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Abstract

For a large class of variational problems we prove that minimizers are symmetric
whenever they are C1.
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1 Introduction and main results

In this paper we study the symmetry of minimizers for general variational problems of
the form

minimize E(u) := / F(|z|, u(z), |Vu(z)|) dz under k constraints
Q
(P)
Qi) = [ Gillel @) [Vu@hdr =2, =100 k.

The solutions of many partial differential equations are obtained as minimizers for
problems like (P). Knowing in advance that such solutions are symmetric is very im-
portant for their theoretical study as well as for their numerical approximation. If the
minimizers of (P) are standing or solitary waves for an evolution equation, symmetry
could be very useful to investigate the stability properties of such solutions. Note also
that in many problems, symmetry is the first step in proving the uniqueness of special
solutions.

Given the motivation above, many important particular cases of (P) have already
been considered in the literature. In [11, 12], O. Lopes has developed his reflection
method - a very efficient tool to prove symmetries for minimizers of functionals E;(u) =

/%|Vu]2 + Fi(|z|, ) de under the constraint Q(u) = / G(|z|,u) dx = constant, where
Q Q

2 is a domain invariant by rotations. This method is based on a device of "reflect-
ing” a minimizer with respect to hyperplanes that ”split the constraint in two” and
on the use of a unique continuation principle for the Fuler-Lagrange equations satisfied
by minimizers. Note that the method can be used for vector-valued minimizers whose
components eventually change sign and no additional assumptions are made on the func-
tions F; and G (except the usual growth and smoothness assumptions that ensure the



existence and the regularity of minimizers). Up to now this method has been used for
problems involving only one constraint. Its main restriction is that it can be used only
when the minimizers satisfy an Euler-Lagrange system for which a unique continua-
tion theorem is available. However, we have to mention that the reflection method has
been successfully used in [13] for minimizers of some nonlocal functionals of the form

Es(u) = /RNm(g)m(g)Pdg + /RNFg(u) dx. The class of functionals considered in [13]

include the generalized Choquard functional, the Hamiltonian for the generalized Davey-
Stewartson equation as well as functionals involving fractional powers of the Laplacian.
Instead of unique continuation results, some new and quite unexpected integral identities
for nonlocal operators were used to get symmetry results.

In a recent paper [4], F. Brock studies the symmetry of minimizers of the functional

/ N Z |Vu;|P + F(|z|,u1, ..., u,)dr under several constraints /RNGi’j(ui) dx = ¢; ;. He
i=1

uses two-points rearrangements and a variant of the strong maximum principle due to
Pucci, Serrin and Zou ([16]) to prove symmetries. Assuming that F' is nonincreasing in
the first variable and that is nondecreasing in the variables uy, for k # i (a cooperative
condition), he shows that the superlevel sets {u; > t} for t > 0, respectively the sublevel
sets {u; < t} for t < 0, are balls. Under more restrictive conditions (F' strictly decreaing
in the first variable or an assumption that depends on Lagrange multipliers associated to
minimizers - assumption that could be quite difficult to check in applications, as already
mentioned in [4]), he proves that any component of the minimizer is radially symmetric
about 0, has constant sign and is monotone in |z|. Note that whenever the arguments in
[4] lead to symmetry, they also imply monotonicity. On the other hand, in [4] there is an
example of sign-changing minimizer for a particular functional of the type considered. It
is remarkable that the results of F. Brock are valid for an arbitrary number of constraints.
However, these constraints must have a special form (because they have to be preserved
by rearrangements of functions). For instance, one cannot allow constraints of the form

NG(ui, uj) dx = constant.

We have to mention that in a series of recent papers (see [2], [15], [17] and refer-
ences therein), different new techniques were developed to study the symmetry of so-
lutions for some classes of elliptic problems. These techniques are essentially based on
foliated Schwarz rearrangements and on polarization of functions and can be used for
sign-changing solutions. They also give some monotonicity properties.

The aim of the present paper is to prove symmetry of minimizers for problem (P)
under general assumptions. We use the device of reflecting minimizers with respect to
hyperplanes introduced by O. Lopes, but we do not need unique continuation theorems.
Instead, we use in an essential way the regularity of minimizers. (To our knowledge, sym-
metry results for minimizers that may be nonsmooth were obtained only in the case of
convex functionals.) We are able to deal with several constraints, but each additional con-
straint produces the loss of one direction of symmetry; we will see later (Examples 6 and
7) that under the general conditions considered here, this is a very natural phenomenon.

In the sequel €2 denotes an open set in RY invariant under rotations (and centered at
the origin). It is not assumed that € is connected or bounded. We denote Aq = {|z| | x €
Q}. We consider vector-valued minimizers u : @ — R™ of (P) that belong to some
function space X. Throughout F,G1,... G} are real-valued functions defined on Ag %
R™ x [0,00) in such a way that for any v € X, the functions x — F(|z|,v(x),|Vv(x)]|)
and z — Gj(|z],v(z), |Vu(z)|), 1 < j <k, belong to L'(€2).



Let V be an affine subspace of RY. For x € RY we denote by py(z) the projection
of z onto V and by sy (x) the symmetric point of x with respect to V, that is sy (z) =
2py (z) — . We say that a function f defined on RY is symmetric with respect to V/
if f(z) = f(sv(z)) for any z. We say that f is radially symmetric with respect to V' if

there exists a function f defined on V' x [0, 00) such that f(x) = f(pv(z), |z — py(z)]).
Let II be a hyperplane in RY and let ITt and II~ be the two half-spaces determined
by II. Given a function f defined on R”, we denote

i +
fo+ () = { ;Efr)[(x)) ii i E g_7U i, respectively
(1)
_ ) f(2) if ¢ell” UL,
Ju- (@) { flsu(z)) if = eTIt.

If f is defined on a rotation invariant subset € centered at the origin, Q # R, the above
definition makes sense only if IT contains the origin. We say that II splits the constraints
in two for a function v € X if

(2) /mmGj(!a:\,v(x>,\w<x)y)dx:/Q Gi(|z), v(x), |Vo(z)|)de  for j=1,... k.

NII—

We make the following assumptions.

A1l. For any v € X and any hyperplane II containing the origin, we have v+, vp- € X.

A2. Problem (P) admits minimizers in X and any minimizer is a C! function on (.
We can now state our symmetry results.

Theorem 1. Assume that 0 < k < N —2 and Al, A2 are satisfied. Let u € X be
a minimizer for problem (P). There exists a k—dimensional vector subspace V in RN
such that u is radially symmetric with respect to 'V .

If © = RY and the considered functionals are invariant by translations, Theorem 1
can be improved. More precisely, consider the following particular case of (P):

minimize E(u) := / F(u(z), |Vu(z)|) dx subject to k constraints
RN
(P')
Qi) = [ Gu@), [ Vu@de =X, j =1k
In this case assumption A1 is replaced by
A1l. For any v € X and any affine hyperplane II in R we have v+, vp- € X.
The following result holds.

Theorem 2. Assume that1 < k < N —1, A1’ and A2 are satisfied and there exists
Jj€{l,...,k} such that \j # 0. Let u € X be a minimizer for problem (P’). There exists
a (k — 1)—dimensional affine subspace V in RN such that u is radially symmetric with
respect to V.

If (P’) involves only one constraint, Theorem 2 implies that any minimizer is radial
with respect to some point.



In applications, assumptions A1l or A1’ are usually easy to check. On the con-
trary, assumption A2 requires much more attention. In most applications, under suit-
able growth and smoothness assumptions on the functions F, Gy, ..., G, the functionals
E Q1,...,Q are differentiable on X and the minimizers satisfy Euler-Lagrange equa-
tions (however, this is not always the case: see [1] for examples of minimizers that do not
satisfy Euler-Lagrange equations). Very often the Euler-Lagrange equations are, in fact,
quasilinear elliptic systems. Many efforts have been made during the last 50 years, since
the pioneer work of de Giorgi, Nash and Moser, to study the regularity of solutions of
such systems and there is a huge literature devoted to the subject. Important progress
has been made and various sufficient conditions that guarantee the regularity of solutions
have been given. It would exceed the scope of the present paper to resume these works, or
even to give here a significant list of conditions that ensure the regularity of minimizers.
For these issues (and also for historical notes) we refer the reader to the standard books
[5, 7, 8,9, 10, 14] and references therein.

In the next section we give the proofs of Theorems 1 and 2. We end this paper by
some remarks and examples which show that, under the general conditions considered
here, our results are optimal even for scalar-valued minimizers.

2 Proofs

Proof of Theorem 1. Consider first the case 1 < k < N—2. Forv € RN, v # 0, denote
={z e RY |20 =0}, I} = {z € RV | z.v > 0} and II —{xERN]xv<O} For
]—1,...,k:,wedeﬁneg0 .SN I Rby

ei)= [ Gyl u@), [Vu@))dr— [ Gillal, u(w),[Vu(z) do-

It is obvious that ¢;(—v) = ¢;(v) and it follows immediately from Lebesgue’s dominated
convergence theorem that each ¢; is continuous on SN=1 We will use the following
well-known result (see, e.g., [18], Theorem 9 p. 266):

Borsuk-Ulam Theorem. Given a continuous map f : S™ — R"2 withn; > ng > 1,
there exists x € S™ such that f(x) = f(—x).

Equivalently, any continuous odd map f : 5™ — R™, ny > ny > 1, must vanish.

We use the Borsuk-Ulam theorem for the odd continuous map ® = (¢1,...,¢k) :
SN=1 — RF and we infer that there exists e; € SV~ such that ®(e;) = 0, that is II,,
splits the constraints in two for the minimizer wu.

Our aim is to show that u is symmetric with respect to II.,. We denote u; = Uy

and ug = up+ the two reflected functions obtained from u as in (1). By A1l we have
uy, ug € X. Since Il splits the constraints in two, a simple change of variables shows

that / Gj(|z], ui(x), |Vui (x d:C—Q/ Gj(|z|,ui(x), |Vui(x)]) de = A; for any j €

{1,...,k}, that is u; satisfies the constralnts In the same way us satisfies the constraints.
Since w is a minimizer for (P), we must have E(u;) > E(u) and E(ug) > E(u). On the
other hand, we get

E(u1) + E(us) _2/ F|z|, u1(2), [V (2 d:v+2/ F(lz|, w1 (2), |V (2)]) do
= 2E(u).



Thus necessarily F(u1) = E(u2) = E(u) and uj, ug are also minimizers for problem (P).
Moreover, they are symmetric with respect to Il,.
Now let us consider the minimizer u;. We define 1); : SN=1 _, R by

) = [ Gllalu@.[Va@hd = [ G (adu@). V(@) da.

As previously, it is not hard to see that 1; is a continuous odd mapping on SN,
1 < j < k. In particular, the restriction of ¥ = (31, ...,9) to SN~1NIl,, is a continuous
odd mapping from this space to R¥. Since SN~1 N 1I., can be identified to SV 2 and
k < N — 2, we may use the Borsuk-Ulam theorem again and we infer that there exists
es € SN=1 NI, such that ¥(es) = 0, i.e. I, splits the constraints in two for the
minimizer u;. We denote uj 1 = (“1)1'[;2 and w2 = (ul)njz the functions obtained from

up by the reflection procedure (1). Arguing as previously, we infer that u;; and wuj 2
belong to X, satisfy the constraints and are minimizers for problem (P). Moreover, they
are symmetric with respect to Il., and with respect to Il.,. Next we use the following:

Lemma 3. Let w € X be a minimizer for (P). Assume that A1, A2 are satisfied and
there exists a vector subspace V of RN of dimension m < N —2 such that any hyperplane
containing V splits the constraints in two for w. Then w is radially symmetric with
respect to V.

Proof. Let By = {b1,...,by} be an orthonormal basis in V. Fix a hyperplane II
containing V. We extend B; to an orthonormal basis B = {by,...,bxy} in R” in such a
way that II = II;,,, = bﬁ. We denote by (x1,...,zxN) the coordinates of a point z with
respect to B. Let w; = Wy and wy = W - Clearly wi,wy € X by Al. By the

assumption of Lemma 3, IIj ];plits the constraints in two for w and this implies that w;
and wq satisfy the constraints. As before we have F(w;) > E(w), E(ws) > E(w) and
E(wi) + E(wz) = 2E(w), thus necessarily E(w;) = E(w2) = E(w) and w;, wy are also

minimizers. By A2 we have w,wy,ws € C'(Q2). Since w; is symmetric with respect to
the xn variable, we have gx%(xl, ..., ZN-1,0) = 0 whenever (z1,...,2x-1,0) € Q. But

w(z) = wi(x) for xn < 0, therefore

ow ow
— e _ = lim — e _
axN(wh ,TN-1,0) 81%183;]\](:1317 ,TN-1,8)
(3) 5 5
. w1 w1
== 1 - “e e — = “ e _ =
sl%@x]\;(xl’ TN-1,8) (%N(I‘l, ,ZN-1,0) =0
for (z1,...,2n-1,0) € Q, i.e. the derivative of w in the direction orthogonal to II vanishes
on 2 NII. Thus we have proved that for any hyperplane II containing V', we have
ow . :
(4) 6—(:6) =0 for any x € QN 1II, where n is the unit normal to II.
n

We pass to spherical coordinates in the last N — m variables in R, i.e. we use vari-
1

ables (r,01,...,0N_m—1) instead of (zy,41,...,2N), where r = (x?\,,mﬂ +...+ x?\,)i
and 01,...0Nn_,—1 are the angular variables. Then (4) is equivalent to %‘; =0 on N
for j = 1,...,N —m — 1. We infer that w does not depend on 61,...,0N_m+1, i.€.
there exists some function @ depending only on z1,...,Zy,,r such that w(zy,...,zN) =
W(x1, ..., Tm,r) on  and Lemma 3 is proved. O



Now come back to the proof of Theorem 1. Clearly, any « € R has a unique
decomposition z = x1e; + xoes + 2, where x1, 29 € R and 2’ € {ey, e}, Since w1 and
w12 are symmetric with respect to Il., and with respect to Il.,, we have u; ;(z1e1 +z2e2+
z') = uyi(x1e1 — xeea + ') = uy i(—z1e1 — x2e2 +2’). Let II be a hyperplane containing
{61,62}J‘. It is obvious that the transform zie; + z2es + &' — —x1e; — z2e0 + 2’ is a
one-to-one correspondence between II™ and II™ and a simple change of variables gives

/ Gj(|m],u17i(x),]Vulyi(a:)|)d:z::/ Gj(|z],u1(z), |Vuii(z)])de, j=1,...,k,
+nQ I-NQ

hence II splits the constraints in two for u1;, ¢ = 1,2. By Lemma 3, we infer that u; ; are
radially symmetric with respect to {e1, ea}+, i.e. u1i(w1e1+x0e2+a’) = 1y (/23 + 23, 2')
for some functions @ ; and @ 2. On the other hand, u1(z) = ui(z) = ui2(z) for any
z € I, N Q, that is ;1 (|z1],2") = @1 2(]x1], ") whenever z1e; + 2’ € Q . We conclude
that necessarily @11 = @12 and wi1(x) = wi(z) = wi2(x) for any x € Q, thus u; is
radially symmetric with respect to {e1, es} .

Similarly there exists v2 € SN~ N ef such that II,, splits the constraints in two for
ug and we infer that wus is radially symmetric with respect to {el,vg}L. We use this
information together with the fact that u; = u = uz on Q NIl to prove the symmetry
of u.

If v9 is colinear to eg, i.e. v9 = *eo, we may assume that vo = eo. Using the symmetry
of uy, up and the fact that u; = v = uz on QN 1L, , we obtain as above that u; = ugs = u
on , hence u is radially symmetric with respect to {e1,ea}.

If vo and e are not colinear, Span{ej,es,vo} is a three-dimensional subspace. Let
{e4,...,en} be an orthonormal basis in {ej,es,va}+. We choose ez and v3 in such
a way that B = {ej,ea,e3,...,en} and B’ = {ej,va,v3,€e4,...,en} are orthonormal
basis in RY with the same orientation. Then there exists # € (0,7) U (,27) such
that vy = cosfes + sinfes and v3 = —sinfes + cosfes. Given a point z € RV, we
denote by (x1,x2,...,xN) its coordinates with respect to B. It is clear that (x1,y2 =
cosfxy + sinfx3,y3 = —sinfxe + cosfxs, xy,...,xy) are the coordinates of x with
respect to B'.

Fix res + Z;-V:z; zjej € QNei and denote

N
©(t) = Oz, an(t) =u(rcostey +rsintes + Za:jej).
j=4
Clearly, ¢ is C' and 2m—periodic on R. Since the restriction of u = u; to Q Nef is
symmetric with respect to Reo, we get

N
(5) o(t) = u(—rcostey —I—TSinteg—i—ijej) =@(m —1).
j=4
The restriction of u = us to QN e is also symmetric with respect to Ruws, therefore

o(t) = u(r(costcosf + sintsin @) vy + r(sint cos§ — costsinf)vs + Z;V:4 xje;)
= ug(r cos(t — ) vg + rsin(t — 0) vs + E;-Vﬂl zje;)

(6)  =wua(—rcos(t—0)ve+rsin(t — 0) vs + Z;-V:zl zje;)
= ug(rcos(m — (t — 0)) va + rsin(r — (t — 0)) vz + Z;-V:4 zje;)

= p(m+20 —t) = p(t —20) by (5).



Hence any of the functions ¢, 4, .
tions may occur:

Case 1: % € R\ Q. The set {2n0 + 2kn | n,k € Z} is dense in R and any number
in this set is a period for ¢, 4, . &y Since @rg, . 5 is continuous, we infer that it is

oy admits 27 and 26 as periods. The following situa-

constant. This is equivalent to u(ZéVﬁ zje;) = u(y/23 + 23 e + Z;Ll xje;j) whenever
Z;-V:2 zje; € QN et. With the above notation, using the symmetry properties of u; and
ug we have for any = € (Q,

N N
ui(z) = ur(\/2? + 23 €2 + Z:J:jej) =u(y\/2? + 2%+ 22 ey +ijej)

J=3 J=4

and

ug(x) = ug(\/x] + Y3 v2 + y3v3 + Z;-V:z; zjej) = u(y/x7 4 y3 va + yavs + Zév:4 Tj€;)

=u(y/2f + 43 +y3 e2 + Ll wje;) = uly/27 + 23 + af er + T, wjej).

Consequently u = u; = us on Q and u is radially symmetric with respect to {ey, ea, e3} .

Case 2: % = % where k,n are relatively prime integers, k is odd and n is even, say

k =2k; +1 and n = 2ny. Then m = 2n160 — 2k;7 is also a period for ¢, 4, 5 and this
implies

N N N
(7) U(Z zje;) = u(—woes — x3e3 + Z zje;) whenever Z zje; € QNet.
j=2 j=4 J=2

From the symmetry of u; and (7) we get for x; < 0:
N N
u(Y5sy wjeg) = u(y/ai + 3 ex + X i3 wje;)

= u(—\/2? + a3 ey — w3e3 + YN, wje;) = u(wier — waez — w3e3 + 0, Tj€5).

Using the symmetry of up and (7), we infer that (8) also holds for z; > 0. Let II be
a hyperplane containing {ej,ey,,...,en}. It is clear that the mapping Zé\[:l rje; —

(8)

T1€1 — Toes — T3e3 + Zé\fjl zje; is a linear isometry between II* and II7. Then (8) and
a simple change of variables show that

. Gellal ), Vu@)) dz = [ Gillal,u(), [Vu(z)) da.
II+nQ I-NQ

ford =1,...,k, ie. Il splits the constraints in two for u. Since u is a minimizer, by Lemma
3 we infer that u is radially symmetric with respect to Span{ej, ey, ...,ex}. In particular,
the restriction of u to QNe; is radially symmetric with respect to Span{es,...,en}. As
in case 1, this implies that v is radially symmetric with respect to Span{ey,...,enx}.

Case 3: % = % where k,n are relatively prime integers, k is even and n is odd, say

k = 2k; and n = 2n; + 1. Then 0 = 2k;m — 2n160 is a period for ¢, 4, . 2y By (5)
we get Yray o an(t) = Oragaon (T —1) = @ray.. 2oy (@ + 7 —t). This means that for
Zé\f:Q zje; € {2 we have

N N
9) U(Z zje;) = u(—(x2cosf + xgsinfh)eg + (—z2sin b + x3 cosf)es + Z xje;).
j=2 j=4



In other words, for fixed " € Span{ey,...,ex}, the function zoey + xges — u(x2e9 +

z3e3 + x'") is symmetric with respect to Rw, where w = cos(%5%)es + sin(%5T)es. Note

that the symmetry of Span{ej,es,e3} with respect to Rw is a linear isometry of matrix
-1 0 0

A= 0 —cosf —sinf | with respect to the basis {e1,ea,e3}. We show that for
0 —sinf cosb

any x € () we have

(10) u(z) = u(Sx),

where Sx = —z1e1 — (x3 cos 0+ x3sinf)eg+ (—xo sin 0+ x3 cos f)es + Zévjl xje;. It suffices

to consider the case z1 < 0. By using the symmetry of ui, us and (9) we get
w(x) = ur(z) = u(y/23 + 2des + SN g 2je))

= u(—(y/2? + 23 cos O + z3sinf)ea + (—y/23 + 24 sin 0 + z3 cosO)es + Z;-V:4 zje;)

and
u(Sr) = ug(Sx) = up(—x101 — T2V2 + T3V3 + Zéy:4 zje;)
= Uz(*mvz + z303 + X)Ly wje))
= u(—y/2% + 23(cos ey + sinfez) + x3(—sinfes + cosf 3) + Z;yﬂl zje;),
hence u(x) = u(Sz). Let II be a vector hyperplane containing w, eq, ..., en. It is easy to

see that S is a linear isometry of RY mapping Q NII~ onto Q NIIT. Using (10) and a
change of variables, we find that II splits the constraints in two for u. By Lemma 3 we
infer that v is radially symmetric with respect to Span{w,ey,...,en}.

In fact, since u; is radially symmetric with respect to Span{es,eq4,...,en} and
Span{w, ey4,...,en}, it can be proved that w; is radially symmetric with respect to
Span{ey,...,ex}. Similarly ug is radially symmetric with respect to Span{ey,...,en}
and then it is clear that u has the same property. We omit the proof because we will not
make use of this observation.

Case 4: % = % where k,n are relatively prime odd integers, say k = 2k; + 1 and

n = 2n; + 1. Then 6 — 1 = 2k;m — 2n16 is a period for ¢, 4, y. By (5) we have
Prza,...,tN (t) = Prza,....xN (m—1) = Prza,....xN (6 —t), that is

N
(11) u(x) = u((xg cosh + xgsinfh)ey + (x2sinf — x3cosf)es + Z xje;)
j=4
for any = = Z?]ﬂ xzje; € QN et. Proceeding as in case 3, we prove that u is radially
symmetric with respect to Span{w’,eq,...,en}, where w’ = cos g es + sin g es. (In fact,
it can be proved that u is radially symmetric with respect to Span{ey,...,en}).

Note that in either case it follows that u is symmetric with respect to 1l.,. Thus we
have proved that whenever e; € S™V~! satisfies ®(e;) = 0, u is symmetric with respect
to Il,. Assume that e1,...,e; € SV~ are mutually orthogonal, satisfy ®(ej) = ... =
®(ey) =0and £ < N —k — 1. It is clear that Sy = SN~ N {ey,..., e/} can be identified
to SN=t=1 and the restriction of ® to S; is an odd, continuous function from S; to



R”. Using the Borsuk-Ulam theorem we infer that there exists e;11 € Sy such that
®(ep41) = 0. By induction it follows that there exist N — k mutually orthogonal vectors

e1,...,en—r € SV such that ®(e;) = ... = ®(ey_x) = 0. We complete this set to
an orthonormal basis {ej,...,ex} in RY. We already know that u is symmetric with
respect to any of the hyperplanes Il , ..., Il ,. In particular, for x = Z;-V:l zjej € Q
we have

N N—k N
(12) u(z) = u(—z1e1 + ijej) =...=u(— Z xje; + Z zje;).

=2 j=1 j=N—k+1
Let IT be a (vector) hyperplane containing ey_g41,...,en. It is clear that the mapping

Zé.v:l Tjej — — Z;V:Ek xjej + Zé‘va—k:-&-l zje; is a linear isometry between It and II™.
Using (12), we infer that II splits the constraints in two for u. By Lemma 3, u is radially
symetric with respect to Span{ey_g41,...,€en}.

The case k = 0 is much simpler. Problem (P) consists in minimizing F on X without
constraints. Assume that v is a minimizer. Let II be a hyperplane containing the origin
and let up-, ug+ be the two functions obtained from u as in (1). By A1l we have
um—, urp+ € X, thus E(up-) > E(u) and E(up+) > E(u). On the other hand, E(up-) +
E(up+) = 2E(u), thus necessarily E(up-) = E(up+) = E(u) and up-, up+ are also
minimizers. As in the proof of Lemma 3, this implies g—g(a:) = 0 for any z € QNII, where
n is the unit normal to II. Then passing to spherical coordinates, as in Lemma 3, we see

that v does not depend on the angular variables, i.e. u is a radial function. O

Proof of Theorem 2. Forv € SN~! and t € R we denote by IL, + the affine hyperplane

{z € RV | (x — tv).v = 0} and by I}, = {z € RN | (z — tv).v > 0}, respectively

I, = {z € RN | (# — tv).v < 0} the two half-spaces determined by II,;. It is clear that
ot = HIt. For j =1,...,k, we define zﬁj : SN xR — R by

Gt = [ | G, Vu@de— [ 6@, V() da.

v,t v,t

Since Gj(u,|Vu|) € LY(RY), it is a simple consequence of Lebesgue’s dominated con-

vergence theorem that ¢; is continuous on SN-1 x R. Tt is obvious that 1/73-(—1}, —t) =
—% (Ua t)
We claim that ltlim P;(v,t) = —/ Gj(u(z), |Vu(z)|) de = —\; uniformly with re-
— 00 RN
spect to v € SV1. Indeed, fix € > 0. There exists R > 0 such that
€

|Gj(ul@), [Vu(z)])ldz < 5

/RN\B(O,R)

For any v € S¥~! and t > R we have II;, € RN \ B(0, R), therefore

<e€

0+ [ Glu@).[Vu())de

=2| [, 6,u(0). V)

and the claim is proved. It is clear that tlim @Z;j(v, t) = A; uniformly in v € SN—1,
——00

We denote P = (0,...,0,1) € R¥*1 & = (0,...,0,—1) € R¥*! and we define
wj:SN—>Rby

~ <‘(x1,...,xN) TN41 )

Yi(@1, .., TN, TN11) = Uy
5@ e EN) = Y5 T e T



if (z1,...,2N,2N+1) € {P, S}, respectively ¢;(P) = —\; and 1;(S) = Aj. Then v is an
odd, continuous function on SV,

Consider first the case 1 < k < N — 2. It follows from Theorem 1 that there exist
two orthogonal vector subspaces Vi and V5 such that dim(Vy) = k, V3 @ Vo = RN
and w is radially symmetric with respect to V3. The set S = {(y1,...,yn,yn+1) €
SN | (y1,...,yn) € V1} can be identified to S*. Since the restriction of ¥ = (31, ..., 1%)
to S ~ S* is continuous, odd, R*¥—valued, by the Borsuk-Ulam theorem we infer that
there exists y* = (y1,..., %N, ¥~n4+1) € S such that ¢(y*) = 0. We cannot have y* = S

or y* = P because ¥(S) = —¢(P) = (A1,...,An) # 0. Denote e, = LMJ\J)' and

. [T
t = % Then e, € Vi, leg] = 1 and (e, t) = 0 for j = 1,...,k, ie. Il ¢
splits the constraints in two for u. Choose e;, i = 1,..., N, i # k in such a way that
{e1,...,ex_1,€ex} and {ext1,...,en} are orthonormal basis in Vi, respectively in V5.

Denote uy(x) = u(x — teg). It is clear that u, is a minimizer for (P’), it is radially
symmetric with respect to V7 and the hyperplane ekL = II, o splits the constraints in two
for u,. Arguing exactly as in the proof of Theorem 1, we see that u, is symmetric with
respect to e%. Using this fact and the radial symmetry with respect to V;, we get

N k N k—1 N
(13) u*(z xie;) = u*(z Tie; — Z xie;) = u*(z Ti€; — inei).
i=1 i=1 i=k+1 i=1 i=k
By (13) we infer that any (vector) hyperplane containing ej,...,ex_1 splits the con-
straints in two for u,. Then Lemma 3 implies that u, is radially symmetric with respect
to Span{ej,...,ex_1}, consequently u is radially symmetric with respect to the affine
subspace tey + Span{ey,...,ex_1}.
Now consider the case k = N — 1. As above, there exists y* = (y1,...,yN,Yny1) €
SN\ {8, P} such that ¥(y*) = 0. Denoting e; = W) and t] = N this means
[y R )] I-[yp 1]
that Il¢, ¢, splits the constraints in two for u. Let u1 = up- ) and ug = up+ = It is clear
€1,t1 €1,t1
that u1, ug are also minimizers for (P’). Since {(y1,...,yn+1) € SN | (y1,...,yn) Ler}
is homeomorphic to S™V~! and there are exactly N — 1 constraints, it is possible to

restart the prevoius process with u; instead of u. We infer that there exists ey € e%,

leo] = 1 and t2 € R such that Il splits the constraints in two for u;. Putting

up1 = (u1)-  andwuyp = (up)g+ , wesee that up 1 and uy 2 are minimizers for (P’) and
eg,to eg,to

are symmetric with respect to Il ;, and I, 4,. It follows that @11 = w1 1(- —tie1 —taez)
and @12 = u12(- — t1e1 — taez) minimize (P’) and are symmetric with respect to et and
ey . Therefore any (vector) hyperplane in R containing {e;, e2}* splits the constraints
in two for @ ; and for @; 2 and using Lemma 3 we infer that @, and @2 are radially
symmetric with respect to {e;, es}+. Since Uy,1 = U2 on g, 0 = ey, we have necessarily
U1, = U122 on RY. Therefore u; = U1,1(- +ti1e1 +taez) is radially symmetric with respect
to the affine subspace tie; + toes + {e1, ea}t.

Similarly we prove that there exist vy € ef, |va] = 1 and sy € R such that uy is
radially symmetric with respect to the affine subspace tie; + sqva + {e1, vg}L. Of course,
nothing guarantees a priori that (ea,t2) = +(va, s2). The following situations may occur:

Case 1: eo and vy are colinear. Then we may assume that e = ve. There are two
subcases:

a) tg = s9. Then u;(- —t1e; — taeg) and ug(- — t1e; — taey) are both radially symetric
with respect to {e1, e2} and are equal on e;. We conclude that u1 (- —t1e1 —tzea) = ug(-—
tie; —toeg), thus u = u; = ug is radially symmetric with respect to t1e; +toea+{e1, eg}L.
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b) ty # s2, say so > to. The symmetry of u; and ug imply that there exist some
functions 1, @iz defined on [0, 00) X {e1, ez} such that

up(xrer + zoea + ') = a1 (v/(z1 — t1)2 + (w2 — t2)%,2)

(14)

UQ(l'lel —+ x99 + x’) = ﬂQ(\/(.%'l — t1)2 + (.%'2 — 82)2 ,iL'/)
for any x1, 20 € R and 2’ € {e1,e2}*. Since u1; = up on e, 4, =tie1 + et it follows that
(15) (w2 — to],2") = Ga(|z2 — s2],2")
for any x5 € R and 2’ € {e1, e2}*+. In particular, (15) implies that for fixed 2’ € {e1, e2}+,
@1 (-, 2') and @y(-, ') are periodic of period a = 2(sg — t2). Passing to cylindrical coordi-
nates x1 = t1 +rcosf, ro =ty + rsinf, ' and using Fubini’s theorem we have

[ G, Vu@hde= [ G (@), V() da
IT

€1ty e1,tq

s 37
(16) :/ /2 / Gj(u(r,2"), |V (r,2")|) dz’ df r dr
0 Z {e1,e2}+

— / / G, (@ (r,2'), |V (r, 2')]) dz' r dr.
0 {e1,e2}+

Let h;(r) = / Gj(u(r,2"), |V (r,2")]) dz’. The function h; is well-defined for

{e1,e2}t
o0
a.e. r > 0, measurable, periodic of period a, and 7r/ rhi(r)r = Aj/2. By period-
0

(n+1)a
icity we have /

na

rh;(r)dr = na/ hj(r)dr +/ rh;(r)dr, thus / rh;(r)dr =
0 0 0

@a/o hj(r)dr + n/o rhj(r)dr. It follows that necessarily /0 hj(r)dr = 0 and

/ rhj(r)dr = 0 and this implies / rhj(r)dr =0, i.e. A\; = 0 for any j, contrary to

0 0

the assumptions of Theorem 2. Consequently the case 1 b) may never occur.

Case 2: ez and vy are not colinear. It is then clear that the space Span{ej, ez, vo} is
3—dimensional (thus N > 3). Let {es,...,en} be an orthonormal basis of {e1, e, v2}+.
We choose e3 and vz in such a way that B = {e1,...,en} and B = {e1,v2,v3,€4,...,en}
are orthonormal basis in RY with the same orientation. There exists § € (0, 7) U (, 27)
such that vo = cosfey + sinfes and v3 = —sinfey 4+ cosfes. Since sinf # 0, there
exist some «, 8 € R such that tees + aes = squg + [Bvs. Let y = tie1 + toes + aesz. We
denote u* = u(- — y), ui = u1(- — y) and uj = ua(- — y). It is obvious that v*, u} and w3
are minimizers for (P’), uj is radially symmetric with respect to Span{es,...,en}, ub
is radially symmetric with respect to Span{vs,eq4,...,en}, u* = uj on g, g Ulle, o and
u* = uj on Hjl,o UIle, 0. Proceeding as in the proof of Theorem 1 we show that either u*
is radially symmetric with respect to Span{ey,...,en}, or there exists w € Span{esz, e3},
such that u* is radially symmetric with respect to Span{w,ey,...,ex}. In any case it
follows that w is radially symmetric with respect to an affine subspace of dimension at
most k —1 = N — 2. This completes the proof of Theorem 2. a

3 Remarks and examples

Remark 4. If Q is connected and a unique continuation principle is available for
minimizers, the proofs in the preceding section can be considerably simplified. Moreover,
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it is possible to deal with N —1 constraints in Theorem 1, respectively with N constraints
in Theorem 2 (but this is of quite limited interest in applications because we get only
symmetry with respect to a hyperplane).

For example, consider the problem (P1) of minimizing

E(u) = /Q %|Vu|2 + F(u) dx in H'(Q,R™) (or in H}(Q,R™))

under the constraints Q;(u / Gj(u)dz = \j, 1 < j < k and the following standard

assumptions:
H1l. F,Gy,...,G € C*(R™ R), F(0) = G;(0) =0, VF(0) = VG;(0) = 0, and

N +2
N -2

|[VE(u)| < Clul?, VG (u)| < Clul? for |u| > 1, where p <

H2 Ifue HI(Q R™) (respectively u € H{ (£, R™)) is nonconstant and
1043VG (u) = Z] 18;VG(u) on Q, then aj = g for j=1,... k.

Suppose that  is a minimizer for (P1) and a hyperplane II (with 0 € II if Q # RY)
splits the contraints in two for u. As before, it follows easily that the functions up- and
ur+ are minimizers for (P1). Thus v and up- satisfy the Euler-Lagrange equations

(17) —Au+ VF(u —}—ZaJVG u) = in Q, respectively
7=1
(18) —Aup- + VF(up- +Zﬁ]VG (up-) =0 in O
j=1

for some ay,...,a,B1,...,0: € R. By standard regularity theory we get w, up- €
W24(Q) for any q € [2,00). In particular, u, ug- € CH*(Q) for a € [0,1), and u, up-
as well as their derivatives are bounded on ). If u is constant on Q2 NII7, it follows form
(17) and the unique continuation principle (see [11]) that u is constant on 2. Otherwise,
from (17) and (18) we obtain Z;?:l a;VG(u) = Z?ZI BiVGj(u) on QNII~ and by H2
we infer that o; = 8, j = 1,..., k. Denoting w = u — up—, (17) and (18) imply that w
satisfies
—Aw+ A(z)w =0 in €,

where A € L*°(Q, M,,(R)). Since w = 0 in QNII~, by the unique continuation principle
we find w =0 in Q, i.e. u = up- and u is symmetric with respect to II. Hence we have
proved that u is symmetric with respect to any hyperplane that splits the constraints in
two. The rest of the proof is as in the preceding section.

Note that a nondegeneracy hypothesis like H2 is needed to use a unique continuation
principle.

Remark 5. In Theorems 1 and 2, any supplementary constraint in the minimization
problem produces the loss of one direction of symmetry for minimizers. Under the general
assumptions made there, this loss of symmetry cannot be avoided, as it can be seen in
the following simple examples.

Example 6. i) Let © be either a ball or an annulus in RY, centered at the origin.
Consider F,G € C?(R,R) satisfying assumption H1 in Remark 4 and such that the
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problem (P;) of minimizing Fy(u) = [, 5|Vu|? + F(u) dz in H(€2) under the constraint
Jo G(u) dz = X\ admits a nonconstant solution wu,. It has been shown in [12] that u,
cannot be radially symmetric about 0 (but, of course, u, is radially symmetric with
respect to a line passing through 0). Consider the problem

1
minimize Ey(u) = / §|Vu\2 + F(u) + ...+ F(ug)dz,
Q
(Pr)
under the constraints / G(uj)dr = A, i=1,...,k,
Q

where u = (u1,...,ux) € H' (2, RF). Tt is clear that u = (u1,...,uy) is a solution of (Py)
if and only if each u; is a solution of (Py). If Ry, ..., Ry, are rotations in RY, the function
u(z) = (ux(R12), ..., us(Rxx)) is a solution of (Py). We infer that there are minimizers
of (Py) that are not radially symmetric with respect to any (k — 1)—dimensional vector
subspace of RV.

ii) Consider two functions F,G € C%(R,R) satisfying assumption H1 in Remark 4
and A € R* such that the problem (P}) consisting in minimizing Ey(u) = [gn $IVul? +
F(u)dz in H*(R") under the constraint [z~ G(u)dz = A admits a nonconstant solution
. It folows immediately from Theorem 2 that @ is radially symmetric with respect to
a point; we may assume that it is radially symmetric about the origin. It is easy to see
that u = (uy,...,ux) € H'(RY,RF¥) is a solution of the problem

minimize Ej(u) = /RN %’VuP + F(uy) + ...+ F(ug)dz,
(Pr.)

under the constraints /RN G(uj)dx = A, 7=1,....k,
in H1(RY,R¥) if and only if each u; is a solution of (P}). Therefore for any yi,...,yx €
RY, the function u = (u1(- + v1),...,ux(- + yx)) is a solution for (Pj). Obviously, this
minimizer is radially symmetric with respect to some (k—1)—dimensional affine subspace
but, in general, it is not radially symmetric with respect to any affine subspace of lower
dimension.

In Example 6, the loss of symmetry comes from the fact that problems (Py) and (P},)
are decoupled: they can be decomposed into k£ independent scalar problems, each of them
being rotation (respectively translation) invariant. It is then natural to ask whether in
general problems like (P) or (P’) the loss of directions of symmetry could exceed the
number of components of minimizers. The answer is affirmative, as it can be seen in the
next example which shows that, in general, the result of Theorem 2 is optimal even for
scalar-valued minimizers.

Example 7. We construct here a minimization problem of the form (P’) involving two
constraints and whose real-valued minimizers are not radial with respect to a point (of
course, these minimizers are axially symmetric). This example relies on the existence of
a nonnegative minimizer with compact support for a problem involving one constraint.
A similar construction has already been used in [4].

Let f € C(R)NC(0, ) be a real-valued function satisfying the following conditions:

Cl. f(s)=0on (—00,0] and f(s) = s* for s € (0,1], where o € (0,1).
C2. The function F(s) := [; f(7)dr has compact support.
C3. There exists ¢ > 0 such that F'({) < 0.
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Let N > 3 and & = DM2(RN) n L**(RYN). We introduce the functionals T'(u) =
/ N |Vu|*dz and V (u) = / N F(u(z)) dzx. It is clear that F'(u) € L'(RY) for any u € X
R R

and T, V are well-defined, C! functionals on X. We consider the minimization problem:
(My) minimize T'(u) in X’ subject to the constraint V(u) = —1.

We denote I = inf{T'(u) | u € X,V (u) = —1} and we proceed in several steps.

Step 1. We have I > 0 and problem (M) has a minimizer u, € X. The proof of this
fact is a straightforward modification of the proof of Theorem 2 in [3] or of the proof of
Theorem 1 in [6], so we omit it.

Step 2. Any minimizer u of (My) is nonnegative, bounded, C', has compact support
and satisfies the equation —Au+ Bof(u) =0 in D'(RN), where By = H321.

Let vt = max(u,0) and v~ = max(—u,0). Then ut,u~ € X, V(ut) = V(u) = —1
and T'(u) = T(u™)+T(u") > T(u"). Since u is a minimizer, we must have T'(u™) = T'(u)
and T(u~) = 0, hence u~ = 0 in DV2(RY), that is u > 0 a.e. Take C > 0 such that
supp(F) C [0,C] and denote uy = min(u,C), uc = max(u — C,0). It is obvious that
up, uc € X, u = ug +uc, V(ug) = V(u) = =1 and T'(u) = T(up) + T (uc). As above we
infer that T'(uc) = 0, consequently uc = 0 in DV2(RY) and u < C a.e.

Since T and V are C! functionals on X, it is easy to see that u satisfies an Euler-
Lagrange equation 7" (u) + 26V/(u) = 0 in X’ for some 3 € R and this implies

(19) —Au+ Bf(u) =0 in D'(RY).

Since u € L>®°(RY) and f is continuous, by standard elliptic estimates it follows that
u € VVlif(RN) for any p € (1,00), thus u € C'llo’g(RN) for v € [0,1). In particular, u is
Cct.

It is standard to prove that u satisfies the Pohozaev identity (N —2)T'(u)+28NV (u) =
0 (to see this, it suffices to multiply (19) by x(£) SN, xi(%‘i, where y € C°(RY) is such
that x = 1 on B(0, 1), to integrate by parts and then to pass to the limit as n — o0).
Since V(u) = —1 and T'(u) = I, we find 8 = 521 = ) > 0.

Let v(z) = u(—%-). Then v € C*(RY), v > 0 and v satisfies the equation

NES

—Av+ f(v) =0 in D'(RY).

[N

|
/ —1 ds < 0o. Thus we may use Theorem

1 1
Moreover, we have / - ds = (a+1)
0 (F(s))2 0 s 2
2 p. 773 in [16] and we infer that v has compact support. Hence u has compact support.

Step 3. Any minimizer u of (My) is radially symmetric with respect to a point.
Indeed, steps 1 and 2 show that (M) satisfies assumptions A1’ and A2 in Introduction,
hence the radial symmetry of minimizers follows from Theorem 2. Note that the unique
continuation principle is not valid for minimizers of (M), therefore the method in [11]
cannot be used to prove their radial symmetry.

Step 4. Construction of nonradial minimizers for a minimization problem involving
two constraints.

We introduce the functional W (u) = / N F(—u(z))dz. Clearly, W is well-defined
R

and C' on X. We consider the minimization problem:

(Mj3)  minimize T'(u) in X subject to the constraints V(u) = —1 and W(u) = —1.
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We claim that u € X is a solution of (Ms) if and only if «* and ™~ are solutions of
(My).

To see this, let u, be a minimizer of (M;), radially symmetric with respect to the
origin. Let R > 0 be such that supp(u.) € B(0,R). For y € RN \ B(0,2R), we
put uy(z) = u(xz) — us(r + y). It is obvious that V(uy) = V(u,) = —1, W(uy) =
V(u(- + 1)) = —1 and T(uy) = T(uws) + Tl + ) = 2I.

For any u € X satisfying V(u) = W(u) = —1 we have V(ut) = V(u) = —1 and
V(u™) = W(u) = —1, hence T'(u™) > I and T(u~) > I, consequently T'(u) > 2I. We
conclude that for any |y| > 2R, u, is a minimizer of (M3). Moreover, a function u € X
can solve (My) if and only if V(u®) =V (u~) =—-1and T'(u") =T (u") = I, i.e. if and
only if u™ and u™ solve (My).

As in step 2 we infer that all minimizers of (Ms) are C'. Thus (Ms) satisfies the
assumptions A1’ and A2 and Theorem 2 implies that all minimizers of (My) are axially
symmetric. Since u, is radial with respect to the origin, it is clear that any of the
minimizers u, is axially symmetric with respect to the line Oy, but is not radial about a
point. Hence (M3) admits nonradial minimizers.

In fact, with some extra work it can be proved that the suport of any minimizer of
(M) is precisely a ball. If u is a minimizer of (Ms), supp(u) = supp(u™) U supp(u~)
is the union of two balls with disjoint interiors. Therefore no minimizer of (Msy) can be
radially symmetric.

In some particular cases, however, minimizers may have more symmetry than provided
by Theorems 1 and 2, as it can be seen in the following example.

Example 8. Consider the problem of minimizing F(u) = / ' (z)? + F(u(z)) dz in
R

H!(R), under an arbitrary number of constraints / Gj(u(z))dx = Xj, 1 < j < k. We

assume that the functions F, G, ..., G} satisfy the assumption H1 in Remark 4.

In this case Theorem 2 gives no information about the minimizers. However, if the
problem above admits minimizers, any of them must be symmetric with respect to a
point. Indeed, let u be a nonconstant minimizer. Then it satisfies an Euler-Lagrange
equation

(20) —u" + F'(u) + a1 G (u) + ... + Gl (u) =0 in R.

It follows easily from (20) that u € C?(R,R). Since u(z) — 0 as * — 400, u achieves
its maximum or its minimum at some point a € R and consequently u'(a) = 0. Let
@(z) = uw(2a — x). Then @ satisfies (20) and u(a) = wu(a), @' (a) = u'(a) = 0. Since
the Cauchy problem associated to (20) has unique solution, we have u = @, i.e. wu is
symmetric about a. Moreover, we see that u must be symmetric with respect to any of
its critical points. Since u cannot be periodic, we infer that there are no other critical
points, thus u is monotonic on (—oo, a] and on [a, 00).

We have discussed in the first section an example of problem where arbitrarily many
constraints were allowed and the symmetry properties of minimizers did not depend on
the number of constraints (see [4]). This fact is due to the assumptions made on the
nonlinear term (monotonicity in |x| and cooperativity condition), that imply a strong
coupling between the components of the minimizers and prevent situations like those in
Examples 6 and 7 to occur.

Remark 9. Our results can be extended in an obvious way to minimization problems
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on cylinders. To be more specific, consider the problem (P.) consisting in minimizing

B = [ [ Fal.y.uw9), [Vou(@.)|. Vyule.p), ... Vy(o,y) dedy
under the constraints
Qj(u) = /A /Q Gj(lz|,y,u(z,y), |Voulz,y)|, Vyu(z,y), . .. ,Vé(x, y))dxdy, j=1,...,k,

where z € Q ¢ RM | y € A ¢ R™, Q is an open set invariant by rotations in RM and
A is a measurable set in R™2. We assume that problem (P.) admits minimizers in a
functional space X and the following assumptions hold:

Al.. For any w € X and any hyperplane II in R™ containing the origin, we have
w(HXRN2)7,w(HXRN2)+ S X
A2,.. For any minimizer « € X and any y € A, the function u(-,y) is C*! on €.

Note that the minimization problem may involve derivatives of any order in y and we
do not need more regularity of minimizers with respect to y than provided by the fact
that v € X.

We have the following results, the proofs being similar to those of Theorems 1 and 2.

Theorem 1°.  Assume that u is a minimizer for problem (P.) in X, assumptions Al,
and A2. are satisfied and 0 < k < N1 —2. There exists a k—dimensional vector subspace
V of R such that u is radially symmetric with respect to V- x RN2,

Theorem 2°. Assume that Q@ = RM, 1 < k < Ny — 1 and the functions F, Gj
in (P.) do not depend on x. Assume also that A2, is satisfied and Al. holds for any
affine hyperplane I in RN . If u is a minimizer for problem (P.) in X, there exists a
(k — 1)—dimensional affine subspace V. C R™ such that u is radially symmetric with
respect to V x RN2,

Acknowledgements. 1 am very grateful to Petru Mironescu, Petru Jebelean and
Alberto Farina for interesting and helpful discussions.
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