NON-LOCAL MINIMAL SURFACES

L. CAFFARELLI, J.-M. ROQUEJOFFRE, AND O. SAVIN

1. Introduction

In this paper we study the geometric properties, existence, regularity and related
issues for a family of surfaces which are boundaries of sets minimizing certain
integral norms. These surfaces can be interpreted as a non-infinitesimal version of
classical minimal surfaces.

Our work is motivated by the structure of interphases that arise in classical
phase field models when very long space correlations are present. Motion by mean
curvature is obtained classically in two different ways. One way is as an asymptotic
limit of phase field models involving a double well potential, that is as the steepest
descent of the Ginzburg-Landau energy functional

1
s/|Vu|2dx+g/F(u)dx.

Another way is as a continuous limit of the following process (cellular automata,
see [MBO]). Denote by xq the characteristic function of the set  and by C the
complement of Q2. The surface Sii1 = 0Qk41 at time tx41 = tg + J is generated
from Sy = 0 by solving the heat equation

uy — Au=0, u(-,0)=uy,
for a small interval of time e, with initial data
Uk = XQp — XCQ -

Thus u(x, ) is obtained by simply convolving u; with the Gauss kernel

n _ =2

G.(x) = (dme) " 2e” 2= |

and define

Qk+1 = {u(gc,a) > 0}, Sk+1 = 6Qk+1.
If § ~ €2, S}, is a discrete approximation to motion by mean curvature at time k3§
(see [E]). This can be thought as letting the two phases © and CQ2 mix for a short
time € and then segregate them according to density.

One example of long range correlation would consist in replacing the heat equa-
tion by a pure jump Levy process. The simplest and “more analytical family” of
such processes is of course diffusion by fractional Laplace (—A)?, 0 < ¢ < 1. In
this case we replace the gaussian above with the fundamental solution of

ur+ (—D)°u=0

which is of the form
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t
(o + )5
If o > 1/2 the process still converges to motion by mean curvature by taking
the time step & ~ 627 for 0 > 1/2 and € ~ §log§ for ¢ = 1/2. When o < 1/2 the
limiting model corresponds now to a non-local surface diffusion (see [CSo]). The
normal velocity at a point zg € S satisfies

v(zo) ~ /n(xg(x) — xea(@)|z — zo| " dx.

Going back to the phase field model, the (—A)? diffusion corresponds to the
steepest descent for the energy

(1—0)//dedy+/F(u)dm,

that is the diffusion part of the energy is now the “o fractional derivative” of u or
the H? seminorm of u.

There is an extensive literature on the asymptotics for this problem (see for
example [I, IPS, Sl]) but most mathematical results involve the hypothesis of finite
first moments for the diffusion kernel, and that implies that the resulting interphase
dynamics is still infinitesimal (¢ > 1/2 in our discussion above).

In this paper we intend to study the “minimal surfaces” arising from the cases
in which the surface evolution is non-local (¢ < 1/2), i.e. surfaces S = 02 whose
Euler-Lagrange equation is

G(z,t) ~

/(m(y) —xeaW)|y —z| """ 27dy = 0 for x € S.

Surprisingly such surfaces can be attained by minimizing the H? norm of the
indicator function xq. Precisely, for o < 1/2 and 2 reasonably smooth, ||xall#-
becomes finite whereas for o = 1/2 this is not true, i.e. we can not obtain classical
minimal surfaces as sets minimizing an H? norm.

The main result of this paper is that S is a smooth hypersurface except for
a closed singular set of H" 2 Hausdorff dimension. This parallels the classical
minimal surface theory (the reader may find it useful to have it in mind, see for
example [G]), except that we do not have in this paper the optimal dimension (in
the classical minimal surface theory it is n — 8).

Our main steps are

a) existence of minimizers and uniform positive density of 2 and CQ

b) The Euler-Lagrange equation in the viscosity sense

c) Flatness implies C1® regularity

d) A monotonicity formula and existence of tangent cones

e) Existence of an “energy gap” between minimal cones and hyperplanes

2. Definitions, notations and main result

As pointed out above, we will consider minimizers of the H? seminorm, o < 1/2;
of the characteristic function y g of a set E which is fixed outside a domain Q2 C R™,
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IXE(®) — XE(Z/)|2
||XE||%I“ = / |Z‘ _ y‘71+2rr dl'dy

_ T)xce(Y
2// P dxdy7

where CFE denotes the complement of F.
We denote for simplicity

s:=20, 0<s<l,

and

1A B) = [ [ o wydsdy

Clearly
L(A,B) =20, L(A B)=L(B,A),

L(Al UAQ,B) ZL(Al,B)+L(A2,B) for A1 ﬂAg :Q)

Definition 2.1. (Local energy integral) For a bounded set €, and for E C R™ we
define

Jo(E):=L(ENQ,CE)+ L(E\Q,CENQ)

to be the “Q-contribution” for the H*/2-norm of the characteristic function of F.

Definition 2.2. We say that F is a minimizer for J in 2 if for any set F' with
FN(COQ) =EN(CQ) we have

TJa(E) < Jo(F).

Remarks. The set E N (CN2) plays the role of “boundary data” for E N Q.
If €2 is a bounded Lipschitz domain, then infJq is bounded by Jao(E \ 2) < co

A minimizer E of Jq satisfies the following two conditions

(2.1) L(A,E) — L(A,C(EUA) <0  ifACCENQ

(2.2) L(AJE\NA)—-L(A,CE)>0 ifACENQ.
Notice that the term L(A, E) in (2.1) is finite since it is bounded by Jq(E).

Definition 2.3. If FE satisfies (2.1) we say that E is a variational supersolution
and if it satisfies (2.2) we say that E is a (variational) subsolution.
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If E is both a variational subsolution and supersolution then it is a minimizer
for Jq. Indeed, if FN(C) = EN(CQ) and we denote by AT = F\E, A~ = E\F
we find

Jao(F) = Ja(E) = [L(A™, E\ A7) — L(A™,CE)|—-

[L(AT,E) — L(AT,C(EU A"))] + 2L(A~,A") > 0.
The main result of this paper can now be formulated as follows.

Theorem 2.4. Main theorem
If E minimizes Jg,, then OE N By, is, to the possible exception of a closed set
of finite H"=? dimension, a C* hypersurface around each of its points.

3. Existence and compactness of minimizers

In this section we prove some basic properties of minimizers.

Proposition 3.1. Lower semicontinuity of J
If xg, — xg in L}, then

loc

liminf Jo(E,) > Jo(E).

Proof: Recall that

A B) = [ [ cmmas (.

1

1oe(R™) then any sequence contains

It is clear that if x4, — x4, xB, @ xBin L
a subsequence, say ny such that for a.e. (z,y)

XAn, (x)XBnk (y) — xa(@)xs(y)-
Fatou’s lemma implies
limkinf L(A,,,Bn,) > L(A, B).

Theorem 3.2. Existence of minimizers
Let Q be a bounded Lipschitz domain and Eq C CQ) be a given set. There exists
a set E, with ENCQ = Ey such that

inf jQ(F) = jQ(E)

FNCQ=E,

Proof: The infimum is bounded since Jq(Ep) < co. Let F, be a sequence of sets
so that Jo(F,) converges to the infimum. The H*/? norms of the characteristic
functions of F,, N are bounded. Thus, by compactness, there is a subsequence
that converges in L'(R") to a set E N Q. Now the result follows from the lower
semicontinuity.

O
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Next we prove the following compactness theorem.

Theorem 3.3. Assume E,, are minimizers for Jp, and

E,—FE inL}]

loc

(R™).

Then E is a minimizer for Jp, and

lim jBl (En) = jBl (E)

n—oo

Proof: Assume F = F outside B;. Let

Fn = (FOBl) U (En \ Bl)v
then

jBl (Fn) Z jBl (En)
It is easy to check that

|TB, (F) = T, (Fn)| < L(By, (E,AE) \ By).
We denote
bn = L(Bb (EnAE) \ Bl)

and obtain

jBl (F) + bn Z jBl (En)
It suffices to prove that b, — 0. Then we will get

Jg, (F) > limsup Jg, (E,)

and the Theorem follows from the lower semicontinuity of J:

liminf Jg, (Ey) > JIg, (E).
Define now
an(r) :=H""'((E,AE)NdB,),

we then obtain that for any ro > 1

by < C / an(r)(r = 1)~*dr + Cry®
1

where C' is a universal constant. Since

)
/ an(r)dr — 0, an(r) < Crg_l for r < g,
1
we find
limsup b, < Cry?,

which proves the theorem because r( is arbitrary.
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4. Uniform density estimates

Let E be a measurable set. We say that = belongs to the interior of E, (in the
measure sense) if there exists » > 0 such that |B.(x) \ E| = 0. We will always
assume that the sets we consider, by possibly modifying them on a set of measure
0, contain their interior and do not intersect the interior of their complement.

In this case we see that x € OF if and only if for any r» > 0, |B,(z) N E| > 0 and
|Br(z) NCE| > 0. Notice that OF is a closed set and the interior is an open set.

Theorem 4.1. Uniform density estimate

Assume E is a variational subsolution in §). There exists ¢ > 0 universal (de-
pending on n, s) such that if v € OF and B,.(x) N E C Q

|EN B, (z)] > cr.

If F is a minimizer for Jq then both F and CFE satisfy the uniform density
estimate. Theorem 4.1 is a consequence of the following lemma.

Lemma 4.2. Assume E is a subsolution in By. There exists ¢ > 0 universal such
that, if |EN By| < ¢ then |E N By 5| = 0.

Proof. For r € (0,1], set
V., =|ENB,|, a(r)=H"YENJB,).
We apply the Sobolev inequality

[ullze < Cllullgrerz, p=

for u = xEnp, and obtain

V. " <CL(A,CA)  with A== ENB,.
From (2.2) we find
L(A,CA) = L(A,CE) + L(A, E \ A)

<2L(A,E\ A) <2L(A,CB,).
If x € A then

/ L <C/Oo L1y <C(r—|z)~°
T s Y > p P> Ur—|T )
CB, ‘LE - y|n+s r—|x| pn+s

L(A,CB,) // . _Xc‘fﬂ Xa(@)xe.y) 4. 0., < c/ (r—p)~°.

‘We conclude that
v <c [ -

Integrating the inequality above between 0 and ¢ we find

hence
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o t
(4.1) / V. ™ dr < Ctl_s/ a(p)dp = Ct~*V;.
0 0
The proof is now of the standard De Giorgi iteration: set
1 1
tk:§+2ka ’Uk:‘/;fka

notice that to = 1 and to, = % Equation (4.1) yields

—(k+1), "
2 (+)vk+1 < Cov

with Cp universal constant. This implies vy — 0 as k — oo if vg < ¢ with ¢
universal, small enough.
O

Corollary 4.3. Clean ball condition
Assume E is a minimizer for Jo, © € OF and B,(x) C Q. There exist balls

Ber(y1) € EN By (x), B.-(y2) CCE N B.(x)

for some small ¢ > 0 universal.

Proof. Assume x =0 and r = 1. We decompose the space into cubes of size §. We
show that Ng, the number of cubes that intersect 0F N By, satisfies

Ns < C6°7".
Let Qs C By be a cube such that 0E N Qs # (). From the density estimate,

|E N Qss], [CEN Q35| > co™

which implies

L(ENQ35,CENQ35) > 6" °.

Adding all these inequalities we obtain

L(E NBy,CEN Bl) > coNso™ %,

On the other hand, from minimality

L(ENB,,CENBy) < L(EN By,CE) < L(EN By,CBy) < Cy,

which proves the bound on Nj.

Since 0 € OF, the density estimate implies that at least ¢d~™ of the cubes from
B intersect £ N By. Thus, if § is chosen small universal, there exists a cube of size
0 which is completely included in £ N B;.

O

Theorem 4.1 has the following (classical) corollary, useful in several places of the
sequel.
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Corollary 4.4. (i) If E minimizes Jq then

H'*(OENQ) < oo.
(i) (Improvement of Theorem 3.3) Assume Ej are minimizers for Jp, and

E}c—>E ’L"IlLl

loc

(R™).

For every € > 0, OF), is in an e-neighborhood of OF as soon as n is large enough.
Proof. Fact (i) is straightforward from the proof of Corollary 4.3. Let us prove (ii):
for this, assume the existence of a (possibly relabeled) sequence (xj) and €9 > 0

such that
xk € OF, and d(zg, E) > eo.

By Theorem 4.1 we have
|Ex\E| > |Ex N Beyj2(zr)| > cep,

1

ioe convergence of Ej to E.

contradicting the L

We will prove later that 0FE N has in fact n — 1 Hausdorff dimension.

5. The Euler-Lagrange equation in the viscosity sense

As we pointed out in the introduction, the Euler-Lagrange equation for H®/2
minimization is the (s/2)-Laplacian. The theorem below can be thought as saying

AS/Q(XE —xce) =0 along OF.

Theorem 5.1. Assume E is a supersolution, 0 € OF and the unit ball By(—e,) is
included in E. Then

XE — XCE
/n de S 0.

In order to fix ideas, we prove first a comparison principle between 0F and the
hyperplane {z, = 0}. The same techniques will be used in the proof of Theorem
5.1. More precisely, assume FE is a minimizer in B; and {z, < 0} \ By C E. We
want to show that {x,, <0} C E. Define

A™ = {z, <0} \ E,

then from the minimality of F we obtain

0>L(A,E)—L(A=,C(FUA™)).
It is not obvious that we reach a contradiction if |[A~| > 0. We would like to
consider another set as perturbation and make use of symmetry in order to obtain
cancellations in the integrals.
For this let T be the reflection across {z, = 0} i.e. T(2', z,) = (2/, —z,) and let

AT =T(A)\ E.
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Define

A=A UAT,
and decompose it into two sets: A; which is symmetric with respect to {z, = 0}
and the remaining part A, C A~ i.e,

A= ATUT(AY), Ay = A~ \T(A").
Finally, let F' be the reflection of C(F U A), then from our hypothesis
Fc{z,<0}CE.

The minimality of E implies
0> L(A,E) = L(A,C(EU A)) = Y (L(A;, E) — L(4;,C(E U A)))

— L(A1, E\ F) + L(As, E\ F) + (L(42, F) — L(T(43), F)).
All three terms are nonnegative and are 0 only if |A2| = 0 and either |A;| = 0 or
|E\ F| = 0. At this point we remark that we can repeat the argument above for
the hyperplane {z, = —¢} instead of {z,, = 0} and in this case |E'\ F| > 0. In
conclusion we obtain |A~| = 0 which proves the comparison principle.

We are now ready to prove Theorem 5.1. Again we consider symmetric sets
as perturbations by using the radial reflection across a sphere. The proof is more
involved since the cancellations have now error terms but they are balanced by
using the positive density property.

Proof of Theorem 5.1: Without loss of generality assume that E contains
Bsy(—2e,). We will show

lim sup/ wd:c <O0.
5—0 Jrm\p, |z|"T

Fix 6 > 0 small, and ¢ < 6.

We denote by d, the distance from x to the sphere B .(—e,).

Let T be the radial reflection with respect to the sphere 0Bjic(—ey,) in the
annulus 1 — 2§ < d, <1+ 26 i.e,

z+Tx T+ e,
n — 1 ’
5 Te ( +€)|x+en|

and notice that

DT (2)| <14 3dy, |T(z) = T(y)| = (1 —3max{dy,dy})lz —y.

We define various sets:
AT =By (—en) \ E
AT =T(A)\E, A:=A"UA".

We decompose A into two disjoint sets A; and As, with A; = T'(Ay),
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A= A1 U A27 A1 = T(AJr) U A+, AQ CA C B1+5(—€n).
and define

F:=T(B;NC(EUA)).
It is easy to check that

F C Biye(—en)\ A~ C EN By.
‘We have

L(AE)—L(A,C(EUA) =

[L(A, B\ Bs) — L(A,CE\ By)] + [L(A, F) — L(A, T(F))] + L(A, (E N By) \ F)

=1L+ 1+ 13 <0.

Since I3 > 0 we obtain

I +1, <0.

We estimate I by using that A C B, z, thus

1 XE — XCE
—l */ sy
|A| re\B;  |Y["T

(5.1) < Cel/?51s,

= C/ %dﬂ
R"\ Bs Yl

To estimate Io we write
Iy =[L(A,F) — L(A;, T(F))] + [L(As, F) — L(As, T(F)].

By changing the variables x — T'x, y — Ty we have

L4y, T(F)) ://XA1(x)XF(y)Wd$dy

1+ Cmax{d,,d
< [ [xn@ne) |xy|£+s A daay,

Also by changing y — Ty we find
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|DT( )l
L(A,, T //XA2 —7 |n+§dxdy

1+Cd
//XAZ T)xF (Y ‘nzsd xdy

(5.2) |t —y| <|z—Ty| forx,y € Brie.
We conclude that

max dy,d,
—12<C//XA x)xr(y | {y|n+s}d dy.

and we have used that

We estimate the contribution in the integral above for x outside By4.(—

x € AT, by changing x — Tz and using (5.2)

< //XAf(:c)XF(y)maX{dz’dy}|DT(x)|dxdy

|Tx — y|7ts

max dg,d
<2//XA x)xr(y | { |n+‘z}dxdy.

Hence

max dz,d
For fixed x € A~

/ wdy<c 2o r"ldr < C6175.
Bs\Baa, () |T —y["T* - Jad, rnts

When y € Byg, (m),
maX{dI,dy} S 3dw S 357
thus

—I, < O §|A|+CE//XA)|(7i(S)dxdy

(5.3) = C§ %Al + CeL(A™, F).

en)a

11

i.e.
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We will prove the following lemma:

Lemma 5.2. There exists a sequence of € — 0 such that

eL(A7,F) < Ce"|A™|
where 1 is such that 0 <n <1 —s.

Now the proof of the theorem follows. Indeed, since
Ii/|Al < —1/|A]

we let ¢ — 0 and use (5.1), (5.3) and the lemma to conclude

XE — XCE 1—
XE —XCE 3, < o1,
»/R"\Bg |y|n-"_'S

Proof of Lemma 5.2: We use (2.1) for A~ and find
L(A™, F) < L(A™, E) < L(A7,C(EU A) < L(A™,C(Biye(—en))-

If x € Byic(—ey) then

1 >~ 1
/ 7+dy§C/ - r”fldTSC’d;S.
CBy o (—ep) [T =yl Ts d, T

We denote

a(r) :=H""YC(EN OBy (—ey))),
and prove that for a sequence of e — 0

5/08 a(r)(e — r)~%dr < & /O a(r)dr.

Assume by contradiction that for all £ small we have the opposite inequality i.e.

/6 a(r)(e —r)"*dr > "1 / a(r)dr.

0 0
Integrating in € between 0 and A we find

A A/2
)\1_5/ a(r)dr > c(sm))\"/ a(r)dr
0 0

hence, for any fixed M > 0

A A/2
/ a(r)dr > M a(r)dr
A/2 A/4

provided that X is small. Writing this inequality for A = 27%, k > ko we obtain

ICEN By o-r(—ey)| = /0 a(r)dr < (M/2)k—*
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for all & > k.
On the other hand, positive density of the complement at 0 gives

ICEN By g-+(—€n)| > |CE N By—i| > 27 "%

and we reach a contradiction if we choose M > 27+1,

Some consequences of the Euler-Lagrange equation are the following.

Corollary 5.3. a) If ENCQ is contained in the strip {a < x, < b}, then E is
contained in the same strip.

b) Hyperplanes are local minimizers.

c) If zg € YN IE and C N E has an interior tangent ball at xo, then E is a
viscosity supersolution at x.

Finally, an important observation is the following comparison tool.

Lemma 5.4. Let Es be the § neighborhood of E, i.e.

Es = {x | dist(z, E) < §}.

Then if xg € OFs realizes its distance at yo € OF then E has at yo an external
tangent ball and

/ XB; — XCE;s ;. 2/ XE —XcE ;.
g |7 — @0t R [T — Yo"t
in the principal value sense.

In particular, if E is a viscosity solution at yo then Ej is a viscosity subsolution
at xq.

The proof is straightforward after translating Fs by yg — xo.

This lemma can be applied to prove for instance that minimizers are graphs
under appropriate geometric conditions.

6. Improvement of flatness

In this section we prove the following theorem, in the spirit of the regularity
theorem of de Giorgi for classical minimal surfaces [G], Chap. 8:

Theorem 6.1. Assume E is minimal in By. There exists €9 > 0 depending on s

and n such that if

OENB; C {|ZIJ . en\ < 60}
then OE N By o is a CY7 graph in the e, direction.
As a consequence we obtain

Corollary 6.2. If OF has at xg a tangent ball B, C E, then OF is a C*7 surface
in a neighborhood of xg.
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The main steps follow those devised in [S] to provide an alternative proof to
the de Giorgi theorem for classical minimal surfaces. Because the case of nonlocal
minimal surfaces contains difficulties on its own, it is useful to recall how the method
of [S] works.

6.1. Classical minimal surfaces. . Let us define the flatness of a cylinder to be
the ratio between its height and the diameter of the base. It is well-known that
Theorem 6.1 reduces to proving an improvement of flatness theorem of the type

Theorem 6.3. Assume E is minimal in By. There exists three reals: ng > 0,
g0 >0, go € (0,1) and an orthonormal basis (€;)1<i<n such that

OENB; C{lr-e,| <e}, e<eo
then

OE N By, C{|z-én] < qonoe}

In other words, 0E N By, can be included in a cylinder of flatness goe. The
iteration of this theorem produces the C1¥ regularity in a neighborhood of 0.
The main tool is a Harnack type inequality

Theorem 6.4. [S] Assume E minimal in By, and 0 € OF. There is eg > 0 and
v e (0,1) such that, if

OENBy C{lx-en| <e}, e<e
then

PEN ('] < 3} C {lo- el < (1 - w)e)

Here we have denoted by x = (2, z,) the generic point of R™.
Assume now the existence of a sequence of minimal sets F,, and a sequence &,
going to 0 such that 0 € OF,, and

OENB; C{lz-en] <em}
and none of the sets F,, satisfies the conclusion of Theorem 6.3. Iterate Theorem
6.4, at the k' iteration OF,, is in a cylinder whose base has diameter 2% and
height (1 — v)*e,,. The assumptions of Theorem 6.4 cease to be verified when
28(1 — v)*e,, becomes of the order of &g, hence

€0
k~—————log—.
log2(1 —v) °8 Em
Consider the vertical dilations of F,,:

T

E;, ={(«, E—"), (2',1,) € OF,,.
m

As a consequence of the above considerations, the intersection of OE;, with the

vertical line {2’ = 0} converges to {0}. The same operation may be done for any
other point (2, xz,) € E,,, provided that OF,, has been suitably translated. The
end result is that, in By /9, the sequence OFE}, converges to the graph of a function
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1
{(&",v(z"), |2 < 5} Moreover, v is Holder: indeed, the first k for which 2}

log [z — @3]

and 7, cease to be in the same cylinder {|2/| < 2%} is k ~ , and the

log 2
oscillation of v in the corresponding cylinder -normalized by &,, - is (1—v)*. Hence
the oscillation of v is of order |z} — x4,

_ Jlog(1— )|
log2
On the other hand, the (signed) distance function to 9F,,, denoted by d,,(x)
(with the convention that d,,, < 0 if € E,, can be computed as

dp(z) = eqv(z’) — zp + 0(em),

moreover it satisfies
Theorem 6.5. [1]. d,, is harmonic, in the viscosity sense, on OE,,.

This means that, if we touch JFE,, from above or below by quadratic graphs, the
corresponding inequalities hold. An easy limiting procedure yields

1
—Apv=0 in {|z'| < 5},
in the viscosity sense. This implies in turn that v is harmonic in the classical

1
sense in {|]z/| < 5}, hence smooth. In particular, its graph can be included in

a cylinder of arbitrary flatness p around 0. However, recall that the sequence of
dilations E, converges to (z’,v(z’)), hence can be included in a cylinder of flatness,
say, 2u around 0O for n large enough. This is a contradiction, and Theorem 6.3 is
proved.

6.2. The proof of Theorem 6.1: linear equations. . We are going to follow
the same strategy as above: consider a sequence of thinner and thinner nonlocal
minimal sets, prove that their dilations converge to some Holder graph with the aid
of a - yet to prove - Harnack inequality, and finally translate a viscosity relation -
here, Theorem 5.1 - into a linear viscosity relation in one less dimensions, in order
to prove further regularity for the limiting graph v. In this subsection, we prove a
preliminary result for global solutions to the linear equation A%y =0, 0 < o < 1.
If w is a function such that

|ul
6.1 /7n20_ < 00,
(01 (1+[a|?) ==
A%y is defined as
Aou(y) :/ Mdl‘
R

n o —y[rte

The integral above is convergent in the principal value sense if there exists a
smooth tangent function that touches u by above (or below) at y.
We recall the notion of viscosity solutions (see [CSi2]).

Definition 6.6. The continuous function u satisfies

ANu<f in B
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in the viscosity sense (u is a supersolution) if the inequality holds at all points
y € By where u admits a smooth tangent function by below.

Similarly, one can define the notion of subsolution. If u is both a supersolution
and a subsolution we say that u is a viscosity solution.

In [CSi2] it was proved that if
ANu=f in B

in the viscosity sense then

(6.2) lullez (B, 0) < CUflloraay + ullLe @),

for v, C depending only on n and o.
If o > 1/2 then (6.1) is satisfied for functions u(x) that grow at infinity at most
like |z|'T*, 0 < < 20 — 1.

Proposition 6.7. Let 0 > 1/2, and assume
lu(z)| <1+ ||, 0<a<20—1,
and
ANu=0 inR"
in the viscosity sense. Then u is linear.

Proof. The function

satisfies
A%v(z) = f(x) in By
with
[fllersyy,  lvllze < Cla).
From (6.2) we obtain
lullera (s, ,.) < Cla).

This estimate holds also for the rescaled functions

u(Rx
ug(x) == R(li_‘_a), R>1,

since they satisfy the same hypotheses as u. This gives

|Vu(Rz) — Vu(0)| < C(a)R* Rz if |[2] < 1/2

which implies that Vu(zg) = Vu(0) for any zo € R™.
(]

Remark. The proposition is valid also for 0 < o < 1/2 except that we have to
replace A%u = 0 with “VA%u = 0” that is

A%u(y) — A%u(z) <0, g,z €R"

whenever we can touch u by below at y and by above at z with smooth functions.
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6.3. Improvement of flatness and Proof of Theorem 6.1. The proof of the
Harnack inequality goes by contradiction: if our minimal set cannot be included
in cylinder of a lesser height as we approch 0, we contradict the viscosity rela-
tion. However, this relation is nonlocal, in contrast with what happens for classical
minimal surfaces. A possible remedy to this is to work at an intermediate scale:
|2'| ~ a;t, Tm ~ €mam, where a,, — +oo and &,,a,, — 0. However, we would in
the end obtain a graph (z’,v(z’)) with no control on v. This is not desirable, since

1+ s
+ -harmonic. But then we need a control on v at

we wish to prove that v is
infinity.

This is why we have to prove a special type of improvement of flatness for non-
local minimal surfaces. Here it is below, and Theorem 6.1 follows easily.

Theorem 6.8. Assume OF is minimal in By for H/?, s <1, and fit 0 < a < s.
There exists ko depending on s, n and « such that if 0 € OF and

OE N By—x C {|x-ex| <27+ Jep| =1}, fork=0,1,2,... ko
then there exist vectors ey, for all k € N for which the inclusion above remains valid.

Rescaling by a factor 2%, the situation above can be described as follows. There
exists kg depending on s, n, «, such that if for some k > kg

OE N By C {|z -] <212°0=F} e =1, VI >0,

then the inclusion holds also for [ = —1, i.e.

OEN By C {|x-e_q| < 27127kt

In other words, if 0FN By has 29(—%) flatness all the way to By, it also has it for
By /3, and we may dilate and repeat the same argument from there on. Note that
for [ > k the flatness condition becomes trivial, and for k = kg we can attain that
condition if we start with a very flat solution in B; (with 2-(®*Dko flatness) and
we dilate it by a factor 2%0. The idea of the proof is then by compactness: if not, we
will take a sequence E,, of solutions for m — oo, make a vertical dilation E7, and
show that there is a subsequence converging to the graph of a continuous function
u which solves A(1+#)/2, = 0. In order to do that we need first a rough “Harnack
type” inequality that will provide the continuity of u. For a similar compactness
argument see [S].

Lemma 6.9. Assume that for some large k, (k > k1)
OEN By C {|zn| <a:=27F)

and
OEN By C {|z-¢] <a2'0+9} 1=0,1,... k.

Then either
Tn
OFENBs c {~* <147}
a
or

8EﬁBgc{%’2—1+62}7

for 6 small, depending on s,n, .
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The hypothesis above can be interpreted in the following way. We are not only
requiring flatness of F N By of order a = 27%* but also flatness for all diadic balls
Bayi of order a2', from B; to By, i.e. until flatness becomes of order one.

Proof. If y € OE N By 2, the non-local contribution to the Euler-Lagrange equation
is

ok—1 P 14+« 0o T.n—l

<C dr+C d
//2 rn+9 T+ o1 rn,+s r

— XCE
n+s d.’E
R\ By /2(y) |$ o y‘

(6.3) <C(a+27%) <C(n,s a)a.

Let us recall now that E contains {z, < —a} N B; and assume that it contains
more than half of the measure of the cylinder

D = {]a/| < 8} x {Jra] < a}.
Then we show that £ must contain
{x, > (=1 +06%)a} N Bs.
Indeed, if the conclusion does not hold then, when we slide by below the parabola
Ty = —%|ac’|2
we touch OF at a first point y € OF with
[y <26, |ya| < 2a6°.

Denote by P the subgraph of the tangent parabola to OF at y. We write

XE — XCE de — XP — XcP dz + XE\P
|£L’ _ |n+s T = |(E _ |n+s x |1. _ |n+s
Bl/z(y) Y Bi/2(y) Yy Bl/z(y) Y

=1+ .

If a < we estimate

12 gpn
I > —C/ e dr > —C(n, s)a,

and, since E'\ P contains more than 1/4 of the measure of the cylinder D,
I, > Cad™ 1 /(46)""* > C(n)6 ' *a.

If § > 0 is chosen small depending on n, s and « (and k;(0) large so that a < 9)
then

/ XE = XCE ;. - ¢
gn |7 —y|ts

and we contradict the Euler-Lagrange equation at y.
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As k becomes much larger than ki, we can once again apply Harnack inequality
several times. Indeed, after a dilation of factor 1/§ = 2™° we have that in By, OF
is included in a cylinder of flatness (a(1 — 62/2)/6. Clearly, as we double the balls
the flatness a(r) gets multiplied at most by a factor 2¢ as long as a(r) < 1, hence
we satisfy again the hypothesis of the lemma. We can apply Harnack inequality as
long as the flatness of the inner cylinder remains less than d, thus we can apply it
roughly c|loga| times. As a consequence we obtain compactness of the sets

OE" = {(z, )| z € dE)},
a
as a — 0.

More precisely, we consider minimal surfaces OF with 0 € OF, for which there
exists k such that

OENB; C {|zn| < a:=27%}
and
OEN By C {|z-e| <a2'0+9Y 1=0,1,..., k.

Lemma 6.10. If E,, is a sequence of minimal sets with a,, — 0 there exists a
subsequence my, such that
0Ey,, — (¢ u(a’))
uniformly on compact sets, where u : R*~1 — R is Holder continuous and
w(0) =0, [u] < (1 + |of1*2),

Proof. From the discussion above when 2’ € B, 0EZ, is included between the
graphs of

+C max{b),, |z'|"}
with b,, — 0 as m — oo. This statement remains valid if we translate the origin
at some other point xg € OE}, with |z{| < 1/2. Thus, by the Theorem of Arzela-
Ascoli, we can find a subsequence of OE},’s that converges uniformly in B, 5 to the
graph of a Holder continuous function.

The same analysis can be done in larger and larger balls since we can estimate
for fixed [ the angle between e; and e;,; by the flatness coefficient 2*('""). Thus
we obtain the uniform convergence on compact sets of F}, to the graph of u.
Clearly, u(0) = 0 and there exist p;, € R"~!, py = 0, such that

lu(a') — p - '] < 2P0+ in Boy, for all k > 0.
We see that
Iprt1 — pi| < C2F,

thus
‘pk | S C2kaa

which implies the growth condition on .

Lemma 6.11. The limit function u satisfies

s+l : o : _
A2 u=0 in the viscosity sense in R" ™1,

and therefore is linear.
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Proof. Assume ¢ + |2/|? is a smooth tangent function that touches u by below, say
for simplicity, at the origin. We can find 0F minimal, a small such that OF is
included in a ae neighborhood of (z/,au(z")) for |2'| < R and JF is touched by
below at xg, |z(| < & by a vertical translation of aep.

From the Euler-Lagrange equation

1 —
1 / XBZXCE 40 g
a Jgn |T — x| tS

We estimate this integral in terms of the function u by integrating on square
cylinders with center x, i.e.

D, :={lz' —z(| <7, |(x—=z0) en| <7}
Fix 0 small and R large, and assume a,e < 6. In Ds we use that E contains the
subgraph P of a translation of ay thus,

1 - 1 -~
,/ XE ch dz > 7/ Xp Xch: e
0 Jo, Te—aolt © 2, Ta—aol

25 n
> 1 / Cllar” 4 cg)st.
0

a 7an+s

If
zx € A:=(Dgr\Ds)N{(x—x0) e, <C(R)a}
we have

1 1
|$ _ x0|n+s |JL'/ _ x6|n+s

1 XE = XCE ;. _ 1 XE — XCE_,
- _ n+s = - _ n+s .
@ JDg\Ds |z — o aJalz— ol

1 / a2(u(z’) — u(zp) + O(¢)) dz’ + O(a?)
Br\Bs

a |z’ — x| ts

< C(5,R)a?,

and we estimate

- 2/ @) — ul@o) 4o 1 o(e) + 0(a).
Br\Bs

EEFALE

In R"\ Dg we estimate as in (6.3)
1

1
1 / XE—xce | _ 1 /Oo ar"*te dr + Cal™
cop 1T = 20"t T a \ Jgp 1S

a
< CR* 4+ Ca".
We let €,a — 0 and find from the Euler-Lagrange equation

/R u(x’) _ U(O) dz’ < C((Sl_s + Ra—s).
)

|xl|n+s
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We obtain the desired result as § — 0, R — oo. O

Proof of Theorem 6.8
Assume by contradiction that Theorem 6.8 does not hold. Then we can find
a sequence of minimal surfaces dF,, with a,, — 0 such that they satisfy the hy-
pothesis of Lemma 6.10 but each dF,, cannot be included in a cylinder of flatness
27%y, in Byjp. This contradicts the fact that there exists a subsequence 9E},
that converges uniformly on compact sets to a linear function passing through the
origin.
|

7. The extension problem

The purpose of this section is to extend to our surfaces OF the classical mono-
tonicity formula for minimal surfaces:
If OF is a minimal surface then

J(r) = Area(aliﬂ B,)

is a monotone function of r. The function J(r) is constant for cones and attains
its minimum for a hyperplane, with a gap between the hyperplane and all other
minimal cones.

The quantity that we will consider is somewhat related to the local energy of F
in the ball of radius 7, but we need to go to an extension in one extra variable to
define it.

Let u be a function in R™ such that

e (L [22) 5

We consider the extension @ of u,

Tn

@: R SR, R = {(z,2),2 € R", 2 > 0}
which solves
(7.1) izw(zava) =0 inR}M,

t=u on {z =0}
with
a=1-s.

The function @ can be computed explicitly,

Zl—a

(-, z) = P(-,2) xu, P(z,z)= cn,am.

In [CSil] it was shown that

lim —2"i. (-, 2) = ¢, o (=) ?u

in the sense of distributions. When u € C§°(R™) it can be checked directly that
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/ 2*|\Vi|? dovdz = / (—z%,)u dx
Ry {z=0}

lu(z) —u(y)®
// y|”+2s d dy = Cn.alltll grerz mny-

By approximation, this equality holds for all functions u € H*/? that are compactly
supported. As in Definition 2.1, we introduce the local contribution of the H*/?
seminorm of u in By i.e.

u(x
// il 7= y|n+s X B, (2)(xB, (y) + 2xzm\B, (v)) drdy.

Notice that if u,v € H%/? and u = v outside B, then

/o = ol o = Jo() = (o).
If w = xg — xcg then

Jr(u) = 2T, (E).
Proposition 7.1. Let Q be a bounded Lipschitz domain in R and denote
Qo :=0QNn{z=0} CR", Qp:=0n{z >0}

a) If Qo CC By then

(7.2) /Q 2%|Va|*> < CJy(u)

with C' depending on 2.
b) If By CC Qo and u is bounded in R™ then

Ji(u) < C(1 +/ 2|Vial?).

Q4
with C' depending on Q, ||ul| .

Proof. a) Without loss of generality we can assume that f B, U= 0. Then

/(1+|x| = // +|x| +52X|}35|)dyd"”<CJl()

and by Holder inequality

/ |U( )‘wﬁ de < CJl(u)1/2.
(1+ [22)

Let ¢ : R® — R be a cutoff function such that ¢ =1 in Qy and it is compactly
supported in B;. We write

u=up+u(l —¢) =u; + usg,
and clearly @ = w1 + %3. Since uy is compactly supported we have

/ " Za‘Vﬂ1|2 = 5774,11Hu1||H5/2 = 6n’aJ1(u1) S CJl(U)
+
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If (z,2) € Q4 then

za|Vﬂ2(x,z)| SC/(]-—Luiyﬂ))t“dySCJl(u)l/a

hence
/ 2% Viig|? < CJy(u)
Q4
which proves a).

b) Since s < 1 we have

2
// |I _ |n+s T s XBi (x)XCB1 (y)d‘rdy < C””H%oo

Let ¢ : R™! — R be a cutoff function supported in Q such that ¢ = 1 in
By N {z = 0}. Denote by v(z) = ¢(z,0)u(zr). Then

1 +/ za|Vﬂ|2 > C/ZG|V(<pﬂ)|2
Qy
> C/z“|sz\2 > ¢y (v).
We obtained the desired result since
)2
90“ // |x — |n+€ g —glnts XB 1(x)XB1 (y)dmdy,

O

Remark 1: If v is a function defined in a bounded Lipschitz domain 2 € Riﬂ

with
/ 2%Vo)? < oo
Q

/\V17|<oo
Q

hence we can define the trace of v on 9f). Clearly, the trace of 4 on €y equals u.
Remark 2: Assume v is compactly supported in 2 and has trace v on . Then

/ z“|V6|22/ 2|Vo)2.
O+ RYT

To see this we denote by oy, the solution to equation (7.1) in B, which has trace v
on {z =0} and 0 on By, N {z > 0}. Extend v, to be 0 outside B;", then for large

k
/ z“|V17|22/z“|V17k|2.
o+

It can be checked that Voy converges to Vo in L?(z%dxdz) and we obtain the
result as k — oo.

then, from Holder’s inequality,
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Lemma 7.2. Assume u, v are such that Jy(u), J1(v) < 0o and v —u is compactly
supported in By. Then

Q,0

(7.3) it [ 290 = VR = (o) = 1)

where the infimum is taken among all bounded Lipschitz domains Q with Qg C By
and among all functions v such that v — 4 is compactly supported in € and the trace
of v on {z =0} equals v.

Proof. If u, v € C§° then the infimum equals

[ #I9o  [ 219 =Gl = ) = Enalh0) = ()
In the general case, let
Qc?ct., [ JOF =R\ {(2,0)|z € CB:}.

In each set Qﬁ_ let Wy be the solution to the equation (7.1) which has trace
w:=v —uon Qf and 0 on IN* N {z > 0}. We extend wy, to be 0 outside Q*. If
Q c QF then

/ (Vo — |Vaf?) > / (Y (a+my)? — Vi),

:/z“|VIDk|2+2/z“Vﬂ-Vuik.

The second term is independent of k since @ solves (7.1) and wy, — Wy, is com-
pactly supported in R"*! and has trace 0 on {z = 0}. As we let k& — oo we find
that the infimum in (7.3) equals

/za(|vw|2+va~qu;l) = Cn.adi(w) +2/z“Vﬁ~V1D1,

and we want to show it equals ¢, q(J1(u + w) — J1(u)).
We already proved this equality when u, w € Cg§° thus by approximation it holds
for all u,w with Jy(u), Ji(w) < oo.
|

As a consequence we obtain the following proposition.

Proposition 7.3. The set E is a minimizer for J in By if and only if the extension
U of u = xgp — XcE Satisfies

/z“|V17|22/ 2| Vii|?
Q4 o

for all bounded Lipschitz domains Q with Qg CC By and all functions v that equal
a in a neighborhood of O and take the values £1 on Q.
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8. Monotonicity formula

Assume F is a minimizer for J in Bg. For all r < R we define the functional

2|V a|?
Dp(r):= fB;n+(|1_1 |
where
U= XE — XCE-
The functional ® is scale invariant in the sense that the rescaled set AF =
{Az,x € E} satisfies

(D)\E()\T’) = (I)E(T)
From (7.2) we see that there exists a constant C,, , depending only on n and a
such that

(I)E'(r) é Cn,a

for all » < R/2. Moreover, if 0 € JF, the density estimates imply that there exists
a small ¢, o > 0 such that
q)E(’I“> Z Cn,a-

Theorem 8.1. Monotonicity formula
The function ®g(r) is increasing in r.

Proof. We show that dir(I) g(r) > 0. Due to the scale invariance, it suffices to prove
the inequality only for r = 1, that is

/ 9| Viif2do > (n—l—a—l)/ | Va2,
oBf B
Consider the function

) ﬂ((1'72)/‘((£,2)|) 1/(1+5) < |(3’J,Z)| <1

and ¥ = @ outside By. The trace v of ¥ on {z,1 = 0} is of the form xr — xcF for
a set F' which coincides with E outside B;. The minimality of E implies

/z“|V17|22/ 2%\ Val?
By B

1

a

(1+5)7"+H/ za\va|2+/ v z/ |Vl
B BIN\B1 /140 (%, 2)] B

1
We let ¢ — 0 and obtain

/ za|VTfL|2d02(n+a—1)/ 9|Val,
oBY Bf

where V. represents the tangential component of the gradient. Hence

(8.1) / | Vii2do > (n+a—1)/ za\va\2+/ )iy |2do.
oB} Bf aB}
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From (8.1) we see that £®g(r) = 0 only if @, = 0 on dB;F. We obtain the
following corollary.

Corollary 8.2. The function ®g(r) is constant if and only if 4 is homogenous of
degree 0.

9. Minimal cones

Proposition 9.1. Assume E}, are minimizers for J in B and
]
E, —E inlLj,.

Then the corresponding extensions uy, respectively @ satisfy

up — u  uniformly on compact sets of erfl,
Vi, — Va in L2 (2% dxdz).

loc

In particular @g, (r) — ®g(r).

Proof. The functions w; are uniformly Lipschitz continuous on each compact set of

{z > 0}. Consider a subsequence iy, that converges uniformly on compact sets to

a function v. We will show that ¥ = @. Since both u, © are bounded and satisfy

the equation (7.1) it suffices to prove that their traces on {z = 0} are equal.
Clearly

/ 22V|? < liminf/ 2|\ Vg, | < r"tTC, .
Bf Bt

Using Holder inequality we obtain

a 1/2
/ IV (i, — 9)] < C(r)57 ( [, =19t —zv>|2)
B,N{0<z<3} B
<C'(r)5=".

Since Vi, converges uniformly on compact sets to Vv we find 4, — 0 in
W1(B;) which implies the convergence of the traces uy, — v in L'. Thus v = u
and the first part of the theorem is proved.

For the second part we use (7.2) and find

limsup/ 2%V (i, — @)|? < C'limsup Jo(ug, — u).
B

We will prove that the right hand side equals 0. Since uy — u in L}, ,
of the wy contains a subsequence uy, that converges pointwise to u.

Define

any sequence

ug () — ug(y)

frlz,y) = g (@) (X8, () + V2xzm\ B, (1)),

and notice that
[ fullzz = J2(uk).
According to Theorem 3.3

lim Jy(ug) = Jo(u).
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Now we use the following standard lemma.
If fr, € L? converge pointwise to f and | frll= — ||fllz2 then fi — f in L2

The lemma implies that any sequence of the wu’s contains a subsequence such
that Ja(ux;, —u) — 0 thus

Jo(up —u) -0 ask — oo
which concludes the proof.

We finish with a short proof of the lemma above. Indeed, from the pointwise
convergence we find that fi. converges weakly to f in L? hence

[ige—st= [+ [£2=2 [ ns—o

Theorem 9.2. Blow-up limit
Assume E is minimal in B1 and 0 € OF. Let A\, — oo be a sequence such that

(9.1) ME —C in L}

loc*

O

Then C is a minimal cone, i.e tC = C for all t > 0.

Proof. The fact that C' is minimal is proved in Theorem 3.3.
From Proposition 9.1 ®, g(r) = @ (r/Ax) converges to ¢ (r), thus

Do(r) = il_r% Dg(s).

Since ®¢ is constant we conclude that the extension @ (and its trace) are homoge-
nous of degree 0.
O

Definition 9.3. We say that a cone C' as in Theorem 9.2 is a tangent cone for F
at the origin.

Corollary 4.4 implies the following: for any € > 0 all but a finite number of the
sets A\y0E N By lie in a € neighborhood of 9C. As a consequence of the improvement
of flatness Theorem 6.1 we obtain the following result.

Theorem 9.4. If C is a half-space then OF is a CY® surface in a neighborhood of
the origin.

Definition 9.5. A point zg € OF N that has a half-space as a tangent cone
is called a regular point. The points in 0F N Q which are not regular are called
singular points.

For a minimal cone C' we denote by ®¢ its “energy” i.e. the value of the constant
function ®¢(r). Let II := {x1 > 0} be a half-space.

Theorem 9.6. Energy gap
Let C be a minimal cone. Then

(9.2) do > Oy
Moreover, if C' is not a half-space then

e > + 9o
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where &g is a constant depending only on n, s.

Proof. Consider a small ball included in C' which is tangent to 9C at a point zy.
Clearly, OC is C'1® in a neighborhood of xy hence the tangent cone of C at g is a
half-space which implies

}1_1)1(1) (I)Cfaco (’l") = (I)H.

On the other hand, since 1 (C — z¢) = C — $xo We obtain

%(C —xz9) —» C in L},
hence
Doy (k) = P as k — 0.

The monotonicity of ®¢_,, gives (9.2). We have equality only when C' — zg is a
cone, thus C' — z is a half-space which in turn implies C' is a half-space.

The second part of the proof is by compactness. Assume by contradiction that
there exist minimal cones Cy, with ®¢, < @11+ 1/k that are not half-spaces. Then,
we can find a convergent subsequence Cy, in Llloc to Cyp. Then ®¢, = @1 hence
Cp is a half-space. Once again from Corollary 4.4, the sets 0Cy, N By lie in any
neighborhood of a hyperplane for all large k;. From Theorem 6.1 we obtain that
ACy, are C12 surfaces around 0, thus Cj, are half-spaces for all large k; and we

reached a contradiction.
O

10. Dimension reduction

Finally, in this section we briefly discuss how the classical dimension reduction
argument from Federer [F] applies to our case. Since our starting point is that in
two dimensions minimal cones consist of a finite number of rays, we prove that the
singular set has H" 2 Hausdorff dimension in R".

Theorem 10.1. The set E is a local minimizer for J in R™ if and only if E x R
is a local minimizer for J in R™H1,

Proof. Let @(z, z) be the extension in R"*! for yg — xcg. Clearly by making i to
be constant in the x,,41 variable we obtain the extension in R"*2 corresponding to
FE xR.

(=) Assume E is a local minimizer.

Let 9(x, Zn41,2) be such that the set where ¥ # @ is compactly supported in a
cube @ in R"™2 and the trace of ¥ on {z = 0} takes only the values +1.

We have
/ 2%\ Vo|]? > / (/ zavx7z17|2dxdz) dt,
Q ¢

where Q; = Q N {zp41 = t}. From the minimality of F we find that for a.e ¢
/ za|Vz7217|2dxdz > / z“\Vﬂ|2d:vdz

which implies
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/ 2% Vo|* > / 2Val?.
Q Q
(<) Assume E x R is a local minimizer.

Let v(x, z) be such that the set where v # @ is compactly supported in Br C
R"*1 and the trace of ¥ on {z = 0} takes only the values +1. We need to show
that

(10.1) / za|vm22/ 2%|Val?.
B, B}

R
We can assume the first integral is finite otherwise there is nothing to prove.
Notice that local minimality of E x R gives

1
/ / 2Vl | depyg < 0o
-1 \/B}

thus the integral of @ in (10.1) is also finite.
We consider the function v, (z, z,11, 2) defined in D := Bf x [—(a+1),a + 1]

Uy =

= 1_)(3772)7 lf |"L‘T)+1‘ Safl
0(x, 2) + Wi (@, |Tpy1| —a,2), if =1 <|zpy1|—a <1

where w, is chosen such that 7, = @ in a neighborhood of 9D N {z > 0}, the trace
of w, on {z = 0} takes only the values £1 and

/ 2%V, |? < oo.
B x[-1,1]

The existence of such a function is given in Lemma 10.2 below by taking w = 4 —v.
The minimality of E x R implies

/z“|V17*|22/ 29|V
D D

2(a—1)/ za|v17|2+2/ |V, 22(@4—1)/ 2|Vl
B} B x[-1,1] Bt

R R

hence

We obtain the result by letting a — oo. O

Lemma 10.2. Assume w(z,2) is a bounded function in B C R"™! w =0 in a
neighborhood of OB} and

/ 24 V| < 0.
Bt

1
There ezists a function W, (T, Tny1,2) defined in BY x [~1,1] such that

We =0 if xpy1 < —1/2, We =W  if Tpyq > 1/2,

(10.2) w, =0 near OB x [~1,1]
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and

0 ¢ 0
(10.3) /za|Vﬁ1*|2 < 00, Wy = fom_l <
w i xpyr > 0.

Proof. First we assume that 0 < @ < 1 and we think @ is defined in R"*2 and it
is constant in the x,,,; variable. Let m be the extension in R"*?2 corresponding to
X{an1>0}- Lhe function

Wy := min{w, 7}
satisfies (10.2), (10.3). Now we modify @w; so that the other condition also holds.
For this let ¢1 be a smooth cutoff function on R with ¢; = 0 outside [—1/2,1/2]
and ¢1 = 1 on [—1/4,1/4]. Define ¢ = 1 — ¢1 on [0,00) and ¢2 = 0 on (—o0,0).
Then

Wy 1= ¢1 ($n+1)w1 + ¢2($n+1)w
has all the required properties.
The general case follows by applying the construction above to w™ and @~ and

then subtracting the functions.
|

Theorem 10.3. Dimension reduction
Let C be a minimal cone in R"™ and xg = e, € 0C. Any sequence converging to
o0 has a subsequence A\, — oo such that

Me(C —x0) > AxR in L,

where A is a minimal cone in R" 1,
Moreover, if xq is a singular point for OC' then 0 is a singular point for OA.

Proof. In view of Theorems 9.2 and 10.1, the only thing that remains to be proved
is that the limiting set D is constant in the x,, direction.
Let x be an interior point of D, i.e. B.(x) C D. Then by uniform density,

B.js(z) C Cf := A\ (C — o) for all large k.

Since the cones generated by —Ax and B, /o(x) are in Cy and converge in Llloc to
the set

U {B.)2(x) +ten},
teR

we conclude that this set is included in D. Hence the line = + te,, is included in the
interior of D and the theorem is proved.
O

This leads us to the final

Theorem 10.4. Dimension of the singular set
The singular set Xy C OE N has Hausdorff dimension at most n — 2, i.e.

H(Xg)=0 fors>n-—2.
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Proof. (sketch).
Step 1: Assume H*(X¢) = 0 for all minimal cones C. Then H*(Xg) = 0.

First we notice that X satisfies the following property: for every x € X there
exists §(x) > 0 such that for any § < §(x) and any set D C X g N Bs(x) there exists
a cover of D with balls B,,(z;) with z; € D and

1
> <500
This follows from compactness and the fact that the statement is true for minimal
cones in Bj since we assumed H*(X¢) = 0.
Next we show that H®(Dy) = 0 where

Dy = {Z’ S ZE| 5(I) > l/k}

We cover Dy, with a countable family of balls of radius § = 1/k and centers in Dj,.
In each such ball Bs we cover Dy N Bs with balls of smaller radius that satisfy the
property above. For each smaller ball we apply again the property above, and so
on. After m steps we find that we can cover Dy N Bs with balls of radii By, (z;) ,

x; € Dy, so that
1
g r; < om 0°.

In conclusion H*(Dy N Bs) = 0, or H*(Dy) = 0, thus H*(Xg) = H*(UDy) = 0.

Step 2: If H*(X¢) = 0 for all minimal cones C' C R™, then H*T(X5) = 0 for all
minimal cones C' C R™"*1.

It suffices to show that H*(X 5 N 0B;) = 0. Using the induction hypothesis and
Theorem 10.3 one can deduce by compactness that, when restricted to 058y, X5
satisfies the same property as g above. From here we obtain again the desired
conclusion as in Step 1.

Now the result follows: otherwise, from Theorem 10.3 we would find a singular
cone in R and reach a contradiction.
O

As a consequence of the theorem above and the fact that OF is a C1* surface
in a neighborhood of a regular point we obtain the following corollary.

Corollary 10.5. Let E be a minimizer for J in Q. Then OF has Hausdorff
dimensionn — 1, i.e.

HOENQ)=0 fors>n—1.
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