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Abstract

We study here the convergence of a finite volume scheme for a coupled system of an hyperbolic and an elliptic
equations defined on an open bounded set of IR?.

On the elliptic equation, a four points finite volume scheme is used then an error estimate on a discrete H' norm
of order h is proved, where h defines the size of the triangulation.

On the hyperbolic equation, one uses an upstream scheme with respect to the flow, then using an estimate on
the variation of the approximate solution, the convergence of the approximate solution toward a solution of the
coupled system is shown, under a stability condition.

Résumé

On étudie ici la convergence d’un schéma de type volumes finis pour un systéme formé d’une équation elliptique
et d’une équation hyperbolique linéaires, définies sur un ouvert borné de IR?.

Pour I’équation elliptique un schéma volumes finis & quatre points est utilisé, une inégalité discrete de Poincaré
pour les fonctions & moyenne nulle, est établie afin de montrer une estimation d’erreurs en norme H* discréte, de
l'ordre de la taille des mailles.

Sur I’équation hyperbolique, on utilise un schéma décentré vers 'amont de I’écoulement, a 1’aide d’une estimation
faible sur la variation de la solution approchée, on montre, sous une condition de stabilité, la convergence de cette
solution vers la solution faible du probleme.

1 Introduction

One considers a problem coming from the modelization of a diphasic flow in a porous medium. In a

simplified case it leads to the determination of the velocity u of one of the two phases and of the pressure
P.

Let © be an open bounded polygonal connected set of IR?, one notes I' = 9.
Let g € L®(T), up € L>=(Q) and w € L=°(I't x IR, ), be given,

with It = {y € T'; g(v) > 0}, one assumes / g(y) dy=0;
r

then one considers the problem defined by :

(1) AP(z)=0, z2€Q
(2) ug(x,t) — div(u(z,t) VP(x)) =0, z€Q,te IR,

with following boundary conditions and initial condition :

3) VP()n(y) =g(y), yveT
(4 u(y,t) =u(y,t), yeTT,telR,;
(5) u(z,0) =up(z), €

where n is the outward unit normal to I'.



More precisely, one searches u in L*°(2 x IR, ) and P in H'(Q) solutions of (1)-(5) in the following weak
sense :

/QVP(:U).VcI)(:c) dx — /Fg(’y) d(y)dy=0 forall ® € H(Q)

and
dp
/Q /lRJr u(z, t)a(x, t)dx dt — /Q /1R+ u(z,t) VP(z).Vo(z,t)dx dt
+ [ w@ete s [ u0.060.00 () dva =0

for all p € C(QF x IR,) with QT =QuTt
Note that the test functions ¢ are equal to zero on I'™ = {y € T'; g(v) < 0} but not necessarily on I'".

To discretize these equations, a finite volume scheme is used, then the results presented by R. Eymard
and T. Gallouét in [5] and R. Herbin in [8] are generalized. Indeed the system considered in [5] is the
same as the one presented here but the authors use a coupled finite element-finite volume scheme, then
discrete unknowns are localized at the vertices of the meshes whereas in this note they are localized at the
cells centers. For this scheme they prove a convergence property toward a weak solution of system (1)-(5).
The scheme used on the pressure is a finite element scheme, hence the convergence of the approximate
solution of the elliptic equation follows from the finite element framework. In this note one uses a four
points finite volume scheme for the pressure, then a convergence proof is given by generalizing the results
of R. Herbin in [8]. One of the two essential differences comes from boundary condition, since in [§]
the boundary condition is a Dirichlet condition whereas here a Neumann condition is considered, then
estimates are changed by boundary terms. In particular, for our estimate it is necessary to count the
number of triangles which are “after” a given triangle in all directions, while in [8] only one direction
is sufficient. In a same way, to prove the error estimate in discrete H' norm, the discrete L? norm of
the error is majorized by its discrete H} norm, assuming the solution’s mean value equal to zero since
problem’s solutions differ from a constant, whereas in [8] the discrete L? norm of the error is majorized
by the sum of its discrete Hi norm and of its discrete L? norm on the boundary.

The second difference comes from the assumptions on the meshes. In [8] all the meshes must have a
measure of same order, whereas here deformations of the meshes are authorized (see section 2.1).

On the velocity an upstream finite volume scheme with respect to the flow is used, then, under a stability
condition, the convergence of the approximate solution toward a solution of the hyperbolic equation is
shown. To prove this result, one needs an estimate on the variation of the approximate solution, it uses
an estimate on discrete H! norm of the approximate solution of the elliptic equation, this result in [5] is
given by the finite element framework. Other results on the existence and the uniqueness of solutions of
hyperbolic equations are given in [7], [3], [1], [10].

Numerical experiments on the comparison between finite element scheme and finite volume scheme, done
by J.M. Fiard and R. Herbin in [6] for a conduction problem and by R. Herbin and O. Labergerie in [9]
for a diffusion-convection problem, have shown that the approximation of fluxes is better for the finite
volume scheme. Furthermore, comparison between the scheme presented here and the weighted finite
volume scheme of R. Eymard and T. Gallouét have also been done in [6] on a system more general than

1)-(5), where (1) is changed by div ( f(u(x,t)) VP(x) =0, x € Q. This numerical test shows that the
(1)-(5)

scheme presented here gives better results than those given by the weighted finite volume scheme. Other
authors have been interested by finite volume scheme on triangular meshes, see for instance [11]. In [11],
results are restricted to particular meshes, whereas, here, as it has been already remark, the assumptions
are most general.



2 Discretization

Before discretizing the elliptic and the hyperbolic equations, one first gives assumptions on the triangu-
lation.
2.1 Assumptions on the triangulation

Let 7 = (Kj)1<;<r, be a triangulation of Q which satisfies :

there exists n such that for any 6 angle of an element of 7', one has :
(6) n<6< g o/

One defines h; = /S(K;), where S(K;) denotes the 2D Lebesgue measure of K, then the assumption
(6) gives the following result :

there exists vy > 0 and @y > 0, depending only on 7, such that for all side a of the triangulation, the
length I(a) of a verifies :
(7) Oll.hj S l(a) S Oég.hj

if @ is an edge of the cell Kj.
Then one defines h € IR, by h = mLafc hj.
=

Some notations will be useful to describe the numerical scheme :
NOTATIONS

Towt = {j e{l,....I} K, T, ijr;é(a}

Aezt the set of the edges of the triangulation which are on the boundary I' of Q
Aine the set of the edges of the triangulation which are in Q

(

v) = max(g(7),0) and g~ (y) = (—g)"

g
For all K; € 7, 1 < j < L one notes :
¢i(j) the edges of K, i=1,20or 3

x; the intersection of the orthogonal bisectors of the edges of Kj
g;; :/ g (y) dy and 9i; :/ g (y) dvy,i=1,20r 3,if ¢;(J) € Acas
ci(d) ci(d)

gij = g;‘; — gy 0= 1,201 3,if ¢;(j) € A

Text(J) the set of the suffix ¢ = 1,2 or 3 such that ¢;(j) € Aeut

7; the set of the suffix of the neighbours of K;

cjk = 0K; NOKy, for all ke

djr. = d(zj,cjx) + d(zr, cji), for all k € 7, where d is the euclidian distance of IR?

x ;1 the center of the side ;i



2.2 Discretization of the elliptic equation

To discretize (1), a four points finite volume scheme is used ; the principle of the finite volume schemes,
(see [4]), is to integrate equations on each control volume (here K; € 7), so one has :

VP(y)ngk,(y) dy=0
oK,

where ny; denotes the outward unit normal to 0Kj.

One approximates P by Pr with P,(x) = P; if x € K, so the discretized equation can be given by
approximating the flux of P through one edge ¢;(j) of K; by :

(P — P))

l(ejk) 7 if 3k e {1,...,L} such that ¢;(j) = ¢

jk

/ LI i) € A
cilJ

Then one has : (Po - P))
ke — bj _ .
(8) Z l(ejk) T + Z gij =0 forall je{l,...,L}

ke i€Teat (7)

with the convention Z =0.
0
One can remark that on the domain’s boundary the approximation of the flux is exact.

2.3 Discretization of the hyperbolic equation

Before discretizing (2), one defines the time step 0, so let 7 be a triangulation of Q which satisfies the
assumption (6) and a € ]0, 1], then one chooses § € IR’ which satisfies the following conditions :

5 (P; — Py)

1-9 l(c;

>a V(jk)es

(9)
1-6

5 . .
S(KJ) gz] >« vj 67’61%

where S = { (j,k) € {1,..., L} ; (K;,Kx) €T x T, k € 7; and P; > P}
One notes t™ =n § for all n € IN.

To discretize (2), first an Euler scheme explicit in time is used, and as for the elliptic equation, one
integrates (2) on each control volume :

/ u(x, ") — u(x, t)
K

dx — / u(y,t") VP(y).ng, dy =0
0 0K ; ’

J

One approximates u by u; s with us 5(z,t) = ul ifr € Kjandt € [t",#" 1. Then an upstream discrete
value with respect to the flow is chosen for u at the interfaces of meshes, and at the boundary.

One defines uf for all j € {1,..., L} by u? = S(}(J) /K uo(z) dx

J
¢t

1
and @}; for all j € 7oy and for ¢ € 741 (j) by Wy = 7/ / a(y,t) dydt
! ' ) 0 Ue() S Je (1)



So, the discretized equation is given by :

n n n (Pk — P) —n n _—
S(K;) (ujH_l - Uj) -0 E Ujk lcjn) 761'1@ =4 E (Um 9{; — Uy gij) =0
keT; J 1€Tewt(F)

(10) forall j € {1,...,L} and all n € IN

uf if P; > Py
n J—
where uly =

up else

3 Convergence of the four points finite volume scheme for the
elliptic equation
Let 7 be a triangulation of €2 which satisfies the property (6).

One proves in this section the existence of solutions (P;)1<j<z, of (8) and that these solutions differ only
from a constant, proving the following result :

Proposition 1 Let g € L>(T"), one defines for all j € {1,...,L} : g;; = / g(y) dvy if ¢;(§) € Acat-
ci(4)
Then :

1. 4f Z gi; =0 Vjie{l,...,L} and (P})i<j<r satisfy (8) then

1€Teqt (5)

P,=P, VYjke{l,...,L}

L
2. Zf (Pj)lﬁjSL satisfy (8) then Z Z 9ij = 0

J=1i€Tert (J)

3. if/g(y) dy =0 then there exists (P;)1<;j<r solutions of (8) and solutions differ only from a con-
r

stant

Furthermore one proves the numerical scheme’s convergence proving an error estimate on discrete H*
norm of order h :

L

Theorem 1 Let g € L>°(T"), one denotes by P the weak solution of (1), (3) such that Z S(K;)P(z;) =0,
j=1

where x; is the intersection of the orthogonal bisectors of the edges of K;, one supposes g such that P is

in C*(Q).

L
Let (Pj)1< <1 satisfy (8) and ZS(Kj)Pj =0, one defines the error by e; = P; — P(x;) for all j €
{1,...,L}.

Then there exists C1 and Cy positive, independent of T such that :

I ek — &) 1/2 I 1/2
(Z > % l(cjk.)> <Cih  and (Z S(K;) ej|2> < C.h
; ) J j=1

j=1



3.1 Proof of Proposition 1

Proof of the first part of the Proposition 1
One supposes that V j € {1,...,L} Z gij = 0 and (P;)1<;<r satisfy (8).
1€Teat (J)
Let jo € {1,...,L} such that P;, = min{Pk ke {1,...,L}}
Thanks to (8), one has :
P, — P

> Uesor) TJO + D 95, =0

keTjo Jok 1€Text(J0)
But according to assumptions Z gijo = 05 and l(cjor) > 0, djor > 0 and P, — Pj, > 0

1€Text(Jo)
vV k € 7j,, so one has :

P, = Pj Vike Tjo
Using the fact that © is connected, one obtains by induction : P; =P, VYV j,ke{l,...,L}
Proof of the second part of the Proposition 1

Supposing that (P;)1< <z, satisfy (8) and summing these equations one gets :

XL: >, 9u=0

I=1i€Teqt (J)
Proof of the third part of the Proposition 1

One supposes that / g(y)dy =0.

r
Then thanks to the first part of this Proposition, (8) is a linear system which has a kernel of dimension
1.

So, thanks to the second part of this Proposition, the image space of this linear system is the set of the
L

B € IR", B = '(by,b,...,by) such that Y b; = 0.

j=1
L

Then, as Z b = / g(7y)dy =0, there exists (P;)1<;<r solutions of (8) and these solutions differ only
j=1 r

from a constant.

3.2 Proof of Theorem 1

Definition of the consistency error on the fluxes

As it has been remark in section 2.2, fluxes are exact on the domain’s boundary, then one defines the
consistency error only at the interfaces of meshes.

The exact flux on the side c; in the direction of K; to Ky is :

chk (KJ) = %

— / PO ()

and the approximate flux on the side ¢;i in the same direction is :

_ b P

chk(Kj) d'k
J



One defines the consistency error, denoted by R, (Kj;), by :

P(xy) — P(x;)

chk (KJ) = chk (KJ) - dk
J

One can remark that the conservativity of exact and approximate fluxes implies :
RCjk (KJ) = _chk(Kk)
Now the following result is proved :

Lemma 1 Under the assumptions of Theorem 1, there exists a constant Cg > 0 independent of T such
that :
R, (K;)| < Cr.h Vj,ke{l,...,L}

Proof of Lemma 1

Using a first order Taylor expansion one proves that there exists C; > 0 and Cs > 0 depending only on
a1, as and on the second order derivative of P such that :

P(zy) — P(z;)

e (K
By () -

+ VP(xjk).nKj —

1
7/VP('7).71K]. dy — VP(zji)nk,
Uejk) Jey

IN

Ci.h+ Co.h

So the proof of Lemma 1 is completed.

Let e, = Py, — P(zy) be the error on the cell K, for all k € {1,..., L}, then one proves the first result of
Theorem 1, i.e. the following property :

There exists C' > 0 independent of 7 such that :

B 1/2
(er — ;)
(11) SN = ler) | < Ch
j=1ker; ik
Proof of the inequality (11)
Thanks to (1) one has :

(12) > Uein) Fe (K + Y g5=0

ker; 1€Teat ()

One subtracts (8) from (12), one multiplies by e; and one sums over j, then using the conservativity of
the exact and approximate fluxes, the properties (6) and (7), the Lemma 1 and the Young inequality (for
more details see [8]), one gets :

L 2 2
S G ey < S0 g g

i «a
Jj=1ker; ik !

where S(Q) is the 2D Lebesgue measure of the domain €.
Then the proof of the inequality (11) is completed. Let’s complete the proof of Theorem 1.

Proof of Theorem 1

The L2 discrete error estimate is shown by using a discrete Poincaré-Wirtinger inequality, i.e. the following
result :



There exists C' > 0, independent of 7', such that :

| 2

L |€ o _
K~ CKk;
(13) S8 ey —mP <0 Y L )
j=1 a€Aint @
L
with m = 5@ Z S(Kk) e, where e+ and ep— are the errors on the both elements of 7 for which a
k=1

is an edge and daiis defined as follows :
for all @ € Ajp¢ there exists j and k in {1,..., L} such that a = ¢;;, then d, = dji.

This result will be proved in four steps :

Step 1 :
Let P be a square included in © and the both directions D; and D; defined by P, see figure 1.

(24,18)(190,18) (182.000,16.000)(190.000,18.000)(182.000,20.000) 4.000(71,49)(71,18) 4.000

Figure 1:

One notes d = |b — ¢| and one chooses for coordinate system the coordinate system defined by any point
of IR? and the both directions Dy and Ds.
Let A;n:p be the set of the sides a of A;y,; such that a NP # (.

Let K; and K}, in 7 such that K;NP # () and KNP # 0, = (z1,22) € K;NP and y = (y1,y2) € KxNP,
one denotes by [x,y] the line segment delimited by = and y, and one defines :

Agy zy.y, (respectively Ay, o, 4,) the set of the sides of A;,; such that the intersection with the
line segment [(z1,22), (21,y2)] (respectively [(z1,y2), (y1,¥2)]) is a point.

Aﬁ) (respectively .Aé?) the set of the sides of A;,+ p such that the intersection with the line defined
by (x1,0) (respectively (0,y2)) and parallel to Ds (respectively D;) is a point.

Then one has :

e; —ep < E ‘eK;—eK;‘-i- E ‘eK;—eK;‘

€Az 2y,y2 a€Az yy .o

ae.yePNQ, VaeePn



Integrating over K NP and summing over k, one obtains for all z € PN :

c (& C C
d2|ej — mp| g/ / Z ‘eK;r _eK;’ dyy dys +/ / Z ‘eK: —eKa—’ dyy dys
b b a€A; b b acAy

(2) (12)
1 L
k=1

For all a € A;¢, let 0, be the angle between a and D;, then swapping the summation and the integral
in the second terms, one has :

d\ej—mp|§d Z eK;r*BKaf“F Z

GEASE? aeAint,P

et feK;‘ l(a) cosfb,

Using the Cauchy Schwarz inequality, one gets :

2
Cr+ — € —
K K
2 .
d*|e; —mp|” < d? | x sinf, d,
j
. sin 6, d, .
acA) acAl)
2 2
+ E ’exj —ex- X E l(a)
a€Aint, P a€Aint, P

and then :

2

‘eK;t oy dagh
e —mpl* < (d4202h) 30 o 4 3a (”5) > Jew — e
a a
aEAfl) aEAmt,P

2

Integrating over [b, c] with respect to z; and swapping the summation and the integral, one has for all
x2 € [b,q] :

2
(14) Z l (KJ ﬂDg?)) |ej — m,P|2 < Cl d Z w

K; ERgle) a€Aint, P

l(a)

where Dg(é) is the line defined by the point (0,22) and the direction Dy, 725}2) is the set of the triangles

6(2‘12’)2 (d+4a2h).

which are cut by Dg(clz) and C1 =d+2ash +

With the same arguments, one can prove the following result for all 1 € [b, ] :

2

(15) > 1(KnDP) fej—mpl <Crd Y ’K;K

l(a)

K;eR{) a€Aint,p

One concludes by integrating (14) with respect to x5 so :

2
L

€t — €p—
(16) >SS NP)le; —mplP <Crd? Y lews = enc|

d
j=1 a€Aips,p e

l(a)

Step 2 :



In this step the inequalities (15), (14) and (16) are proved over half of the square P denoted T, i.e the
triangle (A, B, D) (see figure 1).

Using the orthogonal symmetry in relation to [BD], the problem is the same as the one of the step 1,
then with the same notations, one has the following results :

2

‘eK;;- — eKa_
3y Z(Kj mpgl)) e —me* <201d Y =" l(a)
K]‘E’R«él) aeAim,T @
‘ 2
eK; — eK;‘
3 l(Kj mpg")) e —me* <201d Y =" l(a)
KJER}SZ) a€Aint, T @
and :
’ 2
eK;— — eKa_
> S(E;NT)lej —mpl* < Crd® > )
J=1 aE.Amt,T @
Step 3 :

One proves the result over an ordinary triangle of Q. -
So let an ordinary triangle 7" of ) and a right-angle triangle T', see figure 2.

(44.000,117.000)(42.000,125.000)(40.000,117.000) (42,125)(42,18)(187,18) (179.000,16.000)(187.000,18.000)(179.000,20.0C

Figure 2:

Then there exists a linear application F which transforms 7" in T defined as follow :

z Yy
= l l1 tan @
)G
Y Y Y
Il sin @

AsT = O(Kj mT) then T’ = O(F(Kj mT))

j=1 j=1
Let the function € defined from T to IR by e(z,y) = e; if (Z,7) € F(Kj N T).

One has the following result :
there exists 7 such that for all triangulation 7 = (Kj), <j<r of  one has, for all angle of an element of
T o

™
<< —=-
n 9 n

10



Then there exists 7j(n, F') such that for all angle of an element of (F (K J)) :
1<<L

0 >1(n, F)
™
but one can have : § > 5
So one defines (7)<, a triangulation of F'(2) such that :
1. Vke{l,...,L'}, there exists j € {1,..., L} such that :

Ty C F (Kj)
2. for all 6 angle of an element of (Tk), <, one has :
_ a _
n(n, F) <0 <5 —nn, F)
According to the step 2, one has:

2
b

iS(F(KjﬂT>)|ej—mT| ZS TNT) |ej—mz"<C 3 I(a)

j=1 a€A; T

where mz is the mean value of € over T'.

Remarking that :
2

‘6K+ — €k 2
a a
E 4 l(a) < Cay,a0m,F E ‘GK; *61(;’ Con oz, F E , ’€K+ -

a€A,, . 5 e acA a€Aint, T

2

int,T

and that

~

mg = mr = %ZS(K} NT)ej, one gets :
=1
L
ZS(F(KJ ﬁT)) ‘ej - mT|2 < Cal,ag,n,F Z ‘
j=1

a€Aint, T

2

Thus :

1 1
F(K,nT) )= g _ 1 skt
S( (750 )) /F(ijT) dwdy =77 sinﬂ/ijT dody = g UGN T)

So, one obtains :
L
ZS (K;NT) |e; — mT|2 <lilysinf Copanm,F Z }GK; — €=
j=1

With the same arguments, one proves the following inequalities :

2
(17) > UE;NT) fej —mrl* <h Cayasmr Y ‘exj e
KjGRI aeAint,T

11



2
(18) Z LHK;NJ) |ej — mr)? <l sinf Coy ap.m,F Z ‘61{; - eKa_’

Kj ERy ae-A'int,T
where R (respectively R ;) is the set of the triangles K of 7 such that K NI (respectively K N.J) is not
emptyset.
Step 4 :

Let a subset T of 2 which is the union of two triangles 77 and 75, one denotes 077 N IT, by I.
AS m — S(Tl) mi + S(TQ) mo

, one can write :

5(9)
- 2 - 2 S(Tz) 2
S OSE;NT) e —mrl* <2 (Y S(K;NT) lej —ma|* + S(Th) Imy —my
=1 =1 S(€)
According to the step 3 one has :
L 2 S(T.
ZS(KjﬁTl) |ej—mT|2§2 CS(Tl) Z ‘BK;—GK;‘ +S(T1) S((S;)) |m2—m12
j=1 a€Aint, Ty

Then it just remains to estimate the difference between msy and m;.

Let © = (z1,22) € I, s0 :
ima = mi[* < 2 (le(er,22) = maf* + [e(@1,@3) = ma*)

Integrating over I and thanks to the inequalities (17) and (18), one has :

(1) [ma —ma> <2C | Y egr —ep| +

a€Aint, T, a€Aint, Ty

‘ 2 2

BK;r — eK;

Then :

’ 2 2

L
ZSK NTy) |ej—mT| <C Z ‘eKj—eK; + Z ‘eK:—eK;
j=1

aEAmt,Tl aeAint,Tz

With the same arguments, one can prove the following result :

L 2 2
ZS(KjﬂTQ) |ej—mT|2§C Z }6K11+—6K;’ + Z ‘€K+—€Ka—
=1 a€Aint, Ty aeAint,T2

and then
L 2
>SS NT) les—malP<C Y|
j=1 a€Aint
As we have supposed that € is a finite union of triangles, one has :
L 2
ZS |e]—m| <C Z ’€K+—6Ka—‘

a€Aint

where C' does not depend of the triangulation 7.

l
One concludes remarking that ;—1 < (a)
Qo a

for all a € A;p¢, SO :

12



2
L €pt+ —€

2 Qg ‘ K, K,
S8 ey - < 220y Iy
j=1 a€Aint

Remark 1 If the boundary condition is a Dirichlet condition, then this proof can be generalized, it is
closed to those given by R. Herbin in [8].

In this case one considers a direction D which is parallel to none edges of the mesh.

Let j € {1,...,L} and = € Kj, then one denotes by Aj,, the set of the edges such that the intersection
between these sides and the line which contains x and parallel to D is not empty set.

One can write :

|€ |2 <Od Z |€KJr eK |2
J Wy dg COSH
.

where 0, is the angle between a and D.

Integrating over Kj;, summing over j and swapping summations and integrals, one gets :
= et — ep|? 2
2 2 K~ °K, lex. |
Zﬂ&»ﬂs0%<§j%,uw+§j(%zw
Jj=1 a€A;nt a€Acqyt

and then one concludes with the error estimate in discrete H norm (see [8]).

4 Convergence of the numerical scheme for the hyperbolic equa-
tion
In this section one will prove the convergence of the solution of (10) toward a weak solution of problem

(2), (4), (5), proving the following Theorem :

Theorem 2 Let (7;,64)qeiv be a sequence of triangulations of Q and time steps which satisfy the prop-
erties (6) and the stability condition (9).

( n
One notes Ty = (Kj)lqg)jguq) and ) =ndg.
Let the sequence (uz,s,)qemv with uz, s, (z,t) = u(q)? if v € KJ(-q) and t € [t ?q) [, where {u(Q)?,

je{l,... ,L(‘J)}, n e ZN}, is solution of the discretized equation (10) associated to the triangulation T

and the time step d,.
Then :

1 there exists a subsequence still denoted (urs, s,)qemv, which converges toward u when g — oo, i.e.
when h goes to 0, in L>=( x IR,) for the weak x topology, i.e. one has :

lim // ur, s, (z,t) o(x,t) dedt = // u(z, t) p(x,t) dx dt
q—0o0 QXIR+ Q><IR+

for all p € LY(Q x IR,).
2w is a weak solution of problem (2), (4), (5), i.e. one has :

/Q /1R+ u(z, t)aa—(tp(:c, t)dedt — /Q /IR+ u(x,t) VP(x).Vo(x,t)dr dt

+/wummmm+// A1) o, 1) g (7) dy di = 0
Q rJr,
for all p € CX(QF x IR}) with QT =QUTT.

13



In order to prove the first part of this Theorem, one will prove in the subsection 4.1 an L (2 x IR )
estimate on the approximate solution.

Then to prove the second part, one will first show, in subsection 4.2, a weak estimate on the variation
of the approximate solution, and then, using this estimate, one will prove that u is a weak solution of
problem (2), (4), (5).

4.1 L>*(Q x IR,) estimate on the approximate solution

Here one proves that the family (ur, s, )qemv is bounded in L>°(Q x IR ), then, thanks to the sequential
weak « relative compactness of the bounded sets of L>(Q x IR ), it shows the existence of a subsequence,
still denoted (ur,,s,)qemv, Which converges in L (€2 x IR ;) for the weak * topology when h goes to 0.

Let T be a triangulation of  and ¢ € IR’ which satisfy the property (6) and the stability condition (9).
Another expression of the equation (10) is :

it = (1+S(§(j)( >t BB g)>

keTj, Pj>Py 1€Text ()
4] n (Pk — P) —n
el IR0 — ) g
S(KJ) ke, P . d]k ; P
7j, P> Pj 1€Text(J)
for all j € {1,...,L}.
So U?H is a linear combination of the uy, 1<k <L anduj; i=1,2or 3.

Then like in [5], thanks to (8) and to the stability condition (9), one has the following properties :
1. the sum of the coefficients of the combination is equal to 1
2. the coefficients of the combination are all positive

and one can write :

IN

|u}1+1| max( sup |uf], sup “7z|>§ S max< sup |u?|, ||u|L°°(F+XlR+)>
K;eT J€Teat, 1=1,2,3 K;eT

IN

max(|uo|mm, ||u||Loo<r+Xm+>)

Then (ur, s5,)qemv is bounded in L*>(2 x IR ).

4.2 Convergence of the numerical scheme

The L= (2 x IR ) stability gives the existence of a subsequence which converges to u in L>(Q x IR, )
for the weak x topology.
One will show that w is a solution of (2), (4), (5) in a weak sense.

Let 7 be a triangulation of 2 and § € IR’} which satisfy the property (6) and the stability condition (9).
One considers ¢ € CX(QF x IR;) with QT =Q UTT, and one defines T such that, V = € QF,
supp(¢(x,.))C [0,T — 1] and such that there exists N € IN such that N6 <T < (N +1)4.

1
Multiplying (10) by TK) ¢(x,t") and integrating over K, then summing over j and n, one gets :
J

Eip+ Eop =0

14



with :

N L
1
E = /SK< Tl p(x,t") dx
o= 22 f ST ) gy et
(c
By = _225<Zu Pk—, fk + Y (ghu—g5u )>
n=0 j=1 keT; ZeText(J)
S o(z,t") dx

In a classical way one could show that :

hm Ey = / / u(z,t) —90 (x t)da:dt—/uo(x) o(x,0)dx
IRy Vot 0

The proof of the following result will be given :

tiny B~ [ /Imu<m,t>VP<x>.w<x,t>dxdt— / /mu(v,t)so(%t)gﬂwdvdt

One defines Fs3p and Ey4p, by :

E3h—z5< >y —uk)(Pde_kP])/ o(v,t") dy +

n=0 (4,k)ES
L
+> Y (u?u?i)/(‘) P(1,t") g(v) d7>
cilJ

J=14€Tert(J)

By, = Za(/ urs(z,t") VP(x).Vo(z, ") de — /FET,(;(%t”)w(%t")g(v) dv)

n=0

The result will be proved in three steps.
The first step is the proof of the existence of a constant C' > 0, independent of 7 and §, such that :

‘E?)h — Egp|[< ChY/2

According to (8) one has :

N L
Ezhzzz5<2(% ug) (P — Pk

n=0 j=1

be Y W, %)

ke, 1€Teat(7)

al l(cj]f) n (P P]") n
Ea=So( % g - O | oty

X gl [ et
K
Jj= 1lETemf(J) 7

15



N
(P — P) Ucjk)
Ean — Esp Z5< Z luj —up| ————= (7, t") dy — p(z,t") dx
, djx - S(Ky) Ji
n=0 \(j.k)es ! ek g
L +
95
YRS L[ ewede- [ et )d7>
=1 i€ren(5) S Jx, «(9)
One defines :

D, =

/‘ ey, t") dy — é((clj(kk))/l{ o(x,t") dx

J

+

9ij N .
5(K5) /K olet) i~ | et g

Remarking that if ¢ = C' is constant then D; = 0, one gets :

Dy =

D, =

/_ (p(7, ") — @z, t")) dy — %L{ (p(z,t") — (g, t")) da

< Chjllcjr)

Similarly one could show that :
D2 < C hj g;;

and then :

N
P, — P n "
gCéZ Z h; l(cix) (Jd]k) luj — u|

‘E2h — Esp,
n=0 (jes

+52 Z Z thm luff —

n=03j€Tcrt i€Text(4)
To conclude, the following Lemma is proved :

Lemma 2 Let T be a triangulation of Q and 6 € IR’, which satisfy the property (6) and the stability
condition (9). Let T > 0, one defines N by N6 <T < (N+1)§ and one supposes N > 1, then one notes

£ =53 ( 3 i) Lo gt 35w g -m)
(j,k)eS ]k J€Text 1€Text (J)
Then there exists a constant C > 0 independent of T and § such that :
EF,(T) < C n'/?

Proof of Lemma 2
Let n € IN, K; € T, one multiplies (10) by u? and one sums over n and j, then using the following
property :
1
W - ) = g g @) g ()

16



one gets :

N L
_%ZZS(KJ) (u;.“rl uf) —6ZZ<ZU ully 1(cjr) (Pkd;kpj)

n=0j=1 n=0 j=1 \ker;

1 L
1 2 (9w - W) 9&)%2&1@)@??
P€Text ()

Let By and By be defined by :

N L
Bi =) ) S(K)) (uj™! —uj)?
n=0 j=1
N L
(P — P)) S o
By :52 (Zuj uly 1(cjr) 7 L+ Z (u] uy; 9y (u})? gu)
n=0j=1 \k€Er; ik 1€Tet ()

Then one has :
N L
n n . n (Pk - P) n —nm n —
By = 52( Z ((uj )2 — uj uk> l(cj) TJ + Z Z (Uj Uyj; g;;- - (uj)2 gij)
n=0 \(j,k)eS ik J=1li€Test(4)

Remarking that :

(4:k)eS j=1 k‘GTJ

and thanks to (8) :
(Pe — Pj) _ ‘
)2<Zl(cjk)dj+ > (gh—g5)|=0 Vie{l,....L}
ker; gk 1€Tewt ()
one can write :

By = Z<Z uf —up)® Ucjk) (Pk_ Z > 91)(“ _uﬂ>2

n=0 \keT; j= 1lETeTf(j)
30X (el - 7 a5) )
J=1i€Teqt (J)

Furthermore according to (10) one has :

SR u™ 1 'n, al 52 u n P —Pj

2
R ICE)

1€Teat ()

17



The number of the neighbours of a triangle K; is lower than 3, and the number of its sides on the
boundary is lower than 2, then thanks to the Cauchy-Schwarz inequality :

al 2 5 2/ n n\2 (Pj — Pk) i
L 2
St 2w (o))

1€Text (J)
Thus using this inequality and the last expression of By in (19) one gets :

52( Z Ok U(cjk) dekpk)(u?—uZ)Z—FZ Z %g;?(ﬂ?i—u?)Q

G, k)eS J=1i€Tere(5)

5> > o o) <oy ¥ @ sz

J=1i€Teqr n=0j=14i€7cz¢(J)

with : 5 P p
(P — k)>a

Oixk=1—0 ——— I(c;
ik S(Kk) (Cjk) d_]k

5
e R
’ S(K;) %~

So one can write the following inequality :

P Pk) n n\2 ol L +{—n n
52 Z (cjr) T(uj—uk) +6ZZ Z gij(uji_uj)

n=0 (j,k)€S n=0j=1i€7eqt(J)
1 2 Lo + K
< o S() ||u0||L°°(Q) + o |‘UHL°°(F+><1R+) T /Hg (v) dy = o

Using the Cauchy Schwarz inequality and the previous property one gets :

1/ 1/2
EF,(T) < h'/? <§> (52 > hilleir) P (Gl ) +5ZZ > hjg”>

n=0 (5,k)ES n=0j=14i€Tezt(j)

Butézz > h]gw<Th/ *(y) dy=ThG*

n=0j=14i€Tezt(j)
with 7" and G independent of 7 and 4.

Still using the Cauchy Schwarz inequality, one has :

P, 1/2 lew) 1/2
Z hjl(cir) 17 < Z hz C]k ) ( Z dCJk (P; —Pk)2>
st (i (

(.k)eS j.k)ES jkes Ik
(05] l(Cjk) .
But 2o < pi <C V (j,k) €S, where C only depends on oy, az and on 7, so :
(&) ik

/2 1/2 1/2
2cyk 2 @
(2o 2 )

(4,k)es (4,k)ES
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Thus to complete the proof of Lemma 2, it just remains to show that there exists a constant C' > 0,
independent of 7 and ¢, such that :

(P — Py)?

(20) T

l(Cjk) S C
(4,k)eS

This result will be proved in four steps (another proof is possible, using the error estimate (11), see
Remark 2) :

Step 1 :
One shows that there exists a constant C7; > 0 such that :

L 1/2
(P; — Py)
(21) Z k Cgk < Cl ( Z h )
j=1ker; djk J€Tear
Multiplying (8) by P; and summing over j, one gets :

Zzl% (B B ‘:

Jj=1lkeT;

2. > b

J=1i€Text(J)

Then thanks to Cauchy-Schwarz :

; 1/2 1/2
2 )
SN i Bl < P lldlleey | X by PP Y Uel)
J=1i€Tezt(4) J€T et J€T et
1/2
1/2
< oy meas(D) lgllzwcry | D2 1y |PIP
jEIZ‘ewt
where meas(I") is the 1D Lebesgue measure of T'.
Furthermore one has :
L L
l(C]k) 1 l 2
2.2 =32 )
j=1ker; j=1ker;
and then :

. l 1/2
> )2 < 2 ab/? meas(T) ||g|| F)< > by )
j=lker; J€Tcat

Step 2 :

One shows that there exists Cy and C3 positive such that :
) SRAUTEES S o RO L
J€Text j=1ker;

Q) is a bounded polygonal open set, first {2 will be supposed convex. If 2 is convex, then one defines two
directions D7 and Ds and one breaks up the boundary of  in four parts, not necessary disjoint as on
the figure 3.
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(252,39)(426,39) (390,172)(390,20) 4.000(294,42)(314,23)(378,32)(385,42) (34,175)(34,20) (0,37)(173,37) (137,169)(1

Figure 3:

One notes 7r, (respectively 7r,, Tr,, 7r,) the set of the suffix of the meshes which have sides on I'y
(respectively on I'y, I's, T'y).

Let j € 7r, and Z € 0K}, then one defines :

P — {(z1,22) € Q; (x1,x2) is in the line which contains Z and parallel to Dy}

AW ={a e A s anDY £ 0}

T
Let ¢ € C°(Q) such that V2 € Q, 0 < p(z) <1, p(z) =1V x €Ty, and p(z) =0V z € ['s.
Then for all j € 7r, one has :

(P)? <|(P)? = (Pyo)* |+ D> (Pt 0x4)” = (P 0121+ (Pio 9o )
aeA;?

where joz is the suffix of the element of 7r, such that there exists i € {1,2, 3} such that ¢;(joz) ﬂDj%) £ 0,

)

2 2

PP< ). (‘(PK: oxz) = (P o)
2 2
+’(Pjoi @joi) _<Pj05c X O)

2

2
+‘(PK; ‘PKJ) *(PK; ‘/’K;)
acAY

_|_

2
P® (Pj %‘)

But ¢ is in C°°(2) and belongs to [0, 1], then one has :

IR <‘PKQ+2—PKCL2

+C1 hye - PKa2> +C (hj()i Py + hy PJQ)
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2 (ag)?

2
where C7 = Htpl||Loo(§) Tor and Cy = ||(p/||L°°(§) a1

Integrating over I'y, one obtains :

S ahpr< Y OPK;? — P ?|U(a) + C Ry PKQQI(a))

J€Tr, a€Aint

+Cyan | D S(E;) P+ Y S(K;) P}®
Jj€Tr, J€Try
According to the Young inequality :

1 2
S ah PP Y (2 [Py = Prcz | +|Pucs? + P 2| Ua)* + Cu b PKazl(a)>
J€Tr, a€Aint

Jj€Tr, J€Try
l(a) oy .
then as —= > —— for all a € A;,,; one obtains :
a Q2
2 o) = Uejk) 2, Q2 - 2

> b (PP < i SN IR R — AP+ 22 (Baa+ O+ Go) DD S(K) ()
. (1)? & - djg o —
Jj€Tr, j=1keT; j=1

Similarly one could prove the same result for 7r,, 7r, and 7p,. Then summing these inequalities, one
completes the second step with € convex.

If €2 is not convex then one breaks up its boundary I" in p parts (I';)1<i<p disjoint and for alli =1,...,p,
one defines I, as on the figure 4.

4.000(123,68)(130,26)(130,26) 4.000(176,63)(183,21)(183,21) (125,63)(178,51) 4.000(177,146)(16

Figure 4:
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Then one defines for all i = 1,...,p, ¥ € C®(Q) such that V 2 € Q, 0 < ¥ (z) <1, ¥ (y) = 1 if
v €Ty and ¢ (y) = 0 if v € T;. Then similarly to the convex case one could prove (22).

Step 3 :
One supposes that :

L
> S(Kj)P;=0
j=1
it is always possible since solutions of (8) differ from a constant.

Then as one has proved (11), one could show that there exists a constant Cy > 0 such that :

L

L
(23) SOSE) (PP SCiy Y l(;;:)(])j _ Py

j=1 j=1ker;
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Step 4 :

One concludes, remarking that :

>

(3,k)eS

I(c 1< I(c )
e GRESET DO )

gk j=lker;

then thanks to (21), (22) and (23) one has :

>

j=lker;

1/2
l ) <Clx/02+0304<zz )P Pk)>

j=1ker, djk

So the proof of the inequality (20) and of the Lemma 2 are completed, and then one has :

‘E?,h — Egp|[< ChY/2

Remark 2 As P is supposed to be in C*(Q), the estimate (20) can also be given by the error estimate
in discrete H} morm (11), but our proof of (20) does not use the property P € C?(2) and then it could
be extended to more complex cases.

The second step is the proof of the following result :

‘EBhEALh <Ch

FE3;, can also be written :
N L
P - P
E3h=Z<SZ< . )/ @(v,1") dy+
=1 \ker; Cik

n=0 j=1 i

ieTcmt(j)

and :

zzNjéz<Z /VP )ng; () @y, t") dy + Z

ke Cik 1€Teat ()

then one gets :

N L
‘E3h_E4h‘§Z Z |un|/

= VP(y)nk, (v ‘Isa v, t")| dy

But according to (1) and (8) if ¢ = p(xjx,t") is constant,

E4h’: 0, thus :

(Px — Pj)

d — VP(:L‘jk).’I’LKj (.Z'jk)
ik

L
‘E3h_E4h‘ < T|UO|L°°(Q)CgahZZ(l(cjk>

j=lkery
+/>
Cik

J

VP(zji)nk,(xjk) — VP(y).nk, (7)‘ d7>
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where C, only depends on ay and the first order derivative of ¢.

Then one has :

L
T ||uollz~(0) Co b D> 3(Cyh3 + Cy h3)

j=1

)EBh - E4h‘

IA

< 3(C1+C2) ST |uol|p= () Cp h

One concludes remarking that :

iy 4, = [ /mu(x,tWP(x).ww)dxdt— / /R+U(vat)so(%t)g+('y)d7dt

which completes the proof of the numerical scheme’s convergence.

Remark 3 One can prove the same results for a system a little bit different than (1)-(5), where (3) is
changed by a Fourier condition :

VP(y)n(y) + AP(y) =g(v) v€T

where A > 0.

Then one must introduce some unknowns at the boundary. As fluxes are not exact on the boundary, the
error estimate, in discrete H' norm, includes boundary terms.
The technic used to prove the error estimate in discrete H} norm is closed to this used in this note.

Acknowledgements : I wish to thank Thierry Gallouét and Raphaele Herbin for their attention to this
work and their precious remarks.
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