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Abstract

In this work, we propose and study an Implicit-Explicit (IMEX) finite volume scheme for
the compressible Euler system which preserves the low Mach number limit. IMEX schemes
are based on a flux splitting into a part treated explicitly and a part treated implicitly. We
choose the flux splitting introduced by E. Toro and M.E. Vázquez-Cendón in [43] for ensuring
the recognition of contact discontinuities and shear waves. Then, based on this flux splitting,
we propose first and second order new linear asymptotic preserving (AP) schemes in the low
Mach number limit. We prove that the schemes are asymptotically consistent, that is they de-
generate into a consistent discretization of the incompressible system when the Mach number
is sufficiently small. We perform a Fourier stability analysis on the linearized system around
a constant state showing that the first order scheme is L2 stable under a CFL condition inde-
pendent of the Mach number. This proves the asymptotic stability in the linear case. We show
one-dimensional and two-dimensional results which prove the good behavior of our scheme
in all-Mach number regimes. Furthermore, following [18], we construct a low-diffusive TVD
first-order scheme by interpolating the first-order in time scheme with a second-order one. Us-
ing MOOD process in one-dimensional numerical test-cases, we show that the MOOD process
preserves the low oscillatory properties of the first-order scheme to the second-order scheme.

1 Introduction

Let Ω ⊂ Rd (d = 1, 2 or 3) be an open bounded domain. The full Euler equations in rescaled
variables are given by

∂tρ(x, t) +∇ · q(x, t) = 0, (1a)

∂tq(x, t) +∇ ·
(
ρ(x, t)u(x, t)⊗ u(x, t)

)
+
1

ε
∇p(x, t) = 0, (1b)

∂tE(x, t) +∇ ·
(
(E(x, t) + p(x, t))u(x, t)

)
= 0, (1c)

where x ∈ Ω and t ∈ R+ are the space and time variables, the unknown and flux vectors are
W = (ρ,q, E) and F (W ) = (q , ρu⊗ u+ 1/ε p IdR3 , (E + p)u) with ρ > 0 the density of the fluid,
q = ρu its momentum, u its velocity, E its total energy and p > 0 its pressure given by an equation
of state, here that of perfect gases with γ > 1 the ratio of specific heats:

E =
p

γ − 1
+

ε

2

|q|2

ρ
. (1d)

The rescaled parameter ε is related to the Mach number M2 = u2
0/c

2
0 = ε/γ, with c20 = γ p0/ρ0,

u0, p0 and ρ0 being the reference values of the velocity norm, pressure and density in the fluid. In
low Mach number regimes, the reference sound speed in the fluid, c0, is very large compared to the
reference speed of the fluid itself, u0, and so ε is very small. It is well known that in such situations
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(see [42]), if an explicit scheme is used, the time step must satisfy a severe CFL (Courant-Friedrichs-
Levy) stability condition. Indeed, for d = 1, the eigenvalues of the Jacobian matrix, DF (W ), are
given by λ1 = u − c/

√
ε, λ2 = u and λ3 = u + c/

√
ε with c2 = γ p/ρ and the CFL condition,

ensuring the stability of explicit schemes, for the time and space steps ∆t and ∆x, is given by
∆t ≤ ∆x/max(|u± c/

√
ε|). Then, for a given space step ∆x, the time step ∆t is of order

√
ε and

tends to 0 with ε. Furthermore, even if this constraint is satisfied, it is also well known (see [27],
[26] or [17]) that explicit schemes with classical solvers suffer from a consistency problem in the
limit ε → 0. They are not capable to capture the right asymptotic regime. A solution is proposed
in [17] consisting in modifying the solver to well captured the asymptotic limit, but, the stability
constraint on the time step still remains.

A possible way to bypass these limitations is to use the incompressible Euler equations obtained
as the low Mach number limit of the compressible Euler equations (1). The rigorous low Mach
number limit of the compressible Euler system has been widely studied in the last years [30, 31,
40, 2, 32]. Results in the case of the non-isentropic Euler equations with general initial data can
be found in [34] in the free space Ω = Rd, in [1] for an exterior domain and in a bounded toroidal
domain in [35]. Here, we briefly recall the formal limit.

We denote by (ρ(ε),q(ε), E(ε), p(ε)) the solution of (1) with the impermeability boundary condi-
tion u(ε) · ν = 0 on ∂Ω where ν is the unit normal to ∂Ω outward to Ω. Note that no assumptions
are made on the initial conditions.
Classically, we write the expansions of the variables f (ε) = ρ(ε), u(ε), p(ε), E(ε) in powers of the
Mach number

√
ε: f (ε) = f (0) +

√
ε f (1) + ε f (2) + · · ·

We insert this expansion into the Euler system (1), we obtain

∇p(0) = ∇p(1) = 0, (2a)

∂tρ
(0) +∇ · q(0) = 0, (2b)

∂tq
(0) +∇ ·

(
ρ(0) u(0) ⊗ u(0)

)
+∇p(2) = 0, (2c)

∂tE
(0) +∇ ·

(
(E(0) + p(0))u(0)

)
= 0, (2d)

E(0) =
p(0)

γ − 1
. (2e)

Now (2a) yields p(0)(x, t) = p(0)(t) for all x ∈ Ω and t > 0. Note that the initial pressure does not
necessarily satisfy this property. Using (2e), we obtain E(0)(x, t) = E(0)(t) = p(0)(t)/(γ − 1) for all
x ∈ Ω and t > 0 and so (2d) integrated on Ω× [0, t] gives

|Ω|E(0)(t) =

∫
Ω

E0(x, 0) dx−
∫ t

0

(E(0)(s) + p(0)(s))

∫
Ω

∇ · u(0)(x, s) dx ds =

∫
Ω

E0(x, 0) dx,

thanks to the impermeability boundary condition u(0) · ν = 0 on ∂Ω.
By considering again the leading order energy equation (2d), we recover the incompressibility con-
dition ∇ · u0 = 0 and the incompressible limit system [1]:

∂tρ
(0) + u(0) · ∇ · ρ(0) = 0, (3a)

∂tq
(0) +∇ ·

(
ρ(0) u(0) ⊗ u(0)

)
+∇p(2) = 0, (3b)

∇ · u(0) = 0, (3c)

E(0) =
p(0)

γ − 1
=

1

|Ω|

∫
Ω

E(0)(x, 0) dx. (3d)

2



Remark 1 Note that the same results can be obtained on p(1), E(1) and u(1). Indeed, writing the
following orders of the energy and state equations, we have ∂tE

(1) +∇(E(1) + p(1)) · u(0) + (E(0) +
p(0))∇ · u(1) = 0, and E(1) = p(1)/(γ − 1). We recall that thanks to (2a), ∇p(1) = 0, and so
∇E(1) = 0. Now, integrating the first order energy equation on Ω× [0, t] and using the impermeabil-
ity conditions u(1) · ν = 0 on ∂Ω, we recover E(1) = p(1)/(γ − 1) = 1

|Ω|
∫
Ω
E(1)(x, 0) dx. Therefore,

using the initial conditions we can determine p(0) and p(1) which are constant. Note that we also
have ∇ ·u(1) = 0 but u(1) cannot be determined without p(3). Note also that the total energy can be
determined up to the second-order correction, since the second-order term in the equation of state
gives E(2) = p(2)/(γ − 1) + ρ(0) |u(0)|2/2.

Following this formal analysis, like in [17], the initial conditions of the Euler system (1), are said
well-prepared for the incompressible regime if

p(x, 0) = p⋆ + ε p(x), and u(x, 0) = u⋆(x) +
√
εu(x), (4)

with p⋆ a positive constant and ∇ · u⋆ = 0.
An explicit equation for the second-order pressure correction p(2) can be obtained using the

velocity equation: ρ(0) ∂tu
(0)+ρ(0) (u(0) ·∇)u(0)+∇p(2) = 0. Dividing this equation by ρ(0), taking

the divergence and using the compressibility constraint ∇ · u(0) = 0, we obtain an elliptic equation
for p(2):

−∇ ·
(

1

ρ(0)
∇p(2)

)
= ∇ ·

(
(u(0) · ∇)u(0)

)
. (5)

The resulting system, changing (3c) into (5) is called the reformulated incompressible Euler system.
This limit model does no longer depend on ε and so is no longer constrained by the small values
of ε. But, it can be used only in the regions where the fluid is incompressible and so in the regions
in space and time where ε is sufficiently small. In the regions where ε takes on order one or
intermediate values, the compressible Euler equations (1) must be used. Then, two models must
be used which leads to other difficulties like the detection of the interface between the two models,
the reconnection at the interface...

Another possible solution consists in using only one model, the compressible Euler equations (1),
valid everywhere and at every time. However, an asymptotic preserving scheme, free of the con-
straints related to the Mach number ε, must be used. Such schemes have been developed in
literature, see [16, 14, 15, 28, 41, 24, 6, 19, 7, 18, 33] for the isentropic Euler system and [37, 13, 38,
23, 11, 19, 7, 18, 8] for the full Euler system. They permit to use time steps bounded in the limit
ε tends to 0, the schemes are said to be asymptotically stable. Their consistency error does not
increase when the Mach number tends to 0, so they lead to consistent approximations of the limit
incompressible model when the low Mach number goes to zero. This corresponds to the asymptotic
consistency property. A scheme satisfying both asymptotic stability and asymptotic consistency is
said asymptotic preserving.

In practice, one way for obtaining asymptotic preserving finite volume schemes is to use IMEX
methods ([3],[39]). In our case, the flux of the Euler system (1) is split into two parts F = Fe +Fi.
The first one, Fe, will be treated explicitly while the other one, Fi, will be treated implicitly. This
flux splitting must be well chosen in order to obtain both asymptotic stability and asymptotic
consistency and such that the cost of the resolution of the scheme is not too high especially when ε
is of order 1 in compressible regimes. It is also important to conserve some of the properties of
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the classical explicit schemes like the cost of an iteration in time and the preservation of stationary
states.

In the isentropic case, the choice of the flux splitting to construct asymptotic preserving schemes
in the low Mach number limit, is well identified and widely used in the literature [24, 6, 19, 7,
18, 33]. For the full Euler equations case, we can find different flux splittings in the literature
leading to different asymptotic preserving schemes, see [13, 23, 11, 19, 7, 4, 8]. Here, based on
the analysis of the asymptotic preserving properties (stability and consistency), we select the flux
splitting introduced in [43] for constructing a linear IMEX AP scheme. We propose a new linear
asymptotic preserving scheme based on the non-linear semi-discretization proposed in [8]. We prove
the asymptotic consistency as well as its preservation of constant contact discontinuities.

Furthermore, we numerically show that an upwinding on the implicit numerical fluxes is nec-
essary to reduce some non-physical oscillations. Then, using a Fourier linear stability analysis we
prove that this new AP scheme is linearly L2 stable under a CFL condition independent of the
Mach number ε. Numerical simulations presented in Section 3.4 show the good behavior of the
first-order scheme in all regimes. Like in [18] for the isentropic case, in Section 4 we propose and
study a second-order extension based on the ARS-IMEX scheme ([3]). We prove its asymptotic
consistecy and show several one-dimensional and two-dimensional numerical results.
Furthermore, we propose a MOOD process (see [21], [22]) in order to preserve the low oscillatory
properties of the first-order scheme to the second-order schemes. The MOOD procedure consists of
using at each time step the oscillating second-order scheme when no oscillations appear. If oscilla-
tions are detected, the second-order scheme is replaced by a low-oscillating first-order AP scheme.
The main difficulties of the MOOD procedure are the detection of the oscillations and the choice
of a low-oscillating first-order AP scheme as less diffusive as possible. Here, we first construct a
low-oscillating and low-diffusive first-order AP scheme called TVD-AP scheme and we propose an
original detection criterion which allows in one-dimensional numerical simulations to significantly
reduce the oscillations of the second-order scheme while guaranteeing an accuracy close to that of
the second-order scheme.

2 Analysis of the flux splitting

There exist several splittings for the full Euler system in the literature, all leading to different
IMEX asymptotic preserving (AP) schemes. In this section, we first discuss the properties that
are essential for building an efficient AP scheme in the low Mach number limit. These properties
naturally lead us to choose a splitting initially introduced by E. Toro and M.E. Vázquez-Cendón
in [43] but not in the context of AP schemes. We show that this splitting satisfies all the properties
listed above. Then, we present and study several splittings close to the one we have chosen. It
is important to note that this splitting of Toro and Vázquez-Cendón yields non-linear schemes,
see [23] or [8]. Then, in the next section, we show how this non-linear splitting can be linearized,
thus leading to a new linear AP scheme.

2.1 Choice of the flux splitting

In order to build an IMEX finite volume AP scheme in the low Mach number regimes, we
must decide which terms should be treated implicitly and so we must set a flux decomposition
F = Fi+Fe. If a first-order scheme is considered, the parts Fe and Fi will be respectively explicitly
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and implicitly discretized leading to the following semi-discretization

Wn+1 −Wn

∆t
+∇ · Fe(W

n) +∇ · Fi(W
n+1) = 0. (6)

Let us first note that a fully implicit scheme (Fe = 0, Fi = F ) is of course asymptotic preserving
but its implementation requires the resolution of a complex non-linear system, which can be very
costly. Moreover, the introduction of implicit terms increases the viscosity of the scheme and thus
decreases its accuracy. Finally an implicit treatment of the whole flux is not necessary to build an
AP scheme. We therefore wish to treat implicitly as few terms as possible while guaranteeing the
AP character of the scheme.

Furthermore, for an explicit collocated scheme, Fe = F and Fi = 0. In this case, we have seen
that the scheme is not asymptotically stable since the CFL decreases with ε. In addition, without
corrections of the numerical fluxes, see [26] or [17], the scheme is not asymptotically consistent
either. In particular, the formal limit ε tends to 0 of the explicit semi-discretization in time gives
only the constraint ∇pn = 0 on Wn when Wn+1 is calculated. An implicit discretization of the
pressure gradient term in the momentum equation is necessary to obtain the asymptotic consistency.
But, this is not sufficient since we must recover ∇ · un+1 = 0 from the energy equation like in the
continuous case. This means that a part of the energy flux term (E+p)u must be treated implicitly.

To better understand how to choose the implicit part of the energy flux, we first reformulate the
compressible Euler model as done for the incompressible model to obtain equation (5). We begin
from (1) with the velocity equation obtained from the momentum and mass conservation:

ρ ∂tu+ ρ (u · ∇)u+
1

ε
∇p = 0.

In the case of the incompressible system, we used the incompressibility constraint ∇ · u = 0 which
comes from the limit of the energy equation and is no longer true in the compressible regime. But,
we can still use the energy equation, which, using the mass and momentum equations for eliminating
the kinetic part, can be rewritten:

∂tE+∇· ((E+p)u) = ∂tkε+∂t
p

γ − 1
+∇· ((kε+h)u) = ∂t

p

γ − 1
+

u · ∇p

γ − 1
+

γp

γ − 1
∇·u = 0, (7)

where kε = ε ρ |u|2/2 is the kinetic energy and h = γp/(γ − 1) is the enthalpy. Now, dividing the
velocity equation by ρ and the internal energy equation (7) by the enthalpy, taking the divergence
of the first resulting equation and the time derivative of the second one and subtracting the results,
we obtain the following equation

∂t

(
∂tp

γ p
+

u · ∇p

γ p

)
− 1

ε
∇ ·
(
1

ρ
∇p

)
= ∇ ·

(
(u.∇)u

)
,

which is the non-linear pressure wave equation in the fluid.
From a numerical point of view, if the second-order derivative term in space ∇ · (1/ρ∇p), in

this pressure wave equation is explicit, we must impose ∆t of the order of
√
ε∆x for ensuring the

stability of the scheme. We recover the classical non uniform CFL constraint.
Then, for constructing a scheme for the Euler system (1), asymptotically stable (i.e. with a

CFL uniform with respect to ε), the time discretization must lead to an implicit discretization of
this second-order derivative term in space and thus, we need an implicit discretization of the term
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γp/(γ−1)∇·u in Eq. (7). Since we must work with the conservative variables, we need an implicit
discretization of the term ∇ · (hu) in the energy flux in the Euler equations. A possible choice for
the flux splitting is then given by

Fe(W ) =
(
q, ρu⊗ u, kε(W )u

)
, Fi(W ) =

(
0,

1

ε
p IdR3 , h(W )u

)
, (8)

where kε(W ) = ε ρ |u|2/2 and h(W ) = γp/(γ − 1) = γ (E − kε(W )).
Note that this flux splitting was first introduced in [43] but not in the context of AP schemes

in the low Mach number limit. The authors consider this flux splitting for building schemes which
ensure the recognition of contact discontinuities and shear waves. This splitting has been also used
in [23], [8], [9] for constructing IMEX AP schemes in low Mach number regimes leading to non-linear
schemes.

Let us study the asymptotic properties of this splitting. In the case of the isentropic Euler
system, it has been shown in [19] with a one-dimensional linear stability analysis, that the CFL sta-
bility condition of such IMEX schemes is only related to the eigenvalues of the explicit matrix DFe.
Furthermore, the upwinding of the explicit numerical fluxes must be related only to the eigenvalues
of the explicit matrix DFe, the Jacobian matrix of the explicit part of the flux. The implicit part
of the flux, Fi can be discretized with a centered solver. In this case the scheme will be only L2

stable and some oscillations may appear during the simulations but they are damped for long times.
These oscillations can be removed, or at least reduced, using an upwind solver for the implicit part.
This upwinding can depend on the eigenvalues of the implicit matrix DFi (the Jacobian matrix of
the part of the flux which is implicitly discretized) but the stability condition will not be modified.
Following this result, for ensuring the asymptotic stability of the scheme, it is necessary that each
of the Jacobian matrices (DFe and DFi) have real eigenvalues, and those of DFe must be uniformly
bounded with respect to ε.
Furthermore, the asymptotic consistency consists in recovering an approximation of the incompress-
ible Euler equations (3) when ε tends to zero. Finally, a fluid with constant velocity and pressure is
a stationary solution of the incompressible Euler equations and a constant contact discontinuity of
the compressible Euler system. We show that the scheme preserves these stationary incompressible
solutions and constant contact discontinuities.

We prove the following result

Lemma 1 Assuming impermeability boundary conditions (u · ν = 0 on ∂Ω), the semi-discreti-
zation (6), (8) satisfies the following properties:

(i)- Necessary condition for the asymptotic stability: In one dimension, each of the Jacobian
matrices DFe and DFi have real eigenvalues. Those of DFe are uniformly bounded.

(ii)- Asymptotic consistency: In the limit ε → 0, from the semi-discretization in time, we formally
recover an approximation of the incompressible Euler equations (3). In particular, we have

En+1 =
pn+1

γ − 1
=

1

|Ω|

∫
Ω

E0(x) dx,

and so ∇pn+1 = ∇En+1 = 0 for all n ≥ 0 and, ∇ · un+1 = 0 for all n ≥ 1 .

(iii)- Preservation of constant contact discontinuities: if Dun(x) = 0 and ∇pn(x) = 0, then
there exists a solution Wn+1 such that Dun+1(x) = 0 and ∇pn+1(x) = 0, where Du(x) =
(∂xjui(x))1≤i,j≤d denotes the Jacobian matrix of u = (u1, · · · , ud) ∈ Rd.
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proof Concerning assertion (i). In one dimension, a simple calculation shows that the eigenvalues of
DFe are given by 0 and u of multiplicity 2 while those ofDFi are given by 0 and u/2±

√
u2/4 + c2/ε

where we recall that c2 = γ p/ρ.
It has been already proven in [8] that this splitting satisfies (ii) with initial conditions which are

not necessary well-prepared for the incompressible limit (that is initial conditions with a pressure
and a velocity respectively close to a constant and a divergence-free vector field, see (4)).

Let us now prove (iii). If un(x) = u ∈ Rd and pn(x) = p > 0 are constant, the mass equation
gives ρn+1 = ρn −∆tu · ∇ρn. Then, thanks to the momentum equation

ρn+1 un+1 = (ρn −∆tu · ∇ρn)u− ∆t

ε
∇pn+1 = ρn+1 u− ∆t

ε
∇pn+1.

So, there exists a solution such that un+1 = u and pn+1 = p, since the previous equation yields
ρn+1 u = ρn+1 u and the energy equation yields

En+1 =
p

γ − 1
+ ε ρn+1 u2

2
= En −∆tu · ∇kn =

p

γ − 1
+ ε ρn

|u|2

2
−∆tu · ∇

(
ερn

|u|2

2

)
and so we recover the mass transport equation ρn+1 = ρn −∆tu · ∇ρn.

Remark 2 1. We will see in the linear Fourier stability analysis and in the numerical simu-
lations that it seems not necessary to have the hyperbolicity of each “sub-matrix”, DFe and
DFi, they could have multiple real eigenvalues and not be diagonalizable.

2. Note that the implicit treatment of the full “enthalpy term” in the energy equation is necessary
for the asymptotic consistency: if we change the flux splitting to become

Fe(W ) = (q, ρu⊗ u, kε(W )u+ β h(W )u) and Fi(W ) =

(
0,

1

ε
p IdR3 , (1− β)h(W )u

)
,

with β ∈ [0, 1[, then Property (ii) is lost. Indeed, like for β = 0, the limit ε → 0 gives
∇pn+1 = ∇En+1 = 0 for all n ≥ 0, but now for all n ≥ 1,

∇ · un+1 =
β

β − 1
∇ · un.

The incompressibility constraint is recovered only if β = 0 or if the initial velocity, used
for (6), is well-prepared for the incompressible limit i.e. if the initial velocity is close to a
divergence-free velocity such that u0(x) = u⋆(x) +

√
εu(x) with ∇ · u⋆ = 0, see (4). So the

energy flux splitting corresponding to β = 0 is the only choice which ensures the asymptotic
consistency.

2.2 Properties of some other all-Mach number IMEX finite volumes
schemes

Let us look at the properties (i)−(iii) of Lemma 1 for some flux splittings found in the literature.
It is not possible to be exhaustive, as there is far too much works on the subject, so we limit ourselves
to flux splittings close to the one considered in this article.
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In the pioneering work [13], the authors proposed the following flux splitting: in (6), Fe(W
n) +

Fi(W
n+1) is replaced by Fn,n+1 where

Fn,n+1=

(
qn, ρnun ⊗ un + αpnIdR3 +

(
1

ε
− α

)
pn+1 IdR3 ,

En + pn

ρn
qn+1

)
, (9)

with En+1 = pn+1/(γ − 1) + ε ρn |un|2/2, and where α ≥ 0 must be well chosen for insur-
ing the asymptotic stability and avoid oscillations. In many test-cases, in particular when ε is
small, the authors choose α = 0 but α = 10 is also considered when ε is of order 1 to pre-
vent spurious oscillations. The previous semi-discretization, cannot be written in a conserva-
tive flux splitting form Fe(W

n) + Fi(W
n+1). Even for α = 0 it is a multi-step-method since

pn= (γ − 1)(En − ε ρn−1 |un−1|2/2) (except perhaps for p0) and so depends on En and (ρn−1,qn−1)
so the energy flux (En + pn)qn+1/ρn depends on Wn+1, Wn and Wn−1. The scheme cannot be
written (in one dimension) in the following non conservative form Ae ∂xW

n+Ai ∂xW
n+1. Then, (i)

is meaningless and the semi-discretization is outside the scope of our study. Note that Properties
(ii) and (iii) are satisfied up to an error O(∆t).

In [19], it has been first remarked that the scheme in [13] can be modified in order to obtain
a one-step-scheme replacing pn in (9) by (γ − 1) (En − ε ρn |un|2/2). When α = 0, the resulting
semi-discrete flux is given by

Fn,n+1 =

(
qn, (3− γ)

(qn)2

2 ρn
+

γ − 1

ε
En+1,

(
γ En − (γ − 1) ε

(qn)2

2 ρn

)
qn+1

ρn+1

)
.

Then, in one dimension ∂xF
n,n+1 = Ae(W

n,Wn+1) ∂xW
n + Ai(W

n,Wn+1) ∂xW
n+1. The eigen-

values of the implicit matrix Ai(W
n,Wn+1) are ±

√
(γ − 1) (En + p̃n)/(ρn+1 ε) and 0 where p̃n =

(γ− 1) (En − ε ρn |un|2/2). Those of the explicit matrix Ae(W
n,Wn+1) are γ un+1, (3− γ)un/2±√

(γ − 3) (γ − 1)|un|2/2. So, the explicit operator has complex eigenvalues when γ < 3 and it can-
not be used like that. To recover an explicit matrix Ae with real eigenvalues for all γ ≥ 1, in [19],
the following non conservative flux-splitting is proposed

Fn,n+1 =

(
qn+1, ρnun ⊗ un +

1

ε
pn+1 IdR3 ,

(
γ En − (γ − 1) ε

(qn)2

2 ρn

)
qn+1

ρn+1

)
. (10)

Note that this flux splitting is also used in [7].

Lemma 2 We assume impermeability boundary conditions (u · ν = 0 on ∂Ω). The semi-discre-
tization (6), (10) satisfies the necessary condition for the asymptotic stability: Property (i) of
Lemma 1. It does not satisfy Properties (ii) and (iii), respectively the asymptotic consistency
and the preservation of constant contact discontinuities.

proof In one dimension ∂xF
n,n+1 = Ae(W

n,Wn+1) ∂xW
n + Ai(W

n,Wn+1) ∂xW
n+1. The eigen-

values of Ae(W
n,Wn+1) are given by γ qn+1/ρn, (3 − γ)un and those of Ai(W

n,Wn+1) are 0,
±
√
(γ − 1) (En + p̃n)/(ρn ε). Then, Property (i) is satisfied.

Following the proof of Lemma 1, we obtain En+1 = pn+1

γ−1 = 1/|Ω|
∫
Ω
E0(x) dx for all n ≥ 0. But,

we only obtain for all n ≥ 2, ∇ · un+1 = ∆t∇ · (un+1 ∇ · qn+1/ρn) = O(∆t). So, the asymptotic
consistency is not exact but up to an error of order ∆t and (ii) is not satisfied.
Property (iii) is not satisfied in general, since if un+1 = u and pn+1 = p, the momentum equation
gives ρn+1 = ρn −∆tu · ∇ρn while the mass equation gives ρn+1 = ρn −∆tu · ∇ρn+1. Then, there
does not always exist a solution such that un+1 = u and pn+1 = p.
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Let us remark that all considered flux splittings do not perfectly separate pressure and fluid
waves. Indeed, the eigenvalues of the implicit part depend on the velocity in each case. It is in
fact possible to find such a flux splitting. Let us consider the flux splitting inspired by the operator
splitting strategy like in [11]. The semi-discretization consists in an explicit treatment for the
transport terms with the fluid velocity:

Fe(W ) = (q, ρu⊗ u, E u), Fi(W ) =
(
0,

p

ε
IdR3 , pu

)
, (11)

Lemma 3 We assume impermeability boundary conditions (u · ν = 0 on ∂Ω). The semi-discreti-
zation (6), (11) satisfies the necessary condition for asymptotic stability and the preservation of
constant contact discontinuities: Properties (i) and (iii) of Lemma 1. It satisfies the asymptotic
consistency Property (ii) only if the initial velocity is well-prepared for the incompressible limit,
more precisely if and only if u(x, 0) = u0(x) +

√
εu0(x) with ∇ · u0 = 0.

proof In one dimension, the eigenvalue of the explicit matrix DFe is u of multiplicity 3 and those
of the implicit matrix DFi are 0 and ±

√
(γ − 1) c2/(γ ε). Then, Property (i) is satisfied and we

can see that this flux splitting perfectly separates the transport and the pressure waves since the
eigenvalues of the implicit matrix do no longer depend on u and those of the explicit matrix do not
depend on c.

For the asymptotic consistency, following the proof of Lemma 1, we obtain En+1 = pn+1

γ−1 =

1/|Ω|
∫
Ω
E0(x) dx = ⟨E0⟩ for all n ≥ 0, but now ⟨E0⟩∇ ·un(x)+ (γ− 1) ⟨E0⟩∇ ·un+1(x) = 0 for all

n ≥ 1. So, we recover Property (ii) if and only if ∇·u0 = 0 that is if and only if the initial velocity
is well-prepared for the incompressible limit.

In a similar way, we prove that this flux splitting also satisfies Property (iii).
Let us conclude this section with a review of existing low Mach number IMEX schemes us-

ing the flux splitting (8). The first article in which (8) has been used for building an all-Mach
number scheme is [23]. The scheme is based on staggered grids. In [8] an all-Mach number
scheme on collocated grids is presented. The scheme is obtained by discretizing in space the semi-
discretization (6), (8). The mass equation can be advanced since the implicit flux is zero on it, then
a non-linear system on the momentum and energy has to be solved with a Picard algorithm. The
resolution of this non-linear system can be prepared for the low Mach number limit by reformulat-
ing it: inserting the expression of qn+1 given by the momentum equation into the energy equation,
using the state equation and multiplying the result by ε, yields

ε

γ − 1
pn+1 −∆t2∇ ·

(
hn+1

ρn+1
∇pn+1

)
= εEn+1,ex − εkn+1

ε − ε∆t∇ ·
(
hn+1

ρn+1
qn+1,ex

)
, (12)

where kn+1
ε = kε(W

n+1) = ε ρn+1 |un+1|2/2, hn+1 = h(Wn+1) = γ pn+1/(γ − 1) and qn+1,ex

and En+1,ex are the explicit convected parts given by qn+1,ex = qn − ∆t∇ · (ρnun ⊗ un) and
En+1,ex = En−∆t∇· (knε un). Note that (12) yields an elliptic equation for determining pn+1, but
is still coupled with the momentum equation. In [8] this reformulation is done on the fully discretized
equations (in time and space) leading to a five points discretization of the diffusion operator on the
pressure. To avoid checkerboard effects a non-standard discretization of the enthalpy γ p/((γ− 1) ρ
is introduced and a Picard algorithm is used to solve this non-linear system in terms of p and q. A
second-order discretization which is unlimited in time, is also proposed and multi-dimensional (2D
and 3D) are performed.
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Here, we propose and study an all-Mach number IMEX finite volume scheme also based on
the flux splitting (8). However, we prefer discretize the previous reformulated semi-discrete equa-
tion instead of the reformulation of the full discrete one thus eliminating the checkerboard effect
problems. Moreover, we propose a linearization of this reformulated equation in order to avoid the
Picard algorithm for which the convergence is not always guaranteed during the simulations. The
resolution is therefore uncoupled, since ρ is calculated first, then p and finally q. Note that, in [9]
such a discretization is also proposed and extended to the Navier-Stokes system but the proposed
linearization yields an all speed scheme which is not exactly consistent in the limit ε tends to 0, the
asymptotic consistency is obtained up to an order ∆t term.

Furthermore, we perform a linear stability analysis showing that our scheme is linearly L2 stable
and we propose a second-order in space and time scheme with a limitation process to reduce the
oscillations that are common for second-order schemes.

3 Our new first-order AP scheme

3.1 A linear semi-discretization

Our linear first order all-Mach number IMEX semi-discretization consists in replacing in (12)
hn+1 and kn+1

ε by their values calculated with the explicit convected part of the conservative
variables. It is given by

ρn+1 = ρn −∆t∇ · qn, (13a)

ε pn+1

γ − 1
−∆t2∇·

(
hn+1,ex

ρn+1
∇pn+1

)
= ε

(
En+1,ex − kn+1,ex

ε −∆t∇ ·
(
hn+1,ex

ρn+1
qn+1,ex

))
, (13b)

qn+1 = qn+1,ex −∆t
1

ε
∇pn+1, (13c)

En+1 = En+1,ex −∆t∇ ·
(

γ pn+1

(γ − 1) ρn+1
qn+1

)
, (13d)

where qn+1,ex = qn−∆t∇·(ρnun⊗un), En+1,ex = En−∆t∇·(knε un) and hn+1,ex = γ (En+1,ex−
kε(W

n+1,ex)).
Note that the scheme is linear and uncoupled since ρn+1, pn+1 , qn+1 and En+1 can be computed

sequentially. Moreover, note that we could compute the energy with the state equation (1d) but
this leads to non consistent results. In Figure 1, we plot the solution of a Sod shock tube problem
at time t = 0.2 such that initially (ρ, u, p)(0, x) = wL = (1, 0, 1) if x < 0.5 and wR = (0.125, 0, 0.1)
if x > 0.5. The exact solution (see [42]) at time t = 0.2 is made up of four constant states (the left
state, two intermediate states and the right state) separated by three waves: a rarefaction wave,
a contact discontinuity and a shock. In the contact discontinuity, the velocity and pressure being
constant, the two intermediate states have the same velocity and pressure. We can see on Figure 1
that the choice of the equation of state to calculate the energy leads to non consistent velocity and
pressure for the two intermediate states. The same problem was noticed for the non-linear scheme
proposed in [8].

Let us prove that this semi-discretization is asymptotically consistent and preserves the contact
discontinuities:
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Figure 1: Solution of the Sod shock tube problem at tfinal = 0.2 for 200 cells. Results for our
first order AP scheme using the equation of energy (13d) (pink lines) or the equation of state (1d)
(black dotted lines) for updating the energy.

Lemma 4 The semi-discretization (13) satisfies Property (iii) of Lemma 1 and so preserves the
constant contact discontinuities.

Furthermore, if the initial energy is well-prepared for the incompressible limit, more precisely
if E(x, 0) = E0 + εE(x) with E0 constant, and assuming impermeability boundary conditions
(u · ν = 0 on ∂Ω), the semi-discretization (13) is asymptotically consistent. The formal low Mach
number limit of the system gives pn+1 = (γ − 1)En+1 = (γ − 1)E0 and ∇ · un+1 = 0 for all n ≥ 0.

proof If un(x) = u ∈ Rd and pn(x) = p > 0 are constant, then the mass equation gives ρn+1 =
ρn −∆tu · ∇ρn. We have qn+1,ex = ρn+1,ex un+1,ex = ρn u−∆tu · ∇ρn u = ρn+1 u and En+1,ex =
En −∆t ε |u|2/2u · ∇ρn = p/(γ − 1) + ε ρn |u|2/2−∆t ε |u|2/2u · ∇ρn = p/(γ − 1) + ε ρn+1 |u|2/2
and hn+1,ex = p/(γ − 1). Now, the pressure equation and energy equations lead to pn+1/(γ − 1) =
p/(γ − 1) − ∆t∇ ·

(
γ pun+1

)
and En+1 = p/(γ − 1) + ε ρn+1 |u|2/2 − ∆t∇ ·

(
γ pun+1

)
. So there

exists a solution Wn+1 such that un+1 = u and pn+1 = p. The semi-discretization (13) preserves
constant contact discontinuities.

We perform an asymptotic expansion, assuming that all the quantities f l = f l
0 +

√
ε f l

1 + ε f l
2

for l = n, n + 1, ex or n + 1 and we prove by induction the asymptotic consistency. We assume
En

0 = E0 and we prove pn+1
0 = (γ − 1)En+1

0 = (γ − 1)E0 and ∇ · u0
n+1 = 0.

Inserting the asymptotic expansion into the scheme, we obtain En+1,ex
0 = En

0 = E0, h
n+1,ex
0 =

γ En
0 = γ E0, q

n+1,ex
0 = qn

0 −∆t∇· (ρn0un
0 ⊗un

0 ) and ∇pn+1
0 = ∇pn+1

1 = 0. Now, let us remark that
using (13c), the pressure equation (13b) can be rewritten

pn+1

γ − 1
= En+1,ex − kn+1,ex

ε −∆t∇ ·
(
hn+1,ex

ρn+1
qn+1

)
.

Then, the asymptotic expansion gives

pn+1
0

γ − 1
= E0 −∆t∇ ·

(
γ E0

ρn+1
0

qn+1
0

)
. (14)

Integrating this equation on Ω and using the boundary condition un+1 · ν = 0 on ∂Ω we get
pn+1
0 = (γ − 1)E0. Using again (14) gives ∇ · un+1

0 = 0.
Now the energy equation gives

En+1
0 = E0 −∆t∇ ·

(
γ pn+1

0

(γ − 1)
u1
0

)
= E0 =

pn+1
0

γ − 1
.
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Remark 3 For non well-prepared initial conditions, it is possible to recover the asymptotic con-
sistency changing the semi-discretization: replacing in (13d) the term γ pn+1/(γ − 1) in the flux
by hn+1,ex. However, this version of the semi-discretization leads to a less diffusive scheme in the
L2-stable version of the scheme (see next section) and so oscillations appear in some test-cases.
This is why even if the asymptotic consistency is obtained only for well-prepared initial energies we
choose to use the semi-discretization (13).

3.2 The first-order AP schemes

In [18], it has been shown that a centered discretization for the implicit flux terms is sufficient
to ensure an L2 AP-scheme if the explicit flux terms are discretized with an upwind discretization
like Roe type solvers. The resulting scheme gives consistent and stable results but can present
oscillations which are the signature of the non L∞-stability. Since the scheme is L2 stable, these
oscillations stay bounded and decrease in time. This problem can be cured introducing an upwinding
in the implicit discrete flux leading to the so-called L∞-AP scheme.

First, let us present the L2 stable full discretizations in space and time for the previous semi-
discretization (13). It is based on the Rusanov solver for the explicit flux Fe and a centered solver
for the implicit flux Fi. We consider a uniform discretization in space and time for clarity, with
∆x > 0 and ∆t > 0 the space and time steps. The fully L2 stable discrete version of (13) in one
dimension reads

Wn+1,ex
j = Wn

j −∆t
(Fe)

n
j+ 1

2

− (Fe)
n
j− 1

2

∆x
, (15a)

ρn+1
j = ρnj −∆t

(Feρ)
n
j+ 1

2

− (Feρ)
n
j− 1

2

∆x
, (15b)

ε

γ − 1
pn+1
j − ∆t2

∆x

((
hn+1,ex

ρn+1

)
j+ 1

2

pn+1
j+1 − pn+1

j

∆x
−
(
hn+1,ex

ρn+1

)
j− 1

2

pn+1
j − pn+1

j−1

∆x

)
(15c)

= ε
(
En+1,ex

j − kn+1,ex
j

)
−ε

∆t

∆x

((
hn+1,ex

ρn+1
qn+1,ex

)
j+ 1

2

−
(
hn+1,ex

ρn+1
qn+1,ex

)
j− 1

2

)
,

qn+1
j = qn+1,ex

j −∆t
pn+1
j+1 − pn+1

j−1

2ε∆x
, (15d)

En+1
j = En+1,ex

j − ∆t

2∆x

((
γ pn+1

(γ − 1) ρn+1
qn+1

)
j+1

−
(

γ p̃n+1

(γ − 1) ρn+1
qn+1

)
j−1

)
, (15e)

where the explicit numerical flux (Fe)
n = ((Feρ)

n, (Feq)
n, (FeE)

n) is given by

(Fe)
n
j+ 1

2
=

Fe(W
n
j+1) + Fe(W

n
j )

2
− (De)

n
j+ 1

2
(Wn

j+1 −Wn
j ), (15f)

where Fe is given by (8) and the explicit viscosity coefficient is taken as half of the maximum explicit
eigenvalues of DFe: (De)

n
j+ 1

2

= 1/2 max
(
|un

j+1|, |un
j |
)
. In the following this scheme is called “L2

AP” scheme.

12



Now, we present the scheme with an upwinding on the implicit fluxes. We first compute the
L2 stable solution Wn+1,L2

j given by (15) and we add numerical dissipation as done for the explicit
numerical flux (Fe)

n
j+1/2, thus leading to a modified scheme for the density, momentum and energy

equations.

Wn+1
j = Wn+1,L2

j +
∆t

∆x

(
(Di)

n
j+ 1

2
(Wn+1

j+1 −Wn+1
j )− (Di)

n
j− 1

2
(Wn+1

j −Wn+1
j−1 )

)
, (16)

where (Di)
n
j+ 1

2

is the implicit viscosity coefficient, taken as half of the maximum implicit eigenvalue

(Di)
n
j+ 1

2

= 1/2max
(
|λi(W

n
j+1)|, |λi(W

n
j )|
)
where |λi(W )| = |u|/2+

√
u2/4 + c2/ε. In the following,

this scheme is called “L∞ AP” scheme.

Remark 4 1. It is important to note that the upwinding on ρ must be applied after the cal-
culation of the pressure prediction, otherwise we obtain non consistent results for contact
discontinuities.

2. In the numerical results, we will see that this implicit upwinding inversely proportional to√
ε does not seem to degrade the asymptotic consistency of the scheme. However, the results

of Lemma 4 are modified since the asymptotic consistency of the semi-discrete model is no
longer exact but up to O(∆t) terms as shown in the analysis below. We denote by Wn+1,L2

and pn+1 the solution of the semi-discretized system (13). In order to mimic the influence
of the implicit upwinding, we consider the following viscous perturbation of (13) Wn+1 =

Wn+1,L2

+ ∆t√
ε
∆Wn+1 which can be rewritten

ρn+1 = ρn −∆t∇ · qn +
∆t√
ε
∆ρn+1, (17a)

pn+1

γ − 1
=En+1,ex − kn+1,ex

ε −∆t∇ ·
(
hn+1,ex

ρn+1

(
qn+1 − ∆t√

ε
∆qn+1

))
, (17b)

qn+1 = qn+1,ex −∆t
1

ε
∇pn+1 +

∆t√
ε
∆qn+1, (17c)

En+1 = En+1,ex −∆t∇ ·
(

γ pn+1

(γ − 1) ρn+1
qn+1

)
+

∆t√
ε
∆En+1, (17d)

where qn+1,ex = qn − ∆t∇ · (ρnun ⊗ un), En+1,ex = En − ∆t∇ · (knε un) and hn+1,ex =
γ (En+1,ex − kε(W

n+1,ex)). We proceed like in the proof of Lemma 4, we use an asymptotic
expansion, assuming that all the quantities f l = f l

0 +
√
ε f l

1 + ε f l
2 for l = n, n+1, ex or n+1

and we prove by induction the asymptotic consistency. We assume En
0 = E0 +O(∆t) and we

obtain pn+1
0 = E0 +O(∆t2), ∇ · u0

n+1 = O(∆t) and En+1
0 = E0 +O(∆t).

We also consider the scheme used in [8] slightly modified. Indeed, in [8] the reformulated pressure
equation is obtained using the fully discretized scheme giving a discretization of the second-order
term in space spread over 5 cells and therefore modified to avoid the well-known checkerboard
instabilities. Here, we prefer to discretize the reformulated pressure equation (12) and obtain a
discretization of the elliptic term spread over 3 cells. This modification allows for a less diffusive
scheme. Furthermore, in [8], the implicit part of the energy flux γ/(γ − 1) p/ρ q is discretized
as the product of the centered approximations of γ/(γ − 1) p/ρ and q, here we prefer to use the
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centered approximation of the quantity. This modification improves the convergence of the Picard
algorithm. Then, the resulting non-linear (NL) scheme, called “NL L2 AP” scheme is given by

ρn+1
j = ρnj −∆t

(Feρ)
n
j+ 1

2

− (Feρ)
n
j− 1

2

∆x
, (18a)

ε

γ − 1
pn+1
j − ∆t2

∆x

((
hn+1

ρn+1

)
j+ 1

2

pn+1
j+1 − pn+1

j

∆x
−
(
hn+1

ρn+1

)
j− 1

2

pn+1
j − pn+1

j−1

∆x

)

= ε
(
En+1,ex

j − kn+1
j

)
−ε

∆t

∆x

((
hn+1

ρn+1
qn+1,ex

)
j+ 1

2

−
(
hn+1

ρn+1
qn+1,ex

)
j− 1

2

)
, (18b)

qn+1
j = qn+1,ex

j −∆t
pn+1
j+1 − pn+1

j−1

2ε∆x
, (18c)

En+1
j = En+1,ex

j − ∆t

2∆x

((
γ pn+1

(γ − 1) ρn+1
qn+1

)
j+1

−
(

γ pn+1

(γ − 1) ρn+1
qn+1

)
j−1

)
. (18d)

We add the same upwinding to the “NL L2 AP” scheme following the same process. We obtain the
“NL L∞ AP” scheme.

3.3 One-dimensional linear Fourier stability analysis

In all this section, we consider d = 1. We linearize the Euler system (1) around a constant
solution W = (ρ, q, E) such that ρ > 0 and p = (γ − 1)(E − ε/2 q2/ρ) > 0. We denote by u = q/ρ
and c2 = γ p/ρ. The linearized system is given by ∂tW + A∂xW = 0, where A = DF (W ) =
DFe(W ) +DFi(W ).
The eigenvalues of A are u−c/

√
ε, u and u+c/

√
ε. We denote by P the matrix of the eigenvectors of

A, then P−1AP = D where D is the diagonal matrix with the eigenvalues of A on the diagonal. We
denote by V the coordinates of W in the eigenvectors basis, then W = PV and ∂tV +D∂xV = 0.
Since ∂x(DV · V ) = (D∂xV ) · V + (Dt ∂xV ) · V = 2 (D∂xV ) · V , taking the scalar product of this
equation with V , we obtain ∂t∥V ∥22(x, t) + ∂x(DV · V )(x, t) = 0 where ∥ · ∥2 is the Euclidean norm
of R3. Integrating on the space domain and assuming periodic boundary conditions, we recover
∂t∥V ∥L2(]0,1[)(t) = 0.

Following this proof, using Fourier analysis, we prove the L2 stability of our “L2 AP” (15) and
“L∞ AP” (16) schemes. We conclude this section with the same analysis for the non-linear AP
scheme “NL L2 AP” scheme (18). Note that in all three cases we can only explicitly determine
one of the three eigenvalues of the amplification matrices. Then, we finish the proof numerically by
drawing the solutions of the remaining degree 2 polynomial for values of the Mach number between
0 and 25 (a value large enough to show stability in the low Mach number limit).

We begin, linearizing the semi-discretized system (13) around W = (ρ, ρ u,E) a constant solu-
tion. Then, we set W k = W + ϵ W̌ k for k = n + 1, n, “n + 1, ex” and pn+1 = p + ϵ p̌n+1. Using
Taylor expansions for non-linear terms, neglecting all terms of order greater than ϵ0, omitting the
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“checks” and discretizing the resulting system with the “L2 AP” scheme, we obtain:

Wn+1,ex
j = Wn

j − ∆t

∆x

(
DFe(W )

Wn
j+1 −Wn

j−1

2
− u

2
(Wn

j+1 − 2Wn
j +Wn

j−1)

)
, (19a)

ρn+1
j = ρn+1,ex

j , (19b)

pn+1
j − c2 ∆t2

ε∆x2
(pn+1

j+1 − 2 pn+1
j + pn+1

j−1 ) = (γ − 1)
(
En+1,ex

j + ε
u2

2
ρn+1
j − ε u qn+1,ex

j

)
(19c)

− ∆t

∆x

(
−c2 u+

γ (γ − 1)

2
ε u3

)
ρn+1
j+1 − ρn+1

j−1

2

− ∆t

∆x

(
c2 − γ (γ − 1) ε u2

) qn+1,ex
j+1 − qn+1,ex

j−1

2
− ∆t

∆x
γ (γ − 1)u

En+1,ex
j+1 − En+1,ex

j−1

2
,

qn+1
j = qn+1,ex

j − ∆t

ε∆x

p̃n+1
j+1 − pn+1

j−1

2
, (19d)

En+1
j = En+1,ex

j +
∆t

(γ − 1)∆x

(
c2 u

ρn+1
j+1 − ρn+1

j−1

2
− c2

qn+1
j+1 − qn+1

j−1

2
− γ u

p̃n+1
j+1 − pn+1

j−1

2

)
. (19e)

where Fe is given by (8). We assume periodic boundary conditions. We have the following result

Lemma 5 (L2 Stability of our “L2 AP” scheme) We denote by W = (ρ, q, E) the constant
solution used for the linearization of the semidiscretization, with ρ > 0 and p = (γ − 1)(E −
ε/2 q2/ρ) > 0, u = q/ρ and c2 = γ p/ρ.

Let W0 ∈ L2(]0, 1[) and ∆x > 0 and ∆t > 0 the space and time steps satisfying the CFL

condition γ |u|∆t = ∆x. We denote by W 0
j = 1/∆x

∫ j ∆x

(j−1)∆x
W0(x) dx, by (Wn

j ) the solution of

system (19), the discretization of the linearized system, and P V n(x) = Wn(x) = Wn
j = P V n

j if

x ∈](j − 1)∆x, j∆x[ where P is the matrix of the eigenvectors of DF (W ). We set Mε =
√
ε u/c.

Then, for all Mε ∈]0, 25[ and all γ ∈ [1, 10], there exists C > 0 depending on γ, u, c and ε such
that for all n ≥ 0

∥V n∥L2(]0,1[) ≤ C ∥V 0∥L2(]0,1[).

proof We assume u > 0 for clarity. The same proof can be done for u < 0.

For l = n+ 1, n+ 1, ex or n, we set Ŵ l(k) =
∫ 1

0
W l(x) e−2 iπ k x dx where W l is defined on [0, 1[ by

W l(x) = W l
j if x ∈ [(j − 1)∆x, j∆x[ for j = 1, · · · , L = 1/∆x. Multiplying Eq. (19a) by P−1 and

denoting by V k = P−1 W k for k = n or “n+ 1, ex”, and taking the Fourier transform, we obtain:

V̂ n+1,ex(k) = Be(k) V̂ n(k),

where Be(k) =
((

1− αu (1− cosφ)
)
IdR3 − α i sinφAe

)
and φ = 2π k∆x, α = ∆t/∆x and

Ae = P−1DFeP =

 u
2 0 −u

2

u− c√
ε

u u+ c√
ε

−u
2 0 u

2

 , (20)

Fe given by (8). The eigenvalues of Be(k) are given by µ1 = 1− αu (1− cosφ) and µ2 = µ3 = 1−
αu (1−cosφ)− i α u sinφ. Under the CFL condition αu ≤ 1 or equivalently u∆t ≤ ∆x, we clearly
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have |µ1| ≤ 1, furthermore |µ2,3|2 = 1− 2αu (1− cosφ) (1− αu) which is lower than 1 under the
same CFL condition. Note that ρ̂n+1 = ρ̂n+1,ex. Now, the Fourier transforms of Eqs. (19c), (19d)
and (19e) give(

1 + 2α2 c2

ε
(1− cosφ)

)
p̂n+1(k) =

(
(γ − 1)

ε u2

2
− i α u sinφ

(
−c2 +

γ (γ − 1)ε u2

2

))
ρ̂n+1,ex(k)

−
(
(γ − 1) ε u+ i α sinφ

(
c2 − γ (γ − 1) ε u2

))
q̂n+1,ex(k) + (γ − 1) (1− i α u sinφγ) Ên+1,ex(k),

q̂n+1(k) = q̂n+1,ex(k)− α

ε
i sinφ p̂n+1(k),

Ên+1(k) = Ên+1,ex(k) + α i sinφ

(
c2 u

γ − 1
ρ̂n+1 − c2

γ − 1
q̂n+1 − γ u

γ − 1
p̂n+1(k)

)
,

= Ên+1,ex(k) + α i sinφ

(
c2 u

γ − 1
ρ̂n+1 − c2

γ − 1
qn+1,ex(k)−

(
−c2α i sinφ

ε (γ − 1)
+

γ u

γ − 1

)
p̂n+1(k)

)
.

Inserting p̂n+1,ex(k) given by the first equation into the second and third one and multiplying the
system by P−1 yields

V̂ n+1(k) = Bim(k) V̂ n+1,ex(k) = Bim(k)Be(k) V̂ n(k). (21)

A quite long calculus gives det(Bim(k)Be(k)−µ IdR3) = (cosφ− i sinφ−µ)Qim(µ) where Qim(µ)
is a degree 2 polynomial function whose roots cannot be determined analytically in a simple form
because of the dependence of Qim on γ, Mε, α and φ.

We set γ u∆t = ∆x i.e. αu = 1/γ < 1 and we denote by µim,1(Mε, φ, γ) and µim,2(Mε, φ, γ)
the roots of Qim and we plot max(maxφ∈[0,2π[ |µim,1(Mε, φ, γ)|,maxφ∈[0,2π[ |µim,2(Mε, φ, γ)|) (the
maximum modulus of the roots of Qim) as a function of Mε ∈]0, 25] and γ ∈ [1, 10], we obtain
1 everywhere. Then, for all Mε ∈]0, 25], all φ ∈ [0, 2π] and all γ ∈ [1, 10], the spectral radius of
BimBe, denoted by ri(BimBe), is lower than 1. Since there exists at least one norm matrix ∥ · ∥,
depending on BimBe, such that ∥BimBe∥ ≤ r(BimBe), we obtain ∥V̂ n+1∥ ≤ ∥V̂ n∥ ≤ · · · ≤ ∥V̂ 0∥.
All norms are equivalent in finite dimension. Then, there exist C1 > 0 and C2 > 0 depending on
u, c and ε such that for all n ≥ 0, C1∥V n∥L2(]0,1[) = C1∥V̂ n∥2 ≤ ∥V̂ n∥ ≤ ∥V̂ 0∥ ≤ C2 ∥V̂ 0∥2 =
C2∥V 0∥L2(]0,1[), where ∥ · ∥2 is the Euclidean norm.

Note that this CFL seems to be optimal, indeed for larger values of the CFL, i.e |u|∆t/∆x = C
with C > 1/γ, there exists γ such that the spectral radius is bigger than 1.

Let us now perform the stability analysis of the “L∞ AP” scheme. The “L∞ AP” scheme on
the linearized system consists in the following

Wn+1
j − |λi|∆t

2∆x

(
Wn+1

j+1 − 2Wn+1
j +Wn+1

j−1

)
= Wn+1,L2

j , (22)

where Wn+1,L2
j is given by the “L2 AP” scheme (19) and where |λi| = |u|/2 +

√
u2/4 + c2/ε. We

assume periodic boundary conditions. We prove the following result:

Lemma 6 (L2 Stability of our “L∞ AP” scheme) We denote by W = (ρ, q, E) the constant
solution used for the linearization of the semidiscretization, with ρ > 0 and p = (γ − 1)(E −
ε/2 q2/ρ) > 0, u = q/ρ and c2 = γ p/ρ.

Let W0 ∈ L2(]0, 1[) and ∆x > 0 and ∆t > 0 the space and time steps satisfying the CFL condition

|u|∆t = ∆x. We denote by W 0
j = 1/∆x

∫ j ∆x

(j−1)∆x
W0(x) dx, by (Wn

j ) the solution of (22) and
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P V n(x) = Wn(x) = Wn
j = P V n

j if x ∈](j− 1)∆x, j∆x[ where P is the matrix of the eigenvectors

of DF (W ). We set Mε =
√
ε u/c.

Then, for all Mε ∈]0, 25[ and all γ ∈ [1, 5], there exists C > 0 depending on γ, u, c and ε such that
for all n ≥ 0

∥V n∥L2(]0,1[) ≤ C ∥V 0∥L2(]0,1[).

proof We assume u > 0 for clarity. The same proof can be done for u < 0. We proceed like in the
proof of the previous Lemma. We use the coordinates of W in the eigenvector basis of DF and we
take the Fourier transform. Using (21), we obtain

β V̂ n+1(k) =
(
1 + αu

(
1/2 +

√
1/4 + 1/M2

ε

)
(1− cosφ)

)
V̂ n+1(k) = Bim(k)Be(k) V̂ n(k).

Then, using the results of the proof of the previous Lemma, we obtain

det

(
1

β
Bim(k)Be(k)− µ IdR3

)
=

1

β3
det
(
Bim(k)Be(k)− β µ IdR3

)
=

(
1− αu (1− cosφ+ i sinφ)

β
− λ

)
Q

im
(λ),

where Q
im

(λ) = Qim(β λ)
β2 . We set u∆t = ∆x i.e. αu = 1 and we denote by µim,1(Mε, φ, γ) and

µim,2(Mε, φ, γ) the roots of Q
i
. We plot max(maxφ∈[0,2π[ |µim,1(·, φ, ·)|,maxφ∈[0,2π[ |µim,2(·, φ, ·)|)

as a function of Mε ∈]0, 25] and γ ∈ [1, 5] that is the maximum modulus of the roots of Q
im

,
we obtain 1 everywhere. Then, for all Mε ∈]0, 25], all φ ∈ [0, 2π] and all γ ∈ [1, 5], the spectral
radius of 1/β Bim Be, denoted by ri(1/β Bim Be), is lower than 1. We conclude like in the proof of
Lemma 5.

We conclude this section with the linear stability analysis of the non-linear scheme. We prove
that the “NL L2” AP scheme is L2 stable. The scheme on the linearized system with periodic
boundary conditions, is given by

Wn+1
j −Wn

j

∆t
+DFi(W )

Wn+1
j+1 −Wn+1

j−1

2∆x
+DFe(W )

Wn
j+1 −Wn

j−1

2∆x
− |u|
2∆x

(
Wn

j+1−2Wn
j +Wn

j−1

)
= 0,

(23)
for j = 1, · · ·L = 1/∆x with Wn

0 = Wn
L and Wn

L+1 = Wn
1 .

Lemma 7 (Stability of the “NL L2” AP scheme) We denote by W = (ρ, q, E) the constant
solution used for the linearization of the semidiscretization, with ρ > 0 and p = (γ − 1)(E −
ε/2 q2/ρ) > 0, u = q/ρ and c2 = γ p/ρ.

Let W0 ∈ L2(]0, 1[) and ∆x > 0 and ∆t > 0 the space and time steps satisfying the CFL

condition |u|∆t = ∆x. We denote by W 0
j = 1/∆x

∫ j ∆x

(j−1)∆x
W0(x) dx and by (Wn

j ) the solution

of (23) and P V n(x) = Wn(x) = Wn
j = P V n

j if x ∈](j − 1)∆x, j∆x[ where P is the matrix of the

eigenvectors of DF (W ). We set Mε =
√
ε u/c.

Then, for all Mε ∈]0, 25], there exists C > 0 depending on u, c and ε such that for all n ≥ 0

∥V n∥L2(]0,1[) ≤ C ∥V 0∥L2(]0,1[).
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proof We assume u > 0 for clarity. The same proof can be done for u < 0.
We proceed like in the proof of the previous lemmas, we multiply (23) by P and we take the Fourier
transform, we obtain

V̂ n+1(k) =
(
B

im
)−1

Be V̂ n(k),

where B
im

= IdR3 + α i sinφAi, B
e =

(
1 − αu (1 − cosφ)

)
Id − α i sinφAe with Ai = P−1DFiP ,

Ae = P−1DFeP and φ = 2π k∆x.
The eigenvalues of Be are µe1 = 1−αu (1− cosφ), µe2 = µe3 = 1−αu (1− cosφ)− i α u sinφ. So

|µei| ≤ 1 ⇔ 0 ≤ αu ≤ 1. Those of B
im

are µim1 = 1 + i
(
sinφαu/2− α | sinφ|

√
c2/

√
ε+ u2/4

)
,

µim2 = 1 and µim3 = 1 + i
(
sinφαu/2 + α | sinφ|

√
c2/

√
ε+ u2/4

)
, which are all of modulus

greater than 1. Now we set αu = 1, and a quite long calculus yields

det

((
B

im
)−1

Be − µ IdR3

)
) = (cosφ− i sinφ− µ)P2(µ),

where, setting Mε =
√
ε u/c, P2 is defined by

P2(µ) = µ2 −M2
ε

2 cosφ+ sin2 φ− i sinφ (1− cosφ)

M2
ε + sin2 φ+ i sinφM2

ε

µ

+
M4

ε (sin2 φ cosφ+ cos2 φ− i sinφ cosφ (1− cosφ)) +M2
ε (sin2 φ cos2 φ− i sin3 φ cosφ)

(M2
ε + sin2 φ+ i sinφM2

ε )
2

.

We denote by µ1(Mε, φ) and µ2(Mε, φ) the roots of P2 and we plot on Figure 2, on the left:
the maximum modulus of the roots of P2 that is max(|µ1(Mε, φ)|, |µ2(Mε, φ)|) as a function of
φ ∈ [0, 2π] and Mε ∈]0, 25], on the right max(maxφ∈[0,2π[ |µ1(Mε, φ)|,maxφ∈[0,2π[ |µ2(Mε, φ)|) as
a function of Mε ∈]0, 25].

Figure 2: Maximum modulus of the roots of P2.

Then for all Mε ∈]0, 25] and all φ ∈ [0, 2π], the spectral radius of
(
B

im
)−1

Be, denoted by

r

((
B

im
)−1

Be

)
, is lower than 1. We conclude like in the proof of Lemma 5.

Note that when ε = 0, P2 reduces to µ2 and when sinφ = 0, it reduces to µ2−2 cosφµ+cos2 φ. In
this last case, Bim =

(
IdR3 + α 2 i sinφAi

)
= IdR3 and so the eigenvalues of (Bim)−1 Be are those

of Be which when αu = 1 and sinφ = 0, are given by µe1 = µe2 = µe3 = cosφ= 1.

18



3.4 Numerical results for the first-order AP schemes

In this section, we present several numerical test-cases which show the good behavior of our new
linear first-order AP schemes given by (15), (16). We compare it to the non-linear AP scheme (18)
inspired by [8]. If not mentioned, the reference solution is computed using a first-order Rusanov
explicit scheme on a refined grid (Nx = 3000). For all test-cases the space domain is set to Ω = [0; 1]
and we choose γ = 1.4. If not mentioned ε = 1.

3.4.1 Classical Riemann problems: The Sod and Lax problems

The initial data of the classical Riemann problems is given by (ρ, u, p)(0, x) = wL = (ρL, uL, pL)
if x < 0.5 and wR = (ρR, uR, pR) otherwise, where tfinal = 0.2, ρL = 1, uL = 0, pL = 1, ρR = 0.125,
uR = 0 and pR = 0.1 for the Sod problem and tfinal = 0.14, ρL = 0.445, uL = 1.698, pL = 3.528,
ρR = 0.5, uR = 0 and pR = 0.571 for the Lax problem. For both test-cases, the numerical results
are compared to the exact solution.
The Sod and Lax problems are benchmarks in gas dynamics [42]. Their solutions consist of a left-
moving rarefaction fan, an intermediate contact discontinuity and a right-moving shock wave, see
Figure 3 and Figure 5.
For the Sod problem see Figure 3, the Mach number, M2 = u2 ρ/(γ p), ranges from 0 to 1 since at
x = 0 or x = 1, M = 0 and at x = 0.5, M ≈ 0.9. For the Lax problem, it ranges between 0 and 1.2.
We can see that our new linear AP scheme gives similar results to the “NL AP” schemes for both
L2 and L∞ versions. For the Sod problem, at the contact wave, we can see a small overshoot in
the density for our “L2 AP” scheme which is also present but less important for the “NL L2 AP”
scheme. This overshoot disappears when the mesh is refined see Figure 4.
Note that the position of the right moving shock wave in the pressure or in the velocity seems
not well captured by all the schemes in Figure 3, but when we refined the mesh, we can see the
convergence of the scheme to the right position of the shock, see Figure 4.

Figure 3: Sod problem for 200 cells. Comparison of our “L2 AP” and “L∞ AP” schemes (solid
lines) with the “NL L2 AP” and “NL L∞ AP” schemes (dashed lines).

Furthermore, for the Lax problem, Figure 5, we can see on the density, that the linear schemes are
more diffusive than the non linear schemes again at the contact wave. These differences disappear
when the mesh is refined see Figure 6. We can also see that the constant pressure and velocity
contact are well approximated in the contact wave.

The linearization of the non-linear system alter the results only slightly. Note that the implicit
upwinding, necessary to obtain the L∞ stability property, introduces numerical diffusion as it is
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Figure 4: Sod problem for 500 cells. Comparison of our “L2 AP” and “L∞ AP” schemes (solid
lines) with the “NL L2 AP” and “NL L∞ AP” schemes (dashed lines).

Figure 5: Lax problem for 200 cells. Comparison of our “L2 AP” and “L∞ AP” schemes (solid
lines) with the “NL L2 AP” and “NL L∞ AP” schemes (dashed lines).

expected and does not appear to be necessary in these test-cases. We will see in the next test-case
that without this upwinding, non-physical oscillations may appear.

Figure 6: Lax problem for 500 cells. Comparison of our “L2 AP” and “L∞ AP” schemes (solid
lines) with the “NL L2 AP” and “NL L∞ AP” schemes (dashed lines).

3.4.2 Several interacting Riemann problems

In this section, we consider the test-case introduced in [15] which consists in several interacting
Riemann problems. Shocks and contact discontinuities are stronger when ε is bigger. The initial
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data is given by ρ(x, 0) = 1, p(0, x) = 1, u(x, 0) = 1 − ε/2 if x ∈ [0, 0.2[∪]0.8, 1], 1 if x ∈
[0.2, 0.3]∪ [0.7, 0.8] and 1+ ε/2 if x ∈]0.3, 0.7[. The system is supplemented with periodic boundary
conditions. This test-case is particularly singular for first-order AP schemes, which all exhibit non-
physical oscillations on the density when the CFL is not reduced. The objective is to test the limits
of the schemes and to show that the L∞ corrections are necessary even if they are not perfect.
Following the linear stability analysis, between times tn and tn+1, we set the following CFL for the
schemes:

– For the “L∞” AP, “NL L2” AP, “NL L∞” AP schemes : ∆t ≤ cfl∆x/maxj |un
j |,

– For the “L2 AP” scheme : ∆t ≤ cfl∆x/(γ maxj |un
j |),

where cfl ≤ 1 is a given positive real number.
The results are given for different values of the Mach number: ε = 1, ε = 10−1 and ε = 10−2

respectively in Figures 7, 8, 9. We only show the density since the oscillations do not appear on
the velocity and pressure. In each corresponding regime we observe oscillations on the density
profile for all schemes. These non physical oscillations are more important in the L2 versions of the
schemes and decrease with the cfl number. When using the L∞ discretizations, these oscillations
are significantly reduced. This illustrates the need to add the upwinding on the L2 discretization.
Therefore, for the rest of the paper we will keep only the “L∞ AP” scheme called “Order 1 AP”
scheme.

Figure 7: Several interacting Riemann problems test-case, ε = 1, tfinal = 0.04. Left: cfl=0.9 with
200 cells, Middle: cfl=0.5 with 200 cells, Right: cfl=0.1 with 1000 cells

Figure 8: Several interacting Riemann problems test-case, ε = 10−1, tfinal = 0.03 with 500 cells.
Left and Middle: cfl=0.9 Right: cfl=0.5
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Figure 9: Several interacting Riemann problems test-case, ε = 10−2, tfinal = 0.015 with 1000 cells.
Left and Middle: cfl=0.9 Right: cfl=0.5

In Figures 8 and 9 (center plot), in order to show the asymptotic stability of our scheme, we
compare the time steps of our L∞ AP scheme against the classical explicit one. For both picture,
we can see that the ratio between the time step of the “L∞ AP” scheme and the classical explicit
scheme is greater than the expected gain

√
ε.
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4 Low oscillating second-order AP-scheme

In this section, we extend our new linear AP scheme to second-order accuracy in time and
space. Like in [18, 8], this extension is based on an Implict-Explicit (IMEX) Runge-Kutta approach
[3, 39, 20, 6]. In particular, we make use of the second-order Ascher, Ruuth and Spiteri [3] scheme
denoted in the sequel by ARS(2,2,2) which have been shown in [36] to be the better choice for
second-order discretizations. We recall (see [25]) that implicit methods of order higher than one
for hyperbolic problems cannot be strong stability preserving (SSP), i.e. they cannot maintain the
strong stability in the same norm as the first-order scheme. In our case that means that we cannot
build a high-order scheme which preserves the TVD or L∞ stabilities of the first-order schemes and
this situation does not change when IMEX methods are employed [18]. To bypass this limitation,
we use the same approach as in [18] for the isentropic Euler equations. The idea consists in blending
together first and second-order implicit time-space discretizations giving rise to less diffusive first-
order AP-scheme which guarantees the preservation of the L∞ stability and TVD property and, to
use the second-order scheme as often as possible by setting up a MOOD (Multidimensional Optimal
Order Detection) method [12]. We detail in the next sections the different steps of the scheme.

4.1 Second-order AP semi-discretization in time

First, let us present the second-order semi-discretization in time. Using the ARS(2,2,2) and
setting β = 1− 1/

√
2, the following second-order in time scheme is obtained

W ⋆ −Wn

∆t
+ β∇ · Fe(W

n) + β∇ · Fi(W
⋆) = 0,

Wn+1 −Wn

∆t
+∇ · F (W ⋆) + (1− β)∇ · (Fe(W

⋆)− Fe(W
n)) + β∇ · (Fi(W

n+1)− Fi(W
⋆)) = 0.

Following the reformulation and linearization used for the first-order AP scheme, we obtain

ρ⋆ = ρn − β∆t∇ · qn, (24a)

ε

γ − 1
p⋆ − β2∆t2∇ ·

(
h⋆,ex

ρ⋆
∇p⋆

)
= ε (E⋆,ex − k⋆,ex)− εβ∆t∇ ·

(
h⋆,ex

ρ⋆
q⋆,ex

)
, (24b)

q⋆ = q⋆,ex − β∆t
1

ε
∇p⋆, (24c)

E⋆ = E⋆,ex − β∆t∇ ·
(

γp⋆

(γ − 1)ρ⋆
q⋆

)
, (24d)
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where q⋆,ex = qn−β∆t∇·(ρnun⊗un), E⋆,ex = En−β∆t∇·(knε un) and h⋆,ex = γ (E⋆,ex−kε(W
⋆,ex)

and

ρn+1 = ρn −∆t ((β − 1)∇ · qn + (2− β)∇ · q⋆) , (25a)

ε

γ − 1
pn+1 − β2∆t2∇ ·

(
hn+1,ex

ρn+1
∇pn+1

)
(25b)

= ε
(
En+1,ex − kn+1,ex

)
− εβ∆t∇ ·

(
hn+1,ex

ρn+1
qn+1,ex

)
,

qn+1 = qn+1,ex − β∆t

ε
∇pn+1, (25c)

En+1 = En+1,ex − β∆t∇ ·
(

γpn+1

(γ − 1)ρn+1
qn+1

)
, (25d)

with hn+1,ex = γ (En+1,ex − kε(W
n+1,ex)) and Wn+1,ex = (ρn+1,qn+1,ex, En+1,ex) = Wn −

∆t ((β − 1)∇ · Fe(W
n) + (2− β)∇ · Fe(W

⋆) + (1− β)∇ · Fi(W
⋆)).

Let us prove the asymptotic consistency of this semi-discretization

Lemma 8 If the initial energy is well-prepared for the incompressible limit, more precisely if
E(x, 0) = E0+εE(x) with E0 constant, and assuming impermeability boundary conditions (u·ν = 0
on ∂Ω), the second-order semi-discretization (24)-(25) is asymptotically consistent. The formal low
Mach number limit of the system gives pn+1 = (γ − 1)En+1 = (γ − 1)E0 and ∇ · un+1 = 0 for all
n ≥ 0.

proof We proceed like in the proof of Lemma 4, we perform an asymptotic expansion, assuming
that all the quantities f l = f l

0+
√
ε f l

1+ε f l
2 for l = n, n+1, ex, ⋆ or n+1 and we prove by induction

the asymptotic consistency. We assume En
0 = E0 and we prove ∇pn+1

0 = (γ − 1)En+1
0 = 0 and

∇ · u0
n+1 = 0. The first step (24) gives E⋆,ex = E0, h⋆,ex = γ E0, p⋆0 = ∇p⋆1 = 0. Then

inserting (24c) into (24b), and performing the asymptotic expansion of the variables, gives p⋆0 =
(γ − 1)E0 = (γ − 1)E0 and ∇ · u⋆

0 = 0. The energy yields E⋆
0 = E0. For the second step (25), we

proceed similarly using in addition the results of the first step.

4.2 Second-order discretization in space

In order to extend the space accuracy to second-order, we use classically the MUSCL technique
and so a piecewise linear reconstruction of Wn

j given by Ŵn
j (x) = Wn

j + σn
j (x− xj) where σn

j is a
limited slope and is computed using a minmod limiter (see [18] for more details). This piecewise
linear reconstruction is used for defining the numerical flux at the interfaces using the notations
introduced for the first-order AP scheme

(Fe)
n
j+1/2 :=

Fe(W
n
j+1,−) + Fe(W

n
j,+)

2∆x
− (De)

n
j+1/2(W

n
j+1,− −Wn

j,+), (26)

where (De)
n
j+1/2 = 1/2 max

(
|un

j,+|, |un
j+1,−|

)
and where Wn

j,± = Ŵn
j (xj ±∆x/2) = Wn

j ±∆x/2σn
j .

For the sake of simplicity, we carry out the reconstruction of variables only for the explicit flux (Fe)
n

and not for the implicit terms in the calculation of the pressure prediction. Moreover numerical
tests intend to show that adding implicit diffusion only at the end of the second step is sufficient. As
done for the Order 1 “L∞ AP” scheme, we compute the L2 stable solution Wn+1,L2

j with (24)-(25),
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(26) (the scheme is called “Order 2 L2 AP” scheme) and then add numerical dissipation on the
conservative variables:

Wn+1
j = Wn+1,L2

j +
β∆t

∆x

(
(Di)

n
j+1/2(W̃

n+1
j+1,− − W̃n+1

j,+ )− (Di)
n
j−1/2(W̃

n+1
j,− − W̃n+1

j−1,+)
)
, (27)

where (Di)
n
j+1/2 = 1/2 max

(
|λi(W

n
j+1,−)|, |λi(W

n
j,+)|

)
, and W̃n+1

j,± = Wn+1
j ± ∆x

2 σn
j . This scheme

is called “Order 2 L∞ AP” scheme.

4.3 The first-order TVD AP scheme

It is well known that a second-order discretization in space introduces oscillations which can be
eliminated by using limiters. The same problem occurs with the time discretization. Indeed, using
this second-order discretization in time with a first-order discretization in space leads to numerical
results with oscillations: on Figure 10, we can see that the Order 2 AP scheme gives more accurate
results than the first-order AP scheme but we can also remark that when the Mach number decreases
oscillations appear. In [18], it has been proved that these oscillations are the result of the loss of
the L∞ stability and TVD properties of the second-order semi-discretization. These properties can
be recovered only if time steps are of the order of that of the explicit semi-discretization and so
constrained by the Mach number. It has been shown in [25] that there does not exist TVD implicit
Runge-Kutta schemes with unconstrained time steps of order higher than one for an hyperbolic
equation.

Figure 10: Shock tube test-case: ρ(0, x) = 1, u(0, x) = 1, p(0, x) = 1 + ε if x < 0.5, 1 otherwise.
Results for different Mach numbers: ε = 10−2 (left), ε = 10−3 (center) and ε = 10−4 (right).
Comparison of the approximated pressure given by the first-order “L∞ AP” and second-order in
time AP schemes against the reference solution.

To tackle this problem and obtain a L∞ stable and TVD numerical semi-discretization less
diffusive than the Order 1 AP scheme “L∞ AP” scheme, we introduce a convex combination between
the first and second order AP schemes, as proposed in [18] for the isentropic Euler equations:

Wn+1 = (1− θ)Wn+1,O1 + θWn+1,O2, (28)

where Wn+1,O1 is given by the “L∞ AP” scheme (13), Wn+1,O2 by the second-order AP scheme
(24)-(25) and θ ∈ [0, 1] is set to β/(1− β), proved in [18] to be the largest possible value to ensure
the TVD property in the case of an advection equation. In the following, this scheme is referred as
the “TVD-AP” scheme. Note that this TVD-AP scheme is less diffusive but it is still a first-order
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scheme. We will see in Section 4.8, how we can bypass this limitation. Furthermore, since it is a
combination of the first and second-order schemes which are both asymptotically consistent, it is
also asymptotically consistent.

4.4 Numerical convergence: The 2D isentropic vortex

The isentropic vortex problem was initially introduced by [29] to test the accuracy of numerical
methods since the analytical solution is regular and known. It corresponds to a flow characterized
by (ρ∞, u∞, v∞, p∞) = (1, 1, 1, 1) to which we add an isentropic vortex given by perturbations on
(u, v) and the temperature T = p/ρ, but no perturbation on the entropy S = p/ργ : (δu, δv) =

d/(2π)e
1−r2

2 (−y, x), δT = −(γ − 1)d2/(8γπ2) e1−r2 , δS = 0, where γ = 1.4, r =
√

x2 + y2 and the
vortex strength d = 5. The initial data is given by (ρ, u, v, p)(0, x, y) = (ρ∞ + δρ, u∞ + δu, v∞ +
δv, p∞ + δp), where the perturbations for the density and pressure read δρ = (1 + δT )1/(γ−1) − 1
and δp = (1 + δT )γ/(γ−1) − 1. The domain is set to Ω = [−5; 5]2 and periodic boundary conditions
are used. The exact solution of this problem with the above initial data is the initial vortex
convected with the mean velocity i.e. W (t, x, y) = W0(x− u∞t, y − v∞t). To assess the numerical
order of accuracy, we compute the relative L2 errors for several uniform meshes: eL2 = ||ρn −
ρnex||L2/||ρnex||L2 . The L2 errors of the density are computed at tfinal = 1 and are shown in
logarithmic scale as a function of the number of cells on Figure 11 on the right. We get the
expected orders for each of the schemes. Note that the TVD AP scheme is a first order scheme but
with an error always lower than the first-order schemes, which confirms that the numerical diffusion
has been decreased.

Figure 11: Left and middle panels: Density and first component of the velocity given by the Order 2
AP scheme with 128×128 grid points. Right panel: L2 norm of the density error at time tfinal = 1
given by the Order 1 “L2 AP” scheme and the “Order 2 L2 AP” scheme with no minmod limitation
for the calculation of the slopes (squares) and the first and second orders explicit schemes (triangles)
and by the “TVD AP” scheme (dots) as functions of the number of cells in logaritm scale.

4.5 The Gresho vortex

The Gresho vortex is a standard test-case (see for instance [9], [23]) to assess the AP property
of a scheme as well as to quantify the loss of kinetic energy for different Mach number regimes. The
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solution, written in polar coordinates, reads

(ρ(r), uφ(r), p(r)) =

 (1 , 5 r , p0 + 12.5 r2), if 0 ≤ r < 0.2,
(1 , 2− 5 r , p0 + 12.5 r2 + 4 [1− 5 r − ln(0.2) + ln(r)]), if 0.2 ≤ r < 0.4,
(1, 0, p0 − 2 + 4 ln(2), if r ≥ 0.4

where uφ(r) is the angular velocity, r =
√

(x− 0.5)2 + (y − 0.5)2 is the radius on the compu-
tational domain Ω = [0, 1] × [0, 1] and p0 = ρ/(γM2) depends on the physical Mach num-
ber. The density is constant and the divergence-free velocity field can be obtained from uφ as

u = (u, v) = uφ (− sin(φ), cos(φ)) with φ = arctan
(

y−0.5
x−0.5

)
. In Figure 12, we show on the left, the

physical Mach number distribution |u|/c where c =
√
γ p/ρ, the results are given by the “Order 2

L2 AP” scheme for different values of M after a full turn of the vortex at t = 0.4π and for a grid
of 80× 80 cells. We see that our scheme is able to preserve the initial distribution (first subfigure)
independently of the Mach number regime unlike classical discretizations for which the dissipation
is related to M . On the right pictures of Figure 12, we focus on the pressure profile in the x and
y direction and compare it against the initial condition. We can see that, even for M = 10−3, our
scheme is able to capture the pressure perturbations and does not show any oscillation.
To further check the asymptotic accuracy of our scheme we show in Figure 13 the ratio between
the kinetic energy at each time step k(t) and the initial kinetic energy k(0) for the Mach numbers
M = 10−1, 10−2, 10−3 and two grid resolutions 40 × 40 and 80 × 80. The results are given for
the Order 2 L2 AP scheme with no limiter in space (left) and with the minmod limiter (right).
We see in the graphs that for a same grid resolution the lines for the different Mach numbers are
overlapping which shows that the loss of kinetic energy is independent of the chosen Mach number
regime. Comparing the two subfigures we see that the loss is mostly due to the limiter in space,
0.9825 (unlimited) against 0.92 (limited) for the coarser grid.

4.6 A 2D Riemann problem

We consider a two-dimensional Riemann problem introduced in [10]. We set Ω = [−0.5, 0.5]2

and transmissive boundary conditions ∇W · ν = 0. We set q = ρu = ρ (u, v). The initial data
consists in four constant states defined in four quadrants given by

(ρ, u, v, p)(0, x, y) =


(1, 0.726, 0, 1), if x < 0, y > 0,
(0.5313, 0, 0, 0.4), if x > 0, y > 0,
(0.8, 0, 0, 1), if x < 0, y ≤ 0
(1, 0, 0.726, 1), if x > 0, y < 0.

We set ε = 1, but we will see that the physical Mach number |u|/c where c =
√

γ p/ρ, ranges between
0 and 1.14. The solution at each time t > 0 is constituted of two shocks moving respectively towards
the right and top of the domain and two steady contact discontinuities in the bottom left part of
the domain.
We use two different schemes: the “Order 2 L2 AP” scheme (24)-(25), (26) and the “Order 2 L∞

AP” scheme (27). In Figure 14, we display on the left and middle, the density isolines at the final
time T = 0.25. They are in good agreement with the reference solutions [10]. With both schemes
the contact discontinuities are preserved and do not move with time. Furthermore, the interface
computed with the “Order 2 L2 AP” scheme (when no implicit diffusion is added) is much sharper.
However, we see that the L2 AP scheme presents some spurious oscillations that are reduced when
the implicit upwinding is applied (middle).
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Figure 12: Gresho vortex at time T = 0.4π given by the “Order 2 L2 AP” scheme with no minmod
limitation for the slopes with 80 × 80 cells. Top: physical Mach number |u|/c, bottom: pressure
profile in the x and y directions for M = 10−1 (left), M = 10−2 (middle) and M = 10−3 (right).

4.7 Double shear layer: Incompressible solution

We consider a test case studied in [5] which consists of a double shear layer in a periodic domain.
It is used to validate the asymptotic consistency of our scheme since for small values of ε we can
compare our results with a reference solution computed solving the incompressible Euler equations,
see [5]. We set Ω = [0, 1]2 and periodic boundary conditions everywhere. The initial data are
well prepared to the incompressible regime (divergence free velocity field and constant pressure)
and are given by: ρ(0, x, y) = 1, u(0, x, y) = tanh(30(y − 0.25)) if y < 0.5 and tanh(30(0.75 − y))
otherwise, v(0, x, y) = 0.05 sin(2πx) and p(0, x, y) = 1. The shear layer is initially perturbed by a
vertical velocity of small amplitude. Then, each of the layers will evolve into large vortices and will
be thinned between those rolls. One relevant quantity is the vorticity w = ∂xv − ∂yu, which we
compute using a second order difference approximation.

wi,j =
vi+1,j − vi−1,j

2∆x
− ui,j+1 − ui,j−1

2∆y
.

The results are given in Figure 15 in which, we show the contour vorticity plots at time t = 1.2
for decreasing values of ε. We observe that for large values of ε the scheme does not capture the
incompressible solution while for ε = 10−3 and 10−6 the results are in very good agreement with
the incompressible solution see [5].
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Figure 13: Gresho vortex at time T = 0.4π given by the “Order 2 L2 AP” scheme. Kinetic energy
for different values of the Mach number M = 10−1, M = 10−2 and M = 10−3. Left: with no
minmod limitation, Right: with the minmod limitation .

Figure 14: 2D Riemann problem at time T = 0.25 with 400× 400 cells. Left: Density isolines given
by the Order 2 L2 AP scheme. Middle: Density isolines given by the Order 2 L∞ AP scheme.
Right : Physical Mach number

4.8 Mood procedure

Since we observed that in many situations the full second-order AP scheme can be employed
without formation of spurious oscillations and since the TVD AP scheme is only first-order accurate
we aim at constructing an optimized AP scheme using the MOOD technique [21], [22] (Multidi-
mensional Optimal Order Detection).
It consists of the following algorithm:

1. We compute the solution with the second-order AP scheme (24)-(25).

2. We apply the detection criteria, then if in a cell j, spurious oscillations are detected then we
compute the solution with the TVD AP scheme (28).

We refer to this algorithm as the AP-MOOD scheme for the Euler equations.
The detection of these oscillations is a difficult problem. Many different detection criteria (see

for instance [21], [44]) can be found in the literature such as the positivity of the density, a maximum
principle on the physical quantities, on the conservative variables... Here, we prefer introduce a
new criterion, based on a property verified by the continuous problem. We only consider the
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Figure 15: Double shear layer. Vorticity contours given by the “Order 2 L2 AP” scheme on a
128× 128 grid at time t = 1.2 for decreasing values of ε

one-dimensional case, first step for studying the oscillation detection criterion. The extension to
multi-dimensional problems is left for future works but for cartesian meshes, the one dimensional
criteria can be applied in each directions for the pressure and each component of the velocity.

It is known that at a continuous level and for a Riemann problem at least u or p satisfy the max-
imum principle. We propose to use this property for detecting spurious oscillations. We introduce a
local detection criterion which relies on testing whether both u and p break the maximum principle
at the same time. For each cell j, we calculate the following bounds: (umin)

n
j = min(un

j−1, u
n
j , u

n
j+1),

(umax)
n
j = max(un

j−1, u
n
j , u

n
j+1), (pmin)

n
j = min(pnj−1, p

n
j , p

n
j+1) and (pmax)

n
j = max(pnj−1, p

n
j , p

n
j+1).

We detect a loss of the maximum principle on u and p simultaneously on a given cell j ∈ 1, Nx if
for f = p and u:

fn+1
j < mn

f,j − toln and fn+1
j > Mf,j + toln, (29)

where mn
f,j = min((fmin)

n
j , (fmin)

n−1
j ) and Mf,j = max((fmax)

n
j , (fmax)

n−1
j ) and where toln =

µtol (maxj(f
n
j ) −minj(f

n
j )) maxj(f

n
j )/minj(|fn

j |) with µtol a tolerance parameter which must be
chosen so as not to activate the procedure too much in order to be as close as possible to the
second-order solution, but so as to activate it enough to significantly reduce the oscillations.

First, we present on Figure 16 the “Several interacting Riemann problems”. For this test-case,
the oscillations are particularly difficult to detect because some are located in the intermediate
values of the variables. We observe that using our local criterion these local oscillations are well
captured and corrected by the AP-MOOD procedure on the velocity and pressure profiles. It is
interesting to note that in the MOOD procedure, the second-order scheme is replaced only 7 times
out of 31 iterations by the TVD-AP scheme. This keeps the results close to the accuracy of the
Order 2 AP scheme (see the velocity maximum).

For the second test-case, we consider a shock tube problem with the initial data :

ρ(0, x) = 1, u(0, x) = 1, p(0, x) =

{
1 + ε if x < 0.5,

1 otherwise.
(30)

Periodic boundary conditions are prescribed. In Figure 17 we compare the results given by the four
schemes for ε = 10−2 and ε = 10−4. We observe that the Order 1 AP scheme is very diffusive while
the Order 2 AP scheme better approximates the solution but presents oscillations increasing as the
Mach number decreases. The TVD-AP scheme shows almost no oscillation as the Mach number
decreases. In red, we show the results of our AP-MOOD scheme which reduces significantly the
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Figure 16: Several interacting Riemann problems (see Section 3.4.2) for ε = 10−2 at tfinal = 0.015
for 1000 cells with µtol = 5× 10−2 in the AP MOOD procedure.

oscillations produced by the Order 2 AP scheme and gives results close to the Order 2 AP scheme.
We can see that the tolerance parameter µtol depends on the test-case but does not depend on ε.

(a) Shock tube problem for ε = 10−2 at tfinal = 0.03 for 500 cells.

(b) Shock tube problem for ε = 10−4 at tfinal = 0.0035 for 2000 cells.

Figure 17: Shock tube problem (30). Comparison of the Order 1 AP scheme, the second-order AP
scheme, the TVD-AP scheme and of the AP-MOOD scheme fixing the tolerance µtol = 1, 4× 10−1

(red line) against the reference solution.

5 Conclusion

In this paper we have developed and studied a new linear AP IMEX scheme for the compressible
Euler system in the low Mach number limit. We have shown that the chosen flux splitting preserves
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the low Mach number limit. We have proved that our resulting AP scheme is asymptotically
consistent, it degenerates into a consistent discretization of the incompressible system when the
Mach number is sufficiently small. We have performed a Fourier stability analysis showing that our
first order scheme is linearly L2 stable under a CFL condition independent of the Mach number.
Furthermore, we have constructed a low-diffusive TVD first-order scheme and using MOOD process,
we preserve the low oscillatory properties of the first-order scheme to the second-order scheme. One-
dimensional and two-dimensional numerical experiments supported the proposed analysis. In the
future, we aim at focusing on local domain decomposition techniques using this AP scheme, the
classical scheme for the compressible Euler equations and the classical scheme for the incompressible
Euler equations.

References

[1] Commun. Comput Phys T. Alazard, Incompressible limit of the nonisentropic Euler equations
with the solid wall boundary conditions. Adv. Differential Equations, 10(1), 19–44, 2005.

[2] K. Asano, On the incompressible limit of the compressible Euler equation. Japan J. Appl.
Math. 4, 455–488, 1987.

[3] U. M. Ascher, S. J. Ruuth, R. J. Spiteri, Implicit-explicit Runge-Kutta methods for time-
dependent partial differential equations. Appl. Numer. Math. 25(2-3) 151–167, 1997, Special
issue on time integration (Amsterdam, 1996).

[4] S. Avgerinos, F. Bernard, A. Iollo, G. Russo, Linearly implicit all Mach number shock capturing
schemes for the Euler equations, J. Comp. Phys. 393,278–312, 2019.

[5] J. B. Bell, P. Colella, H. M. Glaz, A second-order projection method for the incompressible
Navier-Stokes equations, J. Comp. Phys. 85, 257–283, 1989.
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