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Abstract

We prove that the non-existence of supersonic finite-energy travelling-waves for non-
linear Schrodinger equations with nonzero conditions at infinity is a general phenomenon,
which holds for a large class of equations. The same is true for sonic travelling-waves in
dimension two. In higher dimensions we prove that sonic travelling-waves, if they exist,
must approach their limit at infinity in a very rigid way. In particular, we infer that there
are no sonic travelling-waves with finite energy and finite momentum.
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1 Introduction
The aim of this paper is to study travelling-wave solutions for nonlinear Schrodinger equations

0P
(1.1) iE+A<I>+F(x,|<I>|2)<I>:0 in RV,
where F is a real-valued function defined on RY x R, ® is a complex-valued function on
RY satisfying the "boundary condition” |®| — rg as |&| — oo, and 7 is a positive constant
verifying lim , F(x,s)=0.

|x|—00, s—r
The above equa(:tion with the considered non-zero conditions at infinity arise in a large
variety of physical problems, such as superconductivity, superfluidity in Helium II, phase tran-
sitions and Bose-Einstein condensate. Two important particular cases of (1.1) have been
extensively studied both by physicists and by mathematicians : the Gross-Pitaevskii equa-
tion (where F(x,s) = 1 — s) and the so-called ”cubic-quintic” Schrédinger equation (where

F(z,s) = —a1 + ags — azs?, a1, ag, as are positive and % < a;‘g*” < %)

T‘2
Equation (1.1) has a Hamiltonian structure: denoting V' (z,s) = / ’ F(x,7)dr, it is easy
S

to see that, at least formally, the ”energy”
(1.2) B(®) = / VO da +/ Vi, [02) de
RN RN

is a conserved quantity. There is another important (vector) quantity associated to (1.1),
namely the momentum. It is given by
0P 0D

(1.3) P(®) = (P(®),..., Px(®)), where Pk(q)):/RN(iaxk,(I))dx: [ Relig ®)du
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Note that, in general, the momentum is not well-defined for any solution ® of finite energy.
In the case where F' does not depend on the variable x;, the momentum with respect to the
xp—direction, Py, is conserved by those solutions of (1.1) for which it can be well-defined.

It is worth to note that equation (1.1) can be put into a hydrodynamical form by us-
ing Madelung’s transformation ®(z,t) = \/p(x, t)e’’ @ (which is singular when ® = 0). A
straightforward computation shows that, in the region where ® # 0, the functions p = |®|?
and 6 satisfy the system

(1.4) pt + 2div(pVe) =0,
Ap  |Vpl?
1.5 0, + Vo> — =% — F(z,p) =0.
(15) 1902 = 52+ B2 pap)
Equation (1.4) and the derivatives with respect to x1,...,xx of (1.5) are, respectively, the

equation of conservation of mass and Euler’s equations for a compressible inviscid fluid of
density p and velocity 2V#.

Let us assume that F' admits a partial derivative with respect to the last variable (in the
sequel, this derivative will be denoted by dn 1 F or by %—f) and that lim , ONt1F(x,p) =

|z|—o0, p—7g
—L, where L is a positive constant. Taking the derivative with respect to ¢ of (1.5) and
substituting p; from (1.4) we obtain

9 Ap  |VpP?
L 20N11F A . - 2_ 2P —0.
(1.6) Out + 20N 41 F (2, p) (020 + Vp.V0) + - (yvay 2+ 4 0

For a small oscillatory motion (i.e. a sound wave), all nonlinear terms in (1.6), except 2pAf,
may be neglected. In view of the behavior of p and On1F(z,p) for large |z|, we find that
in a neighborhood of infinity, the velocity potential 8 essentially obeys the wave equation
0 — 2r3LAO = 0. Tt is well-known that the solutions of the wave equation propagate with a
finite speed; in the present situation, we infer that the velocity of sound waves at infinity is
r0v/2L. In what follows we will always assume that dx 1 F(z,p) — —L as |z| — oo and
p — 12 (the convergence being in a sense to be defined) and we will denote by vs = rov/2L
the sound velocity at infinity.

For a fixed y € SV~ a travelling-wave for (1.1) moving with velocity ¢ in direction y is
a solution of the form ®(z,t) = ¥ (z — cty). Without loss of generality we will assume that
y = (1,0,...,0), i.e. travelling-waves move in the x;—direction. The travelling-wave profile
satisfies the equation

(1.7) —icgijLAw%—F(x, 10|2) =0 in RY.

In a series of papers, J. Grant, C.A. Jones, S.J. Putterman, P.H. Roberts et al. studied
formally and numerically travelling-waves for the Gross-Pitaevskii equation and related systems
(see, e.g., [16], [19], [21], [22], [7] and references therein). In particular, they conjectured that
such solutions exist if and only if their speed ¢ belongs to the interval (—vs,vs). For the
cubic-quintic nonlinear Schrédinger equation, the existence of subsonic travelling-waves in
one dimension has been proved in [2] and their stability has been studied in [1]. The non-
existence of such solutions for sonic and supersonic speeds has also been conjectured in any
space dimension. In the case of the Gross-Pitaevskii equation, it has been shown in [17] that
any travelling-wave of finite energy and speed ¢ > wvs must be constant. It has also been
proved in [18] that the same result is true if N = 2 and ¢? = v2. The proofs in [17], [18]
strongly depend on the special algebraic structure of the nonlinearity in the Gross-Pitaevskii



equation. In the present paper we show that the nonexistence of finite energy travelling-waves
moving faster than the sound velocity is a general phenomenon, which holds for a large class
of equations and systems of the form (1.1). We also prove that there are no finite energy sonic
travelling-waves in space dimension two. In higher dimensions we show that any finite-energy

sonic travelling-wave 1) must satisfy || —r2 € LP(RY) for any p > %%:é On the other hand,

if a sonic travelling-wave satisfies |12 — rg € L%(RN ), then it must be constant.

This article is organized as follows: in the next section we prove that travelling-waves,
whenever they exist, are smooth functions. If their speed is supersonic (or sonic, provided
they converge sufficiently fast at infinity), then they must satisfy a special integral identity.
This will be proved in Section 3. In section 4 we show how this identity implies, under general
assumptions, the non-existence of travelling-waves with finite energy. We apply our results
to the Gross-Pitaevskii equation, to the cubic-quintic Schrédinger equation and to a Gross-
Pitaevskii-Schrédinger system which describes the motion of an uncharged impurity in a Bose
condensate. In the last section we describe all supersonic and sonic travelling-waves (with
finite or infinite energy) for one-dimensional equations with nonlinearities independent on the
space variable.

2 Basic properties of travelling-waves
We keep the previous notation and we consider the following set of assumptions:

e (H1) F:RMx[0,00) — R is a measurable function which has the following properties:

a) for any s € [0,00), F(-, s) is measurable;
b) for any z € RV, F(x,-) is continuous;
c¢) F is bounded on bounded subsets of RY x [0, c0).

(H2) There exist a > 0, C' > 0 and 7, > 0 such that for any z € R" and for any s > r,
we have F(x,s) < —Cs®.

(H3) ‘ lim F(z,73) =0and F(-,r3) € L*RN).

z|—00

e (H4) F admits a partial derivative with respect to the last variable and Oy41F is
bounded on bounded subsets of RY x [0,00). Moreover, ll‘im Ony1F(z,rd) = —L,
xr|—0o0

where L > 0 and Oy F(-,73) + L € LPo(RY) for some py € [1,2].

LH5) There are some positive constants Ry, 7, M such that 0% 1 I exists on (RN \
B(0, Ro)) x (g —n,75 +n) and

%41 F(a,s)| <M forall (z,5) € RV \ B(0, Ro)) x (1§ —n, 75 +1).

Definition 2.1 A travelling-wave (of speed c) for (1.1) is a function ¢ € L}, (R") that satisfies
(1.7) in D'(RY) together with the "boundary condition” |¢)| — rq as |z| — oo.

In view of (1.2), we say that a travelling-wave v has finite energy if Vi) € L2(R") and
V(. [vP) € LHRY).

We have the following result concerning the regularity of tavelling-waves:

Proposition 2.2 Let ¢ be a finite-energy travelling-wave for (1.1).
i) Assume that F : RY x Ry — R is measurable and satisfies (Hla), (H1b), (H2),

the function v —— /;F(.CIZ,T) dr belongs to L} (RN) (where r. is given by (H2)) and
o

loc

F(, [9*)¢ € LL (RN). Then ¢ € L*(RN).



If, in addition, F satisfies (H1c), then ¢ € W}, ’p(RN) for any p € [1,00). In particular,
Y € CLYYRN) for any a € [0,1).

ii) Suppose that F € C*F(RN x [0,00)) for some k € N*, (H2) holds, and F(-,|¢|*)y €
LL (RN). Then ¢ € WQ]ZjZ’p(RN) for any p € [1,00). In particular, if F is C™, then
P € C°(RYN).

Proof. 1) The proof relies upon the ideas and methods developed by A. Farina in [13, 14].
By (H2) we have

(s,

Vix,s) = /FdeT> /FdeT—i—/CT dr = /Fx7)d7+a+1

Tx
Consequently, for any s > r, we get s@t! < o+l 4 0%1 (V(x, s) + /2 F(x,7) dT), so that
7o

|9]2°T2(z) < max (rerl,rf‘Jrl + a; 1( V(z, [y*(z +/ F(x,T) dT))

Since V (-, [2|?) and 2 F( 7)dr belong to L}, (RY), we infer that ¢ € L}***(RN).

loc

We will use a well- known inequality of T. Kato (see Lemma A p. 138 in [23]):
Ifue L} (RY) is a real-valued function and Au € Li, . (RY), then

(2.1) A(ut) > sgn™(u)Au in D'(RY).

Let ¢(x) = e_%w(m). Then ¢ € L;*"(RY) ¢ L}, .(R") and an easy computation shows
that ¢ satisfies

02
(2.2) Ap+ (F(a, o) + Z)g& =0  inD(RY).

It is clear that F(-, |¢|?)¢ € L} (RYN) (because F(z, ||?)y € L} (RY) by hypothesis) and it
follows from (2.2) that Ap € LY _(RY). Choose 7 > r, and C; > 0 such that Cs** — % >
Ci(s — 7)%® for any s > 7. Denoting ¢1 = Re(y), p2 = Im(p) and using Kato’s inequality for
@i — 7, 1 =1,2, then using (2.2) and (H2) we get

Alpi— )" = sgnt(pi = P)A(pi — 7) = sgnt (i — )~ (F(a, o) + 5ol
(2.3) > sgnt (i — F)[Cle — Fles > sent (i — 7)[Clei* — Tles
> Cusgn®(pi = 7) (i — 7)2T = (0 — F) P27
Next we use the following result of H. Brézis (Lemma 2 p. 273 in [9]):
Lemma 2.3 ([9]) Letp € (1,00). Assume that u € LI (RY) satisfies
—Au+ uPlu <0 in D'(RN).
Then u < 0 a.e. on RY.

It follows from (2.3) that the function u; = (Cl)i(gpi — 7)t satisfies —Aw; + |u;[*Yu; <0
in D'(RYN). Since u; € L% (RY), we may use Lemma 2.3 and we get u; < 0 a.e. in RV, that
is ¢; < 7 a.e. in RV,



It is obvious that both ¢ and —¢ satisfy (2.2). Repeating the above argument for —p, we
infer that —p; < 7 a.e. on R". Therefore we have |p;| < 7 a.e. on RY, i = 1,2, which implies
that ¢ € L>®°(RY). Since |¢| = ||, we have proved that ¢ € L>°(R").

Using (H1c) and (2.2) we infer that Ap € L>®(B(x,2R)) C LP(B(z,2R)) for any z € RV,
R > 0 and p > 1. By standard elliptic estimates we obtain ¢ € W?P(B(z, R)) for any = € R,

R > 0and p € (1,00). Thus ¢ = eic%gp € VVZQO’p(RN) for any p € (1,00), consequently

C

belongs to Cllo’?(RN ) for any « € [0, 1) by the Sobolev embedding theorem.
ii) Assume F' € C'(RY x [0,00)). Differentiating (1.7) with respect to z) we get

OF N

(24)  —icthuo, + Moy + 5 — (2, [U*)9) + 20841 F (a, |¢|2)(¢.67k

N
o 0+ P )5 = 0

in D'(RY). Hence Ay, € LF (RY) for 1 < p < co. By standard elliptic regularity theory we
get Vg, € T/Vli’f(RN) for 1 < p < oo, 1<k <N, therefore ¢y € Wli’f(RN) for 1 < p < 0.
If F € CHRYN x [0,00)) we may differentiate (2.4) further and repeat the above arguments.
After an easy induction, we get ¢ € V[/llsz,p (RN) for any p € (1, 00). O
Lemma 2.4 Assume that (H1), (H3), (H4), (H5) hold and u € L} (RY,C) satisfies
lu(z)| — 7o as || — oo and V (-, |ul?) € LY(RN).

Then |u?> — r € L2(RY).

Proof.  Let Ry, n, M be as in (H5). From (H4) and the fact that |u(z)] — 7o as
|x| — oo it follows that there exists R; > Ry such that

L
Ony1F(z,18) < -3 and  |u(x)]® € (rd —n, 78 + 1) for any x satisfying |z| > R;.

For (z,s) € (RN \ B(0, R1)) x (r3 —n,73 +n) we get, by Taylor’s formula with respect to
the (N + 1)* variable,

1 1 /s
V(.’IJ,S) = _(S - Tg)F(.%',T’g) - 5(3 - 748>26N+1F1(x7r[%) - 5 /2(8 - T>2612V+1F(:(}7T) dr.
o
In particular, for s = |u(z)|? we obtain
—5(ju(@)]* = 18)*0n+1 F (2, 78)
(2.5)

For z € R \ B(0, R;) we get by (H5)

[u@)P s s
[, (u@P = )20k Fla.r)dr| < M1
7o

|u(z)[?
[, (u@P=n2ar

0

= @R =

It is clear that there exists R > R; such that %‘\u(x)ﬁ - r%’ < L on RY\ B(0,R;). Using
(H4) and (2.5) we infer that

F(lu(@)]? = 18)? < —3(ju(@)? — r§)*On 1 F (2, 18)

IN

V(z, [u(@)?) + (lu(@)? = r§) F(z,78) + 5 - %\ Ju(z)|? — g

< Vi, [u@)?) + (u@)]? = ), ) + E[ )P =3[ on RN\ B0, Ro).



Consequently
(2.6) §(|u(:c)|2 —15)* < V(. [u@)]?) + (ju(@)® = r§)F(z,75)  on RV \ B(0, Re).

Since F(-,72) € LY(RYN) by (H3), V(- [ul?) € LYRY) and ||u(z)]? — r3| < 2L on RV \
B(0, Ry), using (2.6) we get (Ju|?> —r2)? € LYRN \ B(0, Ry)). It is obvious that (Ju|? —r3)? €
LY(B(0, Ry)) because u € L} (RY). Hence (|u|? —r)? € L*(RY) and Lemma 2.4 is proved. O
Proposition 2.5 Assume that (H1)-(H5) hold and let ¢ be a finite-energy travelling-wave
for (1.1) (in the sense of Definition 2.1) such that F(-,|¥|?)y € L} (RYN). Then:

i) Vip € WHP(RN) for any p € [2,00).

i) Let R, > 0 be such that [¢(x)| > 3 for |x| > R.. There exists a real-valued function
0 such that 6 € I/VZQO’S(RN \ B(0, R,)) for any p < oo, VO € WIP(RN \ B(0, Ry)) for any
p € [2,00) and

(@) = B  on RV \ B0, R.),

Proof. i) We already know by Proposition 2.2 i) and Lemma 2.4 that 1 is bounded,
NS W/'l2’p(RN) for any p € [1,00) and |[¢p|* — 7’8 c L2(RN)'

oc

Let Rg, 7, M be as in (H5). Choose Ry > Ry such that [¢|*(z) € (13 — n,73 + n) for
r € RV \ B(0, Ry).
By using Taylor’s formula with respect to the last variable for the function F' we get

(27)  Flas) = Flard) + (s — o Bl ) + [ (s = 1ok e, ) dr
7o

if (z,s) € (RN \ B(0, Ry)) x (r3 —n,7¢ + 1), hence
F(z, [pP(@)(x) = Fla,r§)v() + (V@) - r§)on1 F (@, 18) (@)
(2:8) W)
() |,

To

(]1/1]2(@ — 7')8]2\,“}7(:6,7) dr for any |x| > R;.

We analyze the three terms in the right-hand side of (2.8). Assumptions (H1) and (H3)
imply F(-,73) € L' N L®(RY). Since ¢ € L®°(RY), it follows that F(-,73)y € L' N L®(RY).
We may write (6] — 12) 1 P, 73 = — L[ — 13+ (]2 — 13) (L + Oy 1 F(-, 13))0.
We know that ¢ € L®°(RN), |12 —r¢ € L2NL>®°(RY) and by (H4) we have L+9dx1F(-,1¢) €
LPo N L=®(RN) for some pg € [1,2], so we infer that (|¢|> — r2)On 1 F (-, 73)y € L2 N L¥(RYN).
As in the proof of Lemma 2.4, for z € RN \ B(0, Ry) we have

¥ (@)
@9) | [ (WP@ -k Flamydr| < M — 5 (WP @),

0

W@,
[ [ wl@-r|dr
To

[v? ()
Consequently the function z — /2 (|¢[*(x) — 7)0% 41 F(x,7) d7 belongs to L'NL® (RN \
o

B(0, Ry)).

Summing up, we have proved that F(-, |¢|?)y € L2 N L¥(RY \ B(0, R;)). From (H1) and
the fact that ¢ is bounded on RY it follows that F(-,|¢|?)1 is bounded on B(0, R;), hence
F(, [9*)y € L2 N L®(RY).

We have % € L?(R") because ¢ has finite energy. Coming back to (1.7), we get

0
Ay = aj’ CF(L P € LXRY).



It is well-known that A € LP(RY) with 1 < p < oo implies aﬁ‘;ﬁ: — € LP(RY) for any

J.k € {1,..., N} (this follows, e.g., from the fact that % is a Fourier multiplier on LP(RY) if

1 < p < 00; see Theorem 3 p. 96 in [27]). Therefore all second derivatives of ¢ are in L?(R),
2 e HY(RN) = WI(RY) for k=1,...,N.

The rest of the proof is an easy bootstrap argument. Assume that Vi € WHP(RN) for some
p > 2. In case p < N, it follows from the Sobolev embedding theorem that Vi) € LP"(RN),
where ]% = % — 4. From (1.7) we have Ay = zchw — F(+,|v|?)y € LP"(RY) and we infer
as previously that V¢ € WP (RY). Repeating this argument if necessary, after a finite
number of steps we get Vi) € WH4(RY) for some ¢ > N. Then by Sobolev embedding we get
Vi € L™ (RY) for any 7 € [¢,00). From (1.7) we obtain Ay € LP(RY) for p € [2,00) and we
infer that Vi € WHP(RYN) for any p € [2,00).

ii) Take R, > 0 such that [¢)(z)] > 2 on RV \ B(0, R,) and denote Y(z) = ‘igi% It is then
standard to prove that ) € T/Vlif(RN \B(0, R,)) for p € [1,00) and Vi) € W'?(RN\ B(0, R,))
for any p € [2,00) (see, e.g., Lemma C1 p. 66 in [10]).

Let us consider first the case N > 3. For R, < Ry < Ry, the domain Qg, g, = B(0, R2) \
B(0, Ry) is simply connected in RY. It follows from Theorem 3 p. 38 in [10] that there
exists a real-valued function Og, r, € W??(Qg, g,) (1 < p < 00) such that ¢ = ¢Rr1.R2 on
QR, Ry- If Re < Ry < Ry, Ry < R3 < Ry and (Ry, Ro) N (R3, Ry) # 0, then ¢ = ¢¥r1.r2 =
e®rs:Rs on Qg p, N Ry Ry, thus Or, r, — Or, R, € 277 on Qg g, N g, Rk, Since functions
in W5P(Qg, r, N Qry,Rr,) with values in Z are constant when sp > 1 (see Theorem B1 p. 65
n [10]), there exists k € Z such that g, g, — Or, r, = 27k on Qr, r, N LRy r,- Let (Ry)n>1
be an increasing sequence such that R, < R; and R, — oo. Let k, € Z be such that
Or..rR, = Or. R, + 27k, on Qg, g,. Define 0(x ) = Og,, R, (x) — 27k, for © € Qp, R, It is
clear that 0 is well-defined on RN \ B(0, R,), ¥ = ¢’ and 0 € VVl P(RN \ B(0,R,)) for any
p € [1,00).

Next we consider the case N = 2. Since ¢ is C! and [¢)| > % on R? \ B(0, R,), the
topological degree deg(v, 0B(0, R)) is well-defined for any R > R, and does not depend on R.
It is well-known that ) admits a C* lifting 0 (i.e. ¢ = |1[e??) on R? \ B(0, R,) if and only if
deg(¢,0B(0,R)) = 0 for R > R,. Denoting by 7 = (—sin(, cos() the unit tangent vector at
OB(0, R) at a point Re’, we get

127 Fe(P(ReC)) R (2 9L (Re)
B el e _— = | — I
ldeg (v, 0B(0, B)) 2i7r/o b (Rei) dc‘ 2ir w (ReiC) C’
(2.10)
1
2r 9 ) 2m . 2
< R/ = |Vip(Re™ )| d¢ < B o (/ \vzp(RelC)\ng)
2w Jo 710 o 0
On the other hand,
00 2 .
/ V@) de :/ R/ Vb (Re€) [ d¢ dR.
R2\B(0,R.) R. Jo
We have / _ |Vip(z)|? dz < oo (because 1) has finite energy) and we infer that there
R2\B(0,R.)

7r7'0 1

s R . From (2.10) we get

2T
exists R1 > R, such that Rl/ |V¢(Rle )|2 d¢ <
0

[deg(v,0B(0, Ry))| < ﬁ\ﬁ <”;“0 ;2>2 .



Since the topological degree is an integer, we have necessarily deg(¢,dB(0,R;)) = 0. Con-
sequently deg(¢,0B(0,R)) = 0 for any R > R, and v admits a C' lifting . In fact,
0 e Wl P(R%\ B(0, R,)) because ¢ € VVI P(R%\ B(0, R.)) (see Theorem 3 p. 38 in [10]).

If N = 1, the existence of a lifting 1) = [1)|e?® follows immediately from Theorem 1 p. 27
in [10].

Finally, it is easy to see that ‘8 | = |89 | and |8I d;vk’2 = 8:2269@’2 + ‘00 2 |8xk|2

|8:1: 3xk| , and i) implies V6 € Wl’p(RN \ B(0, R,)) for any p € [2,00). )

3  An integral identity

The main result of this section is given by the next theorem.

Theorem 3.1 Assume that (H1) - (H5) hold. Let 1) = 11 + i1y be a finite-energy travelling-

wave for (1.1) such that F(-,|[¢[*) € Li, (RY). Let R, be sufficiently big, so that [¢| > %

on RV \ B(0, R.) and let 0 be the lifting given by Proposition 2.5 ii). Let x € C°(RN) be a
cut-off function such that x =0 on B(O 2R,) and x =1 on RN \ B(0,3R.). Then:
i) The functions (-, 6l + 5 (]2 = 13) and G = 1 522 — B2 — 132 (x0), j =
., N, belong L' N L>®(RN). (We always extend x0 by zero on B(O, R*))
i) If N > 2 and ¢ > v? we have the following identity:

2
[ VU = P R = S (0l ~rd) da
(3.1)
v? o o 9
(1 - 072)/ 7/] axl 1/)271 - aixl(xe) dx.
i4) Identity (3.1) holds if ¢ = v? and

o cither N =2 5 5
e or N > 3 and we assume in addition that 1 ﬂ — o ﬂ € LN (RN)
{1,‘1 x

Proof. i) Let Ry, n, M be as in (H5) and take Ry > Rg such that [v|*(z) € (r3 —n, 73 +n)
for z € RN \ B(0, R;). Using (2.7) and the fact that v = 2LrZ we get

F(I, ’¢‘2($))|¢|2( ) (|7/)| ( )—TO) (;C’T%)’¢‘2($)
(3.2) +([[2(@) = i) [On 1 P, 18) + LI P(@) — L (¢ () — r3)

vl ()
HoP@) [, (WP = Dok Flar)dr  forany o] > Ry,
"o

Since ¢ € L>(R") by Proposition 2.2 i) and F(-,r2) € L' N L®(RY) by (H1) and (H3),
we infer that F(-,r3)[¢|? € L' N L¥(RN).

We have ¢ € L¥(RYN), oy 1 F(-,7¢) + L € Lo N L®°(RYN) by (H4) and |¢|?> — ¢ €
L2 N L®(RY) by Lemma 2.4, hence (|| — r3)[On11F(-,73) + L]|¢|?> € L' 0 L¥(RY).

From Proposition 2.2 i), Lemma 2.4 and (2.9) it follows that the last two terms in the
right-hand side of (3.2) are in L' 1 L®(RN \ B(0, Ry)). Hence F( PR + (2 =) e
L' N L®(RN \ B(0,Ry)). Clearly, the function F(-, |[¢|?)[4|?> + (W\Q — rd) is bounded on

B(0, Ry), therefore this function belongs to L' N L‘X’(RN)
Since 11 = |1| cos @ and 19 = || sin b, a straightforward computation gives

w ¢1

00 —
(33) g g = () RN VB R,



Therefore

an awl 2 0 . 2 2 ﬁ N\ 5
B4 GG (o) = (WE =)L e RY\B.3R,).

From Lemma 2.4, Proposition 2.5 ii) and the Sobolev embedding theorem we have |1|? — 73 €
L? N L*(RY) and 8876], € L2 N L>®(RN \ B(0, R.)), respectively. Identity (3.4) implies G; €
L'NL°(RN\ B(0,3R.)). Since Gj is continuous on RY, we conclude that G; € L*NL>®°(RY).

ii) Equation (1.7) is equivalent to the system

(3.5) ng + Atpy + F(z, |[9)*) = 0 in D'(RY),
3% o0 . N
(3.6) Oy + Aths + F(z, [9]" )2 = 0 in D'(R™).

In view of Proposition 2.2 i), equalities (3.5) and (3.6) hold in L} (RY) for 1 < p < oo.

i),
Multiplying (3.5) by 9 and (3.6) by 11, then substracting the resulting equalities we get

c 0

(3.7) 58751“1”2 —13) = div(v1 Vb2 — 1o Vihr).

We multiply (3.5) by ¢ and (3.6) by 92, then we add the corresponding equalities to obtain
Oty o, 1

(38) VP + IVeal® - Fla, WA - e(dr 5.~ = v ) = SAWIF = 5).
From (3.7) and (3.8) we get
(39 oo (9P = 1) = div (1 Vs — 41— 73V () + 7EAD),
respectively

AU = 1) = 22 (2 = 7d) = V02 + [Vl = Fa W)U — 2 (102 = 13)
(3.10)

0
J— —_— —_— J— 27
c(¢1 8561 2 8.’131 To 8.’E1 (X@)) Cro 8131 (XH)

Since ¥ € W, ’p(RN) equalities (3.7)-(3.10) hold in L?

loc

(RN) for 1 < p < co. We denote

2 0 0 0
H = (V61 + [V4af? = Fla [P = S0 — 1) = cln 52 = a3 = 13520,

We take the derivative of (3.9) with respect to z; (in D'(R”)) and we multiply it by c,
then we take the Laplacian of (3.10) (in D'(RY)). Summing up the resulting equalities we
obtain

(3.11) (A2 — A+ )(W —r2)=AH + c;(dw(e)) in D'(RV).
€1

From i) we have H,G1,...,Gy € L'NL*®(RY) and we know from Lemma 2.4 that || — 13 €
L2NL®(RY). Therefore H,GY,...,Gn, [¢|> —r¢ € S'(RY) and we infer that, in fact, equality
(3.11) holds in S’(RY). Taking the Fourier transform of (3.11) we get

(312) (et +o20eP — PENF (P —rd) = rfPH—chGk in §'(RY),



We have H, Gy, € L®NCO(RY) because H, Gk € L'(RY). Thus the right-hand Side of (3.12)
is a continuous function on RM. Since [¢|? — 73 € L2(RY), we have F(|¢|? — 3) € L2(RY)
and we infer that the left-hand side of (3.12) belongs to L2 (RY) and (3.12) hOldb a.e. on RV,
We denote
P = (€ RY | ! + 026l — 2 = 0},

If ¢ < v2 we have I' = {0}. If ¢? > v?
RY. In the latter case, we claim that

2, it is easy to see that I' is a nontrivial submanifold of

(3.13) |€12H (€) + chléka =0 for any ¢ € T.
k=1

To prove this claim, we argue by contradiction and suppose that there exists £ € T' such
N

that \§O\Zﬁ(§0) +c Z f?{g@(fo) # 0. By continuity, there exist m > 0 and a neighborhood
k=1

N
U of & such that ‘ |§]2ﬁ + CZ 51§ka‘ > m on U. From (3.12) we infer that
k=1

2m
F(||* = r > a.e. on U\ T.
F w®‘\%ﬁ+ﬁmﬂw%ﬂ \
Since 0 and (y/¢? — vg, O ,0) are not isolated points of I', we may assume that £° # 0 and
# (/% — vg, 0,. A stralghtforward computation (details can be found in [17], p. 98

in the case v2 = 2; the general case is similar) shows that

/ 1 dé =
onr € +2E)? —e2g2 >

consequently / |F([v]? — r3)(€)|* dé = co. But this is in contradiction with F (|12 —r2) €
U\l

L*(RM) and the claim is proved.
It is not hard to see that I' = {(&,¢) € Rx RV | ¢ = L(—v? —2¢ +

Jui+42E2)}. Let f(t) = \/1 (—v2 262+ /0T +4%). The function f is well-defined

for t € [~/ —02,/@ =02, f(0) = 0and im5f) = —14 5. Fixj € {2,...,N}. For
m&ﬁ—@@f:< 0, f(®),0,..,0) and £(t) = (£,0,...,0,—f(1),0,...,0),
where f(t), respectively — f(t), stand at the j* place. It is obvious that §( ),E(t) € F From
(3.13) we obtain

(3.14) (82 + f2O))H(E(1) + c?GL(E(t)) + et f(£)G;(£(t)) = 0, respectively

(3.15) (2 + ) H(E(t)) + et Gr(E(t) — et f(H)G5(E(t)) = 0.
We multiply (3.14) and (3.15) by t%, then pass to the limit as ¢ | 0 to obtain

2 . 2
(3.16) H(0) + ¢G1(0) + ¢ [—1 + %Gj(o) = 0, respectively

s

m@‘@
o

2 ~ c? ~
(3.17) —gH( )+ c¢G1(0) — ey -1+ Uszj(O) =0

S

10



From (3.16) and(3.17) we infer that CQH(O) +¢G1(0) =0 and G; (0) =0, that is / H(x

?Gl( dx = 0 and / dx = 0. The first of these integral identities is exactly (3.1)
and the latter can be written as
) o1 5 0 ,
1 — —ro—(x0)dr = forj=2,...,N.
(318) G Gt () dr =0 for =2

i) Assume that ¢2 = 2. Then (3.1) is equivalent to H(0) + ¢G1(0) = 0. Denoting
&= (&,¢), where ¢ = (&,...,&N), identity (3.12) implies

F(Ul =€) = 2 o (1(6) + eGl)

(3.19)
—zci S15k — S Gr(€) —2$f1(5) a.e. £ € RN
¢ JE11+ e [§1* + c2[¢']?
For ¢ € (0,1], we denote Q. = {(£1,€") e Rx RN & €0,¢], 0 < [¢] < &1} We will use
the following

Lemma 3.2 Let N >2 and k€ {2,...,N}.
2
i) The function & — @W belongs to LP(Q.) if and only if p < N — %

it) The function § — belongs to LP(Q;) for any p € [1,2N —1).

2|£/|2

Proof of Lemma 3.2. i) Using Fubini’s theorem for positive functions, then passing to
spherical coordinates in RV~ and making the change of variables r = &2t we get

61 2p 1 de' d
I8 ( c2|5'\2> T
C[F N[O NP
_A 5117’5' ‘A (£%+62T2)p dT‘d€1

= |SN- 2|/ /El GETRRE SN 254152) fl dt d&; (change of variables r = £2t)

(3.20)

e L N-2
_ |gN-2 2(N—-1-p) [& 1t
= |52 [N O e

Assume that p < N — % Obviously 0

W <1 for t €[0,1] and < c%, thus we have

1+2t2 —

L N2 1 E C1+ %=1 if p # 854
! 1 ,N—2p—2 1

———dt <1 —/ t P2 dt =
/0 (1+c22)p — — =T 1

where C; are some positive constants. This estimate implies that the right-hand side of (3.20)
isﬁniteifp<N—l

Cs+Cyiln&  ifp=27L

=2
pr>N—§,denotecp—/ wdt>0 Slnce£
c

side of (3.20) is greater than |SN=2|c, [ & 2AN—1=P) dé; = 0.

> 1 for & € (0,¢), the right-hand

11



ii) Proceeding as above, we have

_&& P &le'r pgN -2 & pptN-2
A¥&+ﬂw2%§/(§+ﬂ€ dc= [ es™ | GETE o
N—2
(3.21) =[SV 2‘/ §p/61 %{% dt d&y (change of variables r = 5%1&)

€ L p+N—2
— N2y [T fE T g
‘S |/D 51 /0 (1 +62t2)p fl'

As previously,

1 1
g T2 1 (& N_po 1 1 ,
e dt < —- TPt = fN—p—1>0.
/0 (1+ c2t2)p e J, (N —p—1) €N p—1 1 p
Therefore in the case p < N —1, the right-hand side of (3.21) is less than C' [ eNNdg) < ool If
tp—i—N—Q
p > N —1, the integral / W dt converges. Let a, be its value. If N -1 <p < 2N —1,
c
by (3.21) we get / a 51’5275,'2 de < |SN- 2\%/ GNP el < oo O
Qe

Remark. It can be proved that the function £ —— does not belong to LP(.) if

2 /|12
p > 2N — 1, but we will not make use of this fact here. ‘5 |

Now we come back to the proof of Theorem 3.1. All we have to do is to show that
H(0) + ¢G1(0 0) = 0. We argue by contradiction and assume that H(0) + cé\l( 0) # 0. Since
the functions H and G are continuous, there exists e € (0,1) such that |H(€) + ¢G1(€)| >
2]H (0) + ¢G1(0)| for any & € Q.. Taking a smaller ¢ if necessary, we may also assume that
|E1* + 1€ < 2(&f + 2|E')?) for any € € Q.. By (3.19) we have

1 & £2 R .
sary e HO) + G0 < 22 HE) + <G o)

(3.22)

Y a&l A .
< |F(p? = r5) ()] +2e ’Z 2\5'2|Gk(§)|+2W|H(§)| a.e. on (2.

Consider first the case N = 2. We know that F(|¢|*—r3) € L?(R?), consequently F(|¢|* —
r3) € LP(Q.) for any p € [1,2]. Since Gy are continuous and bounded, by Lemma 3.2 ii) we
mfer that the functions & —— PETWG’“(Q belong to LP().) for any p € [1,3). It is obvious

that ‘chz‘ 2 | H ()| < ?’H (¢)] and H is continuous and bounded on RY. We conclude that
the right- hand side of (3.22) belongs to LP().) for any p € [1,2]. Then (3.22) implies that

Er— Pl belongs to L%(Q.), which contradicts Lemma 3.2 i). This contradiction proves

2|€/
that H( )+ ¢G1(0) = 0
Next we assume that N > 3 and 135 6%’ @ZJQ% € L33 (RY). Equation (3.8) can be

written as

+ 5%
2

1 2 g 2
=5 AW =r5) + S (9] = 15)
(3.23)

2
SV = [Vl + P WP + 20 = 78) + el 522 — o 510,

12



We have already proved that F(-,[1]?)[]? + %(W!Q —r¢) € L' N L>®(RY). From Propo-
sition 2.5 i) we have |Vi|?2 € LP(RVN) for any p € [1,00]. Using the assumptlon ¢1 ‘g’(fff —
P2y 81/)1 e Livs 5(RN), we infer that the right-hand side of (3.23) belongs to Lav=s (RM).
By the Hausdorff-Young inequality, for any function f € LP(RY) with 1 < p < 2 we have
F(f) € L (RN), where ]% + 1% =1 (see, e.g., Theorem 1.2.1 p. 6 in [4]). Passing to Fourier
transforms in (3.23) we get

Fl? = 3)©) = P [~IVel? + (FC PP + S (1P - r3)
(3.24)
te(i1f2 — ag)] (6)  ae £ RN,

We obtain from (3.24) that F(|¢|> — rd) € LN_’(RN) Combined with the fact that H, C/J\]
and £ — m&% are bounded and Lemma 3.2 ii), this implies that the last expression in
(3.22) is in LN_%(QS). We infer that the function £ — 54+62‘£,‘2 |H(0) 4 ¢G1(0)| must be in
LN_%(QE) for any sufficiently small e. If H(0) + ¢G1(0) # 0, this contradicts Lemma 3.2 i).
Thus necessarily H(0) + ¢G1(0) = 0 and the proof of Theorem 3.1 is complete. O

It is an open problem whether any finite energy travelling-wave v of (1.1) moving with

2N—-1
speed ¢ = +wvg satisfies 115, 81/’2 wg% € L2v=3 (RN). Even for very particular cases of (1.1),
such as the Gross- Pltaevsku equation, the answer to this question is not known. However, we
have the following:

Proposition 3.3 Assume that (H1) - (H5) hold and let 1» = 11 + ithy be a finite-energy
travelling-wave for (1.1) such that F(-,|4|?) € LL . (RN). Let R, be sufficiently big, so that
|| > % on RN\ B(0, R,), let 0 be the lifting given by Proposition 2.5 i) and let x € C®(RN)
be a cut-off function as in Theorem 3.1. Then:

i) Let p € (1,00). The following assertions are equivalent:

a) V(x0) € LP(RY);

b) 12 81/’2 — 122 "’1/’1 € LP(RYN) for any j € {1,...,N};

¢) 1 zﬁf b2y Wl € LP(RN);

d) [Y]* —rj € WQ’p(RN);

¢) WP —rg € LP(RY).
ii) If N > 3, there exists 6y € R such that x0 — 0y € W*4(RN) for any q € [%, 00).
Moreover, if ¢? = v?
iii) |2 —r2 € LP(RN) andwl%’j—wgg—% € LP(RN) for any p > 28~ 3 Landje{1,... N}
w) V([y|> —r3) € LP(RY)
v) 8%(\1&\2 —18) € LP(RY) for any p € (1,00).

we have:

Proof. i) Since ¢ € L®(R") and (3.3) holds, the equivalence a) < b) is clear. It is also
obvious that b) = ¢).

From the classical Marcinkiewicz Theorem (see Theorem 3 p. 96 in [27]) it follows that the

functions ‘§|21+v2, |§|§iv§ and | €|2i’“ > are LP—multipliers for 1 < p < co. Assume that gi’f —

a9 € LP(RV). Since [Vib[2 € L'NL=(RN) and F(-, [[?)|0 P+ % ([ —r3) € L'NL>®(RN)

13



by Theorem 3.1 1), we have —| Ve[ *+(F ( )2+ ([ 2—r3))+e(vhr 522~y 201) € LP(RN)
and we infer from (3.24) that [|? — 73 € W27P(RN). Hence c¢) = d). It is obvious that d) =
e).

It follows from Proposition 2.5 ii) that dx(x#) € S'(RY). It is then clear that all terms
appearing in (3.9) belong to S’(RY). We take the derivative of (3.9) with respect to zj (in
S'(RY)), then we take the Fourier transform of the resulting equality to obtain

3 fyfk E% 2 2
or equivalently
c
(3.25) (%ck ZR Ri(G)) = G RaBy([)* = rg),

-~

where R; is the Riesz transform, R;j¢ = F~1(i —]d)) It is well-known that the Riesz transform

maps continuously LP(RY) into LP(RY) for 1 < p < oo (see, e.g., Theorem 3 p. 96 and
Example (iii) p. 95 in [27]). From Theorem 3.1 i) we have G; € L' N L®(RY), therefore
R;Ri(G;) € L4(RN) for any ¢ € (1,00). Assume that [¢|> — 13 € LP(RN) for some p € (1, 00).
Then Rle(\wF —r3) € LP(RY) and from (3.25) we infer that (XG) € LP(RM) for any
ke {l,...,N}. Thus e) = a) and i) is proved.

i) It is well-known that for any function ¢ satisfying V¢ € LP(RY) with p < N, there
exists a constant A such that ¢ — A € LP"(RY), where I% = %— + (see Theorem 4.5.9 in [20] or
Lemma 7 and Remark 4.2 in [15] p. 774-775 for a different proof). From Proposition 2.5 ii) we
have V(x6) € WLP(RY) for any p € [2,00). If N > 3, we infer that there exists §p € R such
that x0 — 0y € LY(RY) for ¢ € [225, 00). Therefore x0 — 0y € W24(RY) for any ¢ € [255, 00)

and, in particular, xy8 — 6y — 0 as |z| — oc.

-/‘n-

iii) We will use the following result due to Lizorkin (see Theorem 8 p. 288 in [24]):

Theorem 3.4 ([24]) Let 8 €[0,1) and let K € L=*(RN)nCY (RN \ {0}). Assume that

N
(H gj’?ﬁﬁ)afl LN K e L°RY) forany ky, ... ky € {0,1}.

Then K is a Fourier multiplier from LP(RN) to Lﬁ(RN) for any p € (1, %)

Let K(&) = W, where &' = (&2,...,&n). A straightforward but tedious computation
shows that K satisfies the assumptions of Lizorkin’s theorem for 3 = 53— . From (3.19) we
obtain

(3.26)
[ —rd = 2R} (F~ (K(H +G))) + QCi RiR; (FUKG))) +2 ivj R (FH(KH)),
j=2

=2

where R;’s denote Riesz transforms. Since H,Gy,...,Gy € L' N L®°(RY), by (3.26) and
Lizorkin’s theorem we infer that |¢|> — 2 € LP(RY) for any p € (%, 00). The rest of iii)
follows from part i), b) < e).

14



iv) and V) From iii) and i), d) < e) it follows immediately that [1|?> — 73 € W*P(RY) for
any p € (3=, 00). Using (3.19) we obtain

2, ([0 = 13) = 2R ReR} (F~1 (|€2K (H + Gv)) )

N
1+2¢ ST RLRRIR; (F Y IEPKG
(3.27) ch::Q eReftu Ry (771 (€K G))

N
+2 ) RyReRS (F7U|EPKH))  in S'(RY),
j=2
It can be proved by direct computation that the function |£|2K satisfies the assumptions of
Lizorkin’s theorem for 3 = 0. Consequently |¢|?K is an LP—multiplier for 1 < p < co. Since
H,G; € L' N L®(RY), it follows from (3.27) that 9%, (|¢|> —r¢) € LP(RY) for 1 < p < oo.
By using the Gagliardo-Nirenberg inequality

1 171 1
2,<C ol i === ( )
Vol < CllollualFollr it =5 (£ +7).
we infer that V(|y|? —r3) € LP(RY) for any p > 28=1. O
Corollary 3.5 Under the assumptions of Theorem 5’ 1, assume that N >3, 2 =2 and
the momentum of ¥ with respect to the x1— 6w2 1/12 gﬁ €

LYRN). Then ¢ satisfies (3.1).

Proof. From Proposition 3.4 iii) and i) we have ;5" WQ — o ngl € LP(RN) for p €

(g%:;, 00). Then the assumption 1 5t 6¢2 — o gfll c LY(RYN) 1mphes 15y 87’/’2 — P2y 67’/’1 € LP(RYN)

for any p € [1,00). Now the conclus10n follows from Theorem 3.1 iii). O

4 Nonexistence results

In this section we show how Theorem 3.1 may be used to prove nonexistence of supersonic and
sonic travelling-waves with finite energy for some equations of type (1.1).

1. We consider the equation
9% ) oy

We assume that the function G : [0, 00) — R satisfies the following asumptions:

e (A1) G € C?([0,00),R) and there exists ro > 0 such that G(r3) = 0 and G’(r¢) < 0.

e (A2) There exists a > 0 such that lim sup% <0.

S§—00
Obviously, equation (4.1) is of the form (1.1). As previously, we associate to (4.1) the ”"bound-
ary condition” |®| — 73 as |z| — oo. In this context, the sound velocity at infinity is vs =
—2G'(r¢). The energy corresponding to (4.1) is E(®) = / VO dx +/ V(|®%) da
RN RN

r2

where V(s) = / ’ G(7) dr. Let ¢ be a finite-energy travelling-wave for (4.1) (in the sense of
Definition 2.1) HSlOVil’lg with speed c. Then 1 satisfies the equation

(4.2) —icg;/}l + A+ G([Y*)Y =0 in D'(RY), || — 1o as |x| — oo.
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If G satisfies (A1)-(A2), it is easy to see that F'(x, s) := G(s) satisfies the assumptions (H1)-
(H5) in section 2 (with L = —G’(r3)). It is then clear that the conclusions of Propositions
2.2, 2.5 and Theorem 3.1 i) are valid for ¢). Moreover, we have:

Proposition 4.1 (Pohozaev identities) Let ¢ be as above. Choose R, > 0 such that )| > 3
on RV \ B(0, R). Let 0 be the lifting oow' on RV \ B(0, R.) (as given by Proposition 2.5 ii))
and let x be a cut-off function as in Theorem 3.1. The following identities hold:

(4.3) _ /R i

_/RN

da:+/ V(|¥]?) and

S [ V()

8%1 RN

d+/

ox}, 83:

(4.4) - ik J
o f 2 wgwl B (0 =0 fork=2....N,

RN 8901

It is worth to note that Proposition 4.1 is valid for any speed ¢ € R.

Proof. Since the arguments are rather classical, we only sketch the proof.

Formally, travelling-waves are critical points of the functional £, = E + cP;, where E is
the energy and P; is the momentum with respect to the x;—direction (see (1.3)). Identities
(4.3) and (4.4) are simple consequences of the behavior of F. with respect to dilations in R”.
To be more precise, define ¥y ¢(x) = P(x1,...,Tp—1, Tk, Tpt1, ..., 2N) and gx(t) = Ec(ry).
If ¢ is a critical point of E., one would expect that g, (1) = %(Ec(wk,t)”t:l = 0 and this is
precisely (4.3) if k = 1, respectively (4.4) if k > 2. However, this argument is not rigorous for
at least two reasons. First, it is not clear what function space one should consider to define E,
(and this could not be a vector space because of the boundary conditions at infinity). Second,
even if an appropriate function space is found, we do not know whether %(wk,tﬂt:l = xk%
belong to the tangent space at 1 of the considered function space.

The most convenient way to prove Pohozaev identities is to use a truncation argument.
Fix a function n € C°(R") such that n = 1 on B(0,1) and n = 0 on R\ B(0,2). For n > 1,
define 7, (z) = n(%). We take the scalar product of (4.2) by :L“;mn(:n)8%6c and we integrate by
parts the resulting equality. It is standard (see, e.g., Proposition 1 p. 320 in [3] or Lemma 2.4
p. 104 in [11]) to prove that

: N oy | 1 2
(4.5) JLH;O RN(Aw,:Uknn(x)a—xk)dx— f/RN R d:v+§/RN V| dz and
(4.6) Jm [ @GPy ) de = [ V()

It is obvious that (icg—i,nn( )xlgfl) = cnp(x)x (z%,%) = 0. Thus taking the scalar

product of (4.2) by :Umn(x)gi, integrating and using (4.5) and (4.6) we get (4.3).
By (3.3) we have (—i%,w) 1 o 31/’1 = [¢]°F on RV \ B(0, R,). Using the
convention 0%(x#) =0, (0%x)0 = 0 on B(O 2R*), we have

(—ige, ) = (1= x) (=i 52, v) + x| 22
(4.7)
= (1= X) (=g, ) + [0PFL — [0Pogx  on RV
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Therefore we get for k=2,..., N:

/ (fical,xknn(x)al) dx
RN k

0x1 ox
oY 0 8w
2/ k77n 835( 17/}’ 8xk) 8xk( 8a;1 w)} du
o C 87771 61,!) 87771 31/1
5 fron P Vi 5 o (@) + a0 (i ) d

02, 23(x9) 290X 1 1
g @)1= X)(=ig—9) + 19l — [y, -] d

it Ty () [(1—X)(_i% Y) + W‘Qa( — [¥*0 6X]

_¢ Onn O(x8) _ 9nn O(X) oY .
- 2/ klof? <8x FERR T v )—nn(x)(—z— v)de  ifn>3R,

because supp(1—x) C B(0,3R,) and suppVn, C B(0,2n)\B(0,n), consequently (1—)0% =0
J
and %% =0on R for n > 3R,.
It is obvious that

Onn 0(x0) ~ Ony O(X0)
/N mk<8x1 oxy, Oxp Oxq >d$

:/RN

Since [¢|> — rZ and V(x6) belong to L*(R”), using the Dominated Convergence Theorem we
obtain

(4.9)

2 {i(nna(xe)) 0 (v 8(x9)>}dx:/RN 1 200) 4

or oxy, Oz \'" Ory or1

Iy O(x8)  Onn O(x0) ’
2
‘/ Tk |¢’ <8.CE1 8xk 8xk 83:1 )dl‘

(4.10)

B(XH)’ 9(xb)
<2 oo 2 g
<2 Villmnr [ (0| B

)d:l:—>0asn—>oo.

Recall that 1 5 WQ —1)g % —rd 85;‘9) € LY(R"Y) by Theorem 3.1 i) and by dominated convergence
we get

/RN””K_Z&/}W) rga(xﬁ)}dx_/R nn[wlazm_% zp B 88(X9)]dx

(9:6'1 81'1 81'1
(4.11)
s 0000
w 2, wg o 1 dx as n 0.
Combining (4.8)-(4.11) we find
- i e Y2 001 200x0)
(4.12) Jim RN< zcaxl,xknn(x)aa%)d 5 P wgaxl 0 0 dx.



Taking the scalar product of (4.2) by nn(m)mk%, integrating over RY and using (4.5), (4.6)

and (4.12) we obtain (4.4). O

Theorem 4.2 Assume that N > 2, (A1), (A2) hold and let ¢ be a finite-energy travelling-
wave for (5.1) such that G(|1|*)y € L (RYN). Suppose that

o cither ¢2 > v2, where vy = 1 —2G'(rd) is the sound velocity at infinity,

R4

e or N =2 and ¢ = v?,

2N-—-1
e or N >3 and ¢ =v? and ¢18w2 ¢2% € L2v=3 (RV).
Moreover, assume that G satisfies

2
S

o (A3) there exists a € [—1 + %(1 — Z—E), %] such that

2 2
sG(S)—i—%(S—T%)—i—(l—a—Z—;)V(s) <0 for any s > 0.

Then v is constant.

Proof. Tt follows from Propositions 2.2 and 2.5 that v is smooth and Proposition 4.1 implies
that v satisfies (4.3) and (4.4). Summing up the identities (4.4) for k =2,..., N we get

o |?
/RN 8951 N d +/ W}’
(4.13)
d(xbo
—c @Dl 82}1 — ¢2 w r% éﬁl) dx = 0.

On the other hand, from Theorem 3.1 we have

2
[ VU = GUUBIIE = 5 (w2 = 1) do

v2 o o1 5, 0 _
(1—*)/ (1 % o a—ml(xﬁ)da:—o.

c2 Oxy

(4.14)

We multiply (4.13) by —1 + Z—; and we add the resulting equality to (4.14) to get
RN c?

7)2
[ G+ Sl )+ (= SV () =0

9 |
61:1

Y |

al’k

+(1- (1—1)%)2

c2

(4.15)

Let « satisfy (A3). Multiplying (4.3) by a and adding it to (4.15) we obtain
v2 onp |2 N
R B R T

U2 2
=/NG(|¢|2)|¢I2+55(|¢!2—7"3)+(1—a %) ([9]?) da
R

2

al‘k
(4.16)
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By (A3), the right-hand side of (4.16) is less than or equal to zero. If &« € (— 1+(1—Z—§)N—_3, —;),
o |?

T

dr =0 for k=1,..., N, which implies Vi) = 0 on R¥,

M
(9.%1
consequently 9% — () on RY which implies that 1) does not depend on x;. Since Vi|? da
orx N
R

it follows from (4.16) that /
RN

2
ie. 1 is constant. If « = =1+ (1 — —)%‘?, we infer from (4.16) that / dxr = 0,

RN

is finite, we have necessarily V¢» = 0 on R, which means that is ¢ is constant. A similar
argument shows that v is constant in the case a = Z—z O

Remark. Let o, Cy and 7 be positive constants satisfying G(s?) + % < —Cy(s —7)%@
for any s > 7 (such constants exist by assumption (A2)). Let ¢ be as in Theorem 4.2. It
follows from the proof of Proposition 2.2 i) that |¢(z)| < #/2 for any x. Therefore the proof
of Theorem 4.2 is still valid if the inequality in (A3) only holds for all s € [0, 27].

If 2 = v2, N > 3 and ® is as above, we already know from Proposition 3.3 iii) that
Y1 gﬁf zp &ﬁi € LP(RN) for any p € (%%_zl,), 00). Therefore we have:
Corollary 4.3 Assume that (A1), (A2), (A3) hold, N > 3 and * = v2. Let ¢ be a
travelling-wave for (4.1) having finite energy, finite momentum with respect to the x1—direction
(i.e. 1y gﬁf 2 glﬁ; € LYRY)) and such that G(|¢|*)¢ € L (RN). Then 1 is constant.

Example 4.4 The Gross—Pitaevskii equation is of type (4.1) with G(s) = 1 — s. In this
case we have 79 = 1, V(s) = 3(s — 1)? and v, = /2. For any finite-energy function ¢
we have [pn( |¢|2 - 1) dx < 00, hence Y € L} (RY) and consequently G(|v|*)y € Li, (RY).
Assumptlons (Al) and (A2) are clearly satisfied. We find sG(s)+ o = (s— 7‘0)+(1—a—2—§)V(s) =

—(5+a+ )(1 — 5)%. The last expression is nonpositive for any s if « > —3 — Z—g, thus
assumption (A3) is also satisfied. Hence the conclusion of Theorem 4.2 holds for the Gross-

Pitaevskii equation. In particular, we recover the non-existence results in [17], [18].

Example 4.5 The cubic-quintic Schrodinger equation is of the form (4.1) with G(s) =

—aq + azs — ass?, where ai, ag, as are positive and 16 < A%< i. The nonlinearity G
3

can be written as G(s) = —as(s — r?)(s — 73), where 0 < 7“1 < ro. In this case we have
v = —2r3G"(ro) = 20573 (rg — r}) and V(s) = G(s— r3)%(s + 7"0 - §r1) For any function 1

with finite energy we have V(|¢|?) € L*(RY), which implies d) € LlOC(RN ) and consequently
(\w\ ) € LL (RYM). It is obvious that G satisfies (A1) and (A2). If ¢ > v2 we have

—Z— 1+ 23 (1 Z—E), Z—g] and an easy computation shows that sG(s)+ %(s —r)+V(s) =

—%5(4s + 5r§ — 3r?) < 0 for any s > 0. Hence assumption (A3) holds for a = —Z—;, therefore
the conclusion of Theorem 4.2 is valid for the cubic-quintic Schrédinger equation.

Remark. The proof of nonexistence of supersonic and sonic travelling-waves for equations
of type (1.1) relies on identity (3.1), combined with Pohozaev identities. We have proved (3.1)
in an ”indirect” way, starting from (3.11), using the Fourier transform and analyzing the be-
havior near the origin of the symbols of the differential operators involved. A natural question
is whether (3.1) could be proved ”directly”, by multiplying the equations by appropriate func-
tions and integrating by parts (and it is very tempting to try to do so because of the form of
equations (3.7) and (3.8)!). We suspect that it is not possible to find such a proof, a heuristical
reason being the following: if a "direct” proof of (3.1) could be found, it should be valid for
any value of ¢. Since Pohozaev identities are also valid for any ¢, one could infer that, for
any c, equation (4.1) and the system (4.17)-(4.18) below do not admit nontrivial finite-energy
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travelling-waves. However, in the case of the Gross-Pitaevskii equation the existence of non-
trivial, finite-energy travelling-waves moving with sufficiently small speed ¢ has been proved
in [7] in dimension N = 2, respectively in [6] and [12] in dimension N = 3. In a recent work
[5], existence of travelling-waves has been proved in space dimensions N = 2 and N = 3 for a
wider range of speeds, including speeds ¢ close to (and less than) vg if N = 2. For Schrédinger
equations of cubic-quintic type, the existence of small velocity travelling-waves has been proved
in [25] in any space dimension N > 4. Even for these particular cases, the question whether
such solutions exist for any speed ¢ € (—wvs, v) i8, to our knowledge, still open.

2. Our second application concerns the system

(4.17) iP5y HAY = S ([P + e - 1) =0 in RV,
d 1
(4.18) Ma&t + AP — ?(q2\\11\2 —2kH)d =0 in RV,

which describes the motion of an uncharged impurity in a Bose condensate (see [16]). Here
U and ® are the wavefunctions for bosons, respectively for the impurity, and €, 4, q, k are
dimensionless physical constants. Assuming that the condensate is at rest at infinity, the
functions ¥ and ¢ must satisfy the "boundary conditions” |¥| — 1 and |®| — 0 as |z| —
00.

The system (4.17)-(4.18) has a Hamiltonian structure, the associated energy is

1 1 1 k?
_ 2 2 2 1)2 215(2 _ 2
(4.19)  E(T,®) = /RN VOP+ 5 IVOP + 5 (0P = 1%+ S 0PI — o) dr.
We are interested in travelling-wave solutions for (4.17)-(4.18), i.e. solutions of the form

V(z,t) = p(r1 — ct,z2,...,xN), P(x,t) = p(z1 — ct,xa,...,xN). Such solutions must satisfy
the equations

. oY Lo 1 o _
(4.20) g —TAY (W7 + Slel” =1y =0,
. 0p Lo 2 2,9y
(4.21) 2053% +Ap = (W] — ke =0,

together with the boundary conditions |¢)| — 1 and |p| — 0 as |z| — oo.

Equation (4.17) is of type (1.1). In view of the analysis in the Introduction, the associated
sound velocity at infinity is g

In space dimension one, the system (4.20)-(4.21) with the considered boundary conditions
has been studied in [26]. It was proved that it admits nontrivial solutions if ¢ is less than
the sound velocity at infinity; in this case the structure of the set of travelling-waves has been
investigated and it was proved that it contains global subcontinua in appropriate (weighted)
Sobolev spaces.

Here we study the finite energy travelling-waves for (4.17)-(4.18) in dimension N > 2.
In view of (4.19), by finite energy travelling-wave we mean a couple of functions (¢, ¢) €
L (RY)x LL (RY) which satisfy (4.20)-(4.21) in D'(RY), the boundary conditions |¢)| — 1,
¢ — 0 as |z| — oo and such that Vo, Vi, p € L*(RY), (J[* = 1)? + S |[*|¢|? € LH(RY).
As before, we denote 1)1 = Re(v), 12 = Im(v)), 1 = Re(p), p2 = Im(yp). We have:

Proposition 4.6 Let c € R and let (¢, @) be a finite energy travelling wave for (4.17)-(4.18).
Then:
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i) The function v is bounded and C> and ¢, Vi) € W*P(RN) for any k € N and p > 2.

ii) There exist R, > 0 and a real-valued function 0 such that 1) = |1’ on RN \ B(0, R.)
and VO € WFP(RN \ B(0, R.)) for any k € N and p > 2.

iii) Let x € C®°(RN) be a cut-off function such that x = 0 on B(0,2R,) and x =1 on
RY\ B(0,3R.). We have 11 5 sz ¢gg—7ﬁi - 8:51 (x0) € LYRN) and the following Pohozaev-type
wdentities hold:

Jo ™

1 k2
2 4 2 2 — 5 o 2 g
+/N 5z (P17 = 1% + Z [ Ple| Salelda=0,

2 N

+3 (

=2

2) dx

2 1

52q2

1

62(]2

o |?
8561

dp

81‘1

9

8a:j

Oy

aﬁﬂj

(4.22)

and for any k € {2,...,N},

8w 1 2 N 8'¢ 2 1 8()0
+ . dx
/RN Owy, 8a:k - %;ﬁ (396]. 2| B )
( ) +/ N 252(’1/}’ o 1) 4|w| ‘@’ - @MO‘ dx
Ouy O 0 b [ Op
C/ Vigy ~ Ve~ g0 dr— 55 | e1gde =0,

Proof. Putting F(z,s) = —E%(s + E%]go(x)\Q — 1), equation (4.20) is a particular case of
(1.7). Clearly, in this case we have rg = 1.

It is obvious that F satisﬁes the assumptions (H1la) and (H1b) in Section 2. Clearly,
F(z,s) < ——(s -1) < - 23 for any s > 2 and x € RY, hence I satisfies (H2) for r, = 2.

Moreover, / F(z,r)dr = —%(5+ + = Llp(2)|?) is a locally integrable function of z. We have

e2

[yt < 2(|¢|2 —1)2+ 2 and (]1|?> — 1)? € LY(R) because (¢, ) has finite energy, hence
0 € L (RY). W also have |[o20] < (ol + [oPluf?) and [of?, [Pl0f? € L (R). It s then
clear that F(-,[|?)y = —E%WJ\QM) E4|g0| ¥ + 5 belongs to L} (RY). Hence we may use
Proposition 2.2 i) and we infer that ¢ € L*(R").

By hypothesis we have ¢ € L2(RY) and Vi € L?(R"), that is ¢ € W12(RY). Assume
that ¢ € WIP(RN) for some p € (1,00). Since 1 is bounded, by (4.21) we find Ap € LP(RY),
and we infer that ¢ € W2P(RY). If p < N, by the Sobolev embedding we have p € LP"(R)
and Vo € LP"(RY) (where 1% = %—%), hence ¢ € W1P"(R”). Repeating the above argument
if necessary, after a finite number of steps we find ¢ € W24(R") for some ¢ > N and the
Sobolev embedding implies ¢ € L"(RY) and Vy € L"(RY) for any r € [g,00). Using (4.21)
again, we conclude that Ay € L"(RYN), hence ¢ € W27 (RY) for any r € [2,00).

It follows that ¢ € C'(RY), which implies F € C*(R") (and consequently F' satisfies
(H1c)). By Proposition 2.2 ii) we get ¢ € W) ’p(RN) for any p € [1,00). In particular,
¥ e C*(RY).

We have F(z, 1) = ——|<p( )|? and F clearly satisfies assumption (H3). It is obvious that
ON1F(z,8) = _?2 and 612V+1 (z,5) = 0 on RV x R, therefore F satisfies (H4) and (H5).
Thus we may use Proposition 2.5 i) and we infer that Vi € W1P(RYN) for any p € [2, 00).

The rest of the proof is a very easy induction. For k € N*, assume that Vi € WFP(RN)
and ¢ € WHFLP(RN) for any p € [2,00). Consider a € N¥ such that |a| = k. Differentiating
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(4.20) and (4.21) we obtain

A(0) = icd” G+ B0 (W12 + Zlol? = 1), respectively

A(0°) = 160 7o + %0°([¥[? — e2k?)p).
We infer that A(9%), A(0%) € LP(RN) for any p € [2,00). By hypothesis we have
0%, 9% € LP(RY), therefore 9%, 0% € W2*P(RY) for any p € [2,00). Since this is
true for any o with |a| = k, we have Vi) € WEHLP(RYN) and ¢ € Wk+2P(RY). We conclude
that Vi) and ¢ belong to W*P(RY) for any k € N and p € [2,00).
ii) is an immediate corollary of Proposition 2.5 ii).

iii) It follows directly from Theorem 3.1 i) that 11 5 8w2 @DQ% — Tm(x@) €L (RN) The
proof of (4.22) and (4.23) is similar to that of (4.3) and (4.4) (multiply (4.20) by l“j??n%j and
(4.21) by ﬁxjnn%‘;, where 1, (x) = n(5) is a cut-off function, add the resulting equalities,

integrate by parts and pass to the limit as n — oc0). We omit the details. O

We have the following result concerning the non-existence of supersonic travelling-waves
for (4.17)-(4.18):

Theorem 4.7 Let N > 2 and let (¢, ) be a finite energy travelling-wave for the system
(4.17)-(4.18), moving with velocity c. Assume that:
o cither ¢ > E%,

e or N =2 andc2:€%,

2N-—-1
e or N>3andc* = 5—2 and @bl‘%? @DQ% € L2v=3 (RV).
Then ¢ = 0 and 1) is constant on RN.

Proof. Let 6, x be as in Proposition 4.6 and let F(z,s) = —8%(5+ E%|go(:c)|2 —1). We have
already seen that F' satisfies assumptions (H1)-(H5) and it follows that identity (3.1) holds.
Taking into account the particular form of F', this identity can be written as

1 1
o 199+ (0 = 12 + el da
(4.24)

2 ng ad)l a

We take the scalar product of (4.21) by ¢, then we integrate the resulting equality to get

== 20 Ju

2
2 q 2012 7. 1.2 2 9.
(4.25) /RNW<,0| d$+;2 /RN|g0\ ||*dx — k / lp|” dx 205/ ('018:51 dr = 0.

Summing up the identities (4.23) for k = 2,3,..., N, we find

/ [ latp N—3N<8¢2 1a<p>d
RN |0z 2| 0xy N-—-1 o Ox; Ox;j v
4.26 1 1 k?
W0t [ (WP = 12+ Pl - el da
Oy 0Yn 0 2¢6 Opa
C/ ¥ 0z1 V2 Or1 Oz (x0) dx e2q? Jrn v 0z dr =0
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Next we combine the equalities (4.24)-(4.26) in order to eliminate the terms / o1 6“92 dx and

/ ¢1§?ﬁf w%’;—a—m(xe)d:v We find:

2 o |? 2 \N-3 P
2 o 5] @+ (- (1 22) 57=7) o Z oz,
2
(4.27) +'Af 1)e242 1==3 O
(N —1)e2q e2c?/ Jry i | Ox
1 2 9 9
+ﬁ(1+€27)/ (9P =1)%de + = / |l |9|? dar = 0.

Obviously, all integrals in (4.27) are nonnegative. If ¢? > 2, all coefficients are also nonneg-

0
ative, therefore each term in (4.27) must be zero. In particular, / w
RN | Dz,

k€ {1,...,N}, which implies V¢ = 0 on R", i.e. ¢ is constant. Since / N(|w|2 —1)2dz =0,
R

dx = 0 for any

necessarily |1)| = 1. We have also 0 = / N || do = / N || dz, hence o =0 on RY. O
R R

5 The one-dimensional case

Since most of the proofs in the preceding section are not valid in space dimension N = 1 (in
particular, we do not have identities analogous to (4.4) and (4.23)), we treat separately the
one-dimensional case. It turns out that some integrations can be performed explicitly and
some of the results are stronger than in higher dimensions.

Let G : [0,00) — R be a function satisfying the following assumption:

e (A) GeC([0,00)) and there exists o > 0 such that G(r3) = 0.

Moreover, G € C*([rg —n,72 + n]) for some n > 0 and G'(r3) = —L < 0.

We consider the Schrodinger equation

o
(5.1) z%t + U + G(|T2)T =0 in R,

together with the ”boundary condition” |¥| — rg as x — foo. We have seen in the
Introduction that the sound velocity at infinity associated to (5.1) and to the considered
boundary condition is vy = 79v/2L. As usually, a travelling-wave moving with velocity ¢ is a
solution of the form ¥ (z,t) = ¢ (z — ct). It must satisfy

(5.2) —ic) + " + G([Y))Y =0 in R, [(z)] — ro as r — £oo0.
We have the following result concerning supersonic and sonic travelling-waves:

Theorem 5.1 Let ¢ € L}, (R) be a solution of (5.2) in D'(R) such that G(|¢y|*)v € L} (R).
Assume that G satisfies (A) and
i) either ¢* > v, or

7,2
ii) ¢ = v? and, denoting V(s) = / ’ G(7)dr and W (s) = v2s® —4(s +1r3)V (s +1d), there

S
exists € > 0 such that one of he following conditions is verified:
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a) W(s) >0 on (—&,0) U (0,¢);
b) W(s) >0 on (—,0) and W(s) <0 on (0,00);
c) W(s) >0 on (0,¢) and W(s) <0 on [-r3,0).

Then either 1) is constant, or (x) = roecxt90) where 0y is a real constant.

Remark. Theorem 5.1 gives all supersonic and sonic travelling-waves for equation (5.1),
no matter whether their energy is finite or not (and we see that finite energy travelling-waves
must be constant).

It is easy to see that W is C? near 0 and W(0) = W’(0) = W”(0) = 0. Condition ii)
a) is satisfied, for instance, if G is C® near r (this clearly implies that W is C* near 0) and
W"(0) =0, W) (0) > 0, or equivalently 72G”(r3) = 3L and 4G"(r3) + 73G" (r}) > 0. The
condition W(s) > 0 on (—¢,0) in ii) b), respectively W(s) > 0 on (0,¢) in ii) ¢), is satisfied
if G is C3 near 72 and W”(0) < 0 (respectively W””(0) > 0); however, in these cases only an
information on the behavior of G in a neighborhood of 73 is not sufficient to get the conclusion
of Theorem 5.1.

icx

Proof of Theorem 5.1. Let ¢(x) = e 2 9(x). Then ¢ € L}, (R) and it is easy to see that

2
(5.3) "+ (Gllel?) + Cz)cp —0 inD(R).
From (5.3) we get ¢” € Li,.(R). This implies that ¢’ is a continuous function on R (see, e.g.,
Lemma VIIL.2 p. 123 in [8]). Thus ¢ € C1(R). Since |¢| — 1o as x — Fo0, we infer that ¢
is bounded on R. Coming back to (5.3) we see that ¢” is continuous and bounded on R. In
particular ¢ € C?(R) and this implies 1 € C*(R).
Denoting 11 = Re(v), 12 = Im(%)), equation (5.2) is equivalent to the system

(5.4) ey + 7 + G(|Y*)gr = 0,
(5.5) —cpy + 95 + G([Y[*) 2 =0  inR.

We multiply (5.4) by 2¢] and (5.5) by 245, then we add the resulting equalities to get
[(1)% + (¥5)?) — (V(|¢|%))" = 0. Hence there exists k1 € R such that

(5.6) [¥'*(x) = V([¥[*)(x) =k for any z € R.

Multiplying (5.4) by 12 and (5.5) by —1, then summing up the corresponding equations we
obtain §(|¢[? — r§) — (Y1vbh — e}) = 0. Consequently there is some ky € R such that

(5.7) SR —rd) = (s — o) = ks W R.

Next we multiply (5.4) by 2¢; and (5.5) by 219, then we add the resulting equalities to find
(5:8) 201ty —ath) + (IP° = 79)" = 21'1° + 2G ([0 ") [ = 0.

Taking into account (5.6) and (5.7), equation (5.8) can be written as

(5.9) (191 = r8)" + (10 —18) — 2V ([¢?) + 2G (|0 *)[$]* = 2k1 + 2cke.

Denote v(x) = [1|?(z) — r3. Then v is real-valued, C? and tends to zero as x — 400, hence
there exists a sequence z,, — oo such that v”(x,) — 0. Writing (5.9) for z,,, then passing
to the limit as n — oo we see that necessariy ki 4+ cko = 0 and v satisfies the equation

(5.10) V" v =2V (v+18) + 200+ 1) G(v+13) =0 in R.

24



Next we multiply (5.10) by 2¢/, then we integrate the resulting equation and we obtain (v')% +
?v? — 4(v + 1r3)V(v + 73) = k3 in R, where k3 is a constant. It is clear that there exists a
sequence y, — oo such that v'(y,) — 0, consequently k3 = 0 and we have

(5.11) ()2 (z) + 0 (z) — 4w + )V (v +73)(x) = 0 for any =z € R.

Our aim is to prove that, under the assumptions of Theorem 5.1, we have v = 0 on R.

Suppose first that ¢ > v2 = 2Lr3. Since G satisfies (A), it follows that V € C?*([rg —
1,73 +n]) and we have by Taylor’s formula

1 1
V(rg +5)=V(rd) +sV'(r3) + 5821/"(7"(2)) + s%h(s) = §L52 + 5%h(s) for s € [—n,n],

where h(s) — 0 as s — 0. Take &1 € (0, 7] such that ¢ — v2 — 2Ls — 4(s + 72)h(s) > 0 for
any s € [—e1,e1]. Suppose that v(zg) € [—£1,0) U (0,e;] for some zg € R. By (5.11) we obtain

0 = (v)*(xq) + v*(x0)[c® — v — 2Lv(xg) — 4(v(x0) + T%)h(v(xo))] >0,

a contradiction. Consequently we cannot have v(z) € [—e1,0) U (0,£;]. Since v is continuous
and v(z) — 0 as * — oo, we infer that necessarily v(z) = 0 for any = € R.

Next assume that ¢ = v2. Equation (5.11) can be written as
(5.12) (v")?(z) + W(v(x)) =0 on R.

If assumption ii) a) is verified, we cannot have v(z) € (—¢,0) U (0,¢) and we infer, as above,
that v = 0 on R. In case ii) b), we cannot have v(z) € (—¢,0) and we infer that v(xz) > 0 for
any = € R. Since v(z) — 0 as x — o0, there is some xg such that v achieves a nonnegative
maximum at xg. Then v'(z9) = 0 and from (5.12) we get W (v(zg)) = 0. But W(s) < 0 for
s > 0 by ii) b), hence v(zp) = 0 and consequently v = 0 on R. Similarly we have v = 0 in the
case ii) c) (note that v = || — r2 > —r2 and it suffices to know that W < 0 on [~7Z,0)).

Thus we have always v = 0, that is |¢)|> = 73 on R. Consequently there exists a lifting
0 € C*(R,R) such that ¢(z) = r0e’?®@ for any z € R. Tt is clear that 119 — o)) = |¢|?0' =
730" (see (3.3)). On the other hand we have 1) — 91)] = —ko by (5.7), hence ' = —ff—% is

0
i(—*22+60)

constant, therefore 0(z) = —’;%x + 6y, where 6y is a real constant. Since ¢ = rge 70
0
2
satisfies equation (5.2), we find —c% - (:‘f—%) = 0, thus either f—% =0or f—% = —c. Finally we
0 0 0 0
have either 9 (z) = € or 1(x) = e/(**+%) and the proof is complete. O

Example 5.2 In the case of the Gross-Pitaevskii equation we have G(s) = 1 — s and we

obtain W (s) = —2s3 (see Example 4.4). In the case of the cubic-quintic nonlinearity we have
G(s) = —as(s — r?)(s — r3), where a5 > 0, 0 < r; < ro (see Example 4.5) and a simple
computation gives W (s) = —2ass? (%r% — 7 + 15). Therefore both the Gross-Pitaevskii and

the cubic-quintic nonlinearities satisfy assumption ii) b) and Theorem 5.1 gives all sonic and
supersonic travelling-waves for these equations.

Remark. 'The proof of Theorem 5.1 provides a method to find subsonic travelling-waves
for (5.1). With the above notation, it follows from (5.11) that on any interval where v’ # 0

we have v'(z) = :l:\/4(v +73)V (v +13)(z) — c2v2(x). In many interesting applications this

equation can be integrated and we obtain explicitly v = [1|? — r%. Then it is not hard to find
(up to a constant) the corresponding phase 6.
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Remark.  Assume that N = 1 and let (¢, ¢) be a finite-energy travelling-wave for the
system (4.17)-(4.18). It follows from the proof of Proposition 4.6 that ¢ and ¢ are C'*

functions and ¢/, € W*P(R) for any k € N and p > 2. If 2 > E% (recall that g is the

sound velocity at infinity associated to (3.21)-(3.22)) and if there is a lifting ¥ (z) = v(z)e*®),
o(x) = u(z)e @ where v, u, o, § are real-valued functions of class C?, Proposition 3.1 p.
1545 in [26] implies that v = 1, « is constant and ¢ = 0 on R.
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