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Abstract. We study the orbital stability of single-spike semiclassical
standing waves of a nonhomogeneous in space nonlinear Schrédinger-
Poisson equation. When the nonlinearity is subcritical or supercritical
we prove that the nonlocal Poisson-term does not influence the stability
of standing waves, whereas in the critical case it may create instability
if its value at the concentration point of the spike is too large. The
proofs are based on the study of the spectral properties of a linearized
operator and on the analysis of a slope condition. Our main tools are
perturbation methods and asymptotic expansion formulas.

1. INTRODUCTION

In this paper, we are concerned with the following nonlinear Schrodinger-
Poisson equation:

—ieWy — A, U+ W (2) U+ K (2) (|| ! * K(2)|V]*) U — |¥P~1 0 =0, (1.1)

where U = U(z,t) : R3 x R — C, € > 0 is a small parameter meant to tend
to 0, W,K : R3 - R and 1 < p < 5. These types of equations, sometimes
also referred to as Schrodinger-Maxwell equations, arise in various physical
and mathematical contexts. In the theory of Bose-Einstein condensates,
U is the wave function of the condensate and W stands for an external
potential. The constant e represents the Planck constant (often denoted by
h). The fact that e tends to 0 is modeling the transition between quantum
and classical mechanics, hence the terminology of semiclassical analysis. The
nonlocal term in (1.1) corresponds to the interaction of a charged wave
with its own electrostatic field (as was introduced by Benci and Fortunato
[7]). We refer to the books of Cazenave [10] and Sulem and Sulem [42]
for more on the physical and mathematical background as well as to the
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papers [7, 12, 13, 16, 25, 26, 39] for a particular emphasis on Schrodinger-
Poisson/Maxwell equations.

Among solutions of (1.1), some are of particular interest: the standing
waves. They are solutions appearing because of the balance between the
dispersion generated by the linear part of (1.1) and nonlinear effects. Pre-
cisely, a standing wave is a solution of the form

U(z,t) = exp <

For a function of this type (1.1) is satisfied if and only if v is a solution of
the stationary Schrodinger-Poisson equation

—EAv + [W(z) +w]v+ K(z) (|z| " * K(@)v*) v — P lo=0.  (1.2)

E15)1)(:[:), where w > 0 and v : R® — R.
€

In the study of standing waves, two main questions arise naturally: existence
and stability (see e.g. [33] for an introduction to the theory for standing
waves).

When K = W = 0, sufficient and necessary conditions for the existence
of solutions to (1.2) for all € > 0 are known since the fundamental work of
Berestycki and Lions [9]. When W # 0 and K = 0, the study of existence for
solutions to (1.2) when € — 0 (the so-called semiclassical limit) was initiated
by Floer and Weinstein [19] and followed by a large amount of work (see e.g.
[1, 18, 35, 43] for the existence of spike solutions, [24, 29, 38, 44| for multi-
bump solutions, and the more recent works [3, 6] for solutions concentrating
around a sphere). The case K = W = 1 has recently attracted the attention
of many authors, see e.g. [4, 12, 14, 15, 17, 31, 32, 40] and the references
therein. In particular, [13, 16, 39] are concerned with the semiclassical limit.
We also refer to [5, 45] when K =1 and the potential W is nontrivial.

When not only W, but also K, is nontrivial, the difficulty of having nonho-
mogeneity in space is combined within the nonlocal term. To our knowledge,
the only existence results for the semiclassical states with nontrivial poten-
tials are due to Ianni and Vaira in [26] for the existence of single spikes
(namely solutions concentrating at non-degenerate critical points of the po-
tential W) and in [25, 27] for the existence of solutions concentrating on
spheres.

In this paper, we are interested in the stability properties of the single spike
semiclassical standing waves found in [26] (see Proposition 2.1 for a precise
statement of the existence result of [26]). For standing waves, it is well known
that the relevant concept of stability is orbital stability, namely Lyapunov
stability up to phase shifts. Precisely, the concept of orbital stability is the
following.
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Definition 1.1. A standing wave exp (%t)v(m) of (1.1) is said to be orbitally
stable in H'(R3,C) if for any § > 0 there exists v > 0 such that if wy €
H(R3,C) satisfies ||wo — || i(ms,cy < v then the mazimal solution V(1)
of (1.1) with V(-,0) = wq exists for allt > 0 and

sup inf [|[W(-,t) — exp (i0)v|| g1 (s c) < 6.

t>0 VER ’
Otherwise the standing wave is said to be unstable. By extension, we shall

say that a solution of (1.2) is stable/unstable if the corresponding standing
wave is stable/unstable.

The study of the orbital stability of standing waves for nonlinear Schro-
dinger equations has seen the contributions of many authors since the pio-
neering works of Berestycki and Cazenave [8], Cazenave and Lions [11], and
Weinstein [46, 47] (see e.g. [20, 21, 28, 32, 34]).

In the case K = W = 0, least energy solutions of (1.2) are stable if
p <1+ % and unstable if p > 1 + %. For this reason, when talking about
stability, the exponent p = 1 —l—% is called the critical exponent. Accordingly,
we shall say that we are in the subcritical, critical or supercritical case if,
respectively, p < 1—}—%,p=1—|—% or p > 1+%.

Very few works are concerned with the stability of standing waves at the
semiclassical limit. When K = 0 and W is nontrivial, stability of spikes was
studied in [22, 36, 37]. As in the case K = W = 0, the single-spike standing
waves concentrating at a local non-degenerate minimum of the potential W
are stable if p < 1 4 %1 and unstable if p > 1 + % (see [22, 37]). Moreover,
in dimension 1 and for p < 5, it was proved in [37] that standing waves
concentrating at a local non-degenerate maximum of the potential W are
unstable. The critical case p =1 + % has been treated by Lin and Wei [36].
In this case, conversely to what happens for K = W = 0, the single-spike
standing waves concentrating at a local non-degenerate minimum of W are
stable. On the other hand, the single-spike standing waves concentrating
at more general non-degenerate critical points of W (for example local non-
degenerate maxima) are unstable under some extra assumptions.

Our goal in this paper is to investigate further the stability of semiclassical
standing waves for (1.1), when not only W, but also K, is nontrivial, treating
at the same time the nonhomogeneity in space generated by the potentials
K and W and the presence of a nonlocal term.

Here, as in the rest of the paper, the potentials K and W satisfy the
assumptions (K1)-(K2), (V1)-(V3) of [26] (see Proposition 2.1). We denote
by ve the single-spike solutions for (1.2) at a non-degenerate critical point of



720 ISABELLA IANNI AND STEFAN LE Coz

W found in [26] and by U (x,t) := exp (%t) ve(x) the corresponding standing
waves. We assume that the family v. is C! in w uniformly in e with value in
H(R3).

Our main results are the following.

Theorem 1. Let p < 1+ %. Let xg be a non-degenerate critical point for
the potential W and let m denote the number of negative eigenvalues of the
matriz HessW (xg). If the parameter € is small enough, then V. is orbitally
stable if xo is a local minimum and orbitally unstable if m is odd.

Theorem 2. Letp > 1+ %. Let xg be a non-degenerate critical point for
the potential W and let m denote the number of negative eigenvalues of the
matriz HessW (xg). If the parameter € is small enough, then U, is orbitally
unstable if xqg is a local minimum or if m is even.

Theorem 3. Letp =1+ %. Let x¢ be a non-degenerate critical point for

the potential W such that AW (zg) — K(x0)? [W(xq) + w]P%l C # 0, where
the constant C' is explicitly known and positive. Let m denote the number of
negative eigenvalues of the matriz HessW (xo). If the parameter € is small
enough, then W, is orbitally stable if xqy is a local minimum and

AW (o) > K (20)? [W (20) + |77 C,
while it is orbitally unstable if xy is a local minimum and

AW (x0) < K (10)? [W () + w]71 C,
or if the quantity

=
=
8
<
|
=
8
(e}
o
=
8
<
+
1l
Q

18 even.

Remark 1.2. When p is subcritical or supercritical (i.e., p # 1 + %), the
stability results given in Theorem 1 and Theorem 2 are independent of the
value of K and of its derivatives in the concentration point x(. In particular
the results are identical to those obtained for the nonlinear Schrodinger
equation without the non-local term K (z) (|z|~! * K (2)¥?) U (see [22, 37]).
Conversely, when p is critical (i.e., p = 1 + %), the potential K has an
influence on stability through its value at xg: For example, if zg is a local
minimum of W, then there is stability when K (zg)? is small and instability
when K (x¢)? is large.
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If K(x0) = 0, in the critical case, we get the same stability result obtained
in the case K = 0 by Lin and Wei [36]: W, is orbitally stable if zg is a
AW (z0)

.. . 1 .
minimum for W, unstable if m — 3 (1 + m) is even.

To prove Theorem 1, Theorem 2 and Theorem 3 we work within the frame-
work introduced by Grillakis, Shatah and Strauss [22, 23] to study orbital
stability for a large class of Hamiltonian systems. In our case, the results
of [22, 23] allow us to determine whether there is stability or instability
provided two pieces of information are available:

(i) The spectral information: the number of eigenvalues of L., the lin-
earized operator corresponding to (1.2) (see (2.11) for a precise def-
inition).

(ii) The slope information: the sign of D(w) := 8%||u€||L2(R3) (where u,
is a re-scaled version of v, see Section 2 for details).

We denote by n(L¢) the number of negative eigenvalues of L. and set
p(D(w)) = 0 if D(w) < 0, p(D(w)) = 1 if D(w) > 0. Then, according to
the theory developed in [22, 23], the standing wave W, is orbitally stable if
n(L¢) = p(D(w)) and orbitally unstable if n(L¢) — p(D(w)) is odd.

To obtain the spectral information, our approach is the following (see
[34, 36] for related arguments). We analyze the spectrum of the linearized
operator L. by a perturbation method. When € — 0, L. converges, at least
formally, toward an operator Ly whose spectrum is well known. Thanks to
the perturbation theory for linear operators, we show that the spectrum of
L is close to the one of Ly when € is small. Then we study the splitting of
the 0 eigenvalue of L into negative or positive eigenvalues for L.. For this
purpose, we perform an e-expansion of the eigenvalues close to 0 of L. and
find that their signs are related to the eigenvalues of the matrix HessW (x).

To deal with the slope information, we use an asymptotic expansion of v
(see Proposition 2.5) in the subcritical and supercritical case. The critical
case is more difficult to handle, since when ¢ = 0 the function D(w) has
some degeneracy, in the sense that D(w) = 0, and we need to develop a
method inspired from the one introduced by Lin and Wei [36]. It relies on
the analysis of a function R, satisfying L R, = —u.. The main point of
the analysis is to decompose R, in terms of the eigenfunctions in the kernel
of L, a limit function Ry, and some small remainder. This decomposition,
along with some remarkable identities, allows us to perform an e-expansion
for D(w) and to find its sign for e small.

The paper is organized as follows: in Section 2, after collecting some
notation and useful definitions, we recall the existence result proved in [26]
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for bound states v, of (1.2) concentrating at a non-degenerate critical point
of the potential W and infer some useful properties of these solutions. Next,
in Section 3, we study the spectrum of the linearized operator L. as € goes
to zero while in Section 4 we determine the sign of D(w). Finally, in Section
5, we conclude the proofs of Theorem 1, Theorem 2 and Theorem 3.

2. PRELIMINARIES

Let us fix some notation. For f : R? — R smooth, we denote its partial
derivatives by f; := 8%1- f(z), and f;; :== %&% f(x). We indicate the gradient
by Vf(x) := (fi);_1 2.3 and the Hessian matrix by Hessf(z) := (fi;)
We write d;; to denote the Kronecker symbol; i.e.,

S 1 ifi=j,
Y10 ifi#£g
The symbol | ;> means the orthogonality relation in the Hilbert space L?(R3).

For xqy given, we use the notation x. := ex + xg. For any A > 0, let Uy be
the unique positive radial solution (see e.g. [2]) of

—Au+Nu—uP =0, zeR> (2.1)

i,j=1,2,3"

A simple computation gives Uy (z) = = U1 (Ax). Moreover, it is known that
it satisfies the following decay properties: Uy (s), U, (s) < Ce™%, |s| > 1.
We define also
Lov := —Av + \2v — pr_lv,

and . .
= - - . 2.2
Ry b1 Uy + 2$ VU, ( )
It is easy to see that
Lo(U) 3, = p(p = D)UY (Ux);(Un) (233)
LoRy = —\?U,. (2.4)

We shall also need to consider the translated function Uy, := Ux(- — &),
where ¢ € R? is given by Proposition 2.1 below. Obviously U, . satisfies
also (2.1) and, setting Ry := Ro(- — &) and Lo v := —Av + A% —przlv,
we have identities analogous to (2.3) and (2.4). ’

We now recall the existence result for positive bound states of (1.2) proved
in [26].

Proposition 2.1. Let p € (1,5) and make the following assumptions on W
and K :
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1) W e C®(R3), W and its derivatives are uniformly bounded.

2) infps {W 4+ w} > 0.

3) There exists xg € R such that VW (zo) = 0.

1) K € C*(R3), K and its derivatives are uniformly bounded.
) K >0.

Let xg be a non-degenerate critical point for W. Then, for e small enough,
there exists ve € H'(R3),v. > 0, such that v. is a solution of (1.2) and

(V
(V
(V
(K
(K1

‘v —U,\< —:1:0>H —0 as € — 0, (2.5)
H'(R?)

where A2 = W (z0) + w. Moreover, there exists £ € R3, w. € HY(R3), such
that

ve=Un (2 - &) +uw(—2), (2.6)

(e — 0 in R, (2.7)

[well g1 rsy < Ce.
From now on, it is assumed that A?> := W(xg) + w. For the proof of

Theorem 1, Theorem 2 and Theorem 3, it is convenient to rescale the time
and space variables by t = es and © = ey + 9 = y.. Setting ®(y,s) =
U(y,, €s), we get the rescaled equation

—i®s— Ay @+ W (y )P+ € K (ye) (|lyl " * K (ye)| @) @~ [P~'® = 0. (2.8)

A standing wave U (z,t) = exp(“"t) <(z) for (1.1) becomes, in the new
time and space variables, the following standing wave for (2.8): ®.(y,s) =
exp(iws)ue(y), where ue(y) := ve(ye) is a solution of

—Au+ [W(ye) +wlu+ K (ye) (ly] ™ * K(ye)u?) u — [uf " lu= 0. (2.9)

It is clear that W, is stable/unstable if and only if @, is stable/unstable.

We point out that, in terms of the rescaled function ue(x) := ve(z,), from
Proposition 2.1 it follows that, for € sufficiently small, u. is a positive solution
of equation (2.9), and that [|ue — Ux| g1 rsy — 0 as € — 0. Moreover, (2.6)
becomes

te = Up(— £) + w. (2.10)
We consider the linearized operator of (2.9) in u.
Lev = — Av+ [W(z) +w]v—pul v+ K (ze) (2| * K(ze)u?) v
+ 22K () (|x|_1 * K (Te)uev) ue (2.11)
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and the function

0
D(w) = %HUEHQLQ(R?’)'

As announced in the Introduction, the number of eigenvalues of the operator
L. and the sign of the function D(w) allow us to determine whether there
is stability or instability for the standing wave W.. Hence, we need to study
the spectral properties of L. and to determine the sign of D(w). In order to
do that we derive asymptotic expansion formulas for the operator L. and
the function D(w) as the parameter € goes to zero. This is obtained, in both
cases, starting from an expansion in € of the solution u (see Proposition
2.5).

Before doing the asymptotic expansion for u., we derive some useful prop-
erties of the solution u,. such as regularity and exponential decay.

Lemma 2.2. One has u. € H'(R3) N CY(R3). In particular, it follows that
ue € L®(R?) and lim,_ 4 o ue(z) — 0.

Proof. The function u. satisfies (2.9); namely
—Aue +wue = fe,
where

fo = =W (z)ue + uf — €K (x) (|31:|’1 * K(xe)u2) Ue.

€

It is easy to see, using Sobolev embeddings, that f. € L™ (R3), where m :=

loc
min{3, g}. The result follows by a classical bootstrap argument and we omit

the details. g
Lemma 2.3. There exist 6 > 0 and C1,Cy > 0 independent of € such that
[tel oo (m3) < Ch, (2.12)

lue(z)| < Coe™®l for all 2 € R3. (2.13)

Proof. First we prove (2.12). Let (. be the maximum point of u. (it exists
because ue € CO(R?) and limy,| o ue = 0). We define the auxiliary function

Ue := ue(' + Ce)
By definition, c(0) = uc(Ce) = [[tte|| oo (m3)s [|UellLooms)y = [[ttel oo (w3, and
U, satisfies
—Ale + wle = g in R3, (2.14)

where

ge = —W(xe + €)iie + 0P — K (2 + €C.) (’$’—1 * K(we + ece)ﬂf) Ue.
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Let R > 0; then @, satisfies (2.14) in Bg. It is easy to see that g. € L™ (BR),
where m := min{g, 3}, and that, moreover, there exists C' > 0, independent
of €, such that ||gel|pm(p,) < C. Thus, by a bootstrap argument, we have
|te|l oo (By) < C, independently of e. The conclusion follows observing that,
by definition,

[te]| Loo (m3) = [ Tel| Loo (r3) = Iltiell Lo (BR)-
We turn now to the proof of (2.13). We define

H(z) = [W(ze) + w] + €K (z) (Jo] 7" * K(z)u?) —ul ™.

€

Then u, satisfies
—Aue + H(x)u. = 0.

We claim that H € L®(R3). Indeed W € L>®(R3), K € L®(R3), v’ €
L>®(R?) and (|z|~! * K (z)u?) € L®(R?) because it is in C*(R?) (u., K €
CY(R3)) and in LS(R3). Moreover, since u.(r) — 0 as |z| — oo, we have
| = limg . essinfjy > H(z) > infgs{w + W} > 0. Hence, 0 is below the
essential spectrum of the Schrédinger operator —A+ H (x). As a consequence
it follows (see e.g. [41, page 281]) that the eigenfunction ue of —A + H(x)
decays exponentially. Precisely, there exist § > 0 and C' > 0 (independent
of €) such that

[ue(2)] < Clluel| oo gsye .

The conclusion follows from (2.12). O
Lemma 2.4. We have u — Uy in L>°(R3) as ¢ — 0.

Proof. Let 6 > 0. Since u. and U, decay exponentially independently of e,
there exists R such that

N | S,

|ue = Unllpoor3/BR) < lltell oo (r3/By) + 1UA Loo(r3/BR) <

Moreover, ue — Uy in H'(Bg) as ¢ — 0 and u,, Uy € C°(Bg) hence uc(z) —
Ux(x) for all x € Br and so for ¢ small we also have

)
[ue = Unllpoe(Br) < 3

Combining this with the previous inequality and letting J go to zero we get
the conclusion. U

We are now in position to perform the asymptotic expansion of u.. Recall
that { — 0 as € — 0 and that Uy is defined by Uy ¢ := Ux(- — &).
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Proposition 2.5. There exists wg € H'(R3) such that
ue = Uy + €wp + o(€?)
(with o(e?) € HY(R3)) and
Lowg = —K (0)? (|:c|_1 * Uf) Uy — 3 < HessW (zg)z,x > Ul.
Proof. By (2.10) we have uc = Uy c+we and [Jw|| g1 (rs) < Ce?. Substituting

into (2.9), and dividing by €2, we get

Ay, =0,

£
I el
—_

where

Ap =€ 2= AUy + N0y — U], Ag:= — At + N2, — pUL i,

Az o= e 2 [W(ze) = W(2o)] Une,  Aa = [W(we) — W(xo)] e,

As =2 [U — (Uxr,e +we)? +pr\)_1we},

Ag = K(x,) (]9:] Ly K(wE)UM) Uxe,

A7 = K(x,) (|.71:|71 * K (z¢) (2U) cwe + wf)) (Uxe + we) ,

Ag := K(x,) (|93]_1 * K(we)UiE) We,
and where we have defined w, := 5. Obviously, A; = 0. Moreover, A2 —
Lowg in H~Y(R3) as € — 0. In fact |@el g1 r3y < C, therefore there exists
wo € HY(R3) such that 1w, — wo weakly in H!(IR3).

In addition A3 — 1 < HessW (zo)z,z > Uy(z) in H'(R?) as e — 0. In

fact, since x( is a non-degenerate critical point for W (and we also assumed
that the derivatives of W are bounded), we have

2
W(xe) = W(xo) + % < HessW (z0)z, . > +O(e3) |z,

thus in H!(R3)

Az = 3 < HessW (zo)z,z > Uy + O(€)[z]|*Up
— & < HessW (z0)z,z > Uy(z).

We show that A4 — 0 in H'(R?) as € — 0. Observe that w, = u, — Uy, and
so, from (2.13), it follows that w, is exponentially decaying (independently of
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€). Let § > 0 and let R be large enough to have ||O(e)|x|3w€||H1(R3/BR) < g
and || < HessW (z¢)z,z > Wel| g1 (r3 )/ B) < g. As before

(W (ze) — W (xo)] W = 3 < HessW (z0)z, 7 > we + O(€)|z]*we.
Therefore, the conclusion follows observing that, for e small enough, we have

4]

H% < HessW (zo)x,x > weHHl(BR) = 2’

and also
1)

Ol ) < 5-
We show that A5 — 0 in L?(R3) as € — 0. Define
N(w) = Uie — (Un,e + we)? —I—pr_lw6 )

so we have to show that e 2N (w.) — 0 in L?(R3) as ¢ — 0. Observe that

IN (w22 sy < 1N (we)ll poo @) 1N (we) | L1 ).
and that (see [2, page 132]) also

1

IV (ol ey < C (Ilwel3p sy + lwelBilgs, ) -

Therefore, since ||[we|| 1 g3y = O(€?),

1N (we)ll L1 rsy = O(e").
On the other hand, by Lemma 2.4, we have

[wel oo (m3y = [[tte — Unllpoom3y + [Ux — Ux el oo (msy = o(1),
therefore, || N (we)|| o rs) = o(1), indeed,
IPIUAP ™ wel| Lo sy < Cllwel oo gy = o(1)

and
IU% ¢ = (Une +we) ooy < 277 H|wel | sy = 0(1)-

We now prove that Ag — K (20)? (|z|~* * U}) Uy in L*(R?), as € — 0.
[ (@) (|71 = K (2e)UR ) Une = K (20)* (|2 7" % UR) Un[| o) (2.15)
< |[(K (ze) — K (20)) (Jz| " % K(z)US ) Une
K a0) (127 # K@OUZ) Wne — U)o
+ || K (o) (|| ™" * (K () — K(20)) UR,) UAHLQ(Rg)
+ HK(%)Q (. (Uf,e - Uf)) U)‘HLQ(R3)

L2(R3)
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=1+ 11+ 1IT+1V.
Observe that
I < Ce H(|x|_1 * K(xE)UiE) Ux,e
< Ce H]az[‘l * K(aL"é)Uie
< Ce||Uxe |%{1(R3)”|x|U)\,e||L3(R3)
= Cel|Unll7n @y 1z + €| Ul s (msy < Ce,

.Tl HLQ(RS)

}LG(R:”) HU)\,E l’| “L3(]R3)

where we used the fact that & — 0 as € — 0. Moreover,
IT < ClU I gy 10 = Unll sy = o(1),
-1 2
11T < Cel|(Jz| ™" * |2|US ) UA||L2(R3) < Ck,
IV < C|IUR . = URllm @) 1 Uxll 13 g3y = o(1).

Finally, putting together the four estimates, we obtain the conclusion.
We prove that A7y — 0 in H~'(R3) as ¢ — 0. Take ¢ € H'(R?), then

[R3 K(ze) (|z] 71 * K () (2Ux cwe + w?)) (Un e + we) ¢pdz
< () (2l * K ) (20w + 02)) (Une + 00| e 16l 2ce
<C| (Jz[ 71 * (2Uy cwe + w?)) HLG(R3) |(Ux,e + we)HLa(RS) 191l 22(r3)
<C HweHHl(RS) 12Uz, + we“Hl(RS) [(Ux,e + we)HLG(RS) &l 22 (rs)
< Cllulm ) = O(E).
Last we prove that Ag — 0 in H~1(R3) as € — 0. Take ¢ € H'(R3), then

/RB K(ze) (lz| " * K(2)U3 ) wedd

< O (|21 # URe) well oy 191l 2 ey

<C H|x\_1 * Uf,e

}LG(R:&) ||w6||L3(R3) ”¢||L2(R3) < C“wéHHl(R?’) = 0(62)-

This concludes the proof. L]

3. THE SPECTRAL INFORMATION

In this section, we study the spectral properties of the operator L., as €
goes to zero. In doing so, the well-known properties of the spectrum of the
operator Ly (Lemma 3.1 below) will be useful (for the proof see e.g [2]).
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Lemma 3.1. The spectrum of Lov = —Av+)\2v—pU§_lv consists of essen-
tial spectrum in [A?,+00) and of a finite number of eigenvalues in (—oo, )‘2—2)
The first eigenvalue puy of Lo is negative and simple. The second eigenvalue
is 0 and is of multiplicity 3. The kernel of Lo is spanned by (Uy);, j = 1,2,3,

where (Uy); = %%.
The general perturbation result is the following.

Proposition 3.2. The spectrum of L. consists of essential spectrum in
[C, +0), for a certain C > 0 and a finite number of eigenvalues in (—oo, C")
for any C' < C. In particular, there ewists a set of simple eigenvalues
{Me,laue,Qaﬂe,SaﬁLeA} such that He1l < [He?2 < He,3 < He,4 and Satisfying as
€ =0, peq — p1 <0, pep, — 0, h=2,3,4. Moreover, letting V. be such
that Letbe p = pie pWe,n, for h = 2,3,4, one has

3
Yeh —>Za§b(U,\)j as € — 0 in L*(R3), a?ER.
j=1

Proof. Since L is a self-adjoint operator, its spectrum lies on the real line.
From (V1)-(V3), (K1)-(K2) and (2.5), we infer that the operator L. is a
compact perturbation of —A+C' for some C' > 0. Hence, by Weyl’s theorem,
the essential spectrum of L. lies in [C,+00). Since L. is bounded from
below, for any C’ < C' there exists only a finite number of eigenvalues of
L in (—o0,C"]. The existence and properties of {y.x} and {¢} follow
from the classical perturbation theory for linear operators (see e.g. [30, page
213)). O

Proposition 3.2 is not sufficient to count the number of negative eigen-
values of L.. Indeed, when h = 2,3,4, we only know that the eigenvalues
{1} are close to 0 without having information on their sign. Hence, in the
following proposition, we derive an asymptotic expansion formula for the
eigenvalues of L.. Note that the eigenvalues of L. close to 0 are intimately
related with the eigenvalues of the Hessian matrix HessW (x).

Proposition 3.3. The eigenvalues (p.p) of Le can be expanded in the fol-
lowing way:
fen = cne’ +o(e?), h=2,3,4,

U1
where ¢y, 1= %” L2

hlly2
HessW (Jf())
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Before proving Proposition 3.3, we need some preparation. We first ob-
serve that, since HessW (zg) is a symmetric real matrix, it can be diagonal-
ized through an orthogonal matrix. Hence, without loss of generality, we
assume in the rest of the paper that HessW (zg) = diag{ai, az, as}.

Lemma 3.4. For e close to 0, we have
Le (Une); = € B < HessW (zg)x,x > —p(p — 1)Uf\:2wo} (Unre);
+ 262K (70) (|2~ * Ur(Uy);) Un
+ K (20)? (J2 7 5 UR) (U0); + (@) in L2(BY).
Proof. By definition of L, (see (2.11)), we have
Le(Une); = =AUne); + W(xe) +w] (Une); — pul ™ (Une),

+ €K (ze) (|2|! * K(ze)u?) (Uxe);
122K () (|g;|—1 x K () ue (UA,e)j) Ue.

We decompose L, (U >\7€)j in the following way:

5
Le (U)\,e)j — ZAkv
k=1

where
A1 = —A (UA,e)j + [W(xO) + w] (U)\,e)j - pU/]\D,Zl (U/\aﬁ)j ’
Ay = [W(l’e) - W(xO)] (U)\,e)j , Ag:=-—p [ug_l o Ui;l] (U)"e)j ’

Ay = EK (o) (|27 K(zou?) (Une),

As = 262K(.T€) (]:c]_l * K(xe)ue (U,\,e)j> Ue.
Since U), . satisfies (2.1), by deriving with respect to z; we see that A; = 0.
Remembering that zg is a critical point of W, a Taylor expansion gives

2
Ay = % < HessW(zo)z, z > (Uxe); + O(e}) |z (Uxre); -

By Proposition 2.5 we have
-1 _
Ag = =p [(Une+ g + o)™ = UL (Ur0);

= —p(p — 1)U§;2woe2 (Uxe); + o(€?).
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For A4 and As, it is easy to see that we have in L?(R?) as e — 0
K(zo) (271 * K (ze)ug) (Une); — K(20)* (27" % US) (Un);,

K () (Jo] ™ % K (zue (Un0); ) e — K(w0)? (o] « Un(U));) Us,
which concludes the proof. L]

Lemma 3.5. For e close to 0, we have
2

€
/]R3 (Le (UA,e)j) (U)\,e)k = EakHU)"|%2(R3)5jk + 0(62).

Proof. From Lemma 3.4, we get

/R3 <Le (UA,e)j) (Unr,e)p

1 —
= ¢ /3 {5 < HessW (zo)z,z > —p(p — 1)U§,62w0 (Une)j (Une)y
R

+ 262K (x0)? /R3 (lz| 7' %« UA(Ur);) Ux (Ue),,

R [ (ol < U) (0); W, + ole?)
We first remark that

(Uxe); = (UA); (- = &) = (Un); + O([&) = (Un); + o(1),
where the last equality follows from (2.7). Therefore,

/ <L€ (UA,E)]‘> (UA,e)k (3-1)
R3
— €2 /R3 B < HessW (zg)x,z > —p(p — 1)U§_2w0 (U)\)j (U

+ 2€2K(IE0)2 /]1%{3 (|as|_1 * U)\(UA)j) Ux (Ux)y,

@Rl [ (a7 UF) W) )y + ol

By integration by parts, we have

2 /R (71 UNUN);) Ux (U3, + /R , (71 T3) (U); (U,
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and substituting into (3.1) we get

/R3 (Le (UA,e)j> (U)\,e)k

= ¢? /R3 B < HessW (zg)x,z > —p(p — 1)U§_2w0 (Ux); UN)  (32)

_ 2K ()2 /R (271 U2) Uy (Un) 1 + ole).

From (2.3), we get

= —62/ wo (LO (U)\)jk> = —62/ (Lowo) (UA)jk-
R3 R3
By Proposition 2.5 this gives
= [ plo=1UE w0 (), (W)

62
:eZK(x0)2/3(|x|_1 * UE)U)\(U)\)J']C + 5 /3 < HessW (z¢)x, x > U)\(U)\)jk.
R R

Substituting into (3.2) we obtain

/R3 (Le (UA,e)j> (U,

€2

=3 ” < HessW (xo)z, z > [(UA)]. (Un)g 4+ Ux (Ux) 3| + o(?).

Recalling that HessW (xg) = diag{ai,a2,as} and integrating by parts, we
find

/ < HessW (zg)x,z > Uy (UA)jk
RB

3
=—/ Zaix?(UA)k(UA)j—Qak/ ZE}CUA(U)\)]-.

Therefore, integrating by parts once more, we obtain

/Rs (Le (U,\,e)j) (Uxe) = —2ay, /R3 Uy (U/\)j +o(e?)

— _fak/ $k:i (UF) + o(e?) = i(sk‘ak/ U3 + o(€?)
5 , ax‘j by 9 J R3 A 9
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which concludes the proof. ]

Lemma 3.6. Let 1)} be given by Proposition 3.2. There exist {c;-’h} and
z/JEh € (span{(U,\’e)j, j = 1,2,3})LL2 such that

3
Yen =3 M (Un), + U (3.3)
j=1
As e — 0, we have
[Vl L2 sy — O (3.4)
and
3 3
DSt Un); — Y al(Un); in LA(RY). (3.5)
j=1 i=1

Moreover, c;’h is bounded and c;’h — a? ase— 0 for j=1,2,3.
Proof. Fix h € {2,3,4}. For the sake of simplicity, we drop the dependency
in h in the notation. From Proposition 3.2 we already know that

‘ Ve — i:aj(UA)j‘ 2L
j=1

— 0 as € — 0.

*(R3)

Observe now that

3
’ Z% ‘LQR?’ HZ (Ure);
St S

3
B 22% (O ¥ L2(R3)

Since v, is bounded in L?(IR?), 1 is also bounded in L?(R?) and there exists
1o such that 1 — 1pg weakly in L?(R?) as € — 0. Therefore,

<(U,\)j,wf> -0 as €—0.

L2(R3)

2

E

”M“

L2(R3)

. Hwé|\iz<R3>

Consequently,

H 23:05 (Uxe); — i:aj(UA)j’ 2

L2
0 0
j=1 j=1 L?(R?) + Vel ) — 0 as e —
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and this proves (3.4) and (3.5).

We now prove that c; is bounded. Suppose by contradiction that there
exists j such that |¢j| — 400, as € — 0. Then, since (U)\76)j L2 (Uye), for
j # h and || (U)\,E) Nz2@sy = [ (Ux); [|L2(m3) as € — 0, we obtain

| Z o Urel|
This is impossible because (3.5) implies
H ch (U)"E)j ‘ LQ(R?’) - H Zaj (UA)] ‘
j=1 j=1
It remains to show that ¢; — «;, as € — 0. We already know that

HZ( (Ure)j =05 ), |

By (3.5), since (Uy); Lrz (Uy), for j # h and (Uxe); Lr2 (Une)y, for j # h,

we also have

HZ( (Ur); =5 ),

3
- ;1\ S Ure); l2@sy — +o0, as € — 0. (3.6)

L2(R3)

— 0 as ¢ — 0.
L2(R3)

2

3
J— € . 2
P ; 5 Une), — a5 (U, g

+ 23: /R3 (cj (U)\,e)j — (UA)j) (C;L (Uxe)p, — an (UA)h)

Jyh=1
j#h
3 3
= Z ”Cj (UA,E)j -y (UA)j “%2(]1%3) —2 Z oy / (Uxe)p, (UA)]‘ .
j=1 . I R3
jvh =1
j#h

Since ¢ is bounded, (Uy.), — (Uy);, in L?(R3) and (Ux); Lre (Un) if
Jj # h, it follows also that
3
Z cﬁlaj/ (Une)y (Ux); — 0 as e — 0.
R3
joh=1
j#h
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AS a consequence
€ .
165 (Une); — o (Un) lL2gs) — 0 as € — 0, Vj =1,2,3.

Recalling that (U,\7E)j — (U)); in L?(R3) as € — 0, the conclusion follows.
4

Proof of Proposition 3.3. Fix h € {2,3,4}. As before, we drop the de-
pendence on h in the notation and write

e 1= ’L/}e,h and  fie := He h -
From L. = petbe and (3.3) we obtain

ZCL U)\e) +L6¢ _Mezc U)\e +,Lbe1/)

7j=1

We multiply by (U ), and integrate over R3 to get

_ € 1
—n 30 [ O, O e [ v W, 6)
Observe that by construction

/ G (Une), =0
R3

[, (Bt who, = [ o 2ewho,).

L 000, W0, = 85 @) ey

and that

Moreover,

so (3.7) becomes

S [ (Be0),) O+ [0 (L)) = ekl O gy

- (3.9)
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Using Lemma 3.4, Lemma 3.5 and Lemma 3.6, (3.8) becomes

2
€ €

ECkaHU)\”LQ R3) + 0 ZC +o0 /’l’ﬁckH (U)\)k HQLQ(R?’)'

Since by Lemma 3.6 ¢j, — o as € — 0, there exists at least an index &
such that for e small enough cj, # 0 (because for such a k we have oy, # 0).
Dividing by cg || (Ux), H%Q(R;g) we get

62 ||U>\HL2 (R3)
He =

O g,

Observe now that in general (if a1 # ao # a3) we necessarily have ay # 0 for
one and only one k (otherwise our proof would lead to different expansions
for the same eigenvalue, which is of course impossible). Without loss of
generality we can take kK = h and this finishes the proof. 0

o(€?).

4. THE SLOPE INFORMATION

This section is devoted to the study of the sign of D(w). We have split
our result into the following two propositions.

Proposition 4.1. For ¢ small enough we have

D(w) <0 ifp>1+§,
D(w)>0 ifp<l+3.

Proposition 4.2. Suppose thatp =1+ %. Then for € small enough we have
D(w) >0, if AW(wo) > K(w0)?[W(ao) +w]7 1 C.
2
D(w) <0, if AW(xg) < K(0)? [W (o) +w]>— C,
where the constant C > 0 (independent of xo, K, W ) is explicitly known.
Before proving Propositions 4.1 and 4.2, some preliminaries are in order.

Lemma 4.3. Let R, be defined by R, := 8 ue. Then

LGRE) = —Ue. (41)
Moreover,
> 1
= E ds (Uy), + ——mM8— 1 4.2
: ]( A)J+W($0)+wRO+O( )a ( )

where d§ = O(1) and Ry is given by (2.2).
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Remark 4.4. The decomposition (4.2) is used only in the case p =1+ %.
We recall the following result (see e.g. [2]).
Lemma 4.5. For each £ € R3, the map
Lg := —A¢ + [W(xo) + w]¢ — pUx(z — )P '¢
is invertible from Kg to C&, where

K¢ = {o€ HAR®) : ¢ L2 (UA(- - ©);, j = 1,2,3} € H*®Y),

C = {0 € L*®) 16 Lpo (UN(-—€));, = 1,2,3} € L*(R?).
Proof of Lemma 4.3. We derive
—Aue + wue + W(z)ue — u? 4+ K () (|x]_1 * K(xe)u2) ue =0,

€

with respect to w to obtain
— ARS + [w+ W(z)] RS — pul 'R + 262 K () (|21 * K (we)ucRE) ue
+ €K (ze) (|| * K(ze)u?) RS, = —ue.
This gives immediately
LR, = —u,.

As a consequence we have LR — —Uy in L?(R3) as ¢ — 0. Since u, is
uniformly differentiable in w, RS, is bounded in H'(R?), therefore,

(Lo — L) RS, — 0 in L*(R3) as e — 0.

Consequently,
LoRS, = (Lo — L) RS, + L RS, — —Uy, in L*(R%) as € — 0.
We decompose
> 1
R, =Y dS(Uy,). + ———Roe+ R, 4.3

(%) J; ,]( )\a )]+W(x0)+w 07€+ w ( )

with
e L L2
Roe:=Ro(-—&) and RS~ € (spa,n {(U)\,E)j}> .

We remark that (U,\,e)j = (Ux); + o(1) and Ro, = Ro + o(1). Using the
decomposition we have

—LocRoc+ LocRE ™,

3
LOGRZ) = Z d;'LOE (U)"e)j + W
j=1
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—1
where Lo := —A + [W(x0) + w| — pU} .. Therefore,

LocRS™: = LocRS + U e,

and so LoeRfuL — 0 in L?(R3) as ¢ — 0. Since L. is invertible from
H?(R3)/ker Lo. to L?>(R®)/ ker L, (see Lemma 4.5) and RS, € (ker Lo )t z2,
we get RST — 0 in H?(R3) as € — 0. It remains to show that d5; = O(1).
From (4.1) and (4.3) we get

3
1 1
Y d5Le (Uye), + —————LcRo. + LR, = —u.
> L (Und); + gy lefioet “

Multiplying by (U.), and integrating we obtain

—/]R3 ue (Uxe),, Zi: / UAE) (Uxe)y, (4.4)

1
— | L.Ry.(U LR (UL, .
W($O)+w \/]1%3 07 ( )\’E)k—i_/IRB (03 ( >\7€)k

Let us analyze each term separately. From Lemma 3.5 we know that

_I_

2

3
€ € € €
Zd [, 2010, (00, = Sl Ul ages) + o) S d
j=1
Moreover, since from Lemma 3.4 we know that L (Uy.), = O(e?) we have
/ LeROm (U)\,e)k = / RO,eLe (U)\,e)k
R3 R3
_ / RoLe (Uno), + 0(1)/ L. (Un), = O(&2).
R3 R3

Recalling that RS = o(1), we also have

/ LeRG ™ (U, :/ R Le (Une)y, = ol€).
R3 R3

Finally, from Proposition 2.5 we have

/RS Ue (U)\,e)k = /R3 U)\,e (U)\,e)k + €2 /RS wo (UA’g)k + 0(52) /Rs (U>\»€)k
= 52/ wo (Uxe), + 0(62) = 0(62).
R3
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So (4.4) becomes

2 3

€ € €

EdkakHU)\H%P(R?’) + () Zdj = O(e%).
i=1

Dividing by €* we get d5C + o(1) Z?Zl d5 = O(1) and therefore it is clear

that df, = O(1), which concludes the proof. O
We now derive two useful identities.

Lemma 4.6. The following equalities hold:

. 1 1 /31 )
/RB RWLE(FUE 50 qu) - (4 - 1) el 2 s)- (4.5)
1 1 €
(W (ze) +w] ue = —Le <p — U + 3% Vu€> — 5% VW (x)ue

+ EQ%K(@) (Jz| 7" % K (2e)ud) ue + O(€?). (4.6)

Proof. We start with the proof of (4.5). By symmetry of L, we have

1 1 1 1
/ RZL€<—UE + —x- Vue> = / LERf‘,(—u6 + —x- Vu€>‘
R3 p—1 2 R3 p—1 2

By Lemma 4.3, we have L R{ = —u,, thus,

1 1 1 1
RGLE(—E - .ve>:_/ E( P -V€>
/Rs ” p_lu +2£E U Rsu p_lu +2x U
1 9 1
= —pTlHUEHLQ(R?)) - 5 /RS UeX + VUe.

Integrating by parts it is easy to see that

/ Ue - Ve = —3||u6\|%2(R3) — / UeT - VUe.
R3 R3

The conclusion follows for (4.5).
We turn now to the proof of (4.6). First we remark that

1 1
€ -V € — A
. 1u + 235 U 9
where u® = o//P~Dy (/2 . ). We define by I, the functional whose critical
points are solutions of (2.9):

«@
Ue ’w:l’

._ Lozt o 1 on
L) = /R3 G170 + 5 W (w0 +ulo? = — o]
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2
€ —
+ ZK(.’L’e) (|| Ly K(CEE)U2) v?.
R3

Then

1 1 0
L, (p — 1u6 + §$ . Vue> = Le<a—au? a:l)

= Ié’(ue)<%u?‘a:1> = % (I (ud)) |a:1'

Now, it is easy to see that
1 1 1
I'(u®) = —ar=1T T Aug 4 [W(2e o) + W] @ Tue — ar1 P
A-p —
+e2ar 1K (zcq) (|| Ly K(xe,a)ug) Ue,

where we have set z¢ o 1= exaY? 4+ xg. Consequently,

0 . 4 1D 14 1
- — —(yp—1 p—1 -
%G (IL(ud)) o _— lAue +a — (W (Zeq) + w] e

1

1 3
— gapff%c VW (2 o)ue — aﬁp — 1u’6’
4—p 4-p_ _

+ €2p — 1ap—1 1K(xwé) (=] Ly K(:caa)uz) Ue
3
€ 4-p_3 _

— 5041’—1 22 - VK (2c,0) (|2] Ly K(meﬂ)ug) Ue
€ d-p

23 ~1 2
— Eap T 2K (%) (|:L'| * T - VK(me,a)ue) Ue.

For a =1 we get

0 o P 1
N (I2(u2)) |a:1 - ——Auc + p— (W (xe) + w] ue

€
- 5:1: VW (xe)ue — )

Recalling that u, satisfies (2.9), we get

0 o D
g T oy = -2 (B + (W) 4 e —

+ 2K (z.) (\x|_1 * K(a:e)uz) u6>

+ (577 = o2) Wl + wlue - 5o VW (au,
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+ (2R - PR (jo] s Kz ?) ue+ O(E)

p—1 p—1
= — [W(ze) + w] ue — %x - VW (ze)ue
4—2
+é = 1pK(x€) (|| % K (2 )u?) ue + O(%),
which concludes the proof. ]

Proof of Proposition 4.1. The proof consists in deriving an asymptotic
expansion formula for the function D(w) as € goes to zero. First observe
that

0, s o N 6
D(w) = %HUeHm(RS) = Q/RS (%ue)ue = Q/R3 R ue.
Then
(W (20) + o] / Reu, = / Reue [W(z0) — W (zo)] + / Réue [W(ze) + ).
R3 R3 R3

By (4.6), we have

W (20) + w] /R Riue = /R Riue [W(xo) — W (ze) — %x . vW(xe)}

1 1
— / RZ,LE<—UE + —x- Vug)
R3 P — 1 2

+ 624 — / RS K (ze) (|:/z:|_1 * K(:z:e)uf) Ue + 0(63)/ R,.
p—1 Jps R3

By (4.5), we have

(W (z0) + w] /R3 R ue = /R3 RS ue [W(:EO) — Wi(xe) — %x . VW(J:E)]

* <ﬁ = ) el + ¢ p—1 /Rs R K () (o™ K (weJuc) ue
+ O(€%).

Moreover, it is easy to see that
[W(ZL’Q) — W(xe) — %:1: . VW(CL‘E)} = —€% < HessW (zg)z,z > +O(3|z]?).

Thus, we get

€ o 1 3 2
W(ao) ] [ | R = (- = ) lulages (4.7)
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- 62/ R{ u. < HessW (xg)x, z > +/ O(€3|z]*) RS ue
R3 R3

4—2
@22 | ROK () (Jaf ™ K (wu) ue + O
p—1 Jgs
1 3
= <E - Z> el 2 gy + O(€%).
In conclusion, we have obtained
o, 13 2 ) )
g luelraes) = (pTl - Z>WHUGHL2(R3) +0(e%), (4.8)
and this finishes the proof. (l

Proof of Proposition 4.2. If p = 1—#%1 then (4.8) is not sufficient to deter-
mine the sign of D(w) for e small. We derive now a more accurate asymptotic
expansion formula for D(w). From (4.7) we have

2
mg /Rg RZUE < HessW(a:o)w,x >

_;52 € T 5671* T u2 U 53
(W (z0) + w] AJWMENH K (ze)u?) uec + O(€%).

From Proposition 2.5 and the fact that £ — 0 and
A — K(w0)* (|2[~' * UF) Uy,

D(w) =—

in L2(R3) (see the proof of Proposition 2.5), we have

2
mEz /3 R;U)\ < HeSSW(l’O)ZC,ﬁU >
R

1 2 2 € —1>l< 2 062
Gy T e [ R (e ) Uk (09

Recall from Lemma 4.3 that

Dw)=—

3
1
o= ds Lt 1).
Rw ; J(U)\)]+W(w0)+wRO+O( )

Thus,

3
/ R{, Uy < HessW (zg)x,x >= E d;/ (Ux); Ux < HessW (zo)z, z >
R3 N R3
7j=1

1
_— RoU)y < HessW 1
+W($0)+w/ﬂ§3 oUx < HessW (zg)x, z > +0(1)
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! /RU < HessW ()2, > +o(1) (4.10)
- essW(zo)x, z o(1), .
W( )+w - 00U\ 0

because the first term is cancelled by parity. Similarly,

3
[or el o o =35 [ @), (el 03 04
j=1

1

- R -1 2 1
+W(:L“o)—i—w/R3 0(|x| *UA)U)\“FO()

1 1,772
= — 1). 4.11
W($O)+MA3RO(|x| « U) Uy + o(1) (4.11)
Substituting (4.10) and (4.11) into (4.9) we obtain
2

D(w :——62/ RoU)y < HessW (xg)x,x >
@) (W (z0) +w]®  Jrs o (o)

_ mezK($o)2 /}R3 RO (|q;|_1 * Ug) U)\ + 0(62). (412)

Now, recall that from our choice of p it follows that Ry = %UA + %x - VU,,
and that we have assumed that HessW (z) = diag{a1, ag, as}. Thus,

3 3
3 1
/R‘3 RoUy < HessW (zg)x, z >= 1 ;_1 a; /R3 U)\Q:C?+§ ;_1 a; /R3 U,\:IJ-VU,\J:?.

Remarking that

/U)\:L' VU)V%' —Z/ U)\lek—UAz

— - (U?) 22 = - ) U?
0> [ @5 =33 [ Pty
1< 5

- __ 2 - . 2_ _ Y 2772

- 2;/@ (27 + 2z210:,) U Q/RP):CZU/\,

we get

1
/ RoUy < HessW (zg)x, x >= ——Zal/ Uiz? = ——AW(QS())/ Usz?.
R3 2 R3
(4.13)
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On the other hand

_ 3 _ 1 _
/Ro (Jz| =t = UR) UA:—/ (Jz|~1 = U3) Uf—k—/ (Jz| =1 % UR) Ura-VU,y.
R3 4 [Jr3 2 Jrs

Remarking that

/ (||~ I*UA ) Ura - VU,\—Z/ (||~ I*U)\ U,\ﬂﬁkaiUA
3
1 _ 0 1 0 _
=52 [ 1*U§>xka—m<vf>=—5243% (ol 03) ] U3
3
o RIS Z [y [ 0] 00
B URRUAIZED o I (ERIEP VNP
2 R3 A A el R3 (9xk A

3
= ——/ (JzI=" % UX) UX —/ (lz|~* * U\VUY) - 2U3,
2 RB RS
we obtain
1
/f%WT%U@w=——/(m**wvaﬂ@ (4.14)
R3 2 R3

Finally, substituting (4.13) and (4.14) in (4.12), we obtain the following
expression for D(w) :

1
Dw) = —— 2AW(SC())/ U
(W (z0) + w]?
1 / 1 2 2
+ (|~ *mvw)ﬂa+dq
2[W(zo) +
= [AW(xo)Cl -+ K xo }
where .
4
Cq = —2/ UAa: _)\pl_g/ Ufa:f >0,
(W (xo) + w] R3
and
1
Cy = ———————/‘ |V« U\VU,) - 2U?
2 [W(SITQ)—FW]Q R3 (| | A )\) A

N = N =

Miﬁ/(ml*wvmyﬂﬁ
R3
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The conclusion follows by taking
oo e (27 <0 VOL) - aUE
-2 fR3 Uiw; ’

and recalling that A2 = W(zg) + w. Let us observe that the sign of the
constant C' is positive. Indeed, we can prove that

/ (Jz|~" « U1 VL) - 2UT <0,
R3
in the following way. For k = 1,2, 3, we define the function

0 Ur(y) 52U (y)
I8

—1
= Uy—U; =
gk(l‘) |SC| * U1 1 |:1:—y|

dy.
6$k 4

Then

3
-1 2 2
2| L% U VL) - 2U2 = / gk (2)2sU2.
/Rg(l\ ) - xUj k§:1 » (2)zxUj

Now, we show that

gr(x) <0 if =z >0,
gr(x) >0 if xp <O.

Let z € R3 and k = 1,2, 3 be fixed and assume that z; > 0. We define two
half-spaces by 'y := {y € R3 : y, > 0}, T_ := {y € R3 : g, < 0}. Since U;
is radially decreasing, we clearly have

Uiy )aikal( ) <0 fory eIy and Uy(y )aimkUl( )>0foryeI'_. (4.15)

For y € R3, we denote by § the reflection of i with respect to the hyperplane
{2z € R3: 2z, = 0}. Since z € Ty, it is easy to see that for all y € I'; we have

‘Ul( ) a2 U1 (7 )‘ - U1 (y) g2; U1 ()
|z — 7] =yl

Consequently,

Ur(y) 32 Ur (y) Ur(y) 52-Us(y)
’/ \xa— Y dy‘ = /r+ !wa— yloo

Combined with (4.15), this implies

[ DA
ata) = [ = By <o,

The case xj < 0 follows from similar arguments, hence the conclusion. [
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5. CONCLUSION

From Proposition 3.2 and Proposition 3.3 it follows that L. has m +
1 negative eigenvalues and no zero eigenvalue, where m is the number of
negative eigenvalues of the matrix HessW (zp). In particular m = 0 if zg is
a local minimum, while 1 < m < 3 otherwise. Hence, indicating by n(L.)
the number of negative eigenvalues of L., it follows that

(L) = 1 if g is a minimum for W,
Mie) = m+1>2 otherwise .

Moreover, we define

0 if D(w) <0,
pw%:{1 w&$>0

Proposition 4.1 implies that for p #£ 1 + %

(0 ifp>1+3
MDy‘{1 ﬁp<1+%

while for p =1+ % it follows by Proposition 4.2 that

L1y AW (o) - K (0)? [W () + w] 71 C )

(D) =3 2
! 2 |AW (20) — K ()2 [W (20) + w]71 C|

Combining these results, by the orbital stability criteria of [22, 23], we obtain
Theorem 1, Theorem 2 and Theorem 3 respectively.
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