REGULARITY IN A ONE-PHASE FREE BOUNDARY PROBLEM
FOR THE FRACTIONAL LAPLACIAN

D. DE SILVA AND J.M. ROQUEJOFFRE

ABSTRACT. For a one-phase free boundary problem involving a fractional
Laplacian, we prove that “flat free boundaries” are C1®. We recover the
regularity results of Caffarelli for viscosity solutions of the classical Bernoulli-
type free boundary problem with the standard Laplacian.

1. INTRODUCTION

The purpose of this paper is to answer a question left open in [CafRS] on the
regularity of free boundaries for the fractional Laplacian of order o - with 0 < o < 1,
in the particular case « = 1/2. Here is the setting: consider g a viscosity solution
(this notion will be defined properly later) of the following free boundary problem
in the ball By C R"*! = R" x R,

Ag=0, in Bii_(g) =B \ {(l‘,O) : g(I,O) = 0}7

(1.1) dg
Fridn 1, on F(g):= Ogn{z € By : g(z,0) > 0} N By,
where
o, 9(2,2) — 9(20,0)
(12) oU (o) := (x,z)lgr(lzo,o) U((x —x) - v(z0),2)’ %0 € Fl9)

and B, C R™ is the n-dimensional ball of radius r (centered at 0).

The function U(t, z) is the harmonic extension of v+ to the upper half-plane
R2 = {(t,z) € R x R,z > 0}, reflected evenly across {z = 0}. Precisely, after the
polar change of coordinates

t=rcosf, z=rsinf, r>0,—-w<6<m,

U is given by
0
(1.3) U(t,z) = r'/? cos 7

One can show that if a function g > 0 is harmonic in B (g) and F(g) is smooth
around a point z then g—lg](fto) exists always and it is finite. Here v(xo) denotes as
usually the normal to F'(g) at zo pointing toward {z : g(z,0) > 0}.

In this paper, we introduce the notion of viscosity solutions to (1.1) and prove
the following result about the regularity of their free boundaries under appropriate
flatness assumptions (for all the relevant definitions see Section 2).

Theorem 1.1. There exists a universal constant € > 0, such that if g is a viscosity
solution to (1.1) satisfying

(1.4) 9 =Ullm,) <&
1
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and
(1.5) {reBi:x, <—€ C{xeB:g(zx,00)=0} C {zrebB:a, <&},
then F(g) is C in By .

Consequentely g—g exists and g is a classical solution to (1.1). Moreover, given
a point xo on the free boundary F(g) if one knows that a blow-up sequence of g
around zy “converges” to the function U, then the flatness assumptions (1.4)-(1.5)
are satisfied and hence the free boundary is C*® around that point.

Assumption (1.4) is a (slightly improved) nondegeneracy assumption which is
usually true, and certainly satisfied in the framework of [CafRS]. In any case it
could be removed, but we keep it for simplicity.

The interest in our free boundary problem (1.1) arises from a natural general-
ization of the following classical Bernoulli-type one-phase free boundary problem:

{Au:O, in QN {u>0},

1.6
(1.6) [Vu| =1, on QnNo{u >0},

with Q a domain in R™. A pioneering investigation was that of Alt and Caffarelli
[AC] (variational context), and then Caffarelli [C1, C2, C3] (viscosity solutions
context). See also [CS] for a complete survey.

A special class of viscosity solutions to (1.1) (with the constant 1 replaced by a
precise constant A) is provided by minimizers to the energy functional

J(v,By) = / \Vo2dzdz + Lge({v > 0} NR™ N By).
B1

Such minimizers have been investigated by Caffarelli, Sire and the second author in
[CafRS], where general properties (optimal regularity, nondegeneracy, classification
of global solutions), corresponding to those proved by Alt and Caffarelli in [AC] for
the Bernoulli-type problem (1.6), have been obtained.

As for the next issue, i.e. the regularity of the free boundary, here is what is
proved in [CafRS] in the setting of (1.1):

Let u(z,y, z) be a solution of (1.1) in B; C R3. Assume that the free boundary
of u is a Lipschitz graph in By. Then it is a C' graph in By

The idea of this result is that (i) one can find two points on each side of 0 where
the free boundary is flatter than what is dictated by the Lipschitz constant, (ii)
this improvement could be propagated inside a small ball of controlled size. Thus
the three-dimensionality of the problem (or, equivalently, the one-dimensionality
of the free boundary) is heavily used. Moreover, this argument does not yield the
extra Holder regularity of the derivative - which we believe could itself yield C'*®
regularity of the free boundary. What we propose in this paper is to fill the gap
between C! and C1®, in arbitrary space dimension.

In view of the results in [CafRS], one knows that the flatness assumptions (1.4),
(1.5) in our main Theorem 1.1 are satisfied around each point of the reduced part
of the free boundary of a minimizer (see Propositions 4.2 and Theorems 1.2,1.3 in
[CafRS]). We thus obtain the following corollary to Theorem 1.1.

Corollary 1.2. Let v be a local minimizer to

J(v,B1) = / |Vo|?dzdz 4+ Lgn({v > 0} NR" N By).
B
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Then the reduced part of the free boundary F*(v) is CH<.

Let us now recall how the fractional Laplacian is involved in (1.1). Consider, for
a € (0,1), the model (which generalizes (1.6))

(=A)*u =0, inQnN{u> 0},
1.7
(L.7) lim u(z) = const., on QN o{u> 0},
a—wo ((& = x0) - v(20))"
with u defined on the whole R™ with prescribed values outside of ). Recall that,
up to a normalization constant

(~A)u(z) = PV /R ue) —ulw) ,,

n |z —ylrt2e

where PV denotes the Cauchy principal value.

When studying local property of the free boundary in (1.7), the non-locality of
the fractional Laplace makes the problem quite delicate. To avoid this “contrast”
one can make use of an extension property proved by Caffarelli and Silvestre in [CSi]
(see for example the work of Caffarelli, Savin and the second author [CafRSa], the
paper [CafRS], and the work of Caffarelli, Salsa and Silvestre [CSS] where this
strategy has been employed.) Precisely, let u € C?(R") and let v solve

{—diV(ZﬁV’U) =0, inR}™ ={(z,2) eR" xR,z >0},
v(z,0) = u(x), onR",

with 6 =1 — 2a. Then,

(1.9) (=AY u(z) = — lii%(zﬁvz(x, z)).

(1.8)

After extending v evenly across the hyperplane {z = 0}, the first equation in
(1.8) can be thought in the whole R"™!. In view of this formula, the focus shifts on
the free boundary problem,

(1.10)

—div(|z|*Vv) =0, in B\ {(z,0) : v(z,0) = 0},

. v(z, z) — v(xg, 0) .

(m,z)lgr(lmo,o) U((x—20) - v(20).2) const., on Ogn{x:v(x,0) >0} NB,
where U(t, z) solves (1.8) in R? with u(t) = (¢7)* and it is extended evenly across
{z=0}.

For simplicity of exposition we have focused here on the case when o« = 1/2 (in
which case the extension formula of [CSi] is a well-know fact). However our result
can probably be extended to the general case a € (0,1).

Our definition of viscosity solution to (1.1) is similar to the one introduced by
Caffarelli in [C1, C2] to deal with the problem (1.6). Indeed our result generalizes to
this non-local setting the “flatness implies regularity” theory developed by Caffarelli
in [C2]. Let us also mention that Theorem 1.1 is probably optimal. Indeed, quite
similarly to what happens for minimal surfaces, singular free boundaries for the
Bernoulli-type problem (1.6) were discovered by Jerison and the first author [DSJ].

Let us now describe our strategy to obtain Theorem 1.1. The main idea to prove
Theorem 1.1 is to show that F(g) enjoys an “improvement of flatness” property,
that is if F'(g) oscillates € away from a hyperplane in By (e small), then in B, (p
universal) it oscillates ep/2 away from possibly a different hyperplane. To obtain
this improvement of flatness, we use a compactness argument which goes as follows:
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assume one cannot do it however flat the free boundary is, then we blow it up it
in the x,, direction, thus linearizing the problem into a limiting one, for which we
prove that improvement of flatness holds - thus a contradiction. This scheme was
used by Savin [S] to prove regularity of small solutions of fully nonlinear equations
- including an elegant proof of the De Giorgi theorem for minimal surfaces. The
key tool is a geometric Harnack inequality that localizes the free boundary well,
and allows the passage to the limit under rescalings.

Such compactness arguments can also be found in Wang [W] for the regularity
of the solutions of p-Laplace equations. More recently, the first author followed
this strategy in [D] to provide a new proof of the Caffarelli “flat implies smooth”
theory. The scheme is the same here, up to the fact that the construction of the
sub-solution opening the way to the Harnack inequality is different to that of [D],
and that the linear problem obtained eventually is non-standard (and interesting
in its own).

The paper is organized as follows. In Section 2 we introduce the notion of
viscosity solutions to (1.1) and we prove a basic Comparison Principle for such
solutions. In Section 3 we explain how to interpret our solutions as perturbations
of U after a “domain variation” in the e,-direction and we present basic facts
about such domain variations. Throughout the paper, this will be a convenient
way of thinking about our viscosity solutions. In Section 4 we describe the linear
problem associated to (1.1) and later in Section 8 we obtain a regularity result
for its solutions. Section 5 contains some technical lemmas leading to the proof of
Harnack inequality. In Section 6 we exhibit the proof of Harnack inequality using
the barrier which we will construct later in the Appendix. Finally in Section 7 we
provide the proof of the “improvement of flatness” property.

Acknowledgement. J.-M. R. is supported by the ANR grant PREFERED.

2. DEFINITIONS AND BASIC LEMMAS

In this Section we introduce notation and definitions which we will use through-
out the paper and we prove a standard basic lemma (Comparison Principle).

A point X € R"*! will be denoted by X = (z,z) € R® x R. We will also use the
notation x = (2/,z,) with 2’ = (x1,...,2,_1). A ball in R**! with radius r and
center X is denoted by B,.(X) and for simplicity B, = B,(0). Also we use B, to
denote the n-dimensional ball B, N {z = 0}.

Let v(X) be a continuous non-negative function in B;. We associate to v the
following sets:

Bf (v) := B\ {(z,0) : v(z,0) = 0} ¢ R"*;
B (v) := Bff (v) N By C R™;
F(v) := 0gn By (v) N By C R”
BY(v) := Intgs{x € R" : v(2,0) = 0} C R™.
Often subsets of R” are embedded in R™*!, as it will be clear from the context.
We may refer to BY(v) as to the zero plate of v, while F(v) is called the free

boundary of v.
We consider the free boundary problem
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Ag =0, in Bf(g),

(2.1) dg
a0 =L onFl),
where
dg . a(X)—g(X0) B
v\ = N T —w0) - viae) ) 0T W00 € Fl).

Here v(xo) denotes the unit normal to F(g) at x¢ pointing toward B; (g) and U is
the function defined in (1.3). Also, throughout the paper we call U(X) := U(zy, 2).

We now introduce the notion of viscosity solutions to (2.1). First we need the
following standard notion.

Definition 2.1. Given g¢,v continuous, we say that v touches g by below (resp.
above) at Xy € By if g(Xp) = v(Xp), and
g(X) >v(X) (resp. g(X) <wv(X)) in a neighborhood O of Xj.

If this inequality is strict in O \ {X(}, we say that v touches g strictly by below
(resp. above).

Definition 2.2. We say that v € C?(By) is a (strict) comparison subsolution to
(2.1) if v is a non-negative function in B; which is even with respect to z = 0 and
it satisfies

(i) Av>0 in Bf (v);

(ii) F(v)is C? and if 29 € F(v) we have
v(z,2) = aU((x — xo) - v(x0), 2) + o(|(x — x0, z)|1/2), as (z,2) — (x0,0),
with
a>1,

where v(g) denotes the unit normal at x( to F(v) pointing toward B; (v);

(iii) Either v is not harmonic in By (v) or a > 1.
Similarly one can define a (strict) comparison supersolution.

Definition 2.3. We say that g is a viscosity solution to (2.1) if g is a continuous
non-negative function in B; which is even with respect to z = 0 and it satisfies

(i) Ag=0 in By (g);

(ii) Any (strict) comparison subsolution (resp. supersolution) cannot touch g
by below (resp. by above) at a point Xg = (z9,0) € F(g).

Remark 2.4. By standard arguments, if g is a viscosity solution to (2.1) and F(g)
is C then g is a classical solution of the free boundary problem (see for example
Proposition 4.2 in [CafRS].) Moreover, as remarked in the Introduction one can
show that given any continuous function g which is harmonic in Bj (g), then g—g (zo)
exists at each point around which F(g) is C1®. These facts motivate our problem
and the definition of viscosity solution.



6 D. DE SILVA AND J.M. ROQUEJOFFRE

Remark 2.5. We remark that if g is a viscosity solution to (2.1) in B, then
90(X) = p~?g(pX), X €B
is a viscosity solution to (2.1) in Bj.

We finish this section by stating and proving a comparison principle for problem
(2.1) which will be a key tool in the proof of Harnack inequality in Section 7.

Lemma 2.6 (Comparison principle). Let g,v; € C(B1) be respectively a solution
and a family of subsolutions to (2.1), t € [0,1]. Assume that
(1) v < 9, n El;
(ii) vy < g on OBy for allt € [0,1];
(iil) vs < g on F(v¢) which is the boundary in OBy of the set OB (v;) N OBy,
for all t € [0, 1];
(iv) ve(z) is continuous in (z,t) € By x [0,1] and By (v¢) is continuous in the
Hausdorff metric.

Then
v < g in By, for allt € [0,1].
Proof. Let
A:={te0,1] : vi(x) < g(z) on Bi}.
In view of (i) and (iv) A is closed and non-empty. Our claim will follow if we show
that A is open. Let tg € A, then v, < g on B; and by the definition of viscosity
solution
F(u,) N F(g) = 0.
Together with (iii) this implies that
B;r(vto) C Bf(g)v F(Uto) U‘F(Uto) c {LL‘ € B1 g(l’,O) > 0}
By (iv) this gives that for ¢ close to tg

(2.2) B (v)) € B (9), F(v:)UF(v;) C{x € By:g(z,0) >0}

Call D := By \ (BY(v;) U F(v;)). Combining (2.2) with assumption (ii) we get that
v <g ondD,

and by the maximum principle the inequality holds also in D. Hence
vy <g in El,

and t € A which shows that A is open. O

Corollary 2.7. Let g be a solution to (2.1) and let v be a subsolution to (2.1) in
Bs which is strictly monotone increasing in the e,-direction in B; (v). Call
v (X) :==v(X +te,), X € Bs.
Assume that for —1 <tg <t; <1
v, < g, in By,
and
vy, <g on0By, v, <g onF(v,).
Then

vy, < g n Bi.
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3. THE FUNCTION g

Let g be a viscosity solution to (2.1). Throughout the paper, it will be convenient
to interpret g as a perturbation of U via a domain variation in the e,-direction. In
this section we explain some basic facts about such domain variations.

Let € > 0 and let g be a continuous non-negative function in B,. Here and
henceforth we denote by P the half-hyperplane P := {X € R**! : z,, < 0,2 = 0}
and by L := {X € R**! : 2, = 0,2 = 0}. To each X € R""1\ P we associate
Je(X) C R via the formula

(3.1) UX) =g(X — ewey), Yw € g(X).

We sometimes call g the e- domain variation associated to g. By abuse of
notation, from now on we write g.(X) to denote any of the values in this set.
If g satisfies

(3.2) U(X —ee,) <g(X)<U(X +¢e,) inB
then

Iz

ge(X) € [717 ]-]
Indeed call
Y =X —¢ejg(X)en,, X eR"\P
Then according to (3.2),
UY —€en) <g¥)=UY +€g(X)en) SUY +eep).

Since U(Y + €ge(X)en) = U(X) > 0 our claim follows from the strict monotonicity
of U in the e,-direction (outside of P.)

Moreover, under the assumption (3.2) for each X € B,_.\ P there exists at least
one value g.(X) such that

(3.3) U(X) = g(X — €ge(X)en).
Indeed, it follows from (3.2) that
g(X —ee,) SUX) < g(X +ee,), XeB,.

and our claim follows by the continuity of g(X — dee,,),d € [—1,1].

Thus if (3.2) holds, for all € > 0 we can associate to g a possibly multi-valued
function g. defined at least on B,_. \ P and taking values in [—1, 1] which satisfies
(3.3). Moreover if g is strictly monotone in the e,-direction in Bf(g), then g. is
single-valued.

The following elementary lemma will be used to obtain a useful comparison
principle for the e-domain variations of solutions to (2.1).

Lemma 3.1. Let g,v be non-negative continuous functions in B,. Assume that g
satisfies the flatness condition (3.2) in B, and that v is strictly increasing in the
en-direction in Bf (v). Then if
v<g n B,
and Uc exists on B,_. \ P we have that
e < ge onB,_.\P.
Viceversa, if 0. exists on Bs\ P and

e < ge on Bs\ P,
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then
v<g on Bs_ ..

Proof. The first implication is obvious. Indeed, assume by contradiction that v < g
in B, and there exists X € B,_. \ P such that

0e(X) > Ge(X).
By the strict monotonicity of v in the e,-direction in B;f(v) we have that
0<U(X)=9(X —€ge(X)en) =v(X — eve(X)en) < v(X —€ge(X)en).

Thus there exists Y = X — €gc(X)e, € B, such that g(Y) < v(Y'), a contradiction.
Viceversa, suppose that 9 < . in B, \ P. For a fixed Y € B,_. we know by the
flatness assumption (3.2) that

UY —ee,) <g(Y) <UY +eey).
Thus, there exists X € B, with x; = y; for i # n and x,, € [y, — €€y, yn + €€, such
that
g(Y) =U(X).
Suppose ¢g(Y) # 0, then the identity above means that one of the possible values
of §e(X) = ¥=—*=_ Again, using that v is increasing in the e,-direction we get:
g¥V) =U(X) =v(X —evc(X)en) > v(X —€ge(X)e,) =v(Y), Y € B (g).

Thus the desired inequality holds in Bf (¢g) and hence by continuity it holds in the
full ball B. |

We now state and prove the desired comparison principle, which will follow
immediately from the Lemma above and Corollary 2.7.

Lemma 3.2. Let g,v be respectively a solution and a subsolution to (2.1) in Ba,
with v strictly increasing in the e, -direction in B;(v). Assume that g satisfies the
flatness assumption (3.2) in B for e > 0 small and that . exists in Ba_. \ P and
satisfies

o] < C.
1f,
(3.4) Ue+c<ge in(Bsa\Bia)\P,
then
(3.5) Oe +c¢<ge in Bz \P.

Proof. We wish to apply Corollary 2.7 to the functions g and
ver = v(X + etey,).
We need to verify that for some tg < t; = ¢
(3.6) Veto < g in By,
and for all § > 0 and small
(3.7) Vet, < g on OB1, weg, <g  on F(vew, —s))-
Then our Corollary implies

Ve(t,—5) < g in Bi.



A ONE-PHASE FREE BOUNDARY PROBLEM FOR THE FRACTIONAL LAPLACIAN 9

By letting 6 go to 0, we obtain that
Vet S g in Bla

which in view of Lemma 3.1 gives

e~

(vstl)E S ge in Bl—e \ Pﬂ

assuming that the e-domain variation on the left hand side exists on By_, \ P. On
the other hand, it is easy to verify that on such set

(3.8) (ver) (X) = Be(X) + 1,
and hence we have
Ve + ¢ =0 +1t1 < Ge inBl—e\Pv

which gives the desired conclusion. We are left with the proof of (3.6)-(3.7).
In view of Lemma 3.1, in order to obtain (3.6) it suffices to show that

—~

(Uﬁto)e S gﬁa in B1+€ \ P7
which by (3.8) becomes
Ge+10 < Je, in Biye \ P.

This last inequality holds trivially since g. and 9. are bounded.
For (3.7), notice that the first inequality follows easily from our assumption (3.4)
together with (3.8) and Lemma 3.1. More precisely we have that

Vet < g in Bgie\B%Jre.

In particular, from the strict monotonicity of v in the e,-direction in B;r (v) we
have that
Vet, > 0 on ]—'(ve(tl_é)),

which combined with the previous inequality gives that
g>0 on F(vew,—s)),

that is the second condition in (3.7). O

Finally, given € > 0 small and a Lipschitz function ¢ defined on B,(X), with
values in [—1, 1], then there exists a unique function ¢ defined at least on B,_.(X)
such that

(3.9) U(X) = ¢0e(X —ep(X)en), X € By(X).

Moreover such function ¢, is increasing in the e,-direction.
With a similar argument as in Lemma 3.1 we can conclude that if g satisfies the
flatness assumption (3.2) in B; and ¢ is as above then (say p,e < 1/4, X € By/s,)

(3.10) $<g ImB,(X)\P=p.<g inB, (X).

We will use this fact in the proof of our improvement of flatness theorem.
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4. THE LINEARIZED PROBLEM.

.1). Here and later
3). Recall also that
< 0,z = 0} and by

We introduce here the linearized problem associated to (2
U,, denotes the x,-derivative of the function U defined in (1.
we denote by P the half-hyperplane P := {X € R*"*! :
L:={XeR" :2,=0,z=0}
Given w € C(By) and Xy = (z(,0,0) € By N L, we call
w(:cf),xn,z) _w(xavovo) 2

|V,w|(Xo) = lim . ori=a2 422
(zn,2)—(0,0) r

Once the change of unknowns (3.1) has been done, the linearized problem associated
to (2.1) is
A(U,w) =0, in B\ P,

(4.1) (Unw) in B\
|V,w| =0, onByNL.
As we will show later in Section 8, if w € C(B;) satisfies
A(U,w) =0 in By \ P,

w is even with respect to {z = 0}, and w is smooth in the z’-direction, then given
Xo = (24,0,0) e BiNL,
(4.2) w(X) =w(Xo) +a-(z' —x})+br+O(|z’ — zph|? +13/?),
with @ € R*!,b € R depending on Xj.

This motivates our notion of viscosity solution for this problem which we define
below.

Definition 4.1. We say that w is a solution to (4.1) if w € C(B1), w is even with
respect to {z = 0} and it satisfies

(i) A(Uyw) =0 in By \ P;

(ii) Let ¢ be continuous around X = (x(,0,0) € B; N L and satisfy
$(X) = ¢(Xo) + a(Xo) - (2" = xp) + b(Xo)r + O(|a’ — ap|* + %2,
with
b(Xy) # 0.

If b(Xo) > 0 then ¢ cannot touch w by below at Xy, and if 5(Xy) < 0 then
¢ cannot touch w by above at Xj.

In Section 8, we will show the following main regularity result about viscosity
solutions to (4.1).

Theorem 4.2 (Improvement of flatness). There exists a universal constant C' such
that if w is a viscosity solution to (8.1) in By with

—1<w(X)<1 in By,

then
ag -z’ — C|X|*? < w(X) —w(0) < ag -2’ 4+ C| X2,
for some vector ag € R* %

We conclude this short section with a remark which we will use in the proof of
the theorem above.
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Lemma 4.3. Let wy,wy € C(By) satisfy

Then wy and wy cannot touch (either by above or below) on P\ L, unless they
coincide.

Proof. Assume by contradiction that
’LUl(Xo) = ’LUQ(XQ), Xo S P\L,
and
w1 Z wao, in BP(X())
Then U, (w; — w2) is a non-negative harmonic function in By \ P which vanishes

continuously on P\ L. Hence unless w; = ws, by the boundary Harnack inequality
(in the appropriate domain),

Un(wl — U.)Q) > 6U, in BP/Q(XO) N {Z > 0},
for some small positive constant 6. Thus
w; —wy >0 in BP/Q(XO) N {Z > 0},

and by continuity
(w1 —w2)(Xo) >0,
a contradiction. O

5. PROPERTIES OF U.

The first two lemmas in this Section describe properties of U which will be used
in the proof of Harnack inequality, and in particular when constructing the barriers
which are used in that proof.

The third lemma, which is incorporated here since its proof uses similar argu-
ments to the proof of the first two lemmas, allows us to replace the assumptions in
our main Theorem 1.1 with a more standard “flatness” assumption of the form

U(X —ee,) <g(X) <U(X +e€e,), in By.
Lemma 5.1. Let g € C(Bz), g > 0 be a harmonic function in BS (g) and let
X = %e”. Assume that
g>U inBy, g(X)-UX)>d
for some dg > 0, then

for a small universal constant c. In particular, for any 0 < e < 2
(5.2) UX +een) > (1 +ce)U(X) in By,

with ¢ small universal.

Proof. Call g* the harmonic function in
D = By \ {x € Bs)3 : x,, < 0},
such that
g"=g ondBs, g¢g"=0 on{recbBg,:r, <0}
Then by the maximum principle

g>g* on By,
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and it suffices to show that (5.1) holds with ¢* on the left hand side.
Since g > U in By we have

g —U=9g—-U>0 ondBz, ¢g"—U=0 on{xecBsps:z, <0},

and hence g*—U > 0 in D where it is also harmonic. Moreover, from the assumption
g(X) —U(X) > éo we get by Harnack inequality that

g —U=9g—U2>codp on Bz 031/4()_().
Thus

g*(X) = U(X) > 189, at some X € By N D.
Thus, by the boundary Harnack inequality we get that for ¢ > 0 universal,

HX)-UX
g*—UZCQMUEC(SoU in Bl,
U(X)

as desired.

In particular, if g(X) = U(X + ee,,) the assumptions of the lemma are satisfied.
Indeed U is monotone increasing in the e,-direction thus U(X + ee,,) > U(X) in
Bs. Moreover,

U(X +een) —UX) =U(X + den)e > e, A€ (0,¢),
with ¢’ universal. O

Lemma 5.2. For any € > 0 small, given 2¢ < 8 < 1, there exists a constant C' > 0
depending on § such that

Ult+ez) <(14+Ce)U(t,z) in By \ Bs C R%

Proof. In this Lemma B, denotes a ball of radius p in R?.
Since U is monotone increasing in the t-direction, U(t + ¢€,z) — U(t, 2) is non-
negative and harmonic in the set Dy := (B2 \{t € (=2,2) : t < 0})\ Bj /5. Moreover,

UB/2+¢€,0)—U(3/2,0) = Us(t,0)e < Coe, t€(3/2,3/2+c¢),
with Cp universal. By the boundary Harnack inequality in Dy,

U(3/2+¢€,0) — U(3/2,0)
U(3/2,0)

as desired. O

Ult+e,2)—U(t,z) <Cy U(t,z) < CeU(t,z) in By \ By,

Lemma 5.3. Let g € C(Bz), g > 0 be a harmonic function in By (g) satisfying
(5.3) 19 = Ullpez,) <6,
and
{xeBy:x, <—-6}C{xeBy:g(x,0)=0} C{x € By:x, <},
with 6 > 0 small universal. Then
(5.4) UX —eep) <g(X) <U(X +ee,) in By,

for some e = K6, K universal.
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Proof. Let g be the harmonic function in
BS = By\ {z € By : x, < -6},
such that
g=g ondBy, g=0 on{zxeBsy:z, <-0}
Since g is subharmonic in B3, the maximum principle gives us
g<g on By
We need to show that for K > 0 universal,
(5.5) g <U(X+ Kée,,) in By.

(The lower bound follows from a similar argument). Since U is monotone increasing
in the e,-direction and it satisfies (5.3) we get that

U(X +de,) >U(X)>g(X)—6 on By,
and hence
U(X +dep) > g(X)—3 on 0Bs.

By the maximum principle in the domain B we get that this inequality holds in
By and hence

(5.6) §g(X)-U(X 4+ de,) <6 in Bs.
Let g* be the harmonic function in Bs/y \ {z € B3/ : 2, < —d} such that
g*=0 ondBs;, ¢"=0 on{reBs;y:r, <0}
Clearly
0<g" <o
Then by the boundary Harnack inequality, say for X = e,
9" (X)

(5.7) g (X) < cm

U(X + 6e,) < CSU(X + de,) in By,

with C' > 0 universal. Moreover, in view of (5.6) again by the maximum principle
we have

9(X) —U(X +den) < g*(X) in Bgp.
This inequality together with (5.7) gives that
g(X) < (1+CHU(X +de,) in Bj.
By (5.2) (applied to a translate of U) we have that for K > 1

1+Co
1 X < —UX+ K <UX+K in B
(14 COHU(X + dey) < 1 +CK5U( + Kde,) <U(X + Kde,) in By,

as long as K is large enough. Combining these two last inequalities we obtain the
desired claim (5.5). O
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6. HARNACK INEQUALITY

In this Section we state and prove a Harnack type inequality for solutions to our
free boundary problem (2.1).

Theorem 6.1 (Harnack inequality). There exists € > 0 such that if g solves (2.1)
and it satisfies

(6.1) U(X + eagen) < g(X) S U(X + eboen) in B,(X™),
with

€(bo — ap) < ép,
then
(6.2) U(X +eare,) < g(X) <U(X + ebre,) in By ,(X"),
with

ag <a; <by <by, (b1 —a1)<(1—-n)(bo—ao),
for a small universal constant 1.
From this statement we get the desired corollary to be used in the proof of our

main result. Precisely, if g satisfies (6.1) with say p = 1/2 , then we can apply
Harnack inequality repeatedly and obtain

U(X + eamen) < g(X) S U(X + ebmen) in Byy-m(X7),

with

(6.3) b — am < (bo — ag)(1 —n)™,

for all m’s such that

(6.4) 2¢(1 —n)"n~™(bg — ap) <.

This implies that for all such m’s, the function g. defined in Subsection 2.3 satisfies
(6.5) am < Ge(X) < by, in B%nfm,s(X*) \ P,

with @, by, as in (6.3). Let A be the following set

(6.6) Ao ={(X,3.(X)): X € Bi_.\ P} C R"" x [ay, bo].

Since g may be multivalued, we mean that given X all pairs (X, g.(X)) belong to
A, for all possible values of g.(X). In view of (6.5) we then get

(6.7) Ac O (Byy (X)X [an,bo]) € By (X7) X [, b,

with @, by, as in (6.3) for all m’s such that (6.4) holds.
Thus we get the following corollary.

Corollary 6.2. If
U(X —eep) <g(X) <U(X +e¢€e,) in By,
with € < &/2, given mg > 0 such that
2¢(1L—n)"on ™ <&

then the set Ac N (By/2 % [=1,1]) is above the graph of a function y = a.(X) and it
is below the graph of a function y = be(X) with

be —ac <2(1— 77)m0717
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and ac,b. having a modulus of continuity bounded by the Hélder function otP for
a, B depending only on .

The proof of Harnack inequality will easily follow from the Lemma below.

Lemma 6.3. There exists € > 0 such that for all 0 < € < € if g is a solution to
(2.1) in By such that

(6.8) 9(X) = U(X) in By,

and at X € Byg(fen)

(6.9) 9(X) 2 U(X + een),
then
(6.10) g(X) > U(X + Tee,) in By,

for universal constants T,6. Similarly, if
9(X) <U(X) in By,
and
9(X) SU(X —een),
then
9(X) <U(X — Tee,) in Bs.

The main tool in the proof of Lemma 6.3 will be the following family of radial
subsolutions. Let R > 0 and denote by

Vr(t,z) =U(t,z)((n — 1)% +1).
Then set
(6.11) vr(X) = Va(R —V/|2'|2 + (2, — R)2,2),

that is we obtain the n 4+ 1-dimensional function vy by rotating the 2-dimensional
function Vi around (0, R, z).

Proposition 6.4. If R is large enough, the function vg(X) is a comparison sub-
solution to (2.1) in By which is strictly monotone increasing in the e, -direction in
B (vg). Moreover, there exists a function O such that

U(X) =vr(X —r(X)e,) in By \P,
and
|='|?

2R

InT

R )

5 (X) = 1(X)] < X Am(X) =~ 21 o 1)

with r = \/x2 + 22 and C' universal.

The proof of Proposition 6.4 follows from long and tedious computations and we
postpone it till the Appendix. Using the estimate for o in Proposition 6.4 and
Lemma 3.1, we also obtain the following Corollary which will be crucial for the
proof of Lemma 6.3. Its proof is again presented in the Appendix.
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Corollary 6.5. There exist d, cg, Coy, C1 universal constants, such that

C _
(6.12) vR(X+%)en) < (14 )UX), inBi\ By,
with strict inequality on F(vp(X + $en)) N By \ Bija,
Co Co .
1 X+ —= >UX 4+ — B
(6.13) vp(X + Re") >U(X + QRe”)’ in Bs,
(6.14) vp(X — %en) <U(X), in B.

We are now ready to present the proof of Lemma 6.3.

Proof of Lemma 6.3. We prove the first statement. In view of (6.9)
g(X)—UX)>U(X +eep) —U(X)=0U(X + Nen)e >ce, A€ (0,¢).

As in Lemma 5.1 we then get

Now let
_ G
e’

where from now on the C;, ¢; are the constants in Corollary 6.5. Then, for ¢ small
enough v is a subsolution to (2.1) in By which is monotone increasing in the e;,-
direction and it also satisfies (6.12)—(6.14). We now wish to apply the Comparison
Principle as stated in Corollary 2.7. Let

V(X)) =vr(X +te,), X € By,
then according to (6.14),
vfg <U<g in §1/4, with tg = —C4/R.

Moreover, from (6.12) and (6.15) we get that for our choice of R,

v < (1+e)U <g ondByyy, with t; = ¢o/R,
with strict inequality on F (vg) N 0By 4. In particular

g>0 on F(vg) in 0B 4.
Thus we can apply Corollary 2.7 in the ball By /4 to obtain
vﬁ% <g in Byy.

From (6.13) we have that

U(X + %en) <l (X) < g(X) on Bs

which is the desired claim (6.10) with 7 = <. 0

We now present the proof of the Harnack Inequality.

Proof of Theorem 6.1. Without loss of generality, we can assume ag = —1,bg = 1.
Also, in view of Remark 2.5 we can take p = 1 (thus 2e < €).

We distinguish several cases. In what follows € and ¢ denote the universal con-
stants in Lemma 6.3.
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Case 1. If
d(X*,{z, > €,2=0}) >0/16,
then U(X —ee,,) > 0in Bs/16(X*) C B1(X™). Thus the functions U(X —ee,,), U(X+
cen) and g(X) are positive and harmonic in Bj,16(X*). Assume that (the other
case is treated similarly)
9(X™) =2 U(X").
Then,
g X" ) >UX*) =U(X" —een) + Up(X* — Xeen)e, M€ (0,1).
Since U, is positive and harmonic in Bj;14(X™*) and for € < §/16
X — )\een S B6/32(X*)7
we can apply Harnack inequality to conclude that
g(X™) > U(X™* —eep) + cUp(X7)e,

for ¢ small universal.
Then again by Harnack inequality in Bs/6(X™*) for g(X) — U(X — ee,) > 0 we
get that for ¢ universal

g(X) > U(X —een) + U (X )e, in Bs32(X™).
By a similar argument, for € < §/32

UX — (1 =nleep) —U(X —ee,) < CU(X™)ne, in Bjsjea(X™),
with C' universal.
Thus, combining these two last inequalities we obtain that for n = min{c’/C, §/64}

9(X) 2 U(X — (1 —nleey), in By(X7),
as desired.

Case 2. If
d(X* {x, = —€,2=0}) < 4/2,

we wish to apply Lemma 6.3. Then (for € < 6/4)

9(X) > U(X —ee,) in Byjs(ee,) C Bi(X™).
Let X = ien and assume that (the other case follows similarly)

9(X) > U(X).
Since (for € small)
X € Bus((} +elen)
we can apply Lemma 6.3 and conclude that
9(X) > U(X — (1 —n)eey), in Bs(eey).

Thus the desired improvement holds by choosing n < §/4. Indeed for such 7 and
€ < 0/4 we have that d(X*,{z, =€,z =0}) < 30/4 and hence

B, (X™) C Bs(een).
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Case 3. If
d(X* {zy, =—€,2=0})>§/2 and d(X*,{z, >¢,2=0}) <§/16,
then the functions U(X — ee, ), U(X + ee,,) and g(X) are positive and harmonic in

the half ball Bs/4(X) N {z > 0} for some X € {z,, < —€, z = 0} and they all vanish

continuously on By /4(5( )N {z = 0}. Thus we can repeat a similar argument as in
Case 1, by using the boundary Harnack inequality. Precisely, let X = X + %en+1
and assume that (the other case is treated similarly)

9(X) =2 U(X).
Then,
g(X) > U(X)=U(X —e€ey) + Up(X — deep)e, A€ (0,1).
By Harnack inequality for U,, in the ball By (X) C B5/4(X) N{z > 0} (with
€ < 0/12) we conclude that
(6.16) 9(X) > U(X —eey) + cUpn(X)e,

for ¢ small universal. B
Then by Boundary Harnack inequality in Bjs/4(X) N {z > 0}, for the functions
g(X) —U(X — €ep) and U, (X) we get that for ¢’ universal

(6.17) 9(X) > U(X —een) + 'Up(X)e, in Bgsjs(X)N{z > 0}.

Thus to obtain the desired claim it is enough to choose 1 small such that for

X € Bss(X)Nn{z =0}
U(X —een) + U (X)e > U(X — (1 —n)eey).
By a similar argument as above
UX — (1 =n)ee,) —U(X —ee,,) < CU,(X)ne,
and hence by boundary Harnack inequality,
U(X — (1 —n)een) —U(X —€e,) < C'Up(X)ne, in Bsys(X)N{z >0}
Combining this inequality with (6.17) we obtain that for n = ¢//C’
9(X) > U(X — (1 —n)een), in Bys(X) N {z>0}.
Since all the functions involved are even with respect to {z = 0} and for n < §/16

By (X™) C Bss(X),

our proof is complete. (I

7. IMPROVEMENT OF FLATNESS.

In this Section we state the improvement of flatness property for solutions to
(2.1) and we provide its proof. Our main Theorem 1.1 follows from Theorem 7.1
and Lemma 5.3.

Theorem 7.1 (Improvement of flatness). There exists € > 0 and p > 0 universal
constants such that for all 0 < € < € if g solves (2.1) with 0 € F(g) and it satisfies

(7.1) U(X —eep) <g(X) <U(X +e€e,) in By,
then
(7.2) U(x'y—gp,z)<g(X)§U(x~1/+Ep,z) in B

2 - 2 ”
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for some direction v € R",|v| = 1.
The proof of Theorem 7.1 will easily follow from the next four lemmas.

Lemma 7.2. Let g be a solution to (2.1) with 0 € F(g) and satisfying (7.1).
Assume that the corresponding g. satisfies

1 1
(7.3) ao-x'—ngge(X)gao.x'+Zp in By, \ P,
for some ag € R"™1. Then if € < &(ag, p) g satisfies (7.2) in B,,.

Proof. We prove that the lower bound holds (the upper bound can be proved sim-

ilarly.)
Let,
1
v= (ov) = (0,1) + €(ao,0)
V1+ €a?
and call

uX)=U(x-v— %p,z).

Notice that since v, > 0, u is strictly monotone increasing in the e,-direction say
in B;p(u). Also, we can easily compute 4. by its definition. Indeed, the identity

w(X — et (X)e,) =U(X), X eR"™\P

reads as
Ulx' -V + zpvn — et (X)v, — %p, 2) = U(xn, 2),
and hence
- v+ (v — Dy, p
(7.4) e (X) =

vy 2w,
Thus, according to Lemma 3.1 it suffices to show that
aegge iIl Bp+e\Pa
and hence in view of (7.3) we must show that
1
e (X) <ag-2' — 1’ in Byt \ P.

From the choice of v we see that
/

v
— = ag,
€Uy,
and
vy — 1 1—v,
| | = < ea%.
€Uy, 379

Thus, in view of the formula (7.4) the desired inequality reduces to

x'~ao+2peag—g§x’~ao—§»

which is trivially satisfied for e small enough (depending on ag, p.) O

The next lemma follows immediately from the Corollary 6.2 to Harnack inequal-
ity.
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Lemma 7.3. Let ¢, — 0 and let g be a sequence of solutions to (2.1) with 0 €
F(gx) satisfying
(7.5) U(X —exen) < gi(X) <U(X + egep) in By.
Denote by gy the ex-domain variation of gi. Then the sequence of sets
A ={(X, (X)) : X € B1_, \ P},
has a subsequence that converge uniformly (in Hausdorff distance) in Biso \ P to
the graph
Ao = {(X,§00(X)) : X € Byj2 \ P},
where Joo is a Holder continuous function.

From here on g, will denote the function from Lemma 7.3.
Lemma 7.4. The function jo satisfies the linearized problem (4.1) in By/s.

Proof. We start by showing that U, js is harmonic in By /9 \ P.

Let ¢ be a C? function which touches ., strictly by below at X, € By \ P.
We need to show that
(7.6) A(U,)(Xo) <0.

Since by the previous lemma, the sequence Ay converges uniformly to A in By 5\ P
we conclude that there exist a sequence of constants ¢y, — 0 and a sequence of points
Xk € Biyo \ P, X — Xj such that ¢y := ¢ + ¢ touches gi by below at X}, for all
k large enough.

Define the function ¢y by the following identity
(7.7) Pr(X — erpr(X)en) = U(X).

Then according to (3.10) ¢ touches g by below at Y, = Xy — e (Xi)en €
Bi (g1,), for k large enough. Thus, since g;, satisfies (2.1) in B; it follows that
(7.8) Api(Yr) < 0.

Let us compute Ay (Yy). Since ¢ is smooth, for any Y in a neighborhood of Yy,
we can find a unique X = X (Y") such that

(79) Y=X- Ekgék(X)en.

Thus (7.7) reads
er(Y) = UX(Y)).
Using this identity we can compute that

(7.10)
Api(Y) = Un(X)AXA(Y) + Y (Uys(X) +2Uju(X)
i#n
From (7.9) we have that
DXy =1- Gka((ﬁken).

0Xy,

Thus, since P = @ + ¢k
DyX =1+ e, Dx(ge,) + O(er),

with a constant depending only on the C2-norm of @.
It follows that
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(7.11) IVX,[2(Y) =1+ 26,0,5(X) 4+ O(é3).

Also,
—vz =k D _0jipos =€k ) 05i¢lij + €x0inp——,
8)/]2 ; J a}/j #Zn J J J 8Y]
from which we obtain that
(7.12) AX, = etAG + O(e}).

Combining (7.10) with (7.11) and (7.12) we get that

App(Y) = AU(X) + exUn AP + 26,V P - VU, + O(€3) (Un(X) 4 Upn(X)).
Using (7.8) together with the fact that U is harmonic at Xj we conclude that

0> A(Un@)(Xk) + O(e5) (Un(Xr) + Unn(Xk)).
The desired inequality (7.6) follows by letting k — +oc.
Next we need to show that

|VT§OO|(X0):O7 XO:(QS67O7O) eB1/2va

in the viscosity sense of Definition 4.1.
Assume by contradiction that there exists a function ¢ which touches g, by
below at Xy = (2(,0,0) € By, N L and such that

$(X) = $(Xo) + a(Xo) - (z' — xp) + b(Xo)r + O(|2" — xp|* +7°/2),
with
b(Xo) > 0.

Then we can find constants «, d,7 and a point Y’ = (y(,0,0) € By depending on
¢ such that the polynomial

a(X) = ¢(Xo) — %|x’ — b2 + 2a(n — 1)anr

touches ¢ by below at X, in a tubular neighborhood N = {|z' — z(| < 7,7 < 7} of
Xo, with

$—q>0>0, on N\ Ngps.
This implies that

(7.13) Joo —q>06>0, on Ng\ Ny,

and

(7.14) G (Xo) — q(Xo) = 0.

In particular,

(7.15) |00 (Xk) — a(Xi)| — 0, Xy € Ni\ P, Xy — Xo.

Now, let us choose Ry = 1/(«ey) and let us define

’LUk(X) = VR, (X - Y/ + 6k¢(X0)€n), Y/ = (yé, 0,0),
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with vr the function defined in Proposition 6.4. Then the €;-domain variation of
wy, which we call Wy, can be easily computed from the definition
wi(X — e (X)e,) = U(X).
Indeed, since U is constant in the 2’-direction, this identity is equivalent to
R, (X =Y+ exd(Xo)en — exvp(X)en) = U(X —Y),
which in view of Proposition 6.4 gives us
O, (X —Y") = e (w01(X) — ¢(Xo)).
From the choice of Ry, the formula for ¢ and (9.2), we then conclude that
wp(X) = q(X) + o’ O0(|X — Y'?),
and hence
(7.16) | — gq| < Ce, in N7\ P.

Thus, from the uniform convergence of Ay to A and (7.13)-(7.16) we get that for
all k large enough

L [
(7.17) Gk — Wg 2 5 (N7 \ Nij2) \ P.

Similarly, from the uniform convergence of Ay to Ay and (7.16)-(7.15) we get that
for k large

(7.18)  gr(Xk) — wk(Xg) < Z, for some sequence Xj, € N; \ P, X}, — X.
On the other hand, it follows from Lemma 3.2 and (7.17) that
Gk — Wk > g in Nr\ P,
which contradicts (7.18). O

The lemmas above allow us to reduce the regularity question for our free bound-
ary problem (2.1) to the regularity of the linear problem (4.1). We will analyze such
question in the next section and we will consequently obtain the following lemma,
which we use here to conclude the proof of our improvement of flatness Theorem.

Lemma 7.5. There exists a universal constant p > 0 such that oo satisfies
1 1

(7.19) ao-x’—gpggw(X) §a0-m’+§p in Bo,,

for a vector ag € R"1.

We are now ready to prove our main Theorem, by combining all of the lemmas
above.

Proof of Theorem 7.1. Let p be the universal constant from Lemma 7.5 and
assume by contradiction that we can find a sequence ¢; — 0 and a sequence gj, of
solutions to (2.1) in B; such that g satisfies (7.1), i.e.

(7.20) U(X —egen) < gu(X) <U(X +ere,) in By,

but it does not satisfy the conclusion of the Theorem.
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Denote by gi the ex-domain variation of gx. Then by Lemma 7.3 the sequence
of sets

Ak = {(ngk(X)) : X € Bl—e;C \P}a
converges uniformly (up to extracting a subsequence) in By, \ P to the graph

Aoo = (Xagoo(X)) : X S Bl/Q\P}y

where go is a Holder continuous function in By /. By Lemma 7.4, the function g
solves the linearized problem (4.1) and hence by Lemma 7.5 §o, satisfies

1 1
(7.21) a0~x/—§p§§m(X) gao-x'—i—gp in By,

with ag € R~ 1.
From the uniform convergence of Ay to A,,, we get that for all k large enough

1 1
(7.22) aO'x’—Zpggk(X)gaomlJer in By, \ P,

and hence from Lemma 7.2, the gy satisfy the conclusion of our Theorem (for k
large). We have thus reached a contradiction. O

8. THE REGULARITY OF THE LINEARIZED PROBLEM.

The purpose of this section is to prove an improvement of flatness result for
viscosity solutions to the linearized problem associated to (2.1), that is

(8.1) {A(Unw) =0, inB;\P

|V,w|=0, onByNL,
where we recall that for X = (z(,0,0) € By N L, we set

/ _ /
Veul(Xo) o=t DI Z0E00) a2y 2
(25,2)—(0,0) r

We remark that if we restrict this linear problem to the class of functions
w(X) = w(a’,r) that depend only on (z’,7) then the problem reduces to the clas-
sical Neumann problem

Aw =0, in B,
w, =0, on {r=0}
The following is our main theorem.

Theorem 8.1. Given a boundary data h € C(0By),|h| < 1, which is even with
respect to {z = 0}, there exists a unique classical solution h to (8.1) such that
h e C(B1), h="h on OBy, h is even with respect to {z = 0} and it satisfies

(82) [A(X) = h(Xo) —a - (¢ —ap)| < Cla —ap + %), Xo€BipnlL,
for a universal constants C' and a vector a’ € R"~! depending on Xj.

As a corollary of the theorem above we obtain the desired regularity result, as
stated also in Section 3.
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Theorem 8.2 (Improvement of flatness). There exists a universal constant C' such
that if w is a viscosity solution to (8.1) in By with

“1<w(X)<1 inB,
then
(8.3) ap -2’ — CIX|3? < w(X) —w(0) < ag -2’ + C| X2,
for some vector ag € R 1.
Proof. Let h be the unique solution to (8.1) in By, with boundary data w. We
will prove that w = h in By /o and hence it satisfies the desired estimate in view of
(8.2). Denote by B

he == h — € + €.

Then, for € small

he <w on 831/2.
We wish to prove that
(8.4) he <w in By)s.

Now, notice that . (and all its translations) is a classical strict subsolution to (8.1)
that is

55) {A(Unhe) =0, inBip\P

|Vyrhel >0, on By L.
Since w is bounded, for ¢ large enough h. — t lies strictly below w. We let ¢ — 0
and show that the first contact point cannot occur for ¢ > 0. Indeed since h, — t is
a strict subsolution which is strictly below w on 9B/, then no touching can occur
either in By, \ P or on By, N L. We only need to check that no touching occurs
on P\ L. This follows from Lemma 4.3.
Thus (8.4) holds. Passing to the limit as e — 0 we get that
h <w in B1/2'
Similarly we also obtain that
h Z w in B1/27
and the desired equality holds. O
The existence of the classical solution of Theorem 8.1 will be achieved via a

variational approach in the appropriate weighted Sobolev space.
We say that h € H(U2dX, By) is a minimizer to the energy functional

J(h) := / UAIVh[*dX,
B1
if
J(h) < J(h+ ), V¢ e Cg°(B).

Since J is strictly convex this is equivalent to

L T = T+ 9)

e—0 €
which is satisfied if and only if

=0, V¢e C§(B),

/ UVh-V¢dX =0, VYoe O (B).
B
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As remarked above, if we restrict to the space of functions h which are axis-
symmetric with respect to L then the energy above reduces to the Dirichlet energy.

We start with a few standard facts about minimizers of J. First, h solves the
equation
div(U2Vh) =0 in By,
which is uniformly elliptic in any compact subset of By \ P where U, is bounded.
In particular h € C*° (B \ P), and we easily obtain the following lemma.

Lemma 8.3. Let h be a minimizer to J in By, then
A(U,h)=0 in By \P.
Proof. Since h is smooth in By \ P, from
div(U2Vh) =0 in By,

we obtain that
n+1

UPAh+2Y  UpUpnih; =0 in By \ P.
i=1
Since U,, > 0 and AU =0 in B; \ P the identity above is equivalent to

A(U,h) =U,Ah+2VU, -Vh=0 in By \ P,
as desired. O

The next lemma contains a characterization of minimizer, which we will be useful
later in this section.

Lemma 8.4. Let h € C(By) be a solution to
(8.6) A(Unh) =0 in By \ P,

and assume that
lir% he(2', 20, 2) = b(2'),
r—

with b(x') a continuous function. Then h is a minimizer to J in By if and only if

b=0.
Proof. By integration by parts and the computation in Lemma 8.3 the identity
/ UlVh-VodX =0, Voe C(By),
B

is equivalent to the following two conditions

(8.7) A(U,h) =0 in B\ P,
and
(8.8) lim U2¢Vh -vdo =0,

=0 JacsnB,
where Cj is the cylinder {r < ¢} and v the inward unit normal to Cj.
Here we use that
lim UZph,do = 0.
TOzl=1n(B1\Cs)
Indeed, in the set {|z| = e} N (B; \ Cs) we have

Un < Ce,
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and
|V (U,h)|, VU] < C,
from which it follows that
U.|Vh| < C.

In conclusion we need to show that (8.8) is equivalent to b(z’) = 0.
Indeed,

1 0
/ UZ¢pVh -vdo = ~ cos? (=) h,y¢do
0CsNB; 4 0CsNB, 2

= / cosz(g)(hT@(X’,(Scos 6,0 sin 0)dx'do,
o0C1NBy 2

hence
lim U2pVh -vdo = 7r/ b(z)o(z',0,0)dx’
6—0 0CsNBy L
and our claim clearly follows. O

The next lemma follows by standard arguments, hence we omit its proof.

Lemma 8.5 (Comparison Principle). Let hy, ho be minimizers to J in By. If
hl Zhg a.e in Bl\Bp,

then
hl Z hg a.e. in Bl.

Finally one of the main ingredient in the proof of Theorem 8.1 is the following
Harnack inequality.

Lemma 8.6 (Harnack inequality). Let h be a minimizer to J in By which is even
with respect to {z = 0}. Then h € C*(By/2) and

[hca (s, ) < C,
with C universal.

The proof of this lemma follows the same lines as the proof of Harnack inequality
(Theorem 6.1) for the free boundary problem (2.1). We briefly sketch it in what
follows.

Sketch of the Proof of Lemma 8.6. The key step consists in proving the following
claim, which plays the same role as Lemma 6.3 in the proof of Theorem 6.1. The
remaining ingredients are the standard Harnack inequality and Boundary Harnack
inequality for harmonic functions.

Claim: There exist universal constants ¢, ¢ such that if A > 0 a.e. in By and
1
h(zen) > 1,
then
h > c¢ a.e. in Bg.
As in the proof of Lemma 6.3, since minimizers satisfy the comparison principle
Lemma 8.5, the claim will follow if we provide the right family of comparison
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minimizers. This family plays the same role as the vg’s in Lemma 6.3 and it is
obtained by translations and multiplication by constants of the following function

B |93/|2

v(X) = + 2z,

n—1
We need to show that v is a minimizer to J in By. To do so we prove that v satisfies
Lemma 8.4.
To prove that
A(Upw)=0 in By \ P,

we use that 2rU, = U and that U, U,, are harmonic outside of P and do not depend
on z’. Thus
2|2
A(U,v) = —A
(Une) = ~A(H

U,) + Az, U) = =2U,, +2U,, = 0.
Finally the fact that
lir% v (2,1, 2) =0,
follows immediately from the definition of v. O
Since our linear problem is invariant under translations in the z’-direction, we
see that discrete differences of the form
X + 1) — h(X),

with 7 in the a’-direction are also minimizers. Now by standard arguments (see
[CC]) we obtain the following corollary.

Corollary 8.7. Let h be a minimizer to J in By which is even with respect to
{z =0}. Then Df,h € C%(By2) and

[Df’h}ca(Buz) <C,
with C depending on (.

We are now ready to prove our main theorem.
Proof of Theorem 8.1. We divide our proof in several steps.

Step 1. In this step, we show the existence of a classical solution to our problem,
which achieves the boundary data continuously.

Assume without loss of generality that h € C*°(9B;). The general case when
h € C(0B;) follows by approximation and the Comparison Principle.

We minimize J(-) among all functions h with boundary data h, which are even
with respect to {z = 0}. From Lemma 8.3 we have that

A(U,h)=0 in B\ P.
In Step 2-3 we will show that h satisfies the estimate (8.2) and in particular
h(xh, &, z) — h(xh,0,0) = O(3/?), X, = (x),0,0) € BiNL

which gives
|V.h| =0 on BiNL,
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where we recall that

/ _ /
|vrh|(X0) — lim h(ZOVxn?Z) h’(x()?()?O), T2 — I’% + 22.
(2n,2)—(0,0) r .

Notice that since |h| < 1, also |h| < 1 and h, D,/h € C%%(B;) in view of Lemma
8.6 and its Corollary.

We now show that h achieves the boundary data h continuously. Indeed this
follows by classical elliptic theory if we restrict to 0By \ P.

If Xo € 9B1 N (P \ L) then in a small neighborhood of X intersected with
By N {z > 0} the function U,k is harmonic continuous up to the boundary and
vanishes continuously on {z = 0} (since h is bounded). The continuity of h at X,
then follows from standard boundary regularity for the harmonic function U, h.

Finally, on the set dB; N L as in the case of Laplace equation, it suffices to
construct at each point Xy a local barrier (minimizer) for h which is zero at Xy
and strictly negative in a neighborhood of Xy. Such barrier is given by (see Lemma
8.4)

(2" — xp) - xp.
Step 2. In this step we wish to prove that
(8.9) (2!, 2, @) = h(a',0,0) = b(a')r| < Cr/2, (2/,0,0) € Byjp N L,

(8.10) |h (2! 20, 2) — D(2")| < CrY/2, (2/,0,0) € BysNL,
with C universal and b(z’) a Lipschitz function.
Indeed, h solves
A(U,h)=0 in B\ P.
Since U, is independent on z’ we can rewrite this equation as
(8.11) Ay, (Uph) = =U,Ayh,
and according to Lemma 8.6 we have that

Ax/h S Ca(Bl/Q),

with universal bound. Thus, for each fixed z’, we need to investigate the 2-
dimensional problem

A(Uth) = l]tf7 in Bl/g \ {t < O, z = O}
with
f e C¥Byy2),
and h bounded. Without loss of generality, for a fixed ’ we may assume h(z’,0,0) =

0.
Let H(t,z) be the solution to the problem

AH =Uf, in By \{t<0,z=0},
such that
H=Ush ondBy;, H=0 onB,n{t<0,z=0}
We wish to prove that
(8.12) Uh =H.
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First notice that
A(H —Uih) =0 in By \ {t <0,z =0},
and
H=0 onodB;,U(Bipn{t<0,z=0}).
We claim that
. H - Uh
(8:13) 0 T - )00 U

If the claims holds, then given any € > 0
—EUt S H— Uth S CUt, in B§

with § = §(¢). Then by the maximum principle the inequality above holds in the
whole By, and by letting € — 0 we obtain (8.12).

To prove the claim (8.13) we show that H satisfies the following
(8.14) |H(t,2) —alU(t, 2)| < Cor*?U(t,z), r?=1>+2%a€cR,

with Cy universal.
To do so, we consider the holomorphic transformation

®:(s,y) — (t,2) = (%(s2 )

which maps By N {s > 0} into By, \ {t <0,z = 0} and call
H(s,y) = H(t,2), [f(s,9) = f(t,2).
Then, easy computations show that

AH=sf inB N{s>0}, H=0 onB; N{s=0}

Since the right-hand side is C® we conclude that H € C%°. In particular H,
satisfies

‘ﬂ—s(say)_a| SCO|(87y)|7 a:Hs(OaO)
with C universal. Integrating this inequality between 0 and s and using that H=0
on By N {s =0} we get that
[H(s,y) — as| < Cos|(s,y)|.
In terms of H, this equation gives us
(8.15) |H — aU| < Cor'/?U
as desired.
Thus (8.12) and (8.14) hold and by combining them and using that U/U; = 2r
we get that
|h — 2ar| < 2C13/2,
which is the desired estimate (8.9) i.e. (recall that above we assumed h(z’,0,0) = 0)
\h(a!, @y, x) — h(2',0,0) — b(z')r| < 2Cor3/?,
with
b(z') = 2H,(',0,0).
We remark that b(z’) is Lipschitz. Indeed, notice that the derivatives h;,i =
1,...,n — 1 still satisfy the same equation (8.11) as h, where the C* norm of the
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right-hand side has a universal bound. Thus, we can argue as above to conclude
that
0;H(2',0,0)| < C,
which together with the formula for b(z’) shows that b(z’) is a Lipschitz function.
Finally, to obtain the second of our estimate (8.10) we proceed similarly as above.
Since Uih = H one can compute easily that

1H
Moreover, after our holomorphic transformation
(8.17) 2rH,(t,2) = sHy(s,y) +yH,(s,7).

As observed above, B
- a()] < Cls.),
and similarly since H = 0 on B; N {s =0}

|H,| < Cs.
These two inequalities combined with (8.17) give us
(8.18) |2rH, — a(z')U| < Cr'/2U.

Combining (8.16) with (8.15)-(8.18) we obtain (8.10) as desired.

Step 3. In this step we show that h satisfies (8.2).
In view of Lemma 8.4 and estimate (8.10) we obtain that b(z’) = 0. Since
b(x") = 0 then (8.9) reads
|h(z!, &, 2) — h(z',0,0)] < Cr3/2.
Since h is C*° in the 2’ direction, we have that for a given Xo € By, N L
|h(2,0,0) — h(x},0,0) —d - (z' — x})| < Cla’ — zp|?,

which combined with the previous inequality gives us the desired bound (8.2).
O

9. APPENDIX

The purpose of this Section is to provide the proof of Proposition 6.4 and Corol-
lary 6.5 which have been used in the proof of Harnack Inequality in Section 6. For
the reader’s convenience we recall their statements.

Let R > 0 and denote by

t
Vr(t,2) =U(t,2)((n — 1)§ +1).
Then set

vp(X) = Vr(R — /|2']2 + (z, — R)?, 2).
Proposition 6.4. If R is large enough, the function vr(X) is a comparison
subsolution to (2.1) in By which is strictly monotone increasing in the e, -direction
in BY (vg). Moreover, there exists a function o such that

(91) U(X) ZUR(X—fJR(X)en), m Bl\P
and

- C |2’|? TpT
(92)  [on(X) —m(X)| < IXP, Ar(X) = =8 420 - 1)
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with r = \/x2 + 22 and C' universal.

Proof. We divide the proof of this proposition in two steps.

Step 1. In this step we show that vy is a comparison subsolution in By which
is monotone in the e,-direction.

First we need to show that vg is subharmonic (but not harmonic) in By (vg).
From the formula for vg we see immediately that (R > 2)

By (vr) = Ba \ (B2 \ Br(Re,)).

One can easily compute that on such set,

n—1

Avgr(X) = ((On + 0:2))VR)(R — p,2) — OVr(R — p, 2),

where for simplicity we call

p:=+/|z')? + (z, — R)2.
Also for (¢, z) outside the set {(¢,0) : ¢ < 0}

AWVML@::@ﬁ+8nﬂ%U@):2ﬁ%;Q&U@J)+ﬂ+{n71g?AmUU@)
_2(n—1)
=20 Do),

and

9.3) @Vﬁu@:(LHn—U%ﬁMM@@+E§iUm@.

Thus to show that Avg is subharmonic in By (vg) we need to prove that in such
set
2(n—1) n—1 R—p
———0U — 1 -1
o, 1+ (- 1)~

where U and 0;U are evaluated at (R — p, z).
Set t = R — p, then straightforward computations reduce the inequality above to

(n—D2(R—1t) — R—(n—1)*]0,U(t,2) — (n — 1)?U(t, z) > 0.
Using that 0,U(t, z) = U(t, 2)/(2r) with r? = t2 + 22, this inequality becomes
R>2t+ (n—1)%*t+2(n—1)r.

)OU +

>
R U]—Oﬂ

This last inequality is easily satisfied for R large enough, since ¢, < 3.
Now we prove that vy satisfies the free boundary condition in Definition 2.2.
First observe that

F(UR) = 8BR(Ren, O) N Bg,
and hence it is smooth. By the radial symmetry it is enough to show that the free
boundary condition is satisfied at 0 € F'(vg) that is
(9.4) vr(z, 2) = al(zn, 2) + o(|(x, 2)|/?), as (z,2) — (0,0),

with o > 1.
First notice since U is Holder continuous with exponent 1/2, it follows from the
formula for Vy that

\Vr(t,z) — Va(te, 2)| < Clt — to|/?  for |t —to| < 1.
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Thus for (z,z2) € B, s small
R (T, 2) = Va(2n, 2)| = [Va(R = p, 2) = Va(zn, 2)| < C|R—p—a,|"/* < Cs,
where we have used that (recall that p := \/|2/|2 + (z, — R)?)

09 Repae P
: e

It follows that for (z,z) € Bs
[or(x,2) = Ulzn, 2)| < [or(2, 2) = VR(Zn, 2)| + [VR (20, 2) = U(zn, 2)]
< Cs+|Vr(zn, 2) — U(xn, 2)|-

Thus from the formula for Vi
lvr(x,2) — U(xn, 2)| < Cs+ (n — 1)‘.1‘7]_;‘U(£n,2’) <(C's, (x,2)€ By

which gives the desired expansion (9.4) with a = 1.
Now, we show that vy is strictly monotone increasing in the e,-direction in
By (vg). Outside of its zero plate,

T, — R
On, Vr(z) = — 5 Vr(R — p, 2).

Thus we only need to show that Vg (¢, z) is strictly monotone increasing in ¢ outside
{(t,0) : t <0} . This follows immediately from (9.3) and the formula for U.

Step 2. In this step we show the existence of ¥ satisfying (9.1) and (9.2). Since
we have a precise formula for vy in terms of U, this is only a matter of straightfor-
ward (though tedious) computations which we present here for completeness.

First we show that there exists a unique ¢ such that (here B is the 2-dimensional
ball)

(9.6) U(t,z) = Vr(t+1t,2), in By\{(t0):t<0},
and

_ 2(n—1
(9.7) f 2 O ey

R Rz

with C' universal. Since Vj is strictly increasing in the t-direction in By \ {(¢,0) :
t < 0} it suffices to show that

20n—Ntr  C 20n — Vtr  C
(9.8) VR(t_T_ﬁT )< Ult, 2) <VR(t_T+ﬁT ).
Let us prove the lower bound. We call
_ 20n—Vtr  C
t=———Fx  —®m"
and we use Taylor’s formula to compute
_ _ 1
(9.9) Vr(t+1t,2) = Vr(t, 2) + 0, Vr(t, 2)t + =Et*, |E| < [04Vr(s,2)|,

2
with s between t and ¢t +t. We claim that
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/

C
(9.10) 9ueVa(s, 2)| < U 2).

Indeed one can compute that

2(n—1)
R

_ o E-32, 175 Ay 121 s 2
(1+(Tl 1)R)T‘ 3“U(r,r)+r R 8tU(’r"’l”)

(9.11) 9uVa(s,2) = (1 + (n — 1)%)@@(5, 2)+ AU (s, 2)

where we have used that U is homogeneous of degree 1/2.
Since s lies between ¢ and t + ¢ we get that (s/r,z/r) € Bsjs \ Bi/s, thus by
boundary Harnack inequality in this annulus we get

S Z S Z S Z
S5 <kullz 2 <K
|8ttU(T,T)\_ 1U(r7r), atU(r,r)_ 2U(

s z
;7 ;)a
with K7, Ko universal.

Combining the above inequalities with (9.11) we obtain that

|06t VR (s, 2)| < 67’7"’3/2U(§7 g)
Thus the claim in (9.10) will follow if we show that for some K universal

s z t z
v, ) < kU,

Again, this follows by the boundary Harnack inequality in the annulus Bs o\ By /2

between U(%, Z) and its translation U(HTT, 2), for 7 small. Our claim is thus proved.

Thus, using (9.9) together with this claim, the lower bound in (9.8) will be proved

if we show that

/

_C
Ul(t,z) > Vr(t,2) + 0 Vr(t, 2)t + ﬁU(t, 2)t2.
From the definition of Vg this is equivalent to showing that

!

(n — 1)%U(t, 2)+ (14 (n— 1)%)6}U(t, z) + %U(t, 2)]t + %U(t, 2)t2 < 0.

Dividing everything by ,U(t,z) = 5-U(t, z) we get
2(n—1)rt t

R R R
and using the definition of ¢ we finally need to show that

P+ -1ty 4 i+ e oo

<

t+2r_ C', C 4

(n—1)
Using that for R large
| < Kr?/R,

for K universal, we easily obtain that the inequality above holds for the appropriate

C' (universal) and R large.
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To conclude our proof, we use (9.5) to write
|2
R—x, +9p + p(tr)’

UR(X—ERBTL) ZVR(R—/)(’ER),Z) :VR(.’ETL—’[)R— Z>7

with

p(n) = 12/ + (20 — 0 — R)2.
In view of (9.6) if there exists vp = 0r(X) such that

(912) R R — x, + O + p(OR) =h
then
vp(X — Oge,) =U(X), in Bf (U).
By the strict monotonicity of vp in the e,-direction in B (vg), in such set ¥z must
be unique.
Thus our claim will follow if we show that there exists U satisfying (9.12) and

such that

. N X2
[0r(X) —yr(X)| < C R
To do so, we call
-y ' 1<n<1
and we show that
X2, - x|?
Floum() + CEL) <7 < pln) - o)
In view of (9.7) we need to prove that
| X2 2(n — Vxpr 13
X)+C <= """ _(C—
f('YR( ) + R2 ) = R R2’
and
| X2 2(n — Vxpr =13
X)-C >+ (C—.

Let us prove the first inequality (the second one follows similarly.) Call

_ X2
7= m(X) + Ol
From the definition of f and ~g the desired inequality is equivalent to
P XP Y
2R R?2  R—z,+7+p(7) R2

Clearly —1 <7 < 1, and one can easily verify that
R—x,+7+p(n) <2R+5.
Thus
i |22 RIS S |2
2R R—x,+7+p(7) 2R 2R+5"— R2’
and the desired inequality follows if we show that

/|2 |X|2 _ 3
<-C—;.
> R2

/|2 712
- < [2"[*(

|
R2 -¢ R2

This inequality is trivially satisfied as long as C' — C' > 1. (]
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We now recall the statement of Corollary 6.5 and sketch its proof.

Corollary 6.5. There exist 9, co, Cy, C1 universal constants, such that

C _
(9.13) vR(X + %en) <1+ %)U(X), in By \ By a,
with strict inequality on F(vp(X + %e,)) N By \ Bija,
Co Co .
. H En > Sptnl ’
(9.14) vR(X—i—Re )_U(X+2Re ), n Bs
C —
(9.15) vR(X — flen) <U(X), inB.

Proof. Estimates (9.14) and (9.15) are immediate consequences of (9.2) and Lemma
3.1.
To obtain (9.13), notice that in view of (9.2) and Lemma 3.1,

vR(X + %Sen) <UX) in{X €By:|a|>1/8|za] <3},

for some ¢, small universal and R large (with strict inequality on F(vg(X +
%e,))). Hence the estimate (9.13) holds on the set {X € By\ By : /22 + 2% < 6}
and we only need to prove it on the complement of this set.

Again, from (9.2) and Lemma 3.1 we get that

(9.16) vR(X + %en) <UX + %en) in By,

for C' large universal. From Lemma 5.2 we know that

C C
n PR S 1 E) ny i
Uz —|—R z) <( +C’R)U(x 2)

as long as /72 + 22 > 0, with C = C(0) (and R large). Combining this fact with
(9.16) we get
v (X+C£e )<(1+@)U(x 2)
R R n) > R ny <)y
on the desired set.
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