VARIATIONAL ALGORITHMS TO REMOVE STRIPES:
A GENERALIZATION OF THE NEGATIVE NORM MODELS.
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Starting with a book of Y.Meyer in 2001, negative norm models attracted the attention of the imaging commu-

nity in the last decade. Despite numerous works, these norms seem to have provided only luckwarm results
in practical applications. In this work, we propose a framework and an algorithm to remove stationary noise
from images. This algorithm has numerous practical applications and we show it on 3D data from a newborn
microscope called SPIM. We also show that this model generalizes Meyer’s model and its successors in the
discrete setting and allows to interpret them in a Bayesian framework. It sheds a new light on these models
and allows to pick them according to some a priori knowledge on the texture statistics. Further results are
available at http://www.math.univ-toulouse. fr/-weiss/PagePublications.html.

1 INTRODUCTION

The purpose of this article is to provide variational
models and algorithms in order to remove stationary
noise from images. By stationary, we mean that the
noise is generated by convolving white noise with a
given kernel. The noise thus appears as “structured”
in the sense that some pattern might be visible, see
Figure 3(b),(c),(d).

This work was primarily motivated by the recent
development of a new microscope called Selective
Plane Illumination Microscope (SPIM). The SPIM is
a fluorescence microscope which allows to perform
optical sectioning of a specimen, see (Huisken et al.,
2004) for details. One of the differences with con-
ventional microscopy is that the fluorescence light is
detected at an angle of 90 degrees with the illumina-
tion axis. This procedure tends to degrade the images
with stripes aligned with the illumination axis see Fig-
ure 5(a). This kind of noise is well described by a sta-
tionary process. The first contribution of this paper is
to provide effective denoising algorithms dedicated to
this imaging modality.

Even though this work was primarily designed for
the SPIM microscope, it appears that our models gen-
eralize the negative norms models proposed by Y.
Meyer (Meyer, 2001) and the subsequent works (Au-
jol et al., 2006; Vese and Osher, 2003; Osher et al.,
2003; Garnett et al., 2007). In his seminal book,

Meyer initiated numerous research in the domain of
texture+cartoon decomposition methods. The algo-
rithm presented in this work belongs to this class of
methods. Meyer’s idea is to decompose an image
into a piecewise smooth component and an oscilla-
tory component. Usually the use of these norms, de-
noted || - ||, is motivated by the fact that if (v,) con-
verges weakly to 0 then ||v,||y — 0. So the negative
norms should be able to capture oscillating patterns
well. This nice result is however not really informa-
tive on what kind of textures are well captured by
negative norms. The second contribution of this pa-
per is to propose a Bayesian interpretation of these
models in the discrete setting. This allows a better
understanding of the decomposition models:

e We can associate a probability density functions
(p.d.f.) to the negative norms. This allows
to choose a model depending on some a priori
knowledge on the texture.

e We can synthetize textures which are adapted to
these negative norms.

e The Bayesian interpretation suggests a new
broader and more versatile class of translation in-
variant models used e.g. for SPIM imaging.

Connection to previous works This work shares
flavors with some previous works. In (Aujol et al.,
2006) the authors present algorithms and results using



similar approaches. However, they do not propose a
bayesian interpretation and consider a narrower class
of models. An alternative way of decomposing im-
ages was proposed in (Starck et al., 2005). The idea
is to seek for components that are sparse in given dic-
tionaries. Different choices for the elementary atoms
composing the dictionary will allow to recover differ-
ent kind of textures. See (Fadili et al., 2010) for a re-
view of these methods and a generalization to the de-
composition into an arbitrary number of components.
The main novelties of the present work are:

1. We do not only consider sparse components, but
allow for a more general class of random pro-
cesses.

2. Similarly to (Fadili et al., 2010), the texture is de-
scribed through a dictionary. In this work each
dictionary is composed of a single pattern shifted
in space, ensuring translation invariance.

3. A Bayesian approach is provided to take into ac-
count the statistical nature of textures more pre-
cisely.

4. The decomposition problem is recast into a con-
vex optimization problem that is solved with a
recent algorithm (Chambolle and Pock, 2011) al-
lowing to obtain results in an interactive time.

5. Codes are provided on http://www.math.
univ-toulouse. fr/~weiss/PageCodes.html.

Notation: Let u be a gray-scale image. It is com-
posed of n = n, X n, pixels, and u(x) denotes the in-
tensity at pixel x. The convolution product between u
and vis uxv. The discrete gradient operator is denoted
V. Let ¢ : R" — R be a convex closed function (see
(Rockafellar, 1970)). d¢ denotes its sub-differential.
The Fenchel conjugate of @ is denoted ¢*, and its re-
solvent is defined by

1
(Id+8(p)*1(u) =argmin@(v) + EHV_””%-

veR?

2 NOISE MODEL

One way of formulating our objective is the fol-
lowing: we want to recover an original image u, given
an observed image uy = u + b, where b is a sample
of some random process.

The most standard denoising techniques explicitly
or implicitly assume that the noise is the realization of
a random process that is pixelwise independent and
identically distributed (i.e. a white noise). Under
this assumption, the maximum a posteriori (MAP) ap-
proach leads to optimization problems of kind:

Find 4 € ArgminJ (u) + Z(})(u(x) —up(x)),
ucR” X

where

1. exp(—0) is proportional to the probability density
function of the noise at each pixel,

2. J(u) is an image prior.

The assumption that the noise is i.i.d. appears too
restrictive in some situations, and is not adapted to
structured noise (see Figure 2 and 3).

The general model of noise considered in this
work is the following:

b=Y Ay, (1)
i=1

where {y;}/", are filters that describe patterns of
noise, and {A;};_, are samples of white noise pro-
cesses {A;}7~,. Each process A; is a set of n i.i.d.
random variables with a probability density function
(pdf) exp(—y).

In short, the convolution that appears in the right-
hand side of (1) states that the noise b is composed of
a certain number of patterns i, ..., \,, that are repli-
cated in space. The noise b in (1) is a wide sense sta-
tionary noise (Shiryaev, 1996). Examples of noises
that can be generated using this model are shown in
Figure 3.

1. example (b) is a Gaussian white noise. It is
the convolution of a Gaussian white noise with a
Dirac.

2. example (c) is a sine function in the x direction.
It is a sample of a uniform white noise in [—1,1]
convolved with the filter that is constant equal to
1/ny in the first column and zero otherwise.

3. example (d) is composed of a single pattern that is
located at random places. It is the convolution of a
sample of a Bernoulli process with the elementary
pattern.

3 RESTORATION ALGORITHM

The Bayesian approach requires a pdf on the space
of images. We assume that the probability of an im-
age u reads p(u) o< exp(—J(u)). In this work we will
consider priors of the form:

J(u) = F(Vu),

with F(q) = alllgllie = ) e < 6]1(X)2+6]2(X)2> ;
X
where g = (q1,92) € R™? and

() = || if[t| >¢€
Well) = |t|?/2e+€/2 otherwise.



Note that lirr(l) |Vull1e = TV (u) is the discrete total
€—

1

2
to an additive constant. This model thus includes TV
and H' regularizations as limit cases.

The maximum a posteriori approach in a Bayesian
framework leads to retrieve the image u and the
weights {A;}" | that maximize the conditional proba-
bility

variation of u, and that lim €||Vu||;e = =||Vu||3 up
E—>fo0

Aty Anltto) =
Pl Ralo) p(uo)

By assuming that the image u and the noise
components A; are samples of independent pro-
cesses, standard arguments show that maximizing
p(u,A1,...; Ap|up) amounts to solving the following
minimization problem:

m

Find {1}/, € Argmin )" ¢;(A) +F (V(uo— Y Aisyy)).

iy =1 i=1
2
The denoised image u* is then u* = ug — Y72 | AF = ;.
We propose in this work to solve problem (2) with
a primal-dual algorithm developed in (Chambolle and
Pock, 2011). Let A be the following linear operator:

A: Rmxn RnXZ
A = VL Aikys).

By denoting

m

G(A) =} 0i(M) 3)

i=1
problem (2) can be recast as the following convex-
concave saddle-point problem:

min  max (AN, q) — F*(q) +G()N). 4)
AcRrXm ”qugl

We denote A(A,q) the duality gap of this problem
(Rockafellar, 1970). This problem is solved using
the following algorithm (Chambolle and Pock, 2011):

Algorithm 1: Primal-Dual algorithm

Input:

€: the desired precision;

(Mo,qo): a starting point;

Output:

Ag: an approximate solution to problem (4).

begin

n=0;

while A(A,,g,) > €A(Ag,q0) do
gns1 = (Id+60F*) " (g, + GAM,)
A1 = (1d+19G) " (A — TA* @)
A1 = A1 FO0(Mpr1 — Ayy)
n=n+1;

end

end

p(uo|u, Ay A ) P(, A oy M)

In practice, for a correct choice of inner products and
parameters ¢ and T, this algorithm requires around 50
low-cost iterations for € = 1073, More details will be
provided in a forthcoming research report.

4 BAYESIAN INTERPRETATION
OF THE DISCRETIZED
NEGATIVE NORM MODELS

In the last decade, the texture+cartoon decompo-
sition models based on negative norms attracted the
attention of the scientific community. These models
often take the following form:

it TV@ by ©)
u€BV (Q),veV,u+v=uq

where:

® ug is an image to decompose as the sum of a tex-
ture v in V and a structure u in BV,

e V is a Sobolev space of negative index,
e || -||n is an associated semi-norm.
Y. Meyer’s seminal model consists in taking V =
W1 and:

vy =|v]|-1.0 = inf o
L (RN

In the discrete setting the previous model can be
rewritten as:

Find (u,g) € argmin |g||, +o||Vu| 6)
subjectto  wug=u+v
v=VTg

where ug, u and v are in R", g = ( 2 ) e R"2 and

VIig=0Tg +0dlg. If p= oo, we get the discrete
Meyer model. From an experimental point of view,
the choices p = 2 and p = 1 seem to provide better
practical results (Vese and Osher, 2003).

In order to show the equivalence of these models
with the ones proposed in Equation (2), we express
the differential operators as convolution products. As
the discrete derivative operators are usually transla-
tion invariant, this reads:

Vig=hi*g +hy*g.

where * denotes the convolution product and /4; and
hy are derivative filters (typically #; = (1,—1) and
m:(g)>

This simple remark leads to an interesting inter-
pretation of g: it represents the coefficients of an im-
age v in a dictionary composed of the vectors h; and
hy translated in space.



The negative norms models can thus be inter-
preted as decomposition models in a very simple tex-
ture dictionary. Next, let us show that problem (5) can
be interpreted in a MAP formalism.

Let us define a probability density function:

Definition 1 (Negative norm p.d.f.). Let I" be a ran-
dom vector in R" and ® be a random vector in
[0,2x]". Let us assume that p(I") o< exp(—||T'||,) and
that © has a uniform distribution. These two random
vectors allow to define a third one:

o= Fe)).

Now let us show that problem (6) actually corre-
sponds to a MAP decomposition. Let us assume that:

Up=u—+v

with u and v realization of independant random vector
such that p(u) o< exp(—ai||Vul|1) and v = VT g with g
arealization of G. Then the classical Bayes reasoning
leads to the following equations:

argmax p(u,v|ug)

ueR" yeR"
= argmax p(u0|uvv) . p(“’ V)
ueR" yeR" p(uo)

— argmax p(u,v)
u+v=ugy,ucR" ycR" p(uo)

= argmin _ —log(p(v)) —log(p(u))

u-+v=ug,ucR" veR"

= argmin ~ —log(p(v))+ a||Vu|

u+v=ug,ucR" veR"
= argmin
utv=ug,ucRm v=vTg

&llp + ol Vel

which is exactly problem (6). Also note that the
model above is equivalent to a slight variant of the
model defined in Equation (2) in the case m = 2:

Argmin
utv=ug,ucRm v=vTg
= Argmin |lg]|,+0|[V(uo— Vg

g=(g1,82)eR?"

= Argmin G(g1,82) +F(V(uo—h1*g1 —h*g2))
(g1,82)€R?"

gl + o[ Vel |1

where

1/p
e G(g1,82) = (Z(gl(x)2+g2(x)2)P/2) is a

X
mixed-norm variant of the function G defined in

Equation (3) (Kowalski, 2009),
* F(q) = allgll:.

e the filters /; and A, are the discrete derivative fil-
ters defined above.

The same reasoning holds for most negative
norms models proposed lately (Meyer, 2001; Aujol
et al., 2006; Vese and Osher, 2003; Osher et al.,
2003; Garnett et al., 2007), and problem (2) actu-
ally generalizes all these models. To our knowledge,
the Chambolle-Pock implementation (Chambolle and
Pock, 2011) proposed here or the ADMM method (Ng
et al., 2010) (for strongly monotone problems) are the
most efficient numerical approaches.

S5 NEGATIVE NORM TEXTURE
SYNTHESIS

The MAP approach to negative norm models de-
scribed above also sheds a new light on the kind of
texture appreciated by the negative norms. In order to
synthetize a texture with p.d.f. (1), it suffices to run
the following algorithm:

1. Generate a sample of a uniform random vector 6 €
[0,2m]".

2. Generate a sample of a random vector y with p.d.f.
proportional to exp(—||Y|[,)-

3. Generate two vectors g; = ycos(0) and g =
vsin(0).
4. Generate the texturev—VT< g; )

The results of this simple algorithm are presented
in Figure 1.

6 RESULTS OF THE DENOISING
ALGORITHM

6.1 Synthetic image

The method was validated on a synthetic example,
where a ground truth is available. A synthetic im-
age was created by adding to a cartoon image (a disk)
the sum of 3 different stationary noises. The result-
ing synthetic image is shown in Figure 2. The cartoon
image and the 3 noise components are presented in
Figure 3(a,b,c,d). The first noise component is a sam-
ple of a Gaussian white noise. The second component
is a sine function in the horizontal direction. The third
component is the sum of elementary patterns, this is
a sample of a Bernoulli law with probability 5.10~*
convolved with an elementary filter.

The results of Algorithm 1 are presented in Figure
3(e,f,g,h). The decomposition is almost perfect. This
example is a good proof of concept.



p = o0
Figure 1: Left: standard noises. Right: different tex-
tures synthetized with the negative norm p.d.f. Note: we
synthetize the “Laplace” noise by approximating it with a
Bernoulli process.

Figure 2: Synthetic image used for the toy example.

6.2 Real SPIM image

Algorithm 1 was applied to a zebrafish embryo image
obtained using the SPIM microscope. Two filters y;
and Y, were used to denoise this image. The first filter
Y is a Dirac (which allows the recovery of Gaussian
white noise), and the second filter y, is an anisotropic
Gabor filter with principal axis directed by the stripes
(this orientation was obtained by user). The filter y»
is shown in Figure 4.

s ) _ m :
(c) (2

(d) (h)

Figure 3: Toy example. Left column: real components;
right column: estimated components using our algorithm.
(a,e): cartoon component - (b,f): Gaussian noise, std 0.2 -
(c,g): Stripes component (sine)- (d,h): *Poisson’ noise com-
ponent (poisson means fish in French)

The original image is presented in Figure 5(a), and
the result of Algorithm 1 is presented in Figure 5(e).
We also present a comparison with two other algo-
rithms in Figures 5(d,b):

e a standard TV-L? denoising algorithm. The algo-
rithm is unable to remove the stripes as the prior
is unadapted to the noise.

e an “H'-Gabor” algorithm which consists in set-
ting F(-) = 4| - |3 in equation (2). The image
prior thus promotes smooth solutions and pro-
vides blurry results.



Figure 4: A detailed view of filter y,.
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