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STOKES AND NAVIER-STOKES EQUATIONS WITH A
NONHOMOGENEOUS DIVERGENCE CONDITION

ABSTRACT. In this paper, we study the existence and regularity of solutions to
the Stokes and Oseen equations with a nonhomogeneous divergence condition.
We also prove the existence of global weak solutions to the 3D Navier-Stokes
equations when the divergence is not equal to zero. These equations inter-
vene in control problems for the Navier-Stokes equations and in fluid-structure
interaction problems.
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1. Introduction. Let Q be a bounded and connected domain in RN, with N = 2
or N = 3, with a regular boundary T, and let T be positive. Set Q@ = Q x (0,7T)
and ¥ =T x (0,7). We are interested in the following boundary value problem for
the Oseen equations:

a—u—I/Au+(z~V)u+(u~V)z+Vp:07 divu=~h 1inQ,

ot (1.1)

u=g on%, u(0)=mugin{,
where h and g are nonhomogeneous terms in the divergence and boundary con-
ditions, and ug is the initial condition. The viscosity coefficient v is positive
and the function z satisfies divz = 0 and belongs either to H(;RY) or to
L>(0,00; (H*(Q))N) with s > 1/2. We are also interested in similar problems
for the Navier-Stokes equations. From the divergence theorem it follows that h and
g must satisfy the compatibility condition

/Qh(-,t):/Pg<.,t)-n(.) for ae. t € (0,T).

A classical way for studying equation (1.1) is to consider the solution (w(t), 7 (t))
to equation

Aow(t) —vAW(t) + (z - V)w(t) + (w(t) - V)z+ Va(t) =0, divw=h(t) inQ,
w(t) =g(t) onT,
for some Ay > 0 large enough, and next to look for (u,p) in the form (u,p) =
(w,m) + (y,q). This method, that we refer as the lifting method in this pa-
per, is helpful if 4 and g are regular enough, for example if h € H'(0,T; L*(Q))

and g € H'(0,T; H'(I'; RY)). Motivated by control problems and related ques-
tions, we would like to study equation (1.1) when h € L2(0,T;L?*(Q)) and g €
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L2(0,T; L2(T;RY)), or even when h € L%(0,T;(H*(Q))) and g € L*(0,T;
H~Y2(I';RN)). This type of equations intervenes in linearized fluid-structure mod-
els (see [21], [22]) and in some control problems (see [12]).

For the Stokes and Navier-Stokes equations, these problems have been recently
studied by Farwig, Galdi, and Sohr in [7], in the case when h € L*(0,T;L"(Q)),
g € L0, T;W-Ya9(T;RN)), with 1 < 7 < ¢ < o0, 1 < s < o0, 3+g > for
the Stokes equations, and with 1 < r < ¢, 3 < ¢ < 00, 2 < s < 00, %—I—% = %7
% + % = 1 for the Navier-Stokes equations. The existence of a unique very weak
local solution to the Navier-Stokes equations is established [7, Theorem 1] (see
also [8]). Here we only consider the case of data in Hilbert spaces for the Oseen
and Navier-Stokes equations, and we prove the existence of global solutions for the
Navier-Stokes equations.

In [7], very weak solutions are defined by a transposition method (also called
duality method). In [19], we have already studied equation (1.1) in the case when
h = 0, and we have introduced a new definition of weak solutions which is based
on the decoupling of equation (1.1) into two equations, one satisfied by Pu and
the other one satisfied by (I — P)u, where P is the so-called Helmholtz or Leray
projector. We have shown that some new regularity results may be obtained by
using this decomposition. In the present paper we would like to follow the same
appraoch for equation (1.1) and for the Navier-Stokes equations.

Many results in this paper are extensions to the case when h % 0 of results

obtained in [19] and the proofs are very similar, except that we have to find the
right spaces for h. However, Theorem 7.1 is new even in the case when h = 0.
Indeed in [19, Theorem 5.1], the existence of a weak solution to the 3D Navier-

Stokes equation is proved when h = 0 and g € H3/43/4(X) (see section 2 for the
precise definition of the different function spaces). Here we prove the same result
with g € H**(X) with s > 1/2.

In section 2, we introduce spaces of functions (g, h) satisfying compatibility con-
ditions.

In section 3, we study the regularity of solutions to the Stokes equations by using
the lifting method in the case of regular data, and by the transposition method in
the case of data with low regularity. We introduce a new definition of weak solutions
for the Stokes equations in section 4, and we derive new regularity results in section
5. We study the Oseen equations in section 6, where we adapt to Oseen equations
the results obtained in section 4 for the Stokes equations. In section 7, we study
the Navier-Stokes equations, and we prove the existence of weak solutions, global
in time, when h and g are non zero. In appendices 1 and 2, we have collected some
technical results for stationary problems.

It seems difficult to compare our results with the ones in [7]. Indeed, in [7,
Theorem 1], the existence of a unique local weak solution u in L*(0,7”; L%(f)) is
proved when h € L*(0,T;L"(Q)), g € L*(0,T; W-1/44(T;RN)), with 1 < r < g,
3<g <00, 2<s <00, % + % = %7 % + % = 1, and when the initial condition be-
longs to a space intermediate between (D(4,))" and (D((—A,)' 7))’ with 0 <e < 1
(where A, is the Stoles operator in {u € LY(;R3) | divu =0, u-n|r = 0}). Here,
we prove the existence of a global in time solution (not necessarily unique), when g €
H>*(X), h € L*(0,T; H*~'/2(Q)) N H*(0, T; H'/2(Q)) with s > 1/2, g and h sat-
isfy some compatibility conditions, and ug € V9 () (the space of solenoidal vectors
in L?(; R3) with a normal trace equal to 0). The only comparison that we can made
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concerns the existence of regular solutions for the Stokes equation. If we compare
the results in [7, Corollary 5] for data in Hilbert spaces, it is shown that the solution
to the Stokes equation belongs to L2(0,7; H?(Q;R3)) N H'(0,T; L?(Q;R?)) when
h belongs to H(Q x (0,T)), g € L?(0,T; H*?(T;R3)) N H'(0,T; H~/2(T;R?)),
u € VO9(Q) N H*(R?), and g, h and ug satisfy some compatibility condi-
tions. Here, in Theorem 4.5, we prove that Pu belongs to L?(0,T; H?(Q;R3)) N
H(0,T;L?(Q;R?)) when h belongs to L?(0,T; H'(Q)) N H3/4(0,T; (HY/?(Q))"),
g € L2(0,T; H3>(T;R3)) N H34(0, T; L*(T; R?)), up € V2(Q) N H(Q;R3), and g,
h and ug satisfy some compatibility conditions. Thus, our assumptions are weaker,
but the regularity is obtained for Pu and not for u. The regularity result that we
obtain for (I — P)u in Theorem 4.5 is optimal for our assumptions, but weaker than
the one in [7, Corollary 5].

2. Functional setting. Throughout the paper we assume that  is at least of
class C2. Let us introduce the following function spaces: H*(;RN) = H*(Q),
L2(;RY) = L2(Q), the same notation conventions are used for the spaces Hg(£2;
RY), and the trace spaces H*(I'; R™V). Throughout what follows, for all u € L2(Q)
such that divu € L?(f2), we denote by u - n the normal trace of u in H~/2(T")
[24]. Following [10], we use the letter V to define different spaces of divergence free
vector fields:

VS(Q):{ueHS(QH divu=0 inQ, (u-n,1) :0} s> 0,

H=1/>(T),H'/>(T)

VfL(Q):{uGHS(Q)\divuinnQ,u~n:00nF} for s > 0,

VS(Q):{uEHS(Q)\ divu=0 inQ, u=0on F} for s > 1/2.
For spaces of time dependent functions we set
V39(Q) = H"(0,T; V°(Q)) N L*(0,T; V*(Q))
and
H*° (%) = H°(0,T; L*(I")) N L*(0, T; H*(T)).
Observe that
VH9(Q) =H*(Q)N L*(0,T;V°(Q))  foralls>0and o >0,
where H?(Q) = (H*?(Q))", and H*°(Q) corresponds to the notation in [17].
We introduce spaces of functions of zero mean value:

HS(Q):{heHS(QH/h:O} for 5 > 0,
Q

and for s < 0, H*(2) is the dual space of H~%(£2), with H°(Q) as pivot space.
We introduce spaces of velocity fields defined on I' and of functions defined in €2,
and satisfying a compatibility condition. For —1/2 < s <2 and o > 0, we set

HiG = {(ah) € B x B | &0 1) oy ey = [ 1)
If -1/2<s<2and —1 <o <0, we set:
Hp'g

= {(em e @) x (H ) | (8 1,1) .0 -0y = P Vg )
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Observe that, for —1/2 <'s <0 and —1 < o <0, the space Hy'J is the dual space
of H'["”, with respect to the pivot space ngsg
We denote by v, € L(L*(T")) and ~,, € £L(L*(T")) the operators defined by

Ypu=(u-n)n and y;u=u-—7,u forall ue L*T).

As usual, for s > 1/2, vo € L(H*(Q2), H*"1/2(T")) denotes the trace operator.
Throughout the paper, for all ® € H3/2t¢'(Q) and all ¢ € HY2t<(Q), with
e > 0, we denote by k(®,1) the constant defined by

0= (L Ca ne) o) e

where || is the N-dimensional Lebesgue measure of Q and |I'| is the (N — 1)-
dimensional Lebesgue measure of T'.

We also introduce the space
du
dt
where V=1(Q) denotes the dual space of V{§(Q) with V9(Q) as pivot space.

Let us denote by P the orthogonal projection operator in L?(£2) on V2(£2). Recall
that the Stokes operator A = vPA, with domain D(A) = H2(Q)N'V{(Q) in VI (Q),
is the infinitesimal generator of a strongly continuous analytic semigroup (etA)tZO
on V().

We also introduce the operators L € E(HR’S, L2(Q2)) and L, € E(H?:g,HO(Q))
defined by

W (0, T; VY(Q), V(Q)) = {u e L2(0,T; Vi) | &2 e LQ(O,T;V”(Q))},

L(g,h)=w and  L,(g,h)=m,
where (w,7) is the solution to
—vVvAw+Vr=0 and divw=hinQ, w=g onl.

Notice that L can be extended to a bounded operator from H_ll/}’él into H°(Q2)
(see Corollary 8.4).

3. First regularity results for the Stokes equation. In this section we study
the Stokes equations with a nonhomogeneous divergence condition:
0
a —vAu+Vp=0, divu=~h inQ,
ot (3.1)
u=g onY, u(0)=upinl.

There are two classical possibilities to define weak solutions to equation (3.1):
the lifting method, and the transposition method. The lifting method consists in
looking for a solution (u,p) to equation (3.1) in the form (u,p) = (y,q) + (w, ),
where, for all ¢ € [0,T], (w(t),n(t)) is the solution to the equation:

—vAwW(t)+Vr(t) =0 and divw(t)=h(t)inQ, w(t)=g() onl. (3.2)

In the case when (u,p), (y,q), and (w, ) are regular functions, (y, ¢) is the solution
to the equation

oy ow
oy OV vv—0 i
ot ot Y Q. (3.3)
y=0 onX%, y(0)=P(u—w(0)) in Q.
This leads to the following definition.

vAy + Vg = —
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Definition 3.1. A function (u,p) € L?(0,T;L?(Q)) x L*(0,T; H~1(Q)) is a weak
solution to equation (3.1), if (u,p) = (y,q) + (w,m), where, for all ¢ € [0,T7,
(w(t), m(t)) is the solution to equation (3.2), and (y,q) is the solution to equation
(3.3).

Theorem 3.2. For all (g,h) € Hl(O,T;Hfl/Fz,’al), and uy € L2(Q), equation
(3.1) admits a unique weak solution in the sense of Definition 3.1. It satisfies

llullz20,7;L2 ) + 1Pl 220,771 ()

(3.4)
< (IPvollvgo) + 18 Bl o ge-ri22) )

Proof. Let (g,h) be in H! (O,T;H_I/FQ’;ZI). Due to Corollary 8.4, the solution
(w(t), m(t)) to equation (3.2) is unique and it satisfies

1wl 0,2 + 7l g 0,01 < Cll(g, Ml (o.rar /251"
Thus, in equation (3.3), %—"t" belongs to L2(0,T;L2(12)), and P(up — w(0)) belongs

to V(). In that case it is well known that equation (3.3) admits a unique weak
solution which satisfies

1Y lwo,rvi).v-1) + llall 220,770
< C([[P(ag — w(0))lvo ) + [[W'[|2(0,7512(02)))-
The estimate for (u,p) can be deduced from the estimates obtained for (y,¢) and
(w, ). O
Now, let us define solutions by transposition.

Definition 3.3. Assume that (g,h) € L? (O,T;H_l/lgjs_zl), and ug € H71(Q). A
function u € L?(Q) is a solution to equation (3.1), in the sense of transposition, if

T
/Q wets [ (oannw), o

I /OT <yg—i(t) —(t)n, g(t)

= (uo, ‘I)(O)>H—1(Q),H(1)(Q)’
for all f € L%(Q), where (®,) is the solution to equation
o®
—— —VvAP+ VY =1 dive=0 inQ,
ot 4 ¥ @ (3.6)
®=0onX, P(T)=0in Q.

> (3.5)
H1/2(F)7H—1/2(F)

Remark 3.4. Notice that the pair (®,%), solution to equation (3.6) is chosen
so that ¢ belongs to L*(0,T;H*(2)), in particular [, (f) = 0. Since (g,h) €
L? (O,T;H_l/rz”;zl), in formula (3.5) we can replace ¥ by @ 4+ C for any C € R,
because

T

T
/0<C,h(t)>Hl(Q)7(H1(Q))/dt—/O <Cn,g(t)>Hl/2(F)7H71/2(F)dt:()

Thus formula (3.5) is satisfied for all solutions (®, ) to equation (3.6) (® is unique
but not ¢. The adjoint pressure ¢ is unique up to an additive constant). In
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particular we can replace 1 € L2(0,T; H()) by 1 + k(®, 1)), where k(®, 1)) is the
constant defined in (2.1). Observe that

(Vgi) —yn — k(®,¢)n, ¥ + k‘(tl),w)) belongs to  L(0,T; H1/2 1>

Theorem 3.5. For all (g,h) € LQ(O T, H_l/2 ), and ug € H1(Q), equation
(3.1) admits a unique solution in the sense of Deﬁmtion 3.8. It satisfies

lullac@) < € (ollr-si + 180l v 1) ) (3.7)
Moreover, there exists a distribution p € D'(Q), such that
0
67‘: —vAu+Vp=0 inD(Q), (3.8)

and u obeys

divu=nh in L*(0,T; HY(Q)).

Proof. To prove the uniqueness, we assume that ug = 0, g = 0 and h = 0. In that
case, if u is a solution to equation (3.1) in the sense of Definition 3.3, by setting
f =uin (3.5), we deduce that u = 0. Thus the uniqueness is established.

Let us denote by A the mapping

oD
A fr (@(0), VS U+ k(@ )0, —¢ — k:(d),z/))),

where (®, ) is the solution to equation (3.6). We can easily see that A is a bounded
operator from L?(Q) into H§(Q2) x L?(0, T Hl/Fz}z) Thus A* is a bounded operator
from H~1(Q) x LQ(O,T;H_l/ﬁ’S—Ql) into L?(Q). If we set u = A*(g,h), we can
verify that u € L2(Q) obeys (3.5). Thus we have proved the existence of a function
u € L?(Q) which satisfies (3.5).

Let v be in L2(0,T; H'(2)). In that case (®,v), with ® = 0, is the solution to
equation (3.6) corresponding to f = V. By choosing f = V) in (3.5), we prove

that
/ u- Vi + <w, h>
o L2(0.T4H(9)),L2(0.T4(H' (2)))

= <%¢ n,g

for all v € L2(0,T; H*()).

Choosing ¢ in L?(0,T; H(£2)), we obtain divu = h in L*(0,T; H=(Q)).

Let @ be in (D(Q))" such that div® = 0. The pair (®,1)), with ¢ = 0, is the
solution to equation (3.6) corresponding to f = —9;® — vA®. With this choice for
f in (3.5), we prove that

<8tu — vAu, ¢’> = / u(—0® — vAP) =
(D(@)YN.(D@)HN Q

for all ® € (D(Q))" such that div® = 0. From de Rham Theorem, it follows that
there exists a distribution p such that (3.8) is satisfied. O

>L2(0,T;H1/2(F)),Lz(o,T;Hfl/Q(F»’

Theorem 3.6. For all (g,h) € H'(0,T;H™ 1/2 0 ), and ug € L2(Q), u is a solution
to equation (3.1) in the sense of Definition 3. 1 zf, and only if, it is a solution in the
sense of Definition 3.3.
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Proof. We first establish the theorem in the case when (g, h) € C* ([0, T]; H3/lg:19)
and P(up—L(g(0), ~(0))) € V}(2). In that case, the solution (u, p) = (w,7)+(y, q)
to equation (3.1) in the sense of Definition 3.1 is such that w € C*([0, T]; H?(2)),
7 e CYH[0,T); HY(Q)), y € VE2HQ), and ¢ € L*(0,T;H'(Q)). Therefore, we can
easily verify that u is a solution to equation (3.1) in the sense of Definition 3.3.
Since the solution to equation (3.1) in the sense of Definition 3.3 is unique, the
theorem is proved in that case.

Now assume that (g,h) € H'(0,T;H" 1/20) and uy € L%(Q). Consider a
sequence {(gx, hi)} € C*([0,T]; H3/r, «) converging to (g, k) in H'(0,T;H™ 1/2 0 o)
and a sequence {ug } C H'(Q2) converging to ug in L?(2) and such that {Puo k—
L(gr(0),hi(0))} € V(Q) converges to P(ug — L(g(0),2(0))) in VO(Q). Let ug
be the solution to equation (3.1) corresponding to (g, hx) and ug . According to
step 1, the solutions in the sense of Definitions 3.1 and 3.3 coincide. From (3.4),
it follows that {u;} converges in L?(Q) to the solution u to equation (3.1) in the
sense of Definition 3.1, and from (3.7), it follows that {u} converges in L?(Q) to the
solution of equation (3.1) in the sense of Definition 3.3. The proof is complete. [

Definition 3.7. Assume that (g,h) € L?(0,T;H" 1/20) and up € H71(Q). A
function u € L?(Q) is a very weak solution to equation (3.1), if

/Qu- (—0,® — vAD)

T
= <u0’ (I)(0)>H 1(Q),HE () /0 V ’ )>H1/2(F),H—1/2(F)dt

for all ® € L2(0,T;VZ(Q)NV(Q) N 1(0 T;VY(Q)) such that ®(T) = 0, and if
in addition

(3.9)

divu(t) = h(t), nu(t) =vng(t) forae.te (0,T).

Remark 3.8. In [7], weak solutions to equation (3.1) are defined as in Definition 3.7
with test functions ® € Cj([0,T); C3 ,(Q)), C§ , (22) denotes the space of divergence
free functions, belonging to C2?(Q), and whose trace on I is equal to zero. Thus
Definition 3.7 is equivalent to the definition in [7] when Q is regular enough.

Theorem 3.9. For all (g,h) € L*(0,T;H” 1/2 v o), and ug € H™1(Q), u is a solu-
tion to equation (3.1) in the sense of Deﬁmtwn 3.7 if, and only if, it is a solution
in the sense of Definition 3.5. Moreover, it satisfies

fullac@) < € (ollsiay + 18 Bl o g )-

Proof. Let us assume that u € L?(Q) is a very weak solution to equation (3.1) in
the sense of Definition 3.7. Let f belong to (D(Q))", and let (®,) be the solution
to equation (3.6) corresponding to f. From Definition 3.7, it follows that

P (0 1,02 t t dt
<u07 ( )>H*1(Q),H(1)(Q) - 0 <V87n( )’g( >>H1/2(F),H—1/2(F)

:/Qu-(—at{)—uA@):/Qu-(f—Vw)

T T
B /Qu o /0 (v h(t)>H1(Q)7(H1(Q))'dt - /0 (vtom. g(t)>H1/2(r>,H-”2<F>dt
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Thus equation (3.5) is satisfied for all f € (D(Q))N. By a density argument it
follows that u is a solution to equation (3.1) in the sense of Definition 3.3.

Conversely, assume that u is a solution to equation (3.1) in the sense of Definition
3.3. With Theorem 3.5, we already know that divu = h in L2(0,7; H=1(Q)). Since
h € L*(Q), ymu is well defined in L?(0,T; H~/2(T)), and we have

: v = - h < n U, )
/Qu v /Q v u%wn>L2<0,T;H71/2<r>>,L2<o,T;H1/2<r>>

for all v € L%(0,T; H'(2)). Since we have
-V h
/Q u-Vy+ <¢’ >L2((),T;Hl(Q)),LZ((],T;(Hl(Q))/)

- <701/} n7g>LQ(O,T;Hl/Q(F)),L"’(O,T;H*l/?(F))’
for all ¥ € L2(0,T; H*(Q)), we deduce that v,u = v,g.
Let @ belong to C}([0,7); C8 ,(€)), and set f = —%2 — vA® and 1) = 0. From
(3.5), it follows that

/Q w (-2 e /Q Yht /0 (von D —vOmg) . e

= (u, ‘I’(O)>H—1(Q),H5(Q)'

Thus u € L?(Q) is a very weak solution to equation (3.1) in the sense of Definition
3.7. O

Remark 3.10. We notice that Definitions 3.3 and 3.7 are equivalent in the case
when (g, k) € L?(0,T; H_l/ﬁ%), but that Definition 3.7 cannot be used if (g, h) €

L*(0,T; H_l/ﬁ’al). Indeed in that case y,,u cannot be defined.

4. A new definition of weak solution. In this section, we are going to give a
new definition of weak solution to equation (3.1). Thanks to this new definition,
we are able to obtain new regularity results for Pu and (I — P)u, where u is the
solution to equation (3.1).

We first consider the case of regular data. Assume that (g, h) € C*([0,T7; H?’/g}))
and ug € L?(Q2). Let us set w(t) = L(g(t), h(t)) and n(t)) = L,(g(t), h(t)). It is
clear that (w,m) € C*([0,T}; H*(Q) x H*(Q)). Let (y,q) be the weak solution in
W(0,T;V§(Q),V=1(Q)) x L?(0, T; H°(2)) to the equation (3.3). We set u = w+y.
We have already seen that u = w +y is a solution to equation (3.1) in the sense of
Definition 3.1.

Equation (3.3) can be rewritten in the form

y'=Ay - Pw',  y(0) = P(uy — w(0)),
and y is defined by
t
y(t) = e P(uy — w(0)) — / =94 Pw'(s) ds,
0

where A = vPA, with domain V2(Q) N'V}(Q), is the Stokes operator in VI (Q).
Integrating by parts we obtain

v(t) = e P(ug — w(0)) + /O (= A)e=4 Py (s) ds — Pw(t) + eAPw(0).
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Thus we have
¢
Pu(t) = y(t) + Pw(t) = e Puy —|—/ (—A)e'=)APL(g(s), h(s)) ds.
0
With the extrapolation method, we can extend the operator A to an unbounded
operator A of domain D(A4) = V%(Q) in (D(A*)) = (D(A)), in order “that
(A, D(A)) is the infinitesimal generator of a strongly continuous semigroup (et)i>o0
on (D(A*)), satisfying et uy = e*4ug for all ug € V%(Q). This means that Pu is
solution to the equation
Pu’' = APu+ (—A)PL(g,h),  Pu(0) = Pu.
The equation satisfied by (I — P)u is nothing else than
(I = P)u(t) = (I = P)w(t) = (I = P)L(g(t), h(t)).
The operator PL is continuous and linear from H_l/lg”;zl to VO(Q). Thus (—A)PL
is continuous and linear from H71/31’51 to (D(—A*))’. Consequently (—A)PL(g, h)
belongs to L*(0,T; (D(—A*)") if (g, h) belongs to L*(0,T; Hfl/lg”?zl).
We can now state a new definition of weak solution.

Definition 4.1. A function u € L?(0,T;L*(Q)) is a weak solution to equation (3.1)

if
Pu is a weak solution of the following evolution equation
Pu' = APu+ (-A)PL(g,h),  Pu(0) = Puy, (4.1)
and if (I — P)u is defined by
(I - Pyu() = (I - P)L(g. h)() in L2(0, T;LA(Q)). (4.2)

By definition (see [1]), a function Pu € L?(0,T;V9(Q)) is weak solution to
equation (4.1) if and only if, for all ® € D(A*), the mapping t — [, Pu(t)®
belongs to H(0,T) and satisfies

%/QPu(t)Q:/QPu(t)A*<I>+<(—A)PL(g(t),h(t)),<I>>(D(A*)),7D(A*)

and /Pu(t)<I> z/Pu0<I>.
Q t=0 Q

Observe that A* = A and that
<(7A)PL(g(t)7 h(t))v (I)>(D(A*))’,D(A*) = <(g(t)7 h(t))7 L*(iA*)(I)>H—1/?‘:—Qle1/2,1 .

r,Q

Due to Lemma 8.5, we have

<(g(t)7 h(t))a L*(_A*)‘}>Hfl/lg:—nl7H1/?:1Q

- <(g, h), ( —~ yg—f +yn+ k(Q,¢)n, —¢(t) — k(2, 1/})>>

oP(t
L iAo SN (YO NILC0) SR

where 1) € H!(2) is determined by
Vi = (I — P)A®. (4.3)

—1/2,—1 g01/2,1
H 0o .H g
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Thus the variational equation satisfied by Pu is nothing else than
d 0P
£/qu(t)@ - /qu(t) AD 4 (g(0), ~0S .+ POm) gy g

_<h(t)a¢>(H1(Q))/7H1(Q)7
for all ® € D(A*), with ¢ defined by (4.3).

(4.4)

Remark 4.2. From the calculations of the beginning of the section, it follows
that, if (g,h) € Cl([O,T];H?’f’é) and ug € L?(Q), then the solution u € L?(Q)
to equation (3.1) in the sense of Definition 3.1 is also a solution in the sense of
Definition 4.1.

Remark 4.3. Notice that in Definition 4.1, we do not require that u(0) = ug, we
only impose the initial condition Pu(0) = Pug. Indeed if (g, h) € L(0,T; Hl/2 0)
then (I — P)u = (I — P)L(g,h) belongs to L?(0,T;HY(Q)), (I — P)u(0) is not
defined, and therefore the initial condition of (I — P)u cannot be defined. On
the other hand if (g, h) € H*(0, T; L*(0, T; H'[”) with s > 1/2, then (I — P)u =
(I—P)L(g, h) belongs to H*(0,T; H'(2)), and (I P)u(0) is well defined in H'(Q).
If (I — P)L(g(0),h(0)) = (I — P)ug, then the solution defined in Definition 4.1
satisfies u(0) = ug. Otherwise we only have Pu(0) = Puy.

Theorem 4.4. For all Puy € V-Y(Q), all (g,h) € L*(0,T;H 1/2 ), equation
(5.1), admits a unique weak solution in L?(0,T;L?(Q)) in the sense of Definition
4.1. This solution obeys

[Pullr2(0,7;v0 @)) + [Pall g o,myv2@nvi @)y + 11 = Plallrzo,r12(0)
< C([[Puolv-1e) + [IhllL20,151 )y + 18]l L200,7m-1/2(02)))-
Proof. Step 1. The system
Pu' = APu, Pu(0)=0, and (I— P)u=0,

admits u = 0 as unique solution. Thus uniqueness of solution to equation (3.1) is
obvious. Let us prove the existence. Let us first asume that g € C'([0, T]; H*/2(Q)),
h € C([0,T]); HY(Q)) and ug € L%(Q). We have already seen that, if (w(t),(t)) is
the solution to (3.2), and if (y, ¢) is the solution to (3.3), then the solution u = w+y
to equation (3.1) in the sense of Definition 3.1 is also a solution to equation (3.1)
in the sense of Definition 4.1.

Now suppose that (g, h) € L*(0,T; H_l/2 o) and up € H™1(Q). Let (g, ha)s
be a sequence in Cl([O,T],HSI/ﬂ?Q) converging to (g, h) in L? (0, T; Hfl/ﬁ”al), and
let (ug)r be a sequence in L?(Q) converging to ug in H™1(Q). Let (w(t), m(t))
be the solution to equation (3.2) corresponding to (g (t), hi(t)), let (yk, qx) be the
weak solution to equation (3.3) corresponding to wy, and ug j, and set uy = Wi +yy.
We have already seen that (ug)x converges in L%(0,T;L2(2)) to the solution u to
equation (3.1). Moreover, passing to the limit when k tends to infinity in the
equality (I — P)uy = (I — P)L(gk,hi), we obtain (I — P)u = (I — P)L(g,h).
Knowing that (Puyg), converges to Pu in L2(0,7;V?(£)), and passing to the limit
in the variational formulation

i [ Pae()® = QPukA'i—/F(ua—w /hw,
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we can show that Pu is the solution of Pu’ = APu + (—A)PL(g,h), Pu = Pu,.
Thus u is the solution of equation (3.1) in the sense of Definition 4.1.

Step 2. Observe that if ® belongs to V2(Q) N 'V}(Q), then the associated pressure
1, determined by Vi = v(I — P)A®, belongs to H!(Q2), and the mapping ® + 1
is continuous and linear from VZ(Q) N 'V}(Q) into H' (). Therefore, in equation
(4.4), the mapping

P — f/r (V% - wn) -g(t) — /Q h(t)y,

is continuous and linear from (D(A*),| - |lvz(n)) into L2(0,7). Thus it can be
identified with an element in L?(0,T; (V2(2) N'V3(Q2))). If we denote this element
by f, we have

£l 220,73 0v2 vy < CUlgl L2012y + Rl L2 0,7;21 (22))1)-
In other words, Pu is the solution to equation
Pu’ = APu+f, Pu(0) = uy,
and we have
|[Pullrz(0,7:vo () + 1Pl 1 0.7 (v2 () nvi @)
< C([[Puollvo ) + [Ifll 220, 7:(v2(@)nvi))))-
The proof is complete. O

Theorem 4.5. (i) If (g, h) € L? (O,T;Hg”gl/z) and if Pug € [V9(Q), V1)1 2,
the solution u to equation (3.1) obeys the estimate:

[Puall 20, 00v 1722 )y + ([ Pall z/a-</20,70v0 )y + (T = P)ullp2(0,0:11/2(0))
< C([[Pug|

vo @), V-1, . T 820, r2) + 1Al 20,112 (02))y) Ve > 0.
(ii) If (g, h) € L?(0, T Hyy /) N H/2(0, T, HY /%) with 0 < s < 2, and Q is of
class C® when 3/2 < s < 2, then

(I = P)allz20,7ms+172(0)) + (1 = P)ul|ger2 0, rm12 )

< Cllgllassr2sy + 10l 20, m5m5-172)) + 1Bl o2 (0,751 72(0)))-
(iil) If Q is of class C%, (g,h) € L*(0, T;Hygy /%) N HY2(0,T;HE /%), Pug €

VOET2(0) with 0V (s — 1/2) = max(0, s — 1/2) and s € [0,1[U]1,2], and if uo
and (g(0), h(0)) satisfy the compatibility condition

0[P (uo — L(g(0), h(0)))] =0, (4.5)
when s €]1,2], then
1Pullerss12-corzv1ra-2/2@) < ClIPU0]lyoviem1ra ) + lIgllaeerz(s)

Al Lz 0,172 (0)) + 1B o2 0,121 /2(0)))) Ve > 0.
(4.6)

Proof. The proof is very similar to the one in [19, Theorem 2.3]. Throughout the
proof, Dg has to be replaced by L(g, k). The other modifications are obvious. [
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5. Other regularity results. We would like to give an equivalent formulation to
equation (4.1) which allows us to use regularity results from [15].

Proposition 5.1. Assume that 0 is of class C3, (g,h) € L> (O,T; HI%%/Z)
NHY(0,T;HYGY?), Pug € VE(Q), and P(ug — L(g(0), h(0))) € VE(2). A func-
tion Pu € V21(Q) is a weak solution to equation (4.1) if and only if the following

conditions are satisfied:
(i) Pu(0) = Pug. There exists a function m € L*(0,T; H'(Q)) such that

ag% —vAPu+ Vr =0, (5.1)

in the sense of distributions in Q.
(ii) Pu satisfies the following boundary condition:

Puls =:(g) —7-(Va), (5.2)
where g € L?(0,T; H?(QQ)) is the solution to the boundary value problem
o dq(t) _ Ip(t)
Ag(t)=0 in Q, o 8 R, On I, forallte]|0,T], (5.3)

and p € L*(0,T; H(SY)) is the solution to
Ap(t)=h(t) inQ, pt)=0 onl, foralltel0,T]. (5.4)

Proof. First prove (5.1). Let Pu be the solution of (4.1) and (I — P)u be defined by
(4.2). We know that u = Pu—+ (I — P)u is the solution of (3.1). Due to Theorem
4.5, we know that Pu € V®°/275/4=¢/2(Q) for all ¢ > 0, and that (I — P)u €
L?(0,T; H>2(Q)) N H*(0,T; H'/2(Q)). Thus the pressure p in (3.1) belongs to
L2(0,T; HY(Q2)), and we have
8;% —vAPu+ Vp=vA(I — P)u— W
From the characterization of (I — P) (see [24]), it follows that (I — P)u = (I —
P)L(g,h) = Vq + Vp, where ¢ is the solution of (5.3) and p is the solution of
(5.4). Since (g,h) € L?(0,T; ng?;z/z) N HY0,T; HIQ’@I/Q), the functions p and ¢
belong to L2(0,T; H3(2)) N H(0,T; H3/?(Q)) (we only assume that Q is of class
C?, thus we cannot hope to have p in L?(0,7; H/?2(Q))). Since AVq + AVp =
VAq + VAp in the sense of distributions in @, equation (5.1) is established with
w:p—Aq—Ap—i—%—F%zp—h—&-%—k%.
To prove (5.2), we observe that

Pulg =uls — (I = P)uls =g — (I — P)L(g, h)|x,

and that (I —P)L(g, h) = Vq+Vp. Therefore (5.2) is proved because g—~o(Vq(t)+
Vp(t)) = v-(8) — 1= (Va(t) + V(1)) = v-(8) — 7-(Va(t)). Indeed - (Vp(t)) =
V:(v0p(t)) = 0.

Now we assume that Pu € V1(Q) obeys the statements (i) and (ii) of the
proposition. For all ® € VZ(Q)NV}(Q), we have

A puye = /Q VAPU(t)® — /

dt Jo Q

0%
l/an.

u(t) A® + / 7+(Va(t) + Vo(t) - g(t))
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Introducing the function ¢ € H'(Q)/R defined by Vi = v(I — P)A®, we obtain

0
e (Vatt) + Vote) - vl = [ va® - (Valt)+ Vo) - [ v@-Va)

Q

:/ (I — P)vA®) - (Vq(t) + Vp(t)) :/W)- (Va(t) + Vp(t))
Q Q

= h ‘n.
Qw (t)+/rg ny

The first equality comes from the fact that l/g—f -n =0 when ® € VZ(Q)NV}(Q).
Thus, if Pu obeys conditions (i) and (ii) in the proposition, then Pu is the weak
solution to equation (4.1) (see (4.4)). O
Proposition 5.2. Assume that (g,h) € L*(0,T; Hfﬂ’fﬂ*lm) N Hs/? (0,T; Hg:;)l/z)
and Puy € Vfl_l/Q(Q) for some s > 1. Let q be the solution of (5.3). The compat-
ibility condition
7-(8(0)) — 77 Vq(0) = 70 Puo, (5.5)

is equivalent to (4.5).
Proof. We have

70 PL(g(0), 7(0)) = 70 L(g(0), 1(0)) — 70 ((I — P)L(g(0), 2(0)))

=0(8(0)) = 70(Va(0) + Vp(0)) = 7-(g(0)) = 7+ Vq(0),
which proves that (4.5) and (5.5) are equivalent. O

Proposition 5.3. Assume that (g, h) belongs to H‘;’jz_l/z with 0 < s < 3 and that

Q is of class C2 if 0 < s < 3/2,
Q is of class C*if 3/2 < 5 <5/2, (5.6)
and Q is of class C° if 5/2 < s < 3.

There exists a constant C' > 0 such that

I (Vo) vy < Cll(g, Mllggz.err2 - for all s €]0,3], and all (g,h) € Hyy, 2

where q is the solution of equation (5.3), and
0,—1/2
IV (0)llvow) < Cll(g 1)y 2 for all (g.h) € Hyg''?,
where V, denotes the tangential gradient operator.

Proof. 1f (g,h) € Hy3 '/ and s €]0,3], we know that ¢ € H**3/2(Q), Vq €
H*1/2(Q), and v¢(Vq) € H*(T'), which provides the estimate of the proposition
in the case when s > 0. For s = 0, we have yoq € H(T'), and V,(v0q) € V°(T).
Indeed, from [5, Lemma A.3] it follows that % belongs to L2(T"). Thus g belongs
to HY(T'). The proof is complete. O

Remark 5.4. Since we use regularity results for the auxiliary problem (5.3), we
need that 2 satisfies (5.6) (see [25, Exercise 3.11]). From Proposition 5.1 and a
density argument it follows that the system (5.1)—(5.2) is equivalent to

Pu’ = APu+ (—A)D(’y.,.g = 7-(Va)), Pu(0) = Puy,
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if (g,h) € L?(0,T; H;”sﬂ_l/z) and s > 0, and to
Pu' = APu+ (—A)D(v,g — V-(109)),  Pu(0) = Puy,

if (g,h) € L*(0,T; HY _1/2) In theses equations, A is the extension of A to (D(A*))’
(see section 4).

Theorem 5.5. Assume that (g,h) € L*(0,T;Hyy '/?) n H*/2(0, T HYG?),
Puy € V;TI/Q(Q), with 3/2 < s < 3, and Q) satisfies (5.6). If ug and (g(0), h(0))
satisfy the compatibility condition (5.5), then the solution Pu to equation (4.1)
satisfies the estimate
||PuHVs+1/2,s/2+1/4(Q)
(5.7)
T O A ——

Proof. By a density argument, it is sufficient to prove estimate (5.7) when (g, h) €
12(0, T3 Hyy %) 0 HP2 (0, T Hy g %) 0 L2 (0, TsHERP) 0 (0, T3 Hrg ). Tn
this way we can use Proposition 5.1. With Proposition 5.3, we can show that

19 (V) llveeragsy < ONE o g2y (o a0 7):

for all s €]0,3], and all (g,h) € L*(0,T; HSS 1/2) HS/Q(O T; H 1/ ), where
q is the solution of equation (5.3). Thus, the theorem is a dlrect consequence
of the above estimate, of Proposition 5.1, and of known regularity results for the
instationary Stokes equations with nonhomogeneous boundary conditions [23]. O

Theorem 5.6. Assume that (g,h) € L? (O,T;H‘;’E;lm) N Hs/? (O,T;Hg’ﬁs_zlﬂ), Q

is of class C% and Pugy € vovls= 1/2)( 2), with s € [0,1[. Then the solution Pu to
equation (4.1) satisfies the estimate

||PU.HV5+1/2,S/2+1/4(Q)
(5.8)
<C (HPuO”V?ZV(S—l/?)(Q) + ||(g7 h)” (0 T H:' s — 1/2) Hs/2 (O T HO 1/2)) .

Proof. By a density argument, it is sufficient to prove estimate (5.8) in the case
when (g, h) € L*(0,T; H 3/2) NH(0,T; H _1/2) and (g(0), ~(0)) and Puy satisty
Y (PL(g(0), h(0)) — Pug) = 0. With Proposition 5.3 we can show that

”vT(’yoq)”VS’S/Q(Z) < CH(g7 h)HLz (O,T;Hf:y‘;;l/z)ﬁHs/Q (07T§H%’51/2) for all s € [07 1[7

where ¢ is the solution of equation (5.3). (For s > 0, we have to observe that
v-(Vq) = V+(70q).) Thus estimate (5.8) follows from Proposition 5.1, and from
[15, Theorem 2.1] in the case where 0 < s < 1. O

Theorem 5.7. Assume that (g,h) € L?(0,T;Hyg 1/2) N HY2(0,T;H _1/2),
Puy € ng(sfl/Q)(Q), with s € [0,1[N]1,3[, and Q satisfies (5.6). If ug, g(0)
and h(0) satisfy the compatibility condition (4.5) when 1 < s < 3, then

HPll||Vs+1/2,s/2+1/4(Q)
(5.9)
< C(I1Puollygye-s7o ey + 18 W o rgaztr2) crers o im0 %) )
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Proof. Estimate (5.9) is already proved for s € [0, 1[ and s € [3/2, 3]. For s €]1,3/2],
it is obtained by interpolation between the regularity results stated in Theorems
5.5 and 5.6. O

Remark 5.8. In Theorems 5.5 and 5.7, for s = 2, we have to assume that € is
of class C* (because we make use of Proposition 5.1), while in Theorem 4.5.(iii)
we only assume that €2 is of class C3. Actually, combining the results stated in
Theorem 5.6 for s = 0 with arguments in the proof of Theorem 4.5, we can show
that (5.9) is still true when € is of class C3.

Corollary 5.9. Assume that Q is of class C*. If (g,h) € L*(0,T; HSS 1/2) N
H*(0,T;Hy: 5/%) and Puy € V5(Q) with & < s <1, and if Puy = PL(g(0), h(0)),
then Pu € V5+1/27s/2+1/4(Q), (I—P)u € L?(0,T; HTY/2(Q)) N H*(0, T; HY/?(Q)),
u belongs to C([0, T]; H*(Q)) and

[ullc o115 @)

(5.10)
el R (] s ———y b

r,Q

Proof. From Theorem 5.6 it follows that

HPu||VS+1/2,S/2+1/4(Q)

< C(”Pu()vafl/Z(Q) + ”(ga h)” (0 TH s— 1/2)QHQ(0 THg 51/2)) .

It is clear that (I — P)u belongs to L2(0,T;H5+1/2(Q)) N H*(0,T;H/2(Q)) —
C(]0,T); H*(Q)) since s > 1/2. Moreover, we have

(I = P)ullp2 (0,75 +1/2(0))n = (0,7:H1/2(02))
S CH (g7 h)HLQ (07T;H;1551/2)0H.§ (O!T;H%,g—zl/Q) )
and
(I = Pu)llcqo,rm= ) < Cli(g, M), (0s8z "5 2) e (0,750 5172 *

Let us show that Pu € C([0,T]; H*(Q)). If (g,h) € L?(0,T;HY ’?), then
Pu € V/21/4(Q), and

[Pully1/20/40g) < C(\|Pu0||vg(9) +II(g, M, , (O,T;Hg'};/z)) : (5.11)

If (g,h) € L*(0,T;Hy 1{5) N HY(0,T;Hy5"?) and Puy = PL(g(0), h(0)), then
Pu(t) = PL(g(t), h(t))— f; e*=9APL(g (5), I (s))ds, [n e*"APL(g/(s),h'(s))ds €
L%(0,T; V2(Q)NH(0,T; V'/2=5(Q)) for all ¢ > 0 PL(g,h) € H’(0,T;V3/2-9(Q))
for all # € [0,1]. Thus Pu € H?(0,T;V3/?279(Q)) for all § € [0, 1], and

[Pl o0, 75v3/2-0(02)) < Cll(8, )||L2(0TH1 2 nm (0,0 V2 ¢ (5.12)

By interpolation between (5.11) and (5.12), we obtain

[ Pullcqo,rm: (@) < C(HPUOHV;(Q) + II(s; )HL2 (OTHS = 1/2)01{5 (o,T;H%,aW)) :
The proof is complete. Let us notice that

HPUOHV;(Q) = ||PL(g(O)a h(o))”v;(m < C’||(g,h)\| (0 T, 1/2)QHQ(O TH: 91/2) .
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6. Oseen equation.

6.1. Linearized Navier-Stokes equations around a stationary state. In this
section, we want to extend the results of sections 4 and 5 to the equation

%—?—VAu—i—( -Vu+(u-V)z+Vp=0, divu=h inQ,

u=g on%, u(0)=mugin{,

(6.1)

where z belongs to V1(Q), and (g, h) belongs to L?(0,T; H —1/2)
To study equation (6.1) we introduce the unbounded operators A, and A} i
V() defined by

D(A,) = {u € VE(Q) | vPAu -~ P((z- V)u) - P((u-V)z) € V(@) },
D(Az) = {u € Vi(Q) | vPAu + P((z - V)u) — P((Vz)Tu) € Vg(Q)},
Az,u=vPAu— P((z-V)u) — P((u-V)z)

and Aiu=vPAu+ P((z-V)u)— P((Vz)Tu).

Throughout this section we assume that Ay > 0 is such that
/ ()\0|u|2 +vVul* + ((z- V)u)-u+((u-V)z) - u) dx
Q
> 5/(|u|2+ Vul?) de
2 Ja
and (6.2)
/ (Molul? + ¥|Vul? ~ ((z- V)u) -u+ (V2)"u) - u) de
Q
> 7 [ (uf + () do
2 Ja

for all u € V}(Q).

Lemma 6.1. The operator (A, —Mol) (respectively (A% —Aol)) with domain D(A,—

Aol) = D(A,) (respectively D(A} — Xol) = D(A})) is the infinitesimal generator of

a bounded analytic semigroup on VO (). Moreover, for all 0 < o < 1, we have
D((Aol = Az)?) = D((Mol = A7)%) = D((Aol — A)%) = D((—=A4)%).

Proof. See [19, proof of Lemma 4.1]. In particular, we show that u € L2(0,T; V°(Q2))
is a weak solution to equation (6.1) if and only if

Pu is a weak solution of the evolution equation
Pu’ = APu+ (—A)PL(g, h) + P(div(z®u)) + P(div(u®z)), (6.3)

Pu(0) = Puy,
and (I = P)u(-) = (I = P)L(g(-),h(-)) in L*(0,T;L*(Q)), (6.4)
where A is the extension of A to (D(A*))’, see section 4. O

Let us denote by A, the extension of A to (D(A2)) = (D(A*)). Following what
is done for the Stokes equations, we introduce the lifting operators associated with
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Aol — A,. For all (g, h) € HO’F_’ls/ZZ, we denote by L,(g,h) =w, and L, ,(g,h) =7
the solution to the equation

Aw—vAwW+ (z-V)w+(w-V)z+Vr=0 and divw=hinQ, w=g onl.

Following what has been done for the Stokes equations, when (g, h) € C1([0,T];
H‘S/F%’Sl))7 we look for the solution (u,p) of equation (6.1) in the form (u,p) =
(w,m) + (¥,q), where (w(t),n(t)) = (L.(g(t), (1)), LpL(g(t), h(t))), and (y,q) is

the solution of

(2%—VAy+(Z'V)y+(Y'V)Z+Vq=—%—I—)\ow, divy=0 inQ,
y=0 on¥%, y(0)=P(ug—w(0))in Q.
We have

t t
y(t) = etAzP(uo —w(0)) — / e(t_s)Asz'(s)dS + )xo/ e(t_s)Asz(s)ds
0 0

¢
= et Pug 4+ (Aol — Az)/ elt=3)42 Pw(s)ds — Pw(t).
0
Thus Pu is defined by
t
Pu(t) = "= Pu, +/ (Mol — Ay)et=942 Pw(s)ds.
0

This leads to the following definition.

Definition 6.2. A function u € L?(0,7;V°(Q)) is a weak solution to equation
(6.1) if

Pu is a weak solution of evolution equation

Pu' = A,Pu+ (\oI — A,)PL,(g,h),  Pu(0) = Puy, (6.5)
and

(I = Pu() = (I = P)L,(g,h)(-) in L*(0,T;L%(2)).

As in section 2, we can establish the following theorem.

Theorem 6.3. (i) For all Puy € V™-1(Q), all (g,h) € L*(0,T; H_1/§7’§1), equation
(6.1), admits a unique weak solution in L*(0,T;L?(2)) in the sense of Definition
6.2. This solution obeys

[Pullrz(0,1;v0 ()) + [Pall g o,myve@)nvi @)y + 1 = Plallrzo,r12(0)
< C(I1Puollv-1 (o) + 1Pl 20,1y (2))) + 18l 20,758 1/2(02)) )-
(ii) If (g, h) € L*(0, T Hyy /) N H/2(0, T, HY 6'/%) with 0 < s < 2, and Q is of
class C® when 3/2 < s < 2, then
(I = P)ull20,75m5+1/2)) + 1L = P)all g2 0,0i11/2(02))
< C(llgllassr2(my + 10l L20,m5m5-172()) + Bl o2 0,050172(0))7))-
(iii) If (g, h) € L*(0, T3 HEY?) N HY(0, T;HEV?), 2 € V3/2V6=1/2(Q), Q sat-
isfies (5.6), Pug € V?Lv(sfl/Q)(Q), with s € [0,1][N]1,3[, and if up and (g(0), h(0))
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satisfy the compatibility condition (4.5) when 1 < s < 3, then

HPU||V3+1/2,5/2+1/4(Q)

(6.6)

e (YT AR A———
Proof. We refer to [19, Theorem 4.1] for a very similar proof in the case when
h=0. O

Proposition 6.4. For all Puy € V9(Q) and all (g, h) € L*(0,T; HO’FTg2), problem
(6.3) admits a unique weak solution Pu in L*(0,T;V2(Q)) and it satisfies

|Pullzzo v @) < € (1Pollva @) + 18 ) 2o re1s2) ) -

Proof. For all v € L*(0,T; V%(Q)), z®v and v @z belong to L*(0, T; (L3/2(Q))N).
Thus, if v € L2(0,T;VI(Q)), the evolution equation

y' = Ay + (=A)PL(g,h) + P(div (z® (I — P)L(g, ))))
+P(div (((I — P)L(g,h)) ® z)) + P(div (z @ v)) + P(div (v ® z)),
Py(o) = Pan

admits a unique solution yy in L?(0,7;V9(Q)). As in [18, Proposition 2.7] we can
show that for T > 0 small enough, the mapping

V—Yv

is a contraction in L2(0,7*; V?(£2)). Thus we have proved the existence of a unique
local solution to equation (6.3). As in [18] we can iterate this process to prove the
existence of a unique global in time solution in L?(0,T; V°(Q)) to equation (6.3).
The estimate of Pu in L?(0,T;V2(£2)) can be derived as in [15]. The estimate of
(I — P)u= (I — P)L,(g, h) follows from the continuity of the operator (I — P)L,.
The proof is complete. O

Theorem 6.5. A functionu € L?(0,T;L%(Q)) is a weak solution to equation (6.1),
in the sense of definition 6.2, if and only if u is the weak solution to problem (6.3)—
(6.4).

Proof. This equivalence can be easily shown in the case when uy € V{§(Q) and

(g,h) € CH0,T; H3/1“2512) Due to the estimates in Proposition 6.4 and in Theorem
6.3(i), the equivalence follows from a density argument. O

6.2. Linearized Navier-Stokes equations around an instationary state. In
this section, we want to study the linearized Navier-Stokes equations around an
instationary state z, with homogeneous boundary conditions:

Ou . .

— —vAu+(z-V)u+(u-V)z+ Vp={, divu=0 inQ,

ot (6.7)

u=0 on¥%, u(0)=upin,
in the case where z belongs to L2(0,T; V1(Q)) N L>(0,T;V$(Q)) with 1/2 < 5 <

5/2, and f belongs to L?(0,7; H~1(Q)). In this section we only treat the case when
N = 3, the adaptation to the case when N = 2 can be easily done.
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We prefer to rewrite the term (u- V)z in the form div(z ® u). Thus, for almost
all t € (0,T), we define the operators A,(t) € L(VE(Q),V71(Q)) and Aj(t) €
L(V(2), V=1(2)) by

(Az(t)u, V>V—1(Q),V}J(Q)

/ (—vVu-Vv—((z(t)  V)u)- v+ ((u-V)v) - z(t))dz,
(A2 V)y 1 q), Vi(Q)
(

/ —vVu-Vv+ ((z(t) - V)u) - v+ ((v-V)u) - z(t))dz,

for all u € V}(Q) and all v € V{(Q).

Let us still denote by P the continuous extension of the Helmholtz projector
to H=1(Q), that is the bounded operator from H~!() onto V~1(Q) defined by
<Pf, (I)>V*1(Q),V(1)(Q) = <f, q)>H*1(Q),Hé(Q) for all f € Hil(Q), and all ® € Vé(Q)
(see e.g. [20, page xxiii] or [3, Appendix A.1]). Equation (6.7) can be rewritten in
the form

u' = A,(t)u+ Pf, u(0) = ug.
Lemma 6.6. There exist A\g > 0 and M > 0 such that
(Aa (V) v | £ Mullvyo Vv
and y
</\011 - Az(t)uv u>V*1(Q),Vé(Q) > 5”“”%/5((2)7
for allu € V§(Q), all v € VL(Q) and almost all t € (0,T).
Proof. For all u € V}(Q), almost all t € (0,T), and \g > 0, we have:
(Mou — Az (t)u, u>V_1(Q)7Vé(Q)

= / (Mol + v Ful? + ((2(t) - V)u) - u = ((u- V)w) - 2(1)) da
Q

:/ (A0|u|2+V|Vu|2 —((u-V)u) -z(t)) dz
Q

2 /Q ()\0\11\2 + V\VU|2) dx — ||u||L3/S(Q)Hu”Vé,(Q)||z||L°°(O,T;V"’(Q))

25 1)/2 (5—2s)/2
> / (Nolal? + v|Vul?) do — Cllullys o) ullGs &) 2Nl L o.7:v )

v 4/(2s—1)
> | (olu® +vIVuP) de = Sul¥q) — Cllzl 567 o 1l @)
Q 2 0 "
~ . . v A4/ (2s—1)
for some C' > 0. It is sufficient to choose Ao = § + C’||Z||L(x,(0 Ve ()

For all u € V§(Q), all v € V}(2), and almost all t € (0,T), we have:
’<Az(t)u7v>vfl(n),vg(n)‘
<v|ullvillvlivi + [1zllLe©rvs @) lallvi IViive @
+lullws/s @) lIVIlvi@llzlle©1:vs (@)

<vlullvyIvlivi) + Cllzl Lo, v: @) lullviolvivie) -
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The proof is complete. O

Theorem 6.7. Assume that z belongs to L?(0,T; VY(Q)) N L>(0,T;V*(Q)), with
1/2 < s <5/2, and that N = 3. For all ug € V2(Q) and all £ € L*(0,T;H1(2))
equation (6.7), admits a unique weak solution u in W(0,T; VE (), V=HQ)).

Proof. The theorem is a direct consequence of Lemma 6.6 and of a theorem by J.-L.
Lions (see e.g. [6, Chapter 18, Section 3.2, Theorems 1 and 2]). O

With A, (t) and A}(t), we can associate two unbounded operators in V2 (), still
denoted by A,(t) and A(t) for simplicity, and defined by

D(A,(1)) = {u € V3(Q) | vPAu - P((a(t) - V)u) = P((u- V)a(t)) € V() },
DA (1) = {u € V}(Q) | vPAu+ P(((t) - V)u) = P((Va(t))Tw) € V3(Q)],
Ay(tyua = vPAu = P((z(1) - V)u) = P((u- V)z(1)),

and

Ay(tya = vPAu+ P((2(1) - V)u) = P((V2(t)Tw).

7. The Navier-Stokes equation. In this section, we want to study the equation

g—ltl—yAu—&—( VYu+Vp=0, dvu=h inQ,

u=g on%, Pu(0)=upinQ,

(7.1)

where (g, h) belongs to L?(0,T; H}', 1/2) N H*(0,T; H 91/2) with s > 1/2, and
up € VO(Q) and N = 3. Let z be the solution to equation

Pz’ = APz + (—A)PL(g,h),  Pz(0) = PL(g(0), h(0)),
(I = P)z(-) = (I — P)L(g("),h() in L*(0, T;L*(Q)).

We look for a solution u to equation (7.1) in the form u = z + y, where y is the
solution of

(7.2)

9]
%*vAer(z Vy+(y-V)z+(y-V)y+(z-V)z+Vqg=0,
divy=0 inQ, (7:3)

y=0 onX, y(0)=uy— PL(g(0),h(0)) in Q.

Since g € H**(X) — C([0, T); H*~Y2(T")), and h € H*(0,T; (HY?(Q))")NL*(0, T
H*=2(Q)) — C([0,T]; H*~*(Q)), we have that PL(g(0), ( )) € H*(Q).
According to Corollary 5.9, z belongs to L?(0, T; H*T1/2(Q)) n C([0, T]; H*(2)).
With the notation introduced in section 6.2, we can rewrite equation (7.3) in the
form

Y =A.(t)y = P((y-V)y) = P((z-V)z),  y(0) =uo— PL(g(0),h(0)). (7.4)
Since z belongs to L2(0, T; H*+1/2(Q))NC([0, T]; H*(Q)), it is clear that P((z-V)z)
belongs to L2(0,T; H~(2)). Thus equation (7.4) is very similar to the three dimen-
sional Navier-Stokes equation with a source term belonging to L2(0,7;V~1()).
The only difference is that the Stokes operator A is now replaced by A,(t). Let us
denote by Cy,([0,T]; V(Q)) the subspace in L>(0,T;VY(Q)) of functions which
are continuous from [0, T into V9 (£2) equipped with its weak topology.
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Theorem 7.1. Assume that N = 3. For all uy € V9(Q), all (g,h) € L*(0,T;

H;’j{lm) NH* (O, T; Hg’@lm) with s > 1/2, equation (7.3) admits at least one weak

solution in Cy,([0,T]; V2 (Q)) N L2(0,T; V§(Q)).

Proof. Let )y be the exponent appearing in Lemma 6.6. A function y € C ([0, T];
— Aot

VO(Q))NL2(0,T; VE(Q)) is a weak solution to (7.4) if and only if y(¢) = (t)
is the solution in Cy, ([0, T]; V() N L%(0,T; V§(Q)) to

Az ()Y = Aoy — P(eX!(y - V)Y) — Pe "z V)z),
Y(O) uo — PL(g(0), h(0)).
Due to Lemma 6.6, the existence in L°°(0, 00; VY (Q))NL?(0,T; V{(R)) of a function
¥ satisfying the weak formulation of equation (7.5) may be proved as in the case of

the Navier-Stokes equations (see e.g. [24, Chapter 3, Theorem 3.1]). Moreover we
have

1. Lt
SOy + 5 | 190y dr

(7.5)

= %Huo — PL(g(0), h(0) g 2) = (Pl (z- v)z)’y>L2(O,t;V*1(Q))7L2(O,t;Vé(Q))'
Thus y obeys the estimate
¥ 150 ) + ||5’H%2(o,t;vé(g))
< CUIP((2- V)220 1y -1y + 10 — PL(&(0), 7(0) [0 -

for all 0 < ¢t < T, where C' is independent of ¢t and T. Moreover div(z ® y) and
div(y ® z) belong to L%(0,T;H1(Q)), and (y - V)y belongs to L?(0,T;L'(Q)).
We have H2(Q) N H(Q) — Cp(Q) with a dense imbedding. Hence M;(Q) —
(H2(2) NH(Q))’, and (y - V)y which belongs to L?(0,T; L!(2)) can be identified
with an element in L?(0, T; (H?(Q) N H{(R))’). Thus

f=(z-V)y+(y - V)z+(y V)y € L*(0,T; (H* N\ Hy(Q))") .
Defining Pf in L?(0,T; (V2(Q) N V(Q))) by
(PE(t), @) (vervi()y veavi) = (E(1), ) @eami )y m2nmy@) Y@ € VNV(Q),

with equation (7.3) we can prove that y’ € L?(0,T;(VZ(Q) N V§(Q))). Since
y € L*(0,T;V2(Q)), we can claim that y € Cy([0,7]; V2(£2)), and the proof is
complete. O

(7.6)

8. Appendix 1.
Lemma 8.1. For all ® € L%(Q), (h,g) € HB/FQV’;), the equation:
—VvAy+Vg=® and divy=¢ginQ, y=h onT, (8.1)
admits a unique solution (y,q) in H(2) x HO(Q). It satisfies the estimate:
Iy llezce) + lall#z @) < (1@l o) + ||(h7g)\|H3/g’;)-

This result is stated in [11, Exercice 6.2, Chapter 4].
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Lemma 8.2. For all f € L%(Q) and all (g,h) € H3/1121’§l, the solution (w,p) €
H2(Q) x HY(Q) to equation:

—vAw+Vp=f and divw=hin{), w=g onl,
obeys the estimate:
ow
Wlee@ +lelloe oy + (v = m=kovomp+ kw0 [
< C(Ifl 2 () + ||(g7h)||H71/F3,—§21),
where k(w, p) is the constant corresponding to (w,p), and defined in (2.1).

Proof. Let ® be in L2(€2), (h,g) be in H‘O’/lﬂz’sl27 and let (y,q) be the solution to
equation (8.1). The solutions (y, q) and (w, p) obey the Green formula:

/th> /fy+/ I/f—pn f/ﬂthr/F(fua—iJrqn)ng/ng
~[y+ | ua—n—pn—k(w,mn)h—/ﬂ<q+k<y,q>>h

+/F(—Vg—z+qn+k(y,q)n)g+/ﬂ(p+k(wm))g-

Setting (h, g) = 0, with Lemma 8.1 we obtain
[WllL2o) = SUP|\<1>|\L2(Q):1/QW<I’
< SUD|g|, =1 (||f||(H2(sz))/||V|\H2(sz)
(2~ am— kgt b)) 1)
On H'2G H "T'o
Oy + 18 M)y,
Setting ® = 0, we obtain

| (2 — o= w4 k. )|

r, Q

ow

= 5Pl (hg)l g2 _, /F (Vafn = pn— k(w, p)n) h+ /Q(p +k(w,p)g

< SUD| ()]l a2, ([ e
r,oQ=

dy
+| (v — = kv g k3 0) [ e Dz )
< Il + 1 W) lgg-1rz.-2).
The proof is complete. O

We want to define (w, p) and ( —pn—Fk(w, p)n, p+k(w, p)) in the case where
f e (H*(Q)) and (g,h) e H > 51. For all f € (H?(Q))’ and all (g, h) € H 5",
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we consider the variational problem

determine (w, ¥, p) € L2(Q) x H_314?’§1 such that

/QW ®= <f’ y><H2<m>zH2<m

_<(g7 h), (V% +qn — k(y,q)n,q + k(y, Q))>

—1/2,—1 ¢71/2,1
H "o .H'T o

~ 3/2,1
+<(‘I”p)7 (h7 g)>H_3/2'_1 H3/2'1 v(¢’h’ g) € LZ(Q) X H /F,Q’

r, Q° T, Q

where (y, ¢) is solution of equation (8.1).

Theorem 8.3. For all (f,g,h) € (H3(Q)) x H_léQ’al, the variational problem
(8.2) admits a unique solution (w, ¥, p) € L(Q) x Hfgé?’al satisfying

Iwlleay + 1%, ) llgg-0r2-1 < C (1€ gy + 1@ ) lgg-172.-1 )

Proof. (i) Let us first prove the uniqueness. If f =0, g =0, h = 0 and if (w, ¥, p)
is a corresponding solution to problem (8.2), choosing (®,h,g) = (w,0,0) in (8.2),
we obtain w = 0. Choosing (®,h, g) = (0,h,g) in (8.2), with any (h, g) in H3/1“2,’5127
we obtain (¥, p) = (0,0).
(ii) The existence result relies on a density argument. Let (f, g, h) be in (H2(Q))’ x
H_ll/q?’gl. The space L?(Q) x H3/F2;2 being dense in (H2?(Q))" x H_llé?’él, there
exists a sequence (£, 8, hn)n C L2(Q) ><H‘3/F2§2 converging to (f,g, h) in (H2(Q))’ x
H_ll/f’s_ll. Let (w,,, pn) be the solution to the equation

—vAw, +Vq, =f, and divw,=h,inQ, w,=g, onl.
We can easily verify that (w,,, ¥, p,), with ¥, = 1/85‘1’1" — pnt — k(Wy, pp)n and
Pn = pn + k(Wy, pn), is solution to problem (8.2) corresponding to (£f,,gn, hn)-
From Lemma 8.2, we deduce that (w,,, ¥, pn), converges to some (w,¥,7) in
VOo(Q) ><H_3é?’51. To show that (w, ¥, p) is solution to problem (8.2) corresponding
to (f,g, h), it is sufficient to pass to the limit in the identity

w, P =

Q
ow, Jy
/any—/gqhn—/gpnwr/r(v on —pnn)h—/r(vafn—qn)gn
:/fny_/qhn_/(pn+k<wnapn))g
Q Q Q

+/F (z/ag;n — ppn — k(wmpn)n) hf/F (l/g% - qn) 8n-

The proof is complete. O

Let us recall that, for (g, h) in HS/F%’;Z, (L(g,h), Ly(g,h)) = (w, p) is the unique
solution in H () x H%() to the equation
—vAw+Vp=0 and divw=hin{), w=g onl.

From Theorem 8.3 we deduce the following corollary.



24 JEAN-PIERRE RAYMOND

Corollary 8.4. The operator L is linear and continuous from Hﬂflgq into HST1(Q)
for all =1 < s <1, and the operator L, is linear and continuous from HHF%;’S into

HE(Q) for all -1 < s < 1.
If in addition ) is of class C3 the above results are still true for —1 < s < 3/2.

Proof. Let us prove the result when € is of class C? and —1 < s < 1. The other

3/2,1
r

case can be treated similarly. Due to Lemma 8.1, L is continuous from H™:"¢, into

H?(Q), and L, is continuous from H3/1“2512 into H*($2). From Theorem 8.3 it follows
that L can be extended to a bounded operator from H—114?,51 into L?(2), and L,
can be extended to a bounded operator from Hfll/ﬂ?’él into H~1(Q2). The result
follows by interpolation. O

We define L* € E(Lz(Q),HIQ: ;2/2) as the adjoint of L € E(ngjal/z, L2()).
Lemma 8.5. For all f € L2(Q), L*f is defined by

L*f = ( — Val + ™ + k‘(v,?T)n, - — k‘(V,ﬂ')),

on
where (v,7) € H2(Q) x HY(Q) is the solution to
—vAv+Vr=f and divv=0inQ, v=0 onl. (8.3)

The operator L* is bounded from H?(Q) into Hs';%f’s“ for all 0 < s < 2. More-
over, for all ® € VZ(Q) N V§(Q), we have:
. 0P
L (~A)® = (= v+ + k(@,¢)n, —p — k(®,1) ).
where ¢ € HY(Q) is determined by
Vi =v(I — P)A®.

Proof. (i) For all f € L2(2), and all (g, h) € H19:51/2, the solution (v, 7) to equation
(8.3) and w = L(g, h) obey:

/QL(g,h)~f:/F(—ug—z+7rn)g—/Qh7r

= <( — I/g—:l +m+ k(v,m)n, -7 — k(v, 77))7 (g, h)>Hﬁ’§1/2

Thus L*f is well defined as indicated in the statement of the lemma. Due to
regularity results for the Stokes equations we have

0,1/2"°
Hpl

. ov
|E*Sllggren/acn = H (Va—ng — 0 — k(v, )0, 7 + k(v, ﬂ)) HH+/Q+ < C|£[l5- (@,
if 0 < s < 2. The first part of the lemma is proved.

(ii) From the first part of the proof it follows that

L (-4)® = (- y‘g—f Y+ k(®,0)m, — — K(®,1))

where (®,1)) is the solution of the equation
—VA® + Vi) = (—A)® and div®é=0inQ, ®=0 onl.
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This equation is equivalent to
(—A)® = (—A)® and V¢ =v(l — P)AD.
Thus ® = & and V¢ = v(I — P)A®. The proof is complete. O

9. Appendix 2. Throughout this appendix we assume that Ag > 0 satisfies (6.2),
and that z belongs at least to V1(2), or is more regular than that.

Lemma 9.1. [19, Lemma 7.1] For all ® € L?(2), (h,g) € H?’/FQ”;), the equation:

AV—VAVH (z-V)v+(v-V)z+Vr=® and divv=ginQ,

9.1
v=h onlT, 6-1)

admits a unique solution (v, ) in HY(Q) x H°(Q). Moreover the following estimate
holds:

Vllez(@) + 7l o) < CI1R Iz @) + 1 )z )- (9.2)
If in addition Q is of class C3, z € V3/2(Q), and (®,h,g) € H/?(Q) x ngzgg’z/?,
then
IVilverz@) + Imlssaym < € (1@ 2oy + 108,922 ).
The above results are also true if we replace equation (9.1) by the following one
MV — VAV — (z-V)v+ (Vz)Tv+Vr=® and divv=gin{,

9.3
v=h onT. (9:3)

Lemma 9.2. For all £ € L?(Q) and all (g,h) € HS/I?’%)’ the solution (w,p) to
equation:

AW —VvAW+ (z-V)wW+ (w-V)z+Vp=f and divw=hin Q, (0.4)
w=g onl, .
obeys the estimate:
Iwlivireg + | (52 = = k(w, oo+ k)|
H r, Q
< C(Iflarey + (Wl ).
where k(w, p) is the constant corresponding to (w,p), and defined in (2.1).
If in addition z € V3/2(Q) then we also have:

Iwlee) + || (v5% = pn = k(w, o p+ k(w.p) |

r, Q
< C(Ifllgrecy + (82 lgg-172-1)-

Proof If (v, ) is the solution to equation (9.3), and (w, p) the solution to equation
, then we have

ov
wd = /fv+/ V—— n —/wh—l—/ —v—+7mn—z-nh —|—/ .
/ P o F( on )g QPQ

Thus the proof can be performed as in the one of Lemma 8.2. The assumptlon Z €
V3/2(Q) is needed to estimate z-nh in HY/2(I") when (g, h) belongs to H 1/2 O
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We want to define (w, ¢) and ‘?d—‘: —gn — k(w, ¢)n in the case where f € (H2(Q2))’
and (g, h) € H_314?’S_21. As in Appendix 1, for all f € (H?(Q2))" and all (g,h) €

-3/2,—1 : .
H l/ﬂ q » we consider the variational problem

determine (w, ¥, p) € L%(Q) x H731/ﬂ’2’61 such that

AW@:Gmhmmmmm

ov
—((g,h),(ve——mm+2z -nh—k,(v,m)n, 7+ k,(v,n) o
< ( on )>H RSP ¢ A

- 3/2,1
HD(09), o oy V(Bhug) € LA X H,

r, Q°
(9.5)
where (v, ) is solution of the equation (9.3) and

1 ov
kz(v’w)77|F|+\Q| (/F (Van~n7r+Zonh~n>/Q7r>.

Theorem 9.3. For all (f,g,h) € (H¥2(Q)) x Ho,71/2, the variational problem
T, Q
9.5) admits a unique solution (w,®,p) € HY/2(Q) x 3 e satisfying
P r, Q

Il 5y + % ) gt 270 < O orscony + 18 a1,
If in addition z € V3/2(Q) then, for all (f,g,h) € (H*(Q)) x H_ll/ﬂ?gl, the varia-

tional problem (9.5) admits a unique solution (w, ¥, p) € L2(Q) x H7514251 satis-
fying

Iwliea) + 102 Dllgg-s2-1 < C Iz + 11 Wlgg-2-1 ).
Proof. The proof is similar to that of Theorem 8.3. O
From Theorem 9.3 we deduce the following corollary.

Corollary 9.4. The operator L, is linear and continuous from Hs?lg’s into

H* Q) for all =1 < s < 1, and the operator Ly, is linear and continuous from
Hs—;lg’s into H*(Q) for all -1 < s < 1.

If in addition ) is of class C3 the above results are still true for —1 < s < 3/2.

If Q is of class C® and if z € V3/2(Q), then the above results are still true for
~1/2<s<2.

Proof. See the proof of Corollary 8.4. O
We define L} € E(LQ(Q);HIQ: 51)/2) as the adjoint of L, € E(HIE):S_;/Q; L2(Q)).
Lemma 9.5. For all f € L2(Q), Lif is defined by
Lif = ( —v ov +m+ k(v,m)n, —7 — l’<:(v,7r)>7
on
where (v, m) is the solution to

AV —VAV — (z-V)v+ (Vz)'v+Vr=f and divv=0inQ, v=0 onTl.
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The operator L} is bounded from H?*(Q) into Hs'lt%;’s'H for all 0 < s < 2. More-
over, for all ® € VZ(Q) N V{(Q), we have:

P
Lyl — A% = (15 4 K@, v)n, 0 — K(@,0)),
where ¢ € HY(Q) is determined by
Vi = (I - P)(vA® + (z-V)® — (Vz)" ®).

Proof. (i) For all f € L*(Q), and all (g, h) € ng”al/z, the pairs (L,g, Ly 29) = (W, p)
and (v, ) obey:

/QL(g,h)~f/F(1/g:1+7rn)g/Qh7r

= <<—1/g:1 +mm+ k(v,m)n, —7 — k(v, W)) , (g, h)> e o

0,
Hp'o " Hplg

This identity gives the expression of L}. As in the proof of Lemma 8.5, we can
easily show that L} is bounded from H?*(2) into HS?Q’SH forall 0 < s < 2.

(i) From the first part of the proof it follows that

0P
Ly (ol = A)® = (= v + ¥+ k(®@,¥)n, —v — k(®,1) ).

where (®,1)) is the solution of the equation

MN® —vA® — (z-V)® — (Vz)T® + Vi = (\o] — AX)® and  divd® =0 in €,

=0 onl.
This equation is equivalent to
Mol —A)® = (Nl — A,)® and V¢ = (I —P)vA®+ (z-V)d — (Vz)T®).

Thus ® = ® and Vi) = (I — P)(vA® + (z-V)® — (Vz)'®). The proof is complete.
O
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