢B, (ﬁ)
o Let f € HY. Then, we have zo2/" L\ (f) = LI (Cf).

Proof. The first point is given by [Drelbal, Lemma 1.4. The second point is a consequence
of [Drelbal, Lemma 1.4, and Remark 1.4. O

Remark 1.6. Let h € C[[z] and f € Hk\]. Iterating n times Lemma 1.5, we find
5 —d(n—1) A ~ d(n—1)
By (=m0 () = a5 ¢"By () and 2o (1) = 7 L2 ().

Let C{z} be the ring of germs of analytic functions at z = 0.

Lemma 1.7. Let p:= %5 € Qo with n,d positive co-prime integers, [\ € (C*/q%. Let
f € C{z}. Then,
o B,(f) eH .
A A
o cVoB, ()= 1.

Proof. Let us prove briefly the first point. Let us take f = Zagzz € C{z}. It’s easy to

leN
see that its ¢g-Borel transform is defined and analytic on the whole plan C, so we just have

to check the q%-exponential growth at infinity. Since f € C{z}, we have the existence of
L, M > 0 such that for all £ € N, |ap| < LM?*. We have for all z € C,

BuN@)| < X ladlal ™ w !

feN u

< LY Mg~z |zff
LeN

< LO . (M|2]).

lglm
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Let us now prove the second point. Using the expression of ©,4, we find that for all
ke,

d k(k—1)d
@q% (qknz> =q 2 zk@q%(z).
Following the definition of the g¢-Laplace transformation, we obtain that, for all
N eC /g,
N (1) = 1.

We claim that for all a € C, £ € N, EB] o Bu (azg) = az’. Let us prove the claim by an

induction on ¢. The case ¢ = 0 is a straightforward consequence of éu (1) =1, Ek\} (1) =1,
and the C-linearity of the two maps.
l

Let ¢ € N, and assume that for every a € C, we have [,B] o 3# (az€> = az". Let
a € C* and let us prove that L}’ o B, (az“l) = az'*l. We use Lemma 1.5 to find

E,[f‘] o Bu (az“l) = azﬁk\} o Bu (q_Ten z£> . We use the induction hypothesis to obtain
azag/”ﬁ;[f‘] o l’;’# (q_TenzZ) = azag/" (q_Tznzg) = a2t

This proves the claim. To prove the lemma, we remark that Bu (resp. EB]) is an additive
morphism between C{z} and H,[f‘] (resp. H,[;\] and M(C*,0)). O

We finish this section by giving asymptotic properties of the Borel-Laplace summation.
The definition of ¢-Gevrey asymptotic is an adaptation of [Drel5a], Definition 1.8, in this
setting.

Definition 1.8. Let p := 4 € Q-0 with n,d positive co-prime integers, [\] € C*/q%,
f e M(C*,0) and f := Zﬁzl € C[[z]]. We say that
1€N
f~Y 7
if for all e, R > 0 sufficiently small, there exist L, M > 0, such that for all £k € N and for
all z in

{ZG(C*

z+ qu’ <e ‘qe)\’ },

|z|<R}\ U {ZGC*
tedz
we have

k(k
2

k=1 1
‘f(Z) = > fiZ'| < LMFg| " |2
i=0

For p € Qs¢, we define the formal g-Laplace transformation of order u as follows:
Ly: CAN  — C[f]
2(0—1)

Zag(e — Zagq eI

LeN £eN

Using Lemma 1.5, for all £ € N, and [\] € (C*/q%z, we obtain
L (<) =21 ()
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Proposition 1.9. Let pu:= 4 € Qs with n,d positive co-prime integers, [\] € (C*/q%
and f € ]HIL)‘]. Then, we have

L ()~ L (6.
Proof. This is a direct consequence of [Drelba], Proposition 1.9, and Remark 1.4. O

Corollary 1.10. Let p:= %5 € Qso with n, d positive co-prime integers, [\] € C*/daLZ and
f € C[[]] with By, (f) € HY. Then L1 0 B, (f) ~V £

2. LOCAL ANALYTIC STUDY OF g-DIFFERENCE SYSTEMS.

Let C((2)) be the fraction field of C[[z]]. Let K be a sub-field of C((z)) or M(C*,0)
stable under o, and let A, B € GL,,(K). The two g-difference systems, 0, = AY and
o,Y = BY are said to be equivalent over K, if there exists P € GL;,(K), called the gauge
transformation, such that

B = P[A]g, := (0,P)AP™".

q
In particular,
oY =AY < 0, (PY) = BPY.
Conversely, if there exist A, B,P € GL,,(K) such that o,Y = AY, 0,Z = BZ and
Z = PY, then
B = P[A] oy

We remind that C({z}) is the field of germs of meromorphic functions at z = 0. Until
the end of the paper, we fix A € GL,, (C({z})) Let p := % € Qs with n,d positive
co-prime integers, and a € C*. We define the d times d companion matrix as follows:
0 1

En,d,a =
1
az" 0
For the proof of the following result, see [Bugl2], Theorem 1.18. See also [vdPRO7],
Corollary 1.6.

Theorem 2.1. There exist integers ni,...,ng € Z, dy,...,dg, mi,...,mg € N* with
T << Z—:, ged(ng, d;) =1, Y. mid; = m, and

o [ €GL,(C((2)),
e C; € GL,,,(C),

e q; € C*,

such that A= H {Diag (C’i ® Eni,di,ai)}g , where
q
G ® En1,d1,a1
Diag(C; ® Endya; ) =
Ck & En

k>dk,ak

The aim of this paper will be to replace this H by a meromorphic gauge transformation
computed with g-Borel-Laplace transformations.
Assume that k£ = 2, see Theorem 2.1 for the notation, and let ny,no, dy, ds, a1, as, Cq, Co,
given by Theorem 2.1. In [Bugl2], V. Bugeaud makes the local analytic classification of
g-difference systems with two slopes. Let us now detail her work. She explains how to
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reduce to the case where Cy ® E,,, 4, .4, = I1, that is the identity matrix of size 1 and where
(1 is a unipotent Jordan bloc. For r > 1 let us write

11 0
U, = R € GL,(C),
o
0 1

the unipotent Jordan bloc of length .
Until the end of the paper, we assume that k£ =2, (> ® F,, 4, 4, = 11 and
Cy =U,, for some r > 1.
Note that due to the assumption, we have Z—; =0and % < 0. Let n:= —n; € N*,d :=dj,
p:="% € Qs and a := a1. Note that m —1 = d x r. Let us remind that C{z} is the ring
of germs of analytic functions at z = 0. Using [Bugl2], Theorem 2.9, we deduce:

Theorem 2.2. There exist
n—1

o W, column vector of size dr with coefficients in Z Cz¥,
v=0

o FeGLy,(C({2}),
such that A = F[B|g,, where:

o E—n,d,a®Ur w
b (Fntg 80 WY

It follows from Theorem 2.1 that we have the existence and the uniqueness of

(Igr ?) € GLu (C[l2)),

formal gauge transformation, that satisfies

{1y HY (1
B - ( O 1 > {Dlag(Efn,d,a ® U’I‘? 1):| O_q

Let us define the finite set ¥ C C*/ q%, as follows
Y= {[/\] € (C*/q%Z A" e aq(n21)dqdz}.

Let M(C*) be the field of meromorphic functions on C*.

Proposition 2.3. Let [A\] € (C*/qdnl> \ X. There exists a unique matric

(1?{ ﬁ;”) € GLy (M(cc*)),

7 (Al
such that B = (I‘(i)r Hl > [Diag(E_n,d,a ® U, 1)} , and for all 1 < i < dr, the mero-
9q

morphic function of the line number i of the column vector H
dz

N has poles of order at

most 1 contained in the q%Z—spz'ml . ARy

Remark 2.4. In [Bugl2|, Proposition 3.8, a similar result is shown. In her work, the
entry number ¢ of the meromorphic gauge transformation has poles of order at most n
contained in the ¢%-spiral —Aq~t1¢%. It is worth mentioning that our meromorphic
gauge transformation has the same number of poles, counted with multiplicities, which is
a crucial property.



8 THOMAS DREYFUS AND ANTON ELOY

A

Proof. Using B = Lo, H [Diag(E_nda ® Uy, 1)} , we find,
0 1 ” o

(2) o (H) = (B_paga®U) H+W.

Let us write (ﬁi)izl,..”d?q .= H and (wi)i=1,..dr = W. Writing the equations of (2), we
find for all 1 <i < d, for all 0 < k < r, (we make the convention that iAtl =0 for i > dr)

(3) Oqhitkd = hivira + hisis(er1)a + Witka-
And forall 0 < k <,

(4) 2"0ghka = ah(—1)ar1 + ahgar1 + Wya.

For 1 <i < d, let H; := (iLde)k:o,m,r,l. With (3) and (4), we find that there exist
Wi, ...,Wg € (C[z])" such that (2) is equivalent to
"odHy = aUSH) + W, and for 1 < i < d, ogH;—1 = U, H; + W;.
Consequently, it is sufficient to prove the existence and the uniqueness of a meromorphic
vector H 1[)‘] € (M(C*))" with entries having poles of order at most 1 contained in the g -
spiral —)\q%, satisfying
n()‘?ﬁ{/\} = aUgﬁl[/\] + Wi.
If we put ¢ := ¢¢, and 2’ := 2", we find that the the case W; € C[z"] is an applica-
tion of [RSZ13], Proposition 3.3.1, combined with [RSZ13], Theorem 6.1.2. Let us write
= Zd_l Wi 2" with Wy, € C[z"] and consider the unique meromorphic solution fI [/\]
of z”adH [)‘] aU,ﬁiH M w, . Wwith convenient poles. Then H; o = i %)H Aok s a

meromorphlc solution of z"af]lHl[’\] = aUﬁHP‘] + W1 with convenient poles. Let us prove

the uniqueness. To the contrary, let us assume that there exists another meromorphic
solution with the same properties for the poles. Then the equation z"agY = aUﬁY has a

non zero meromorphic solution having poles of order at most 1 contained in the q%—spiral
—)\q n . This contradict the uniqueness in the case W € C[z"], and proves the result. [

3. MAIN RESULT

Let us keep the notations of the previous section. We now state our main re-
sult. We refer to §1 for the definitions of the Borel and Laplace transformations. Let

[A] € ((C*/q%> \ X. We have seen in the proof of Proposition 2.3, that in order to com-
pute AW = (h’E)\])z:L ar it is sufficient to compute I:I{/\] = (ﬁ[ﬁkd>k=0,... . Let us

write H =: (Ei)izl e and I‘Afl = (Bl-&-k:d) _

goony

Theorem 3.1. We have [;’H (ﬁl) € (HB])T and
AP = e o, ().

Proof. We remind that we have z"agl—if{/\] = aUﬁfIw + W for some W1 € (C[z])".
We claim that Bu (ﬁl) € (H,[f‘])r. We use Remark 1.6, to find that

(5) =B, () = aUfB, (1) + B (7).
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Using the definition of ¥, we deduce that for all k € Z,

—d(n—1)
)\nq72 qnd 7& a.

This proves our claim.

With Lemma 1.7, we obtain that [ZLM o B, (Wi) = Wy. Using additionally (5) and
Remark 1.6, we find that

2"05 (L’L/\] o Bp, (H'l)) = aU,fZEL)‘] o Bu (I:h> + Wh.
Moreover, the entries of Ek\ Io Bu (lfl 1) have poles of order at most 1 contained in the
qd*nZ—spiral —)\q%. But we have seen in the proof of Proposition 2.3, that this implies
AN = o B, ().
O
Exam;tzle 3.2. Assume that n =1,d =2, r =1, a =1, and W = (0,1)". Then, the first

entry h of H is solution of
zag (ﬁ) =h + z.
We have . .
(B (h) = Buja (h) +¢,

which means that 5’1/2 (lAz) = CE—I Therefore, for all [A] € (C*/qQZ) \ {[1]} , we find that
AN Z (W, g AV, where A

8 A 1

A = Z a X .

te2z ¢A=1 O (q2:£A>

Remark 3.3. In [Drelbal, Theorem 2.5, the author defines a meromorphic solution with
another g-analogues of the Borel and Laplace transformation. When d = 1, the two sums
obtained are the same. On the other hand when d # 1 the solutions defined here have less
poles than the solutions of [Drelba]. More precisely, see Theorem 2.1 for the notations,
assume that £k = 2 and ny = 0. Let dj,n; be given by Theorem 2.1. In [Drelbal, it is
shown how to build, with another ¢-Borel and ¢-Laplace transformations, meromorphic

z_
gauge transformations similar to §2 but with germs of entries having ¢1l-spirals of poles
diZ

of order 1. The solutions we compute here have g™il-spirals of poles of order 1.
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