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Abstract

We present a new approach to study the symmetry of minimizers for a large class of
nonlocal variational problems. This approach which generalizes the Reflection method is
based on the obtention of some integral identities. We study the identities that lead to
symmetry results, the functionals that can be considered and the function spaces that
can be used. Then we use our method to prove the symmetry of minimizers for a class
of variational problems involving the fractional powers of Laplacian, for the generalized
Choquard functional and for the standing waves of the Davey-Stewartson equation.
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1 Introduction

Many important partial differential equations arising in Physics are Euler-Lagrange equations
of variational problems. Among the solutions of these equations those who correspond to a
minimum of the associated functional (e.g. the “energy”) subject to some constraint are of
particular interest. For example in many situations the set of such solutions is orbitally stable
(see [9]).

In this paper we address the general question of whether, or not, the fact that the underlying
problem has some symmetries is reflected on the minimizers. Namely if a problem is invariant
under the action of a group of transformations, is it true that the corresponding minimizers are
also invariant under the action of this group (or, perhaps, a subgroup of it) 7 As it is shown

n [14], this may not be the case.

A classical approach to radial symmetry of minimizers is Schwarz symmetrization (or
spherical decreasing rearrangement, see [16]). For a nonnegative function v € H'(RY) its
symmetrization u* is a radially-decreasing function from R into R which has the property
that meas({z € RN | u(z) > A} = meas({z € RY | u*(x) > A} for any A > 0. It is well-known



that u* satisfies (among others) the following properties:

(1.1) / V' ()| do < / Vu(z)?dz and Fu*(2))de = [ Flu(z)) dz,

RN RN RN RN
where F is, say, a smooth function from R into itself such that F(u) € L'(RY) (see [16]). As
a simple application of symmetrization, consider the problem of minimizing

1

B(u) = 5/RN |Vu(a:)|2d:£+/RN Flu(z)) da

subject to the constraint
G(u(z))dx = A,
RN

where F, G € C'(R,R) have the property that F(u), G(u) € L'(R") whenever u € H*(RY).
If u ¢ H'(R") is a nonnegative minimizer, then from (1.1) it follows that u* also satisfies the
constraint and E(u*) < E(u); therefore, u* is also a minimizer. To show that u = u* except
for translation is a more delicate question and this follows from a result in [6] and the Unique
Continuation Principle.

The case of nonlocal functionals also arises in applications. For instance, the Choquard
problem consists in minimizing

1

u?(z)u?
E(u) = 2 Js \Vu(z)|? de — /R3XR3 u”(z)u”(y)

dx dy
[z =y

subject to

/R3 u?(z)dx = \.

The radial symmetry of minimizers of Choquard problem has been proved in [15] by using
Riesz’ inequality for rearrangements :

a2 [ @b dedy < [ (@)@ - g (o) dudy,

RN xRN RN xRN
where f,g and h are nonnegative functions. Moreover, if g is strictly symmetric-decreasing
then equality holds in (1.2) if and only if f(z) = f*(x — y) and h(z) = h*(x — y) for some
y e RN,

In the vector case symmetrization can also be used because of the inequality
(1.3) F(u*(z),v"(z))dx < F(u(zx),v(z))dz,

RN RN

which holds provided that the function F' is C? and satisfies the cooperative condition % (u,v) <
0 for u,v > 0 (see [5]). Therefore, consider the problem of minimizing

1

B(u,v) = E/RN(]Vu(x)\Q—f—\Vv(x)|2)da:—i—/RN F(u(z), v(x)) dz

subject to the constraint
[ (Gilu(@) + Gav(w) do = )
RN
where %(u,v) < 0 for u,v > 0. If (u,v) is a nonnegative minimizer, then from (1.1) and
(1.3) we see that (u*,v*) is also a minimizer. Notice that the function defining the constraint



must have a special form because we want the value of the constraint to be preserved by
symmetrization.

Another tool to prove radial symmetry of minimizers is the result by Gidas, Ni and Niren-
berg [11] about the radial symmetry of positive solutions of the semilinear elliptic equation

—Au+ f(u) =0.

In the case of systems, an extension of that result has been proved in [7] and [25] assum-
ing a cooperative condition for the nonlinearity. In [11] as well as in its generalizations the
nonlinearities are also allowed to depend on the space variable in a radial and monotonic way.

As we can see, in the vector case, besides the need to know in advance that the components
of the minimizer are positive, both methods described above require the nonlinearity to satisfy
a cooperative condition and the function defining the constraint to have a special form. To
avoid these two restrictions, the Reflection method has been developed in [18] and [19]. We
now briefly describe this method.

Consider the problem of minimizing

1

B(u,v) = §/RN(|vu(x)\2+\vv(x)|2)dx+/RN F(u(z), v(x)) dz

subject to
/RN G(u(z),v(z))dx =X #0.

To show that any minimizer (u,v) is symmetric with respect to x; (except possibly for a
translation), we first make a translation in the z; variable in such way that

(1.4) /{MO} Glu(z), v(z)) dz = / Glul(z), v(z)) dz = g

{z1>0}

Next, setting 2 = (z1,2’), where 2/ € RV~!, we define the functions u; and us by

u(zy,2’) if 21 <0,

ul—x 71‘/ lfw < 07
uy(z) = uy(z1,2') = { u(—zy,2') if 21 >0 and - uale) = { o) 1

] w(wg, ) if 2 > 0.

In a similar way we define v; and ve. According to (1.4), the pairs (u1,v1) and (ug,v2) also
satisfy the constraint (i.e. they are admissible). Moreover, a change of variables shows that

(1.5) E(u1,v1) + E(ug,v2) = 2E(u,v).

Thus (u1,v1) and (ug, v2) are also minimizers. This shows that there exist minimizers which are
symmetric with respect to z1. In fact, by using the Euler-Lagrange equations and the Unique
Continuation Principle we can show that necessarily (ui,v1) = (u,v) = (u2,vs). Clearly, this
implies that any minimizer (u,v) is symmetric with respect to the first variable. Replacing the
x1—direction by any other direction in RY and repeating the same argument, we can show
that (u,v) is radially symmetric except for translation (details will be given later). Notice that
to use this argument there is no need to know the sign of components of the minimizers.

The main point of this paper is to extend the Reflection method to a class of nonlocal
functionals. To be more specific, consider the problem of minimizing

(1.6) E(u,v) :/ (1 (—A)Su]2+;\Vv2)dx+/RN F(u,v)dx



subject to the constraint

(1.7) Q(u,v) = / G(u,v)dx =X #0,
RN
where 0 < s < 1. Defining
_ 1 s 12
W(u) = 3 e |(—A)2u|® dx

and (u1,u2) and (vi,v2) as above, instead of (1.5) we have
E(ui,v1) + E(ug,v2) — 2E(u,v) = W(u1) + W(uz) — 2W (u).

Therefore, to show that the pairs (uq,v1) and (ug,v2) are also minimizers we need to know
that the following inequality holds

(1.8) W (u1) + W(ug) — 2W(u) <0.

The key to the method developed here is to show that inequality (1.8) holds true (see
Theorem 2.8). Moreover, we have equality in (1.8) if and only if u is symmetric with respect
to x1. As we will see, this gives the desired radial symmetry of minimizers. More general
multipliers m(§) and more regular nonlocal functionals like the one appearing in the Choquard
problem above are also considered. In this article we will use this extended Reflection method
to show the symmetry of all minimizers of the following problems:

e the Hamiltonian of a coupled system between a multidimensional Korteweg-de Vries
equation and a Benjamin-Ono equation (this is precisely problem (1.6)-(1.7) with s =
1/2). Here the minimizers correspond to solitary waves;

e the generalized Choquard problem. In this case the minimizers give rise to standing
waves for the generalized Hartree equation;

e the Hamiltonian of the generalized Davey-Stewartson equation. Here again, minimizers
correspond to standing waves.

The existence of minimizers for these problems can be proved by using the concentration-
compactness method [17] or the alternative method presented in [20] and will not be discussed
here.

Notice that the symmetrization approach, in general, does not apply to the problems above.
Indeed, in the first two examples, symmetrization cannot be used to prove the existence of a
radially symmetric minimizer under the general assumptions on the nonlinearities made in
this paper. Furthermore, with the tools available at the present time, it is not clear how to
prove the radial symmetry of all minimizers, even in the cases where symmetrization can be
used to prove the existence of a radially symmetric minimizer. Finally, in the last example,
symmetrization cannot be used because one term of the Hamiltonian of the Davey-Stewartson
equation is a singular integral operator whose kernel changes sign.

This paper is organized as follows: in the next section we present some integral identities
for functionals of the form W (u) = / m(€)|a(€)|? d¢. These identities are first proved for
RN

functions v € C¢° and are crucial for our approach to symmetry. It will also appear clearly
what kind of symbols m(§) we may consider. In section 3 we search for appropriate function
spaces on which our method can be applied. It will be proved that we may work on H S(RN )
or on H*(RN) if —3 < s < 3. We will extend the integral identities obtained in section 2 to
these function spaces. In section 4 we apply our results to the concrete problems presented
above. We end this article with some open problems.
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2 Some identities

In what follows, 2 = (z1,x2,...,2x) = (z1,2') denotes a point of RN, 2/ = (z3,...,2y) €

RN € = (&,&,...,&n) = (€1,€) € RN with ¢ = (&,...,&v) € RV~1. We denote the
Fourier transform either by = or by F.

The aim of this section is to prove an identity for some functionals of the type

(2.1) W= [ m©lae) ds

which will play a very important role in proving symmetries.

Consider a function v € C°(R”Y). We define the reflected functions u; and usy as follows :

B N} ou(x,2!) if 21 <0, ) u(=zy,2") if 1y <0,
(22) w(2) =w(e,v) = { u(—z1, ") if k1 >0 and uz(z) = u(zy,2') if 21 > 0.

We also define

(23)  gle) = Julen o) +ul—ena) and  J@) = lule, o) - u(-e1,0))

Clearly, f,g € C°(RY), g is even and f is odd with respect to z1 and u = f + g. Let

” o= { e <

Then f, is even with respect to x1, u1 = g — fx and us = g + f.
We want to study the quantity

(2.5) W(u1) + W(ug) — 2W (u)

where W is given by (2.1). Later in Theorem 2.8 we specify the class of multipliers under
consideration but, at this early stage, besides integrability conditions, we assume that

(2.6) m(&) is real and m(—¢&;,&") = m(&,€).
We have :
(2.7) g(_&’é/) _ /RN €ix1§1_iz/'§/g(:c1,x,)dx _ /RN e—iy1§1—iz/.§/g(_y1’x/)dyldlj
= /g\(é-l?f,)
and
28) f(_gl’gl) _ /RN ei”“’i&_”"gf(xl,x’)dm _ /RN €_iy1£1_ixl'£,f(—y1,:U’)dy1d$,
= _f(élvgl)‘
Therefore
W(ur) + W(ug) — 2W (u)
= /R _m(ELE)(19() = F(OF +13(6) + F(©)IF - 209(6) + FO)I) de
(2.9) -

=

= | (e CIROF ~2F(OF — 4Re(@€)F(€) d

- 2/RN m(&, &) (| (O = [F(©)7) dg = 2W (f.) — 20 (f)
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because /RN m(ﬁl,fl)Re(g(g)@dﬁ = 0 in view of (2.6), (2.7) and (2.8).

It is easy to see that

flere) = [ [ e el dat
:/0 /RN?1 (e—im& _ei:c1§1)e—ix/.§/f(x1’x/) dax’ diy

= —21’/ /N 1sin(azlfl)e_w,f,f(wl,:E') dx' dxy
0 _

and

f (517 / /RN 1 e~ im1&1—iz’ 5f (z1, 2 )dm di,
:/0 /RNil(e_ixlél +eix1§1)e—ix’.§/f($17x/) dz’ day

= 2/ / cos(mlfl)e_m/'glf(acl, 2') dz’ dxy.
0 RN—l

We denote by Fy_1 the partial Fourier transform in the last N — 1 variables, that is
Fn-1f(z1,€) :/ e f(xy, 7)) da.
RN-1

Since f € C°(RY) we may use Fubini’s theorem to get

=

|f(£17£/)|2 = f(gl’gl) (5175/)

= 4/00 /OO sin(21£1) sin(y161) (Fy—1.f) (21, ) (Fn-1f)(y1,&) dzy dys
o Jo

and similarly

‘ﬁ(gla 6/)|2 = ﬁ‘(glv §l)ﬁ(§1’ 5/)

= [ [ costarr) costin&n) (P11, € Fw A1) (or, €l iy
0 0

Consequently,
(2.10)

W)= W) = [ mien )RR = 16 )P de

=4 m(&1,¢) /00 /OO[COS($1€1) cos(y1&1) — sin(z1£1) sin(y1£1)]
RN o Jo
(Fn-1f) (1, &)Y Fn-1f)(y1, &) day dys d€

=4[ m(&,¢) /OOO /Ooo cos((w1 + y1)&1) (Fr-1f) (1, &) (Fn-1f)(y1, &) dwy dyy dE.

RN

For an arbitrary (but fixed) ¢ € RY! we define ¢g(t) = (Fn_1f)(t,&). Since f €
C°(RY), it is clear that g € C°(R). If supp(f) C Bgrw (0, R), then supp(p¢) C [-R, R].
For z € C, we define

(2.11) he (2 / / T2 o (31) e (y1) doy dyr.



Since ¢ is bounded and has compact support, he is well-defined and is an holomorphic
function on C. For any z € R we have

hg/ / / —1i x1+y1)z(p£,(xl)90§/ (yl) dxy dyl = hfl(_z)

and

Re(he (2)) = 5 (he(2) + hee)) = [~ [~ cosl(ar +yn)2hoe(or)oelon) do din.

From (2.6), (2.9) and (2.10) we get

(212) W (1) + W(uz) — 2W (u) = 2W(f.) — 2W(f —8/ / m(Er, € he (€1) dé €.

Some properties of the function h¢ are given in the next lemma. To simplify the notation, we
shall write h instead of hg.

Lemma 2.1 For any fized ', the function h = he given by (2.11) has the following properties:
i) h is bounded in the upper half-plane {z € C | Im(z) > 0}.
ii) There exists a constant C > 0 (depending on f and &') such that for any z # 0 with
Im(z) > 0 we have:

(2.13) |h(2)] < and

(2.14) W (2)] <

Proof. i) If b >0 and = > 0 then \eim_bz\ < 1 and we have

aat lb ‘ _ ei@ity)a—(z1+y1)b ¢5/(x1)de1 din

s(/o . !<Pg/()!dt) < ([T rectnar)

i1) It is clear that

(2.15) h(z) :/000 " e (1) dy - /OOO e e (y1) dyr = W1 (2)Wa(z),

where Uy (z) and Wy(z) are defined in an obvious way. Notice that ¢¢(0) = (Fy—-1£)(0,£) =0
because f(0,2z") =0 (recall that f is odd with respect to x1). Moreover, for any k € N,

dk dk 72‘33/.5/ 12 /
ﬁsoe(t) = W[sz—l e f(t, ") dx

k
Ot

RN-1 oxh Oxk

_ —zx’g’a f(t iL',> da’ — (j:N—l

is a C%° function of ¢, uniformly bounded for (t,¢’) € R x RY~!. Integrating by parts, we get:

Uy(z) =/Oooe“z<pgf(t)dt L iz “per(t)

1z

> 1 o itz ./
o — E 0 62 ZSO&/ (t) dt

itz

o 4 1 o itz M (t) dt
o (22 e O

S [l
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It is clear that a similar estimate is true for Wo(z); hence (2.13) holds.
In a similar way we have

o itz 1 itz * 1 o zzd
Vi) = [Tt oot dt = St toe()] — 1 [ oeto)de
0 z —o 2 Jo dt

1 4. d > 1 i d? /

= ——e"F —(tpe — U2 (Lol (t)) dt
122 dt((ps()) t:0+i22/0 c dtQ(@f())
1 d2 0 1 % d3

= —;6 dt2 (thé‘/( )) o + — Z3 € dt3 (thE/( )) dt

L |2l (0) + / dtg (el ))dt].

Since an analogous estimate is valid for W5 (z) and h/(z) = U} (2)Wa(2)+ V1 (2)Vh(2), inequality
(2.14) holds. O

Remark 2.2 In general, aaf(O,a:’) does not vanish identically; hence Fn_1f(0,¢') # 0 for
z1
some ', i.e. there exists £’ such that ¢, (0) # 0. For such ¢', the functions ¥; and Vs do not

1
decay faster than e and then the estimate (2.13) is optimal.
z

Remark 2.3 Note that for any ¢t € R we have

00 2
h(it) = ‘/ e e (x1) dar| € [0, 00).
0

Suppose that for any fixed & € RV~1 m(&1,¢') admits an holomorphic extension z +——
m(z,&’) to the upper half-plane {z € C | Im(z) > 0}, with possibly some singularities on the
imaginary axis {it | t € [0,00)}. If |m(z,¢")| increases more slowly than |z|? as |z| — oo, then

m(&1, & )h(&1) d€; should depend only on the values of h on the singular set of m(-, £"). This

sunple idea will enable us to prove the identities that will be crucial in symmetry problems.

In order to clarify what kind of symbols may be considered, we start with some auxiliary
technical results about holomorphic functions in a half-plane and their boundary values.

Given a function a € LP(R), 1 < p < 00, we recall that its Hilbert transform is defined by

(Hoa)(z) = lim = alz—y)

dy or equivalently f/IE(ﬁ) = —isgn(&) a(f).
e=0 T J{lyl>e} Y

It is well-known that H is a bounded linear mapping from LP(R) into LP(R) (see, e.g., Chapter
IT in [23], or inequality (2.11) p. 188 in [24]).
In the next two lemmas we collect some classical facts that will be very useful in the sequel.

Lemma 2.4 Consider a € LP(R), 1 <p < o0, and let 3 = Ha. For x >0 and y € R define

a(z,y) = i/_ZMa(t)dt _ /_O:OP(y—t,x)a(t)dt and
br,y) = —i/_o;mmt)dt — - [ Qu-taad



where P(s, k) = 1k e and Q(s, k) = 1

conjugate Pozsson kemel
Then we have: ~

i) b(x,y) = —/ P(y —t,z)B(t)dt for any z >0 and t € R.

are the Poisson kernel, respectively the

k?

it) la(z, lre@) < llellzemw), 0@, )r@) < [1Bllze®) and |la(z,-) — o[pr@) — 0,
|[b(z, ) + Bllrr) — 0 as © — 0. Moreover, a(z,y) — a(y) for any y in the Lebesgue set
of a (hence almost everywhere) and b(x,y) — —((y) for any y in the Lebesque set of 3.

iii) The functions a and b are harmonic in {(z,y) € R? | z > 0} and 7(2) = r(x + iy) :=
a(z,y) + ib(x,y) is holomorphic in {z € C | Re(z) > 0}.

iv) For any 6 > 0 we have

e, ez 4O WV =0, MW =0

v) Suppose in addition that o is even and there exists € > 0 such that « = 0 on [—¢,¢].
Then a and b are well-defined, bounded and harmonic in the strip {(z,y) € R? | —§ <y < 5},
r is well-defined and holomorphic in this strip and r(0) = 0.

Proof. i) is exactly Lemma 1.5 p. 219 in [24] and ) follows from Theorem 2.1 p. 47 in
[24]. Since the Poisson kernel is a harmonic function, it is straightforward that a and b are
harmonic. It is easy to check that the Cauchy-Riemann conditions g" = gzl; and aa = —% are

satisfied; then r is holomorphic in {z € C | Re(z) > 0} and i) holds.
iv) Using Lemma 2.6 p. 51 in [24] we infer that there exists a constant A > 0 such that

A A
Hozllle and b(z, y)| < Hozllle
TP xrr

(2.16) la(z, y)| <

for any z > 0 and y € R.

We fix € > 0. It follows from (2.16) that there exists M > 0 such that |a(z,y)| < € and
|b(z,y)| < e for any (x,y) with x > M. Let ¢ € (1,00) be the conjugate exponent of p, i.e.
]%-F% = 1. It is easy to see that [|P(,z)||p1r)y = 1 and |[P(-,2)|[Lo®r) = L. consequently,

T’
1 1
PG, 2)|lLamy < [IP(, iL‘)Hzl HP( )T m) = Tl Also, for any B > 0 we have
IPC, @) L1 ((Broo)) = = (5 — arctan *) and ||P(-, )| o ((B,00)) = = 775z hence
1 1

1 T » (1 1 B\«
A similar estimate holds on (—oo,—B|. For any =z € [0, M] and any y > 2B we have
PG o) Lo (y-Bay+B)) < 1P @)l La((B,00)) and

xy\<’/ y—t,z)a t)dt‘—i—’/ P(y—t,x)a(t)dt’
{ltI=B}

y+B
/ P(s,z)a(y — s)ds
y—B

+ PGy )| [Law) - el o ((— o0, BUIB,o0))

(2.18) < HP('an)HLq([y—B,erB]) ' HO‘HLP(R) + HP('an)HLq(R) ) HaHLP((—oo,B]U[B,OO))

1 1

1z \r/1 1 B\i 1
< lledlrrw) P Ny 51 5 — arctan — + || Lo ((—o0,BIUB.co)) T PP

M (1 1 B\« _1 1
SHO[HLP(R) m i—garctanﬁ +Ha||LP((foo,B}U[B,oo))7T Py P.
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We may choose B = B(e) sufficiently large so that the right-hand side term in (2.18) is less
than . Then for any = € [§,M] and y > 2B(e) we have |a(z,y)] < €. Clearly the same
inequality is true if y < —2B. Therefore |a(z,y)| < e if 2 > M or if |y| > 2B and z € [§, M].
Since € was arbitrary, we infer that |a(z,y)| — 0 as |(z,y)| — oo and > §. A similar proof
is valid for the function b and i) is proved.

v) For any y € [-5,5] and t € supp(a) we have [t — y| > §; hence z* + (y — t)? > % and
|P(y —t,x)| = 1| G < L4 |x|, therefore |P(y —t,x)| < ;mm( Lzl o= tl) Similarly

224 (y—t)2 | — me

IQ(y — t,z)| = 1|W| < fmln (—|y t|, W) Thus P(y — -,z) and Q(y — -, x) are

uniformly bounded in LY(R) for (z,y) € [-1,1] x [-5,5]. It follows that a and b are well-

defined for any (x,y) with |y| < § and bounded near the origin. It is straightforward to check

that a and b are twice continuously differentiable, Aa = Ab = 0 and r(x+iy) = a(z,y)+ib(x,y)
oo

is holomorphic. Clearly, a(0,y) = 0 for any y € [-5, 5] and b(z,0) = ma(t) dt =0
oo x
for any = € R because t — W is odd and ¢t — «(t) is even. Hence r(0) = 0. O
Lemma 2.5 Let p be a finite Borel measure on R. For x >0 and y € R define
L L _d TP d d
= - dut) = —t t
owy) = L aromma® = [ Pu—tmdu
Woy) = — [ S =~ [T Q- dut)
xZ, = - o 7 9 = - - LT )
y ) B AL - Q 1t

where P(s, k) and Q(s, k) are the Poisson kernel, respectively the conjugate Poisson kernel.
Then:
i) The functions a and b are harmonic in {(z,y) € R® | x > 0} and r(2) = r(z +iy) :=
a(z,y) + ib(x,y) is holomorphic in the right half-plane {z € C | Re(z) > 0}.
it) For any x > 0 and any p, 1 < p < 0o, we have

1
(2.19) la@, )r@) < —|lull;
Taxa

where q is the conjugate exponent of p and ||p|| is the total variation of u. Furthermore,

(2:20) tim [ aw.)oly) dy = | o) duly)
R R

x—0

for any function ¢ which is continuous on R and tends to zero at +oo.
iti) For any x> 0 we have [b(z,y)| < 5= ||ul|.
iv) For x > 0 we have b(x,-) = —Ha(x,-) and for any x1, x2 > 0,

(2.21) a(y + 22, y) = /_O; Ply —t,a1)a(zs, t) du(t),

(222)  bla1 + 2,y / Ply — t,21)b(a, £) du(t) / Qy — t,21)alxa, t) du(t).
v) For any p € (1,00) there exists A, > 0 such that
p—1
oG, )|ze(ry < Apz™ 7 [lul].

vi) For any 6 > 0,
a(z,y) =0 and lim b(xz,y) = 0.

im
[(z,y)|—o0, x>6 |(%,y)|—00, 226

10



vii) Suppose in addition that p(S) = u(—S) and pu(SN[—e,e]) = 0 for any Borel measurable
set S. Then a and b are well-defined, bounded and holomorphic in the strip {(z,y) € R? -5 <
y < 5}, the function r(x +iy) = a(z,y) + ib(x,y) is holomorphic in that strip and r(0) = 0.

Proof. 1) If z > 0, the functions t — P(y—t,z) and t — Q(y—t,x) are continuous on R and
tend to zero at +oo; hence a(z,y) and b(x,y) are well-defined. Using Lebesgue’s Dominated
Convergence Theorem it is easy to check that a and b are twice continuously differentiable

and Aa = Ab = 0. Moreover, a and b satisfy the Cauchy-Riemann conditions % = t% and

da _

oy

i1) It follows from Theorem 2.3 p. 49 in [24] that ||a(x,)|[z1®) < ||p|] and that (2.20) holds.

It is obvious that ||P(y — -, 2)||p=(r) < 75; hence |a(z, y)| < [[P(y — - 2)l[pewllull = 75 1]0ll-
1 1

—%, and then r = a 4 b is holomorphic in the right half-plane.

e’

ES = 1 1
Finally, for 1 < p < oo we have [|a(z,-)||zr < [|a(x, )|} - ||a(z,)[|]1 < 7 9z a||u].

iti) It is obvious that |Q(y — t,2)| < 52— and this implies
bz, )| < 1Qy — - &)l w1l < gz el

iv) We have just proved that a and b are harmonic in the right half-plane and bounded
in each proper sub-half-plane {(z,y) € R? | # > §}, where § > 0. Then (2.21) and the first

equality in (2.22) follow directly from Lemma 2.7 p. 51 in [24]. Fix 2 > 0. We introduce the
function

ri(z) =ri(x +iy) = /_O:O P(y —t,x)a(za,t) dt — z/_o:o Q(y —t,x)a(xze,t) dt.

It is not hard to see that a(xg,-) € LP(R) for any p € [1, 0], a(z2,-) is C* and Ha(zs,-)
is continuous. It is clear that 7 is bounded and by Lemma 2.4 i) and %) we infer that
r1 is holomorphic in the right half-plane, 1irr(1) Re(ri(z,y)) = a(z2,y) and lin%) Im(ry(z,y)) =
T— T
—(Ha(zg,-))(y) for any y € R. Let r3(2) = r(xz2 + 2) — ri(z). It is easy to see that ry is
well-defined, bounded and holomorphic in the right half-plane and lin%) Re(ra(z,y)) = 0. Using
r—

Schwarz’ reflection principle (see, e.g., [8] p. 75), we may extend 72 to a holomorphic function 7
defined in the whole complex plane so that we have 72(2) = —ro(—%) for any z with Re(z) < 0.
Since 79 is also bounded, from Liouville’s theorem it follows that 79 is constant. From 1)
and #4) we infer that Jim r(x) = 0 and from Lemma 2.4, part iv), we get Jim ri(x) = 0;

hence lim ro(z) = 0. Consequently 79 is identically zero on C, that is ri(z) = r(z2 + 2).
rT— 00

This proves the second equality in (2.22). Moreover, we have Im(r(zy + iy)) = b(x2,y) and

lin% Im(ry(z +1iy)) = —H(a(x2,-))(y); we conclude that b(xs, ) = —H (a(x2,-)).

xTr—

v) We know that there exists C}, > 0 such that ||H¢||r»r < Cpl|¢||rr for any ¢ € LP(R).
Using i) and iv) we get

1 1
o(z, )|e = [[Ha(z, )l|» < Cpllalz, )|y < Cpmaaa|[ul|

for any z > 0, where %—1—%: 1.

vi) is a direct consequence of (2.21), (2.22) and Lemma 2.4, part iv). The proof of vii) is
very similar to the proof of part v) of Lemma 2.4 and we omit it. O

Remark 2.6 Under the assumptions v) of Lemma 2.4 (respectively vii) of Lemma 2.5) an
easy computation gives

1

Oa 0b 1 [ ot Oa 0b 1

%(0,0) = a—y(0,0) = [m 7 dt, respectively %(0,0) = 87/(0?0) = LOO

11



If o is nonnegative and o # 0 (respectively if p is a positive measure) we have a—T(O) =
z

Oa

Ox

(0,0) > 0; hence z = 0 is a simple zero of r.

After this preparation, we come back to the study of the integral / m(&, & )he (&) dé
R
which appears in the right hand side of (2.12).

Lemma 2.7 Suppose that for a given & € RN~ the symbol m(&1,€') can be written as

m(&1,€") = Ag(€') + AL(€)[€1] + Ay (€)E2
1 1 9 1 4 1
(2.23) e farm et +& [ e et +el [ g dnea

4
1 k/ 1

+— E ———= g (1) dt,
ﬂ-kzo‘gl’ R &+ 12 k()

where :

a) AO(gl)a A1(§/)7 A2(§I) €R,

b) pe i are finite Borel measures on R such that pe ;(S) = per i(=S) for any Borel mea-
surable set S C R, i=0, 1, 2.

c) ag ), € LPE(R) for some py € (1,00) and ag g, are even functions, k =0, 1, 2, 3, 4.

d) There exists n > 0 such that ago = 0 on [—n,n] and pego(S) = 0 for any Borel
measurable set S C [—n,n].
Let B¢y = Hogrq and Ber 3 = Hoyr 3, where H is the Hilbert transform. If h = hg is given by
(2.11) then we have the identity:

2/ m(&, (&) dér = —Ai(€) /Oooth(it) dt

(2.24) + [ h(t”) dugolt) = [ th(it) duga() + [ £h(it) dug ot
+ /OOO <Oz§/’to(t) + ﬂ€/71(t) — tOzgg(t) — t2ﬂ€/73(t) + t3a€/,4(t)> h(lt) dt.

Proof. Fori=0,1,2and z =x + iy € C with Re(z) > 0 we define

1 T 1 y—1
pi(z) = - /R e - dper ;(t) - /R PO prp—s dper i(t).

In view of Lemma 2.5, p; are well-defined and holomorphic in the right half-plane {z €
C | Re(z) > 0}. Moreover, by assumption d) and Lemma 2.5, part vii), pp admits an
holomorphic extension to the domain {z € C | Re(z) > 0 or [Im(z)| < 2}, and po(0) = 0.

po(2)

Consequently, is holomorphic in this domain and is bounded in a neighbourhood of zero.
z
For k=0, 1, 2, 3, 4 we define

1 x ) y—t
= — ——— e (t) dt — — e (1) dt.
Tk(z) W/sz_’_(y_t)zaf ,k( ) /R.I'Z—i-(y—t)zag Jﬂ( )

12



It follows from Lemma 2.4 that r; are well-defined and holomorphic in the right half-plane.
Furthermore, ry admits an holomorphic extenion to {z € C | Re(z) > 0 or [Im(2)| < 2} and

70(0) = 0; therefore, ro(2) is holomorphic in this domain and bounded near zero.
z

Finally, we define

4
(2.25)  me(z) = Ao(&) + A1(€)z + Ax(¢)2* + == po( ) +api(2) + 22p2(z) + D 2 r(2).
k=0

It is obvious that myg is well-defined and holomorphic in the right half-plane. Since oy x
and pe ; are “even” and t — gﬁ is odd, for any & > 0 we have Im(mg (£1)) = 0 and
1

me (§1) = Re(mg (61)) = m(&1,€).

For €, R > 0, consider the closed continuous path . r composed by the following pieces :

Ter(t) =t, ' tele,e+ R
’)/2757}{((9) =c+ Re’e, 0 c [0, %]
73757R(t) :€+Z'(R*t), te [O,R].

The function z —— mg/(2)h(z) being holomorphic in the right half-plane we have
me(2)h(z) dz = 0, that is

Ye,R

(2.26) / N (e, €)h(Er) dér + /7 mer(2)h(z) dz + / me (2)h(z) dz = 0.

2,,R Y3,e,R

It follows from (2.25), Lemma 2.4 part i) and Lemma 2.5 part vi) that lim mfls( 2) =
|z| 00, Re(z)>e %

) i0

0; hence, hm M
R—co (24 Re?)3

Lemma 2.1 part 4i), we have |h(s+ Re?)| <

= 0 uniformly with respect to € [0, §]. On the other hand, from
\e+R =rreop and then |(e+ Re®)3h(e+ Re')-iRe®| <

‘85%1219' < LR <20 for any R > 2. We infer that hm L me(2)h(z) dz = 0.

From (2.16) and (2.19) it follows that |m(&,&)] < Cl&|7 for 0 < & < 1 and
Im(&1,€)| < Cl&>7% for large & and some C, &1, 62 > 0. Since h is continuous and

|h(&1)]| < B |4 (see(2.13)), the integral /0 m(&, € )h(&1) d€1 converges absolutely.

Clearly we have

R
/ me (2)h(z) dz = —i/ mer (€ +iy)h(e + iy) dy.
V3,e,R 0
Passing to the limit as R — oo in (2.26) we infer that / me (e+iy)h(e+iy) dy converges and
0

(2.27) / Y (e, h(E) dEy = i /0 " e (e + iy)h(e + iy) dy.

£

Since m(&1,¢&’) is real and symmetric with respect to &; we have

| _mienemenda = [T m-g. &) de = [ mie e de.

13



and then, taking (2.27) into account, we get

(2.28) /_OO m(&1, & )h(&1) dé +/ m(&, (&) déy = —2/0 Im(me (e + iy)h(e + iy)) dy;
hence
(2.29) /_O:O m(&, &Y€) déy = —2;12% /Ooo Im(mg (e + iy)h(e + iy)) dy.

Since h(iy) € R for y € [0,00), using Lemma 2.1 and the Dominated Convergence Theorem
we find

limy [ 1 [(Ao(€) + Ar(€)(= + i) + A2(€)(e + i) hle + )] dy
(2.30) =nJo

- a) [ "y h(iy) dy.

Let x € C'oo( R+) be such that supp(x) C [~%,%] and x = 1 on [—{,{]. Since the
1,1

function z — B2 ( ) is uniformly continuous on [—1,1] x [—Z, 2] we have

47 4
Y po(e +iy) . [ po(iy), .
i " m [ e )] = [ (B ))

(2.31) .
= - /0 N Re(p;(zy)) h(iy)x(y) dy = 0.

By Lemma 2.1 we infer that there exists C; > 0 such that |h(e+iy)—h(iy)| < eCy min(1, \7#)

for any y € (0,00) and ¢ € [0,1]. It is easy to see that \( ;:Z;y) h(éy)) (1 - x(y))| <

Cae mln(y 1) for any y € (0,00) and some Cy > 0. Consequently there exists C3 > 0 such
that

(2.32) H ( ;L;y hé;y)> (1—-x(v))

< Cse for any p € [1, 0]
LP(0,00)

Using the Cauchy-Schwarz inequality, Lemma 2.5 parts i) and v) and (2.32), we get

[T+ (MEEZ M) (1 yay

€+y 1Y
(2.33) < (HRe(po(E + i)z (w) + [Tm(po(e + - ))H (R))
H (h(sirz;y B )) (- x(y))) L2(0,00)

1
< (Cyez — 0ase — 0.

We also have by (2.20) and assumption d),

tiny [ 1 [po(e + i) "1 - x(w)] ay
Y o0 o whiy) o
(2.34) = —lim ; Re(po(e +iy)) y (1—x(y) dy

—— [T 0 ) dneo) = - [P dneo(v)
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From (2.31), (2.33) and (2.34) we get

. [ [pole +iy) , _7/0" h(iy)
(2.35) lim ; Im[ E—— h(6+zy)] dy = 0w dper 0(y)-

This proof can be slightly modified to show that

, o0 ro(e + 1Y) . _ /OO h(iy)
(2.36) ;1_)n% ; Im [&—i—iy h(s—l—zy)] dy = A o o(y) dy.

(All we have to do is to use Holder’s inequality to obtain an analogous of (2.33) and to use
Lemma 2.4 part i) instead of (2.20) to get an analogous of (2.34)). Moreover, it is easy to
see that |(c + iy)’h(e + iy) — (iy)’h(iy)| < Csemin(1, y—12) for y € (0,00), ¢ € {0,1,2,3} and
e € [0,1]. Therefore, there exists Cg > 0 such that

(2.37) [1(e + i) hle +iy) — ()" h(iy)||o(0,00) < Coe

for any € € [0,1], k € {1, 2, 3, 4} and p € [1,00]. This implies that

[e.9]

7 (e e (e ) dy - [ T () g + i) dy]

< (IIRe(re(e + i)l Lo + [Im(ri(e +i))llzen ) 1( + )" (e +iy) — (i) hliy) || Lo (0,00)

< (llogr ol Lo + |[Hag g|| ) Coe — 0 as € — 0.

Consequently we have

[e.9]

lim [ Tm (e + i) rie + iy)h(= +iy) ) dy
e—0 Jo
(2.38)
= lim [ Tm ((iy)*'r(e + iy)h(iy) ) dy,
e—0Jo

where the latter limit exists by Lemma 2.4 4i) and (2.13). Using (2.38) and Lemma 2.4 1) we
obtain :

(2.39) tim [~ I (11 (= + ig)h(e + i) dy == [ (Hag,)w)hliy) dy

(240) i [T (e + ig)raCe + inh(e + i) dy = [ agaly) - yhiy)dy.
ay) i [T (e + i)l + inh(e+ i) dy = [ (Haga)w) - v*hiiv) du
(2.42) lim 0°° tm (e + iy)ra(e +in)h(e +iy)) dy = - /0 " agaly) - yPhliy) dy.

Similarly we find

lim "I (e +iy)pi(e +iy)h(e +iy)) dy = lim / "I (p1(e + iy)(iy)h(iy)) dy
e—0Jo e—0Jo

(2.43)
o0

= lim

£—

s ), Re(prle+ay)yh(iy)) dy = /0 " yhiy) dpsga (v)
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and
o0

lim [ Im ((a +iy)°pa(e + iy)h(e + Z'y)) dy
E— 0

e e}

(2.44) = lim [ Tm (pa(e + iy)(iy)*h(iy) ) dy

e—0Jo
=ty [ Re (pale + i)y"h(in) dy = = [ (i) dug ().
Since mgs(2) is given by (2.25), replacing (2.30), (2.35), (2.36) and (2.39)-(2.44) into (2.29) we
obtain the conclusion of the lemma. O

Now we are ready to state and prove the main result of this section.

Theorem 2.8 Suppose that for any £ € RN~1, m(&1,¢') satisfies the assumptions of Lemma
2.7. For u € CX(RYN) define u1, uz, f and g as in (2.2)-(2.4) and for a given function

o € CORN), let W(p) = / N m(€)|@(€)[* dé. Then we have the identity:
R

2
71T6 (W (uy) + W (ug) — 2W (u))
- n [ & 2 ,
= _/RN_1 Al(f)/o t Zr e | drds
oo 1 /
+/ / / f 61’ 51 dfl dﬂ&’,o(t) df
(2.45) —/ / fle,¢€ >t2 i o d&; dﬂ§',1(t) de’
&1
+/ / / f§ &) t2+§1d£1 d:uﬁ 2(t) d¢’
+/ / {Oég/ Ber1(t) — togr o(t) — t25§/73(t) + 753%/74@)
‘/Oof(f &) 5 e, arae
0 1, 2 +§% 1 .

Proof. Since Fy_1f € S(RY), the integral / N FEy_1f) (21, &) dry is well defined for
all t > 0 and ¢ € RN~!. Using Plancherel’s theorem we get

/OOO e (Fno1f) (@1, &) doy = (Fn-1f(€) , e VX000 () L2(m)

(2.46)
= (2m) " UAFN-1 £ () F1 (67X po)())) 2m)-

Moreover, we have

1
t+ &y

1

o~ (triem | _
z1=0 t+ 251

F1 (6_(')tX[0,oo)(')) (61) = /0 e ey = —

16



and then, using (2.46) and the oddness of f with respect to & we get :

o 2 0o 1 2
netit) = | [T et v n| -0 [T fad) e a
o 1 1 2
ean = TR (- ) 4
_ 1 oo~ , & 2
=3 /0 f(&,€) md&
Identity (2.45) is a simple consequence of (2.12), (2.24) and (2.47) and Theorem 2.8 is proved.

O

Remark 2.9 It is worth to note that we can prove an identity analogous to (2.45) whenever
we work with a symbol m(§) = m(&;,&’) symmetric with respect to & and such that for any
¢ € RV m(-,¢') admits an holomorphic extension mg () to the domain {z € C | Re(z) >
0, Im(z) > 0} having the following properties :

P1: lim me(2) = m(&1,€).
z—€1,Im(2)>0 é( ) (51 5)

=0.

P2 : For any € > 0, lim mg/gz)
|z]—00, Re(z)>e 2

e—0
on the imaginary axis).

P3: lim / mer (€ + it)he (€ + it) dt exists (and depends on § and the values taken by hes
0

Note that assumption P1 implies that m(-,£’) admits an holomorphic extension to the
whole right half-plane. Indeed, it follows from Schwarz’ reflection principle ([8], p. 75) that
the function

m£/<z) if Im(z) > 0,
TNng/ =

me(Z) if Im(z) <0
is holomorphic in {z € C | Re(z) > 0}.
Assumption P2 is needed in the proof of Lemma 2.7 to show that
Rlii?m - mer(2)he (2) dz = 0 (where vo. g(0) = e+ Re®, 6 € [0,Z]). We recall that |he (2)]

behaves like # as |z| — oo (see Lemma 2.1 and Remark 2.2). This assumption could be

replaced by a weaker one that guarantees at least that lim me (2)he (2) dz = 0 for
oo V2,e,Rn
some sequence R,, — 00.

In Theorem 2.8 assumption P3 is satisfied because of the special form of m(-,£’) given by
(2.23).

In this context, the hypotheses of Theorem 2.8 are almost optimal. Indeed, suppose that

a function m(z) has the properties P1, P2, P3 above. Let m be the holomorphic extension

of m to the right half-plane and define ¢(z) = ~Z(32). Clearly, ¢ is an holomorphic function in

the right half-plane and " 11%1( . q(z) = 0 for any € > 0. Thus for any x > ¢ we have the

Poisson representation formulae

q(z +iy) = % /o; = E)ﬁ J_jt — y)QRe(q(e +it)) dt

(2.48)
-y

I t )
2 L G g i
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and

q(z +iy) = _71 /_O:O = 5)1;:—% — y)zlm(q(e +it)) dt

(2.49)

1 [ r—c 1 ) d
T /_oo @y =g mlaeit)dt.
Multiplying (2.48) (respectively (2.49)) by (z + iy)3, we find the expression of m(z + iy) in
terms of Re(q(e + it)) (respectively in terms of Im(q(e + it))). If Re(q(e + it)) — af(t) as
e — 0 and if it is possible to pass to the limit as ¢ — 0 in (2.48) then we obtain, at least
formally,

me (&) = ehae) = & ;‘f;

However, as it will be seen later in applications, the function ¢ may be singular at the origin. In
this case it is not possible to pass to the limit as ¢ — 0 in (2.48) or in (2.49) in order to express
the function ¢ (hence the function m) in terms of its “boundary values” on the imaginary axis.

This is the reason why we have introduced “lower order terms” in the expression of m¢(z) in
(2.23).

We give now some examples illustrating several situations that may be encountered in
applications. Throughout v € C2°(RY) and we keep the notation introduced in (2.2)-(2.3).

dt.

Example 2.10 If the symbol m is of the form m(&;,¢’) = Al(f/)\fl\, then Theorem 2.8 gives

(2.50) W (u1) + W(ug) — 2W (u) = - /

7'1'2 RN 1

f(&r, € 5 d&1 dt dg’.
51

This kind of symbol appears in problems involving operators of the type

H, 821 P( Bagr %), where H; is the Hilbert transform with respect to the z; variable and

Pisa pseudo differential operator in the last NV — 1 variables.

Example 2.11 1) Consider the symbol m(§) = appearing in Choquard’s problem. It can

€ |2
1 1 1
m(&,)=5—-==[| 5——d
where pierg = 5(0_j¢r| + d¢7) and §, is the Dirac measure with support {a}. From Theorem
2.8 we get the identity

be written as

8 &1 2 /
2.51 w + W —-2W / / , d&y| d¢'.
( ) (ul) (u2) (u) RN-1 |£/ f §1,€ ‘51’24_{2 &1 £
1
The same identity could be obtained by observing that the function mg/(2) = m is

meromorphic in C and has exactly one pole in the upper half-plane, namely i|¢’|. Using
Residue’s Theorem it is not hard to see that

/ me (2)he () dz = 2mi Res(me her, 1[€']),

and integrating this identity over RN~1 we get (2.51).
1 1

i1) Consider the symbol m(§) = €1 a? = NN corresponding to the operator

(—A +a?)7L. Tt is obvious that

glv / 51 t2 ME 0( )
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where per o = g(é_\/m + 6W) From Theorem 2.8 we get the identity

§1 2 /
(2.52) W (ur) + W (us) — 2W (u / Flen ) —3 el ae

PEP+8

RN-1 51‘2

The same identity could be obtained by applying Residue’s Theorem to the meromorphic

function z — mhé‘/(?f)
: c(§) :
iii) More generally, consider a symbol of the form m(&;,¢') = 52 2(@) It can be written
as
d
m(€n€) =~ [ oz diealt).
where per o = 5¢(€')(0_p(¢r) + Oy(ery). Using Theorem 2.8 we obtain the identity
(2.53)  W(w) + W (us) — 2 (u) = 8 ’ / Fene) S ae| ae
' RN LT f’ 2N+ & '
§2k
In particular, for the symbol m(&1,¢') = W, j =2,...,N (corresponding to the
an
operator (—1)* ——-(-A +a )71, we get
amj
(254) W) + W () — 20 () = ° 5% f(f A
| 1 ’ w1 EF e g
2
iv) The symbol m(&;,&') = S can be expressed as

G+ P +a?

_8
m(en€) = [ o duea )

where g1 = %(5_\/@ + 5\/W) From Theorem 2.8 we find the identity

@55) W)+ W) 2wy = - [ P ] [T Fene) S e e
. 1 2 - 7 Jrn-1 0 1, a2+|£/‘2+£% 1 .

Notice that the right-hand side in (2.55) is negative, while in (2.54) it is positive.

4
v) The symbol m(&1,¢') = §2+|§’1|2+a2 (corresponding to the operator
1
o4

——(=A +a*)7!) can be written as
Oxt

1
men€) = [ s doato

where per 9 = g(éi\/m + 5W) By Theorem 2.8 we have the identity

. 2
(2.56) W (u1) + W (ug) —2W (u) = i/RN ) (1'% +a?)? / fl&.¢ 2+|§§’12+§%d£l dg’.
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Obviously all the identities in (2.53)-(2.56) could be obtained by using the Residue Theorem.

s

Example 2.12 Consider the symbol m(£) = |£]?%, corresponding to the operator (—A)*.
It is well-known that the argument of a complex number, arg(z), can be defined analytically
on C\ (—o00,0] in such a way that

vVt € (0,00), arg(t) =0,
Vt € (—00,0), liﬂr}l arg(t+ic) =7 and liTn(r)l arg(t +ic) = —m.
15 €

The complex logarithm log(z) = In|z| 4 arg(z) is well defined and holomorphic on C\ (—o0, 0].
For z € Qg 1= C\ {it | t € (o0, —|¢'|]U][|¢'|, 00)}, we have 22 +|¢'|? & (—oc, 0]; hence we may
define

mgl(z) _ eslog(22+|£'|2) — |Z2 + |€/|2|sezsarg(22+\§'|2)‘

The function myg is holomorphic in Qg and [me (2)| = |22 + |¢/|?|* for any z € Q.

mygr(2)

If s < 2 and & # 0, the function z — ~3— is holomorphic in Q¢ \ {0}, tends to zero as
|z| — oo and has a third order pole at the origin. It is easy to see that

1125
(2.57) mer(2) = €| <1+5’5/|2 +Z |€/‘2k>

where CF = W and the series converges in the open ball Bc/(0, |¢']). Consider the
function re (z) = 5 (me(2) — [€%* — s|¢'|**7222). According to (2.57), res is a holomorphic
function in Qg. If s < 3, we have rg(2) — 0 as |2| — oo. Consequently, the Poisson
representation formula (2.48) holds for r¢. Since r¢(Z) = r¢/(2), the function ¢ — Re(re (e +
it)) is even and we have, in particular,

me (§1) = €% + s[¢/|*2€7 + Ere (§1)

3 roo _
(2.58) _ |§/|25 + S|f/|25_2§% gl / (51 — 8§1 ’?t — y)QRe(Tgl (5 + Zt)) dt.

It is clear from the definition of r¢ that for any ¢ € (—|¢'], |€]) we have lin% Re(rg (e +1it)) =
e—
Re(rg (it)) = 0. For any t > |£’| we have hﬁ’)l mer(e + it) = (% — |¢'|*)%€"™ and liﬁr)l Re(re (e +
€ 15
t2 _ 112\s
it)) = — sin(sw)(t!f’).

On the other hand, it is not hard to check that for —1 < s < %, there exists ps € (1, 00)
and Cs ¢ > 0 such that

€'l
=)

Indeed, since |re (e + i-)| is even, it suffices to show that ||re (e + 4-)||zrs ([0,00)) has a bound
independent of €. Since |rg (e + it)| is uniformly bounded for e € [0, %] and ¢ € [0, |E—2l|], it
suffices to show that ||r¢ (e +4-)||

(2.59) ||rer(e 4+ ) ||pes (R) < Cser for any ¢ € (0,

s ([€] 00)) < ;75"
If s > 0, we have [mg (2)| = |22 + |§ 12|* < C1s(]2)% +1¢'|**). Thus for any ¢ € (0, %) and
t> ‘% we have

; mer(e+it)| g2 slel]Po 2
]7“5/ (e +it)| < le+it]3 [e+it[? + [+t
Cis C1,s1€'% [ 1

+ TeriE T erar T e

= |E+it‘3_2s

3-2s 3
< C},smin (%, %) + (Cps + 1)|¢'|** min (l%’\’ %) + 5¢'1?* 2 min (%, %) )
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Thus it suffices to take ps > 1 such that ps(3 — 2s) > 1 to obtain the desired bound.

If s < 0 then for € € (0,‘%) and t > %, we have |(e + it) + i|¢'||® < |e + it|*, and
(e +it) —il¢'[|* < [t = |¢'][*. Since [me (e +it)| = |(e + it) +il¢'| [*[(€ + it) — il¢'] |, we find
in this case

; Ime (e+-it)| l&"]2 g2 |(etit)—il¢’]|* ¢’ slg[2e—2
[rer(e +it)] < le+it]3 erd T e S Jeraps e T et
< 1=l le’]2s slg’* 2

letit[3—s + le+it|3 + le+it]
1S v 2 1\ 125 2 1)3 125—2 2 1
<ft— ¢l min (Zr,3)" + €2 min (2, 4)" + sl 2 min (. 1) -

Consequently it suffices to take p, > 1 such that —sps; < 1 (i.e. ps € (1,—1)) to obtain (2.59).
It follows from (2.59) and Theorem 2.5 p. 50 in [24] that there exists kg € LP¢(R) such
1 oo
that Re(re (z +1iy)) = ;/ mkg(t) dt. Moreover, from Theorem 2.1 p. 47 in [24]
we have lilrgl Re(re (e +it)) = ke (t) for almost every ¢ € R and |[Re(rg (e +4-)) — kg/||ps — 0
g
as € — 0. In view of the pointwise convergence, we infer that k¢ is even and

0 if te(—¢]¢])
ke (1) = { G

—Sin(Sﬂ')T if ‘t‘ > ’fl|
a.e. on R. Now it is clear that the symbol m(£1,£’) can be written as

m(§1, &) = !€’|28+8\£’!25 267 +€1'f’s’(€1)

2.60
(260 = €' + slg' 3¢t +f§/_oo gy ret)d

Thus we may apply Theorem 2.8 to get, for any u € C°(RY) and s € (-1, %),

1
W)+ W)~ 2w = 25 [ ke [ Fene) S aal mae
RN-1 61
(2.61)
16 sin(sm) P22 3‘/00 Fe e Sl ? /
= t° — ————= d&| dtdEg'.
- /Rm/./< €2) | [ Pl ) dn| dr
Similarly, if we consider the symbol m(¢) = (|¢|> + a?)® we get the identity
W(uy) + W(ug) — 2W (u)
(2.62) . )
B 6 sin(sm o0 2 ,2_25’/°°A n Sl /
=N [ e (PP )| [T R ) g | e

3 Symmetry and function spaces

For any v € C®(RY) we define u; and uy as in (2.1) and we put Tiu = uy, Tou = us.
Clearly, T1 and Ty are linear continuous mappings from C°(R™) to C?(RY). In this section
we consider the following intimately related problems :

1°. Determine significant subspaces X C D’ (RN ) such that 77 and T, can be extended
to linear continuous mappings from & to X'. (Or, equivalently, find the subspaces X such that
u € X implies Tyu, Tou € X and u —— Tju, u — Thu are continuous for the X' topology).
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2°. If X is a subspace as above, how the identities proved in the previous section can be
extended to X' 7

The answer to these questions is of great importance in symmetry problems. For instance,
suppose that a function space X’ has the two properties described above and that the solutions
of the variational problem

minimize E(u) := /R m(©)[a(©) dé + /R Flu)da

under the constraint G(u)dx = X
RN

(3.1)

belong to X'. As before, the symbol m(§) = m(&1,&’) is assumed to be symmetric with respect

to &1. Defining W(u) := /N m(€)|u(€)|? d¢, we suppose also that that an identity of type
R

(2.45) holds for W (u) and it can be extended to X in such a way that

W(Tyu) + W(Tou) — 2W(u) < 0 whenever Thu # u, Tou # u.

(We will see later that most of the symbols in Examples 2.10-2.12 have this property.) Then,

we claim that after a translation in the z; direction, any solution of (3.1) is symmetric with

respect to x1. Indeed, let u be a minimizer. After a translation in the x; direction, we may
A

assume that / G(u(z))dr = / G(u(z))dxr = —. This implies / G(ui(z))dr =

{21<0} {21>0} 2 RN

2 G(u(z))dxr = X and / G(uz(z))dr = 2 G(u(x))dz = X ; consequently u;
{z1<0} RN {z1>0}

and ug (which belong to X) also satisfy the constraint. It is obvious that / N F(uy(x))dz +
R
/ N F(ug(x))dz =2 F(u(z)) dx. Suppose by contradiction that w is not symmetric with
R

RN
respect to x1. Then we get

E(uy) + E(ug) — 2E(u) = W(uy) + W(ug) — 2W(u) < 0,

and this implies that either F(u;1) < E(u) or E(u2) < E(u). Therefore u cannot be a minimizer
and this proves the claim.

Given the motivation above, we will study the behavior of T and T from H® (RM) to
H*(RN), respectively from H*(RYN) to H*(RY), where

HARY) = {u e §'(RY) @ € Ly, (RY) and [ (14 [¢)7[a6) s < oo},

H*RY) = {uec &' R")|ue L, (R") and /RN [E17°a(€)|? d€ < oo}

loc

Consider ¢ € C(R), ¢ odd, such that ¢/(0) = 1. It is obvious that T} p(z) = —sgn(x)¢(z)
N
and (Tip)'(e) = Sis(ag’c()xl)figg:L~< 3’0
—sgn(z)¢" (z) — 269 Since (T1p)"” ¢ L*(R), we conclude that Ty and Ty are not well-defined
from H*(R) to H*(R) if s > 2. In fact, 71 and T are not well-defined from H*(RY) to
H*(RYN) (respectively from H*(RY) to H*(RY)) if s > 3, as it can be seen in the following
example.

and we have (in the distributional sense) (T1¢)" =

Example 3.1 Define ¢ : R — R, ¢(x) = ze I, An easy computation shows that $(¢) =

; )
%, hence ¢ € H*(R) for any s < 5 and ¢ € H*(R) for any s € (—3,3). It is clear
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that (T1p)(z) = —|zle~*! and Tip(¢) = % Consequently, Typ € H*(R) for s < 3

(respectively Tip € H*(R) for —1<s<2),but Thp & H*(R) and T & H*(R) for s > 3.

In dimension N > 2 it suffices to take ¢(x) = p(x1)@1 (22, ..., 2xN), where 1 € O (RN,
to see that T} and Ty are not well-defined from H*(RN) to H*(RY) (respectively from H*(RY)
to H*(RN)) if2<s<3

If 5 < 0, the elements of H*(RN) or H*(RN ) are not necessarily measurable functions. In
this case we extend T} and Ty to H*(RY) or H*(RY) by duality. For u, ¢ € C*(R"N) we
have

T glss= [ Tue@de= [ u@e@det [ u(-ara)pla)ds
RN {z1<0} {z1>0}
= [ u@el@)ds+ [ ulena)p(-ana) do = T e,
{z1<0} {z1<0}

where (T7¢)(2) = X{z <0} (p(#1,2) + @(—x1,2")). Hence, for u € H¥(RY) with s < 0 we
should define T1u by

(Tvu, @) s s = (w, TYO) s s
for any test function ¢ € C°(RY). However, the operator 77 does not map H*(RY) into
H*RYN)if k > 1 (as it can be easily seen by taking the function n(z) = e~ 1*l in one dimension,
respectively 7(z1)n1(x2,...,zy), where 71 € C°(RN71) in dimension N > 2). This shows
that we cannot define T} and T on H*(RY) and on H*(RY) if s < —%.

Example 3.2 Consider the tempered distribution u defined by v = p.v. ( ), that is

1
(u, p)sr.s = lim —p(z)dx for any ¢ € S(R).
e=0 {jz>e} X

It is well-known (and easy to check) that @(¢) = —imsgn(€); hence u € H*(R) for any s < —3.

However, Tiu = —ﬁ and Thu = ﬁ do not define distributions on R !

Our next goal is to prove that the operators 77 and Ty are well-defined and continuous

from H*(RN) to H*(RN) (respectively from H*(RN) to H*(RN)) if —2<s<3 Itis

obvious that 77 and Ty are well-defined and continuous from L2(R"™) to L2(RY). It is well-
known that H'(RY) = W'2RVN) = {p € L*R") | J£2 € L*(RY), i = 1,...,N} and
that Ty, Tp : WH2(RY) — WH2(RY) are well-defined and continuous. Using interpolation
theory we conclude that T} and T are well-defined and continuous from H*(R"N) to H*(RY)
if 0 < s < 1. However, interpolation gives no information if either s < 0 or s > 1. Our next
result deals with some values of s in this range.

Theorem 3.3 The operators Ty and Ty are well- deﬁned and continuous from H*(RN) to
H*(RN) and from H*(RN) to H*(RN) for any s € (— 3.9).

Proof. We will prove that there exists C; > 0 such that for any u € C°(R") we have

(32) [ Tiul| s < Collull s, respectively  |[Tiul| . < Cllullps, s=1,2,

and then the theorem will follow by density.
Therefore, suppose v € C°(RY). If N > 2 we have by (2.61 ) and (2.62)

1Tvull . + |1 Toul 5, = 2[lull,

:_”)’Siffﬂ/wl/f -1eP)’| [ Fene ggd& " dtae
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respectively

1 Tvul s + 11 Toull3s — 2fJullf

(3.4) :
1 o
= e (- )| [T et de " dtde’
T RN-1 |£/|2+1 é-l
If N =1 we have
16sin(sm) [° § 2
2 2 2 _ 2
(35) Tl + (Tl — 2l =~ [ [ ) g ae]
respectively

2
dt.

T2

16sin(sm) [ s| [~ 13
(3:6) |[Taulfe + |[Toul e = 2Afullye = =25 [7 (2 -1)°)| [T Fl@) 5 d
1 0 +

We begin by proving that Ty and T, are bounded from H*(R) to H*(R), —1<s< 3
The integral in the right-hand side of (3.5) can be formally written as

(37) [ e asa s maform denae

Our strategy is as follows: first we compute explicitly the integral

. I = [ t* : dt = / > ' dt.
(3 8) (57 7]) /) +2 + €2 $+2 + n2 677 0 +2 + 62 $2 + 772

Observe that I,(€,1) > 0 if £ > 0, 7 > 0. Then we will prove that for any s € (—3, 3) and any
@, ¥ € L?(0,00) we have

0°° /0 T e L (6 ) ) (n) de dn\ < C)llellz2(00) - 1121122 0.00)-

This will be done in Lemma 3.4. Thereafter it will be clear that for any f € H*(R) we have

// SEMIFE)] - 1 F ()] de dn

(3.9) _ /0 ” /0 T ey L e e FE) - It Flm)| de dn

CN- 1R 20,00 < CN Ny

This justifies the use of Fubini’s Theorem in evaluating (3.7) and proves that the right-hand
side of (3.5) is less than Cl(s)HfHHS(R), where C(s) is a constant depending only on s. Thus
we infer that there exists Cs > 0 such that ||T1u||Hs(R) < C'5||u||Hs(R) and HT?“”HS(R) <
Cy|ul| fary for any u € CZ° (R). Consequently, 77 and T, can be extended as continuous
linear mappings form H*(R) to H*(R), —3 <5< 3, as claimed.

To carry out the first step of this strategy, we come back to Is(£,n) given by (3.8). The
complex logarithm can be defined analytically on C\ {it | ¢t € (—o0,0]}. Hence, we may define
the holomorphic function z — 225 := ¢2s108(2) — |z|25¢2is218(2) on C\ {it | t € (—o0,0]}. With

2,25

(22 +€2)(22 + 7°)
If £ # n, k has four simple poles, namely +i£ and +in ; if £ = 7 it has two double poles at

this definition the function k(z) = is meromorphic on C\ {it | t € (—o0,0]}.
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+i¢. For 0 < ¢ < min(§,7n), and R > max(&,n), consider the closed path . p composed by
the following pieces :

ﬂl,s,R(t) =t, te [_R7 _5]
Bac(0) =m0 g € [0,7]
ﬁ3,€,R(t) =1, te [5’ R]

B4 R(Q) = Rew, XS [0, 7['].
Using the Residue Theorem we get

- . ‘ ) 628 7,,25
(3.10 / k(z)dz = 2mi[Res(k, i) + Res(k,in)] = me"*" + .
) Be.R ) [Rest ) E* =& (& —n?)
Since s > —3 we have lim k(z)dz = 0. We have also lim k(z)dz = 0 because
e—0./g8,. R—00 /g, g
s < % Passing to the limit as ¢ — 0 in (3.10) and then passing to the limit as R —
0 [ee) ) o .
oo in the resulting equation, we get / k(z)dz +/ k(z)dz = W@ZSW%, that is
0
2ism 4 q > 128 d ismw&28Tlp2s—1 F 1 btai
(e —|—)/O e At = met = —. or s # 5 we obtain
0o t23 2s—1 _ . 2s5—1
(3.11) / s =" & 0T
o (B+&)(+n?) 2cos(sm)  n? =&
For s = % we compute directly
e t 1 0 t t
/ s ez o U= 2/ s e e
o (2+&)+n?) ”?-&&Jo 2+ 47
(3.12)
1 1 & Inn—1Iné
== In(t? 4 €%) — In(t* + n? el B
2772—62( ( ) =1l n)) =0 M= &
Notice that lim | edooge o dt = FA=25) 253 g d dt =
otice tha nﬂ% 0 W Toos(sm) & if s # 5 an v W 262
Hence

T (et o)

2 cos(sm) n? — &2

En(lnn —In§)
,,72 _ 62

Spl—s__¢l—s,s 1 1 11
This gives €0~ *Is(&,1) = goomery Lpmer L if 5 # § and €202 11 (&) = §2n3 I=BE.

An interesting property of these functions is given by the next lemma.

(3.13) Ls(&,m) =

1
ifs A3, and L(&n) =

Ent =00 . 1 1lnnp—In¢
Lemma 3.4 Let K (&,n) = e if s # L, respectively K%(&n) =33k e
For any s € (—%,3) there ezists a constant C(s) (depending only on s) such that for any

@, ¥ € L*(0,00) we have

(& mb(n) d dn) < C(s)lll|L2(0,00) 191 £2(0,00)-

Proof. Using polar coordinates we write & = rcos(), n = rsin(f), where r = \/£2 + n? and
1
0 = arctan . It is easy to see that K4(&,m) = LS(Q), where
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(sin@)*(cos §) =% — (cos 0)*(sin #)*~*

L(9) = cos? ) — sin? @ if 5 # 5 and
—Intan@ R 1 :
L%(H) = (1= tan ) cos? e(sm 0)2(cosf)z. By a change of variables we get

/000/000'80(5)[(5( ‘dfdﬂ—/ / ’ (rcos @) (rsin@)| dr|Ls(0)|d6.

Using the Cauchy-Schwarz inequality we have

H‘P\|L2(o,oo)||¢|\L2(o,oo)

/OOO ’gp(r cos 0)1(r sin 6)

dr < [|(- cos )| 2(0,00) 9 (- 810 O)[ 12(0.00) =

Vcos 6 -sinf
Consequently,
1) [T [T le@memuon| s < lellombllom [ A,
o Jo ’ ’ cos@ -sind

The lemma will be proved if we show that the last integral in (3.14) is finite. If s # % we have

/’5 |Ls(0)] 9 — /75 (sin@)s_%(cosﬁ)%_s - (COSH)S_%(SHIQ)%_S 49
0 Vecosf-sind  Jo cos? ) — sin? 0
(3.15)
_/ (tan 0)® (tan&)%fs 1 df = /OO 73 — 378 "
1— tan2 0 cos? 6 0 1—1¢2 '
Using "Hospital’s rule it is easy to see that lim% = % — s; hence the function t —

t—1

s—1 1
t572 2
1—¢2

Ifs= % we have

is bounded near 1. Since s — 3 € (—1,1), the last integral in (3.15) converges.

|L ! 2| —Intan6 1 | Iny
3.16 49 = e df = / d
(3.16) Vcos 0 sin 0 0 |1—tan? 9’ cos? 0 o ly2—1 ’
1211_yl = % and this implies easily that that the last integral in (3.16) converges.
This completes the proof of Lemma 3.4. O

In view of (3.5), (3.7), (3.9), (3.13) and Lemma 3 4, it follows that T and T5 are well-defined
and continuous from H*(R) to H*(R), — T<s<3

Next we estimate the integral in the right-hand side of (3.6). If s € [0, 2) we have by (3.7),

(3.8) and (3.9)
£ dt< / 12

/1 (t2—1)s D d
C(IfIIZ. < C)If1lrs-

If s € (—1,0), using the change of variable 7 = v/#2 — 1 and (3.11) we get

/f £2§dt

(3.17)

© (1) e 728 T
L wewim =l wrew e T
(3.18)

</OO 72 dr=—"___. 1+ -1+ T
“Jo PH1+EE@+1+12)  2cos(sm) n? — &
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Consequently,

dt

2
t2—1 / d
1 ’ t2+€2 :

oo poO —_ o0 s &77
< [ IR | -0 ey 2

(319) T e T ey )T — (L)
e el Al RGOS 0 i dn
~ s [T [T asetifon a s i
& 1+ —(1+n2)232_1
P — €2 (1+€2)3(1+72)3 g dn

We claim that for any &, n > 0, £ # n we have
2s5—1 2s5—1
IR (R Il et S AR
=8 (1)1 +R)2 —é2 >

We may suppose without loss of generality that n > £. Then (3.20) is equivalent to

(3.20)

s_ 1 s s_ 1 s
(321) A+ A4 - (L) (1 +E0)TE <& -yl
Let o = g >1,m=vV14n% & =V1+&, a1 = % > 1. Tt is clear that o > a7 (because
a?-1= "25252 > ";2%512 = a2 — 1). Inequality (3.21) can be written as
T ST S B M S

or equivalently

1 1-s 1 1-s s
(3.22) —(a;7F—af) < —(a 7% = af).

m n

1-s 1

Since s < 0, the function z —— x° =% — 2° is increasing on (0,00) and then o'™* — a® >
al™® —a$ > 0. It is obvious that 1 > % > 0 and this implies (3.22). This proves our claim.

Coming back to (3.19) and using Lemma 3.4 we obtain

0o s 0o 2 C s ~
62) [T (21| [T FOm g de < 5ol B Ry < COI

+ &2 ~ 2cos(sm)
From (3.6) and (3.17) if s € [0, 3), respectively from (3.6) and (3.23) if s € (—1,0), we
infer that 7} and T3 can be extended as linear continuous operators from H*(R) to H*(R).

Now we prove Theorem 3.3 in the case N > 2.

If s € [0, 3), arguing as in (3.7)-(3.9) and using Lemma 3.4 we have

/, (-1 ’/ flen¢ tQil{%d&thg/ t28/ flan¢ gldgl

G20 < [7 [T 1fe Ol 1Fom €t - (670" L) dés dn

CONI TNy < C) [ (8 +167) 1760, dea.
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If s € (—1,0), using the change of variable 7 = /2 — [¢'[2, arguing as in the proof of (3.18),
then taking (3.11) into account we obtain

/°° (2 — 1€ dt:/w T T .
¢ (#2482 +7°) o (PHIEPFE P+t V2P

2
b —(EP +nd)
T2+ P+ )2+ 112 +n7) 2 cos(sm) nt — &

We also have

2s—1 s—1
</w T T (€P+E)
o (

am_ (E+1EDT - +IgDT

—& (@GPl e
(the proof being the same as the proof of (3.20)). Arguing as in (3.19), using the two previous
inequalities and Lemma 3.4 we get

> Ks(glanl)

&
2
//| (2 -1 ’/ fl&,¢ t2+§2d§1 St
(3.25) i
< oSl + 1 BTl < ') [ (64 167) 1Flen €0 P

Integrating (3.24), respectively (3.25), over RN~! we infer that the integral in the right-hand
side of (3.3) is less than C"(s)||f||%.. This proves that T} and T, can be extended by continuity

from H*(RY) to H*(RV) for s € (-1, 3).

272
In a similar way we show that 7} and T, can be extended by continuity from H*(R") to
H(RN) for s € (—31,3). Theorem 3.3 is now proved. O

For a measurable function u defined on RY, we define its antisymmetric part in the z;
direction by Au(z1,2') = 3(u(21,2') — u(—z1,2")). If u is a tempered distribution, we define
Au by (Au,¢)s's = (u,Ad)s/ s for any ¢ € S. Obviously, Au is odd with respect to z;
(for distributions, this means that (Au, ¢(—z1,2’))s.s = —(Au, d)s.s). It is clear from the
definition that A defines a linear continuous map from H*(R) to H*(RY) (respectively from
H*(RN) to H*(RY)) for any s. Moreover, for any tempered distribution u, the distribution
F(Au) is odd with respect to x;.

It follows from the proof of Theorem 3.3 that for any s € (—3, %), the following complex

2
bilinear forms are continuous :
By, : H*(R) x HS(R) — C,
2s
B s(u,v) = / t Aule Dara 52 dg - / Av(n + ——— dndt,

By : H*(R) x HS(R) —C,

By s(u,v) :/1 / Au(¢ t2+§2 dg - / Av(n dndt

By : HS(RN) x H(RY) — C,

Bya(wo)= [ / (2 —-1e) [ Autea € d&/ Ao, €) gy e '

R 1 !

By,s: H*RY) x H*RY) — C,

BN’S(U,U)

= o0 2 — _ 1 / Au ’ d / Av L& d dtd
/:;RN—l /\/@( (&1,€ &1 (m f) m dt d§.
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Moreover, from (3.3) - (3.6) we have the identities

16 sin(sm

(326) Tl + T gy — 20l oy =~ (A, Au),
16 81n(57r)

(3.27) 1 Tvul | e vy + 1Tl e vy = 21l e gy = ————3 — Bns(Au, Au)

for any u € C° (RN ). From Theorem 3.3, the continuity of By s and of B ~,s and the density
of C®(RY) in H*(R") and in H*(RY) we infer that we have the following :

Corollary 3.5 Let s € (—%,3). The identity (3.26) holds for any u € H*(RN) and (3.27)
holds for any u € H*(RY).

Our next aim is to show that the quadratic forms By and BN,S define norms in some
spaces of odd functions. We start with the following proposition :

Lemma 3.6 Assume that g : R — R is measurable, odd and
o either g € LP(R) for some p € (1,00),
e or (o? +£2)%g(§) c L*(R) (respectively 1€°g(€) € L*(R)) for some s € (—%, %)

Suppose that the set A= {x >0 | / (&) d¢ = 0} has a limit point xo > 0.

Then g = 0 almost everywhere on R.

2+£29

In particular, if / (&) d¢ = 0 for almost every x in some open interval, then g = 0.

2+ 529
Proof. We may suppose without loss of generality that g is real (otherwise we carry out the
proof for its real and imaginary parts).

First we deal with the much simpler case g € LP(R) for some p, 1 < p < co. We define the
Poisson integrals for g,

(3.28) alz,y) = i/o:o mg(z&) dt and b(z,y) = —jr/o:o mg(w dt.

It follows from Lemma 2.4 iii) that the functions a and b are well-defined and harmonic in the
right half-plane and r(x +iy) := a(z,y) +ib(x, y) is holomorphic in {z € C | Re(z) > 0}. Since
g is odd, we have a(z,0) = 0 for any > 0. If z € A, we have also b(z,0) = 0. Consequently,
r(x) = 0 for any x € A. But r is holomorphic and A has a limit point 2y > 0, thus necessarily
r = 0. By Lemma 2.4 ii) we know that a(z,y) — ¢(y) as * — 0 for almost every y, hence
g=0a.e. onR.

Suppose that (a? + | - |?)2g € L?(R) for some s € (—%,2). We may assume that o =
1. If s € [0,3), then obviously ¢ € L*(R) and the conclusion of the lemma follows from

the above considerations. If s € (— %,0), then for any x > 0 and y € R the functions
Oey(t) = (1 + tz)_%m and 1,4 (t) = (1 + tz)_fw belong to L?(R). We may

write /_O:O mg(t) dt = /_o:o ©uy(t)(1 4+ t2)3g(t) dt and /_OO MQ(t) dt =

oo
/ Yy (t)(1+1*)2g(t) dt. Using the Cauchy-Schwarz inequality, we see that the functions a
—0oQ

o~ ing(f) d€ exists

for any x > 0). Clearly the function r(z +iy) := a(x,y)+ib(z, y) is holomorphic and, as above
we have r(z) = 0 for z € A. Since A has a limit point zp > 0, we infer that » = 0. Next, we

and b in (3.28) are well-defined in the right half-plane (in particular, /
0
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claim that liﬁ)l a(z,y) = g(y) whenever y is a Lebesgue point of g. This obviously implies g = 0
xT
a.e., as desired. Let y be a Lebesgue point of g and fix ¢ > 0. Then there exists § = d(g) > 0
'
such that %/ lg(y — 1) — g(y)| dr < € for any r € (0,0]. We have :
—r

a(z.y) — [ a0 - g

10 1
(3.29) sf/6ﬁ+ﬂm D-gldir [ lat = ol

1
+/|t 6x2+t2|g( Dt =1 + b + I,

T

Let G(r) = / lg(y — 7) — g(y)|dr. It is obvious that G is nondecreasing on [0,00) and we
T

have G'(r) = |g(y—7) —g(y)| + |9(y +r) — g(y)| almost everywhere. Using integration by parts
and the fact that 0 < G(t) < et for any t € [0, J], we get :

1 T

10 =z 8
I =~ — dt == | ——=G'(t)dt
== [ Sl = — s+ e+ — sl = — [ e
1 =z 2z [0 t G 2z [0 et?
3.30 =—-———=G()+ — ——G()dt < —= + — ———5 dt
(3:30) T a? 4 62 ()+W/0 (2% 4+ t2)2 (t)dt < 27r(5+7r/0 (22 4 t2)?
<6+2x6/61dt<6+2€arctan6<€+
~ 27 m Jo 24t2 T 2% 7 T
Using the Cauchy-Schwarz inequality we have :
B=o [ Sty =) by ) gy — o) de
T Jig|>s 2 + 2

(3.31)

1

x s 1+ |y —t]*)~* 2

< Z[(1+]- )2 / dt| .
< Il \r>mumn(“» -

Since s > —1, the last integral in (3.31) converges. Let K (y,d) be its value. We have proved
that

x s
(3:32) < ZK@ A0+ Bigllam  forany @ > 0.
Finally, the integral Is is easy to compute :

(3.33) = 99l g arctan ).
7T X

For z sufficiently small, the right-hand side terms in (3.32) and (3.33) are less than €. From
(3.29), (3.30), (3.32) and (3.33) we infer that |a(z,y) — g(y)| < 4e if x is sufficiently small.
Consequently a(x,y) — ¢(y) as y — 0 and the claim is proved.

In the case |- [*g € L*(R) and s € (—1,1), we may repeat almost word by word the proof
above (we have only to replace the functions ¢, , and 9, by t — t™° respectively

— —t

oz
2+ (y—1)*”
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If |- |°g € L*(R) and s € [%,3), the integrals defining a and b in (3.28) do not necessarily
converge. In this case we define

1 [ dxyt
a1($7y) = ;/0 [.CCQ + (y — t)z][{L'Q T (y +t)2}g(t> dt and
e A PR e L

Notice that if g € L} (R) is odd and @ € LY([1,00)), then a = a; and b = by. It is obvious

loc
that for fixed z > 0, y € R and s € (—%, %), the functions ¢ (t) = ¢t [a:2+(y—t)%§2+(y+t)2}

2 1’27 2 . . .
and ¢ (t) = t° [IQH?Z;HIQ_&;H)Q] belong to L?((0,00)) and this implies that a; and by are

well-defined. Tt is straightforward that ri(x + iy) := a1(z,y) + bi(x,y) is holomorphic in the
o0

———g(t)dt =0

x? 4+ t29( )

for x € A. Consequently r =0 on A. Since A has a limit point x¢ > 0, we infer that » = 0 in

the right half-plane. The lemma will be proved if we show that ai(z,y) — ¢g(y) as z — 0

for almost every y.

o
Let y > 0 be a Lebesgue point of g. Note that /0 [ Ayt dt = 2arctan 2.

right half-plane. Obviously a;(x,0) = 0 for any > 0 and by (z,0) = —
T

224+ (y—1)?][z2+(y+1)?]
Proceeding as in (3.29)-(3.33), we may show that |ai(z,y) — 2 (arctan £)g(y)| — 0 as z — 0,
hence li% a1(z,y) = g(y) and the lemma is proved. O
x

We set
Hfodd(RN) = {f € H*(RN) | f is odd with respect to z1} = {f € H*(RN) | f = Af
| f=Af

Hiodd(RN) = {f € H*(R"N) | f is odd with respect to z1} = {f € H*(RY)
where, as before, Af is the antisymmetric part of f in the z; direction. For f € Hf odd(RN )
we define Ny(f) = (By,s(f, f))7 and for f € H; ;y(RN) we define Ny(f) = (Bns(f. f))?.

Theorem 3.7 N is a norm on Hiodd(RN), continuous with respect to the usual H® norm,

and Ns is a norm on Hf’odd(RN), continuous with respect to the H® norm.
Endowed with these norms, Hy oag(RY) and H i oad(RY) are pre-Hilbert spaces.

Proof. It is clear that BMS and By, are complex-symmetric bilinear forms on H S(RY)
(respectively on HS(RM)) and that By s(f, f) > 0 and Bys(f, f) > 0 for any f (thus, in
particular, Ny and Ny are well-defined). Suppose, for instance, that f € Hf}odd(RN ) and

By s(f, f) = 0. This implies that for almost every ¢ € RN~! we have : F(-,€) is odd,

12 n2\8 7y, ¢ 2 > 2 en2 _1\° o / & _
(|- 2+1gPEF(,€) € LA(R) and @(t P —1) \/0 T8 (o % |t = 0.
1

For such & we must have/ Fl&,€) EERTIE d¢, = 0 for almost every ¢t € (1/[¢]? + 1, 00) and
0

using Lemma 3.6 we infer that f(-,£’) = 0 a.e. on R, hence / (5% + ]§'|2)5 1F(&1, &) dey = 0.
R

Consequently || || = / / ({% + |§/\2)8 |F(€1,€)?der dE' =0, ie. f=0 a.e. The proof
RN-1 JR

is the same for f € H*(R"N). Finally, the continuity of Ny and N, with respect to the usual
norms follows from Theorem 3.3 and Corollary 3.5. a
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4 Applications

In this section we illustrate how the results in Sections 2 and 3 can be used to prove the
symmetry of minimizers in some concrete examples.

4.1 We start with two scalar variational problems.

Theorem 4.1 Let s € (0,1) and assume that F, G : R — R are such that w — F(u) and
u — G(u) map H*(RN) (or H*(RN)) into L*(RN). Suppose that either
Case A. u € HS(RN) and u s a solution of the minimization problem
minimize  FE(u) ::/ \§|25]ﬁ(§)]2df+/ F(u(x))dx
RN RN
under the constraint I(u) = /RN G(u(x))dzr = A, or

Case B. u € H*(RN) and u is a solution of the minimization problem

minimize  FE(u) := /RN (1 + ]5\2)5 [a(&))? dé + /RN F(u(z))dx
under the constraint I(u) = / G(u(z))dx = A
RN

Then, after a translation in RN, w is radially symmetric.

Proof. Let us prove first that u is symmetric with respect to x1. Making a translation in the

A
x1 direction if necessary, we may assume that / G(u(x))de = / G(u(z))de = =.
{z1<0} {z1>0} 2

Let u1 = Thu and ugs = Tou. It follows from Theorem 3.3 that wuy, us € HS(RN) in case
A, respectively ui, ug € H*(RY) in case B. It is obvious that we have / G(uy(z))dx =
RN
2 G(u(z))dxr = X\ and / G(uz(z))dx = 2 G(u(x)) dzr = A; hence u; and g
RN

{z1<0} {z1>0}
also satisfy the constraint. From (3.26) and (3.27) we have

E(u1) + E(uz) —2E(u) = —%@NE(AU) in case A, respectively

E(uy) + E(u2) — 2E(u) = _ 16sin(sm) V2(Au) in case B,

w2

where, as before, Au(z1,2) = 3(u(z1,2’) — u(—z1,2')) is the antisymmetric part of u in the

1 direction. If Au # 0, then Theorem 3.7 implies N2(Au) > 0 (respectively N2(Au) > 0) and
we infer that E(uj) + E(ug) — 2E(u) < 0, contradicting the fact that u is a minimizer. Thus
necessarily Au = 0 and this means that u is symmetric with respect to .

Arguing similarly with the remaining variables zs, . .., zxy, we find a new origin O’ such that
u is symmetric with respect to any of the variables z1,...,zy ; in particular, u(—z) = u(x)
a.e. on RY. Now let II be any hyperplane containing the new origin O’ and let IT, and II_
be the halfspaces determined by II. Since the transformation x —— —z maps II_ into II, we

A
see that / G(u(z))dx = / G(u(z))dx = 5 Arguing as above we conclude that u must
1 I

be symmetric with respect to II. This implies that u is radially symmetric with respect to the
new origin O'. O

An application of Theorem 4.1 concerns the solitary waves to the generalized Benjamin-Ono
equation
1
A+ aAA, — B(—A)2A, =0, (z,y) € R® t € R,
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where o, > 0. Solitary waves are solutions of the form A(t,z,y) = u(x — ct,y). After a scale
change, a solitary wave u(z,y) satisfies the equation

u=u’ in R2.

N

u+ (—A)
The existence of solitary waves was proved in [21] by minimizing the functional

1

V(u) = 2 e

CAVial2 9, 1 PPND 2
(ol ufdrs [ tde=so [ lela©)ds+ [ e

1
under the constraint I(u) = g/ uddx = constant. It has been shown in [21] that any
R2

solution u, of the above problem also minimizes

1

E(v) := 2 Jre

1
|(—A)%v|2d:v—f/ v da
3 JRr2

1
under the constraint Q(v) = Q(u4), where Q(v) = 5/ |u|? dz.
R?2

It follows directly from Theorem 4.1 that, except for translation, any minimizer of these
problems is radially symmetric.

4.2 Next we apply our method to a variational problem involving two unknown functions (the
vector case). Consider the functionals

1

E(u,v) = §/RN(|(—A)%u|2+|Vv|2)dx+/RN Fu,v) da

where 0 < s < 1, and
Q(u,v) = G(u,v)dx.

RN
We make the following assumptions:
Al: F,G:R? — R are C? functions satisfying F(0,0) = 9;F(0,0) = 92F(0,0) = 0,
G(0,0) = 01G(0,0) = 92G(0,0) = 0 and the growth conditions
|0:F (u,0)| < ClufP™ 4 07h)  and  [9;G(u,0)| < C(lufP™ 4 [o]7h) i [(u,0)| > 1,

where i € {1, 2}, C is a positive constant, 2 < p < N2£V25 and 2 < ¢ < ]\2,—]7\[2

A2 If (u,v) € H*(RN) x HY(RY) and (u,v) # (0,0), then either &G (u,v) # 0 or
02G(u,v) # 0 (a manifold condition).

Theorem 4.2 Under assumptions Al and A2, any minimizer (u,v) € H*(RN) x H'(RN)
of E(u,v) subject to the constraint Q(u,v) = X is radially symmetric (except for translation).

Proof. First we prove that after a translation, (u,v) is symmetric with respect to z1. In fact,
after possibly a translation in the z; direction we may assume that

(4.1) /{z1<0} G(u,v)dx = / G(u,v)dx = 5

{z1>0}

We put u; = Tiu, ug = Tou, v1 = Thv and ve = Thv. By Theorem 3.3, the pairs (ui,v;)
and (uz,v2) belong to H*(RN) x H'(R") and in view of (4.1) they also satisfy the constraint
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Q(u1,v1) = Q(ug,v2) = \. Moreover, defining W () = / N 1€]%%|3(€)|? d€ and using (3.26) we
R
see that

E(uy,v1) + E(ug,v2) — 2E(u,v) = (W (u1) + W(uz) — 2W (u))

1 8sin(sm
- _(27T)N Wg )BN78(Au, Au) <0.

We conclude that (u,v1) and (u2, v2) are also minimizers and we must have By s(Au, Au) = 0.
By Theorem 3.7 we infer that Au = 0, that is u is symmetric with respect to x1, i.e. u=wu; =
ug.

Since (u,v) and (u1,v1) = (u,v1) are minimizers, they satisfy the Euler-Lagrange equations

(4.2) (—A)*u+ 01 F (u,v) + ad1G(u,v) = 0,
' —Av + 09 F (u,v) + ad2G(u,v) =0,

respectively

(4.3) (=A)°u+ 01 F(u,v1) + B01G(u,v1) =0,
' —Avy + & F (u,v1) + BO2G(u,v1) = 0.

From (4.2), A1, the elliptic regularity for the Laplacian and its fractional powers and the
usual boot-strap argument we get v € H*(RY) N L¥(RYN) and v € H?(RYN) N L2RN).
Of course that the same conclusion holds for (u,v;). Notice that the LP elliptic regularity
for fractional powers of the Laplacian and for 1 < p < oo follows from the fact that the
(L+1€P)° B(a)

1+ €] [
of Mihlin-Hérmander.

and from the theorem

multiplier m(§) = satisfies the estimate |D*m(§)| <

We recall the following well-known result :

Unique Continuation Principle: Assume that ® € H*(RN,R™) solves the linear system
(4.4) ~A® + A(z)®(z) =0 in RY,

where A(x) is an m x m matriz whose elements belong to L°(RN). If ® = 0 in some open
set w C RN, then ® =0 in RV.

A proof for the Unique Continuation Principle is given in [13], Chapter VIII in the scalar
case and in the appendix of [18] in the vector case. Notice that the Unique Continuation
Principle is essentially a local result. Although it is stated for functions ® € H2?(RY), it is
also valid for functions ® € W2P(R"N) with p > 2 because Wfo’f(RN ) € H2 (RY). This
observation will be useful later.

Now let us come back to the proof of Theorem 4.2.

If (u1,v1) = (0,0), then obviously u = 0 in R". By assumption A2 and the regularity of v
we have 9 F(0,v) = a1 (z)v and 02G(0,v) = by (x)v, where ay, by € L=°(RY). Using the second
equation (4.2), the fact that v = v; in the half-space {x; < 0} and the Unique Continuation
Principle, we infer that v = 0 in R, thus (u,v) is radially symmetric in a trivial way. It is
obvious that this situation cannot occur if A # 0.

If (ug,v1) # (0,0), it follows from A2 that there exists (z1,2') € (—00,0) x RV~! such that
nG(ug,v1)(z1,2") # 0 or oG (uy,v1)(x1,2") # 0. Since v = v; for z; < 0, we infer from (4.2)
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and (4.3) that o = 3. Moreover, using the regularity of u, v, v1 we get o F (u,v)— o F (u,v1) =
b(x)(v(z) —vi(z)) and G (u,v) — 0eG(u,v1) = c(x)(v(z) — vi(z)) where b, c € L*(RY). Let
w(z) = v(x) — vi(x). Using the second components of (4.2) and (4.3) and the fact that
a = (3, we see that w satisfies the linear equation —Aw(z) + a(z)w(x) = 0 in RN, where
a=b+ac € L®(RY). Since w vanishes on a half-space, by the Unique Continuation Principle
we conclude that w vanishes everywhere, and this implies v = v; in RY. Thus we have shown
that (u,v) is symmetric with respect to zy.

Repeating this argument with the variables xo, ...,z y, we find a new origin O’ such that
(u,v) is symmetric with respect to x1,...,zx. Then as in the proof of Theorem 4.1 we show
that (u,v) is symmetric with respect to any hyperplane II containing O’, consequently (u,v)
is radially symmetric with respect to the new origin O’. O

Remark 4.3 Symmetrization inequalities for functions in the space H'/ 2(R") have been
proved in [3]. Therefore if s = %, the function F' in Theorem 4.2 satisfies the cooperative
condition BiQF (u,v) <0 (see [5]), G has a special form and it is known in advance that the
components u, v of the minimizer are nonnegative, then using symmetrization one can conclude
that there exists a radially symmetric minimizer.

Remark 4.4 In the case F(u,v) = u?+v%, G(u,v) = u?v, by using symmetrization and Riesz’
inequality it has been proved in [3] that there exists a radially symmetric minimizer. The fact

that F' and G are homogeneous plays a crucial role in their proof.

As an example of application for Theorem 4.2, we consider the Hamiltonian system :

ou 0
(4.5)
v

0
E = %(—AU‘FGQF(U,'U))

The generalized multidimensional Benjamin-Ono equation

(1.6 = () u+ gla)

with g(u) = u? and the generalized multidimensional Korteweg-deVries equation

ov 0
4.7 =~ (=A
(@7) 57 = 5o (—Av+ ()
have been considered in [21] and in [4], respectively; in these papers, references giving the
physical motivation for the above equations can also be found. System (4.5) can be considered
a Hamiltonian coupling between (4.6) and (4.7).
Formally, system (4.5) has the following conserved quantities:

1 1
E(u,v) = = (=AY 4 + | Vol? da +/ F(u,v)dx and Q(u,v)= f/ (u?® 4 v?) da.

2 RN RN 2 RN
If we minimize F(u,v) subject to the constraint Q(u,v) = A, where A > 0, then according to
[9] the set Sy containing the elements of H %(RN ) x HY(RY) where the minimum is achieved
is invariant and orbitally stable with respect to (4.5). Since any element (¢,1)) € Sy satisfies
the Euler-Lagrange system

(=A)YV2¢p+ O\ F (¢, 9) +cp = 0,
—AY+ RF(p, ) +cp = 0,
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we see that (¢, 1) gives rise to a travelling wave solution of (4.5) of the form (u(t,z),v(t,z)) =
(¢(z1—ct,x’),P(x1 —ct,2’)), 2’ € RN"L. As a consequence of Theorem 4.2, the elements (¢, 1)
obtained in this way are radially symmetric (after a translation).

4.3 Next we consider the problem of minimizing the generalized Choquard functional

1
4.8 Vul? dr — / / dx d / H d
@8) B = [ Vupde— [ ] F@) o Fu) dedy+ [ () de

subject to the constraint Q(u / G(u(x)) dx = constant.

It is worth to note that the complex version of F,

=5 o Vel [ @) s )P dedy+ [ ()

is the Hamiltonian for the generalized Hartree equation

N |z —

U 2
(4.9) ug + Au+4 (/R F1(|y(|y]\)[|2) dy) F{(|u|2)(x)u(x) — 2H{(|u(:c)|2)u($) =0,

and Q(u) = / N |u?(x)| dz is a conserved quantity for this evolution equation. The critical
R

points of E + wQ give rise to standing waves for (4.9). As far as minimization is concerned,
using an argument of T. Cazenave and P.-L. Lions (see the proof of Theorem II.1 p. 555 in
[9]), we can restrict ourselves to the real functionals E(u) and Q(u).

In the case N = 3, F(u) = G(u) = u? and H(u) = 0, the problem of minimizing F(u)
subject to Q(u) = A has been studied in [15], where the existence, the radial symmetry and
the uniqueness of the minimizer have been proved. The symmetry was proved by using a sharp
inequality for spherical rearrangements. This can still be used in our case if we konw that the
minimizer is nonnegative and if we assume assume that F' is increasing on [0, 00) (because the
equality F'(u*) = (F(u))* is needed). Using the results in sections 2 and 3, we will show the
radial symmetry of minimizers in dimension N > 3 under more general assumptions on F, G
and H.

We begin by studying some properties of the nonlocal term appearing in (4.8) :

Lemma 4.5 Let N > 3 and let F : R — R be a function of class C? satisfying F(0) =
F'(0) =0 and
|F'(2)] < Clz|”  for || > 1,

where C > 0 is a constant and o <

5" Then the singular integral operator

Ie)a) = [ o) dy

and the functional

/RN /RN |x_1‘N 5 F(p(y)) do dy

have the following properties :

i) I is continuous from LP(RN) to L4(RY) if 1 < p < ¢ < oo and % = 2

N

RS

N
i) If 1 <p1 < 5 <P2 < 00, then I is continuous from LP*(R™N) N LP2(RN) to L*(RN)N
CORN).
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i) If 1 <r < <ry<2and o € L' (RN)N L2(RN), then

N +2

vlz

)

T )~|§1,2¢<£> in S'(RY).

T _ =
0O =7

i) M is well-defined and differentiable on H*(RN) and

M (u).o =2 o </R F(u(‘% dy> F'(u(x))p(z) dz.

Nz —y

v) For any u € HY(RN) we have

F)(€)2de,  where ey = 1

M(U)ZCN/RN|§|2| 2N*27r%11(%—1)'

Proof. i) follows directly from Theorem 1 pp. 119-120 in [23].

i1) We write mﬁ as ai(z)+az(x), where a;(x) = M%X{Izlﬂ} and as(z) = m%x{\wlél}'
Then we have I(¢) = ai * ¢ + as * ¢. It is obvious that a; € LY(RY) for ¢ € (5,00 and
az € LY(RN) for q € [1, NNQ) Let p} and p), be the conjugate exponents of p; and ps. Then
Py > 5 and ph < &5, so that a1 € LPA(RN) and ay € LP2(RN). We infer that I(p) is
continuous and by Young’s inequality we get

(@)l < Hlaall o - llllze +llazll - llollzre-

iv) First we consider the bilinear form

P(p,v) = /RN/RN |N2¢()da;dy

Notice that P is well-defined and continuous on ngff? (RY) x L¥+2(RY). Indeed, it follows
2N
o

from i) that I is well-defined and continuous from L¥+e (RM) to L¥=2(RY) and we have

<@ g Il < Anligl w011 g

LN= LNT+2

Pe )l =| [ 1)@ ds

Without loss of generality we may assume that o > % From the assumptions on F' we have
|F(u)] < Clul? if Jul < 1 and |F(u)| < Clu/** if |u| > 1. It is well-known that H'(R")
is continuously embedded in LP(RY) for p € [2, ]\Q,NQ] and then it is standard (see, e.g. [26],
Appendix A) that u —— F(u) is continuously differentiable from H'(RY) to LI(RY) for

q € [max(1, 14%0)’ %] In particular u — F(u) is continuously differentiable from
2N . .

f]1'{111(RN) to L3+2(RY) (because ﬁ < N+2 < = g)j\{H )). Since M (u) = P(F(u), F(u)), iv)

ollows.

ii1) and v) Let K(z) =

I . Then K € &'(R") and it follows from Theorem 4.1 p. 160
N

in [24] or from Lemma 1 p. 117 in [23] that K(¢) = =22 . ;. From Lemma 1 p. 117 in

r(¥-1 I
[23] we have

||

(4.10) P(.t) = G oo TR de = [ ()00 de



whenever ¢, 1) € S(RY). We claim that (4.10) holds for any ¢, 1 € L™ (R™) N L"2(RY) with
1<r< ]\2,—]4\_[2 < rg < 2. This assertion implies both i) and v).
Now let us prove the claim. Since (4.10) holds on § x S, the bilinear form P is continuous

2N 2N 2N
on L3+ (RN)x Lv+2 (RY) and L™ (RV)NL" (RY) is continuously embedded into L~+2 (RY),
all we have to do is to show that the quadratic form

Pilp.) = [ P0(E) d¢

is continuous on (L” (RN)Nn L (RN)) X (L”"1 (RN)Nn L (RN)>; then the claim follows by
density of S in L™ (RN)n L™ (RN).

Let ], T’2 be the conjugate exponents of r1, r2 and let g1, g2 be such that = + - = ;,
respectlvely + = . Let b1(¢) = éx{\élﬁl} and b (&) = EX{\£|>1}' We have 2 S q1 <N

and g > N SO that b1 € L(RYN) and by € L2(RY). Since the Fourier transform maps
continuously L™ (RN) into L™ (RY) and L2(R"N) into L"2(RY), we have :

1Bl 9] ’/{|£<1}|§!2 (€9 H/{|f>1}|€|2 (e de

< 11518112 - 1519112 + 1B2@llc2 - 1Bl 2
< 11631 a1y 111y + (152l Zas 1o 1

< O(N,r1, ) (el 19l + ll@llzrz ||9]]r2) -

This proves the continuity of P; and our claim. Thus the proof of Lemma 4.5 is complete. O

Theorem 4.6 Let N >3 and let F, G, H : R — R be C? functions satisfying the following
assumptions :
a) F(0) = F'(0) = 0 and there ezists o < 1= and C > 0 such that

|F'(u)| < Clul” if Juf = 1.

b) There exists o1 € [L, 3F2) and C1 > 0 such that

|G’ (u)| < Crlul”  and |H'(u)] < Cilu|”  for any u € R.

Moreover, if o1 < 2 then we assume that o1 > max(w, 1).

¢) For any e >0, G'#0 on (—¢,0) and on (0,¢).

Then any minimizer u € H'(RN) of the functional E given by (4.8) subject to the constraint
Q(u) = X is radially symmetric (after a translation in RN).

Proof. First of all, notice that the functionals E and @ are well-defined and of class C' on
HYRN). Let w € H'(R") be a minimizer. We will show that, except for translation, u is
symmetric with respect to ;. The same proof is valid for any other direction in R and the
radial symmetry of u follows as in the proof of Theorem 4.1.

After a translation in the z; direction we may suppose that

A
/{x1<0} Glu(w)) do = /{x1>0} G(u(r))dr = >
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As before, we define u; = Tyu and uy = Thu. We know that uy, us € H'(RY). In view of
assumption a), it is obvious that F(u) € L*(RY) and we have T} (F(u)) = F(u1), To(F(u)) =

F(uz2), Q(u1) = Q(uz) = A. Defining W(yp) = /RN ‘;’2@(5)]2(15, from Lemma 4.5 v) we get
E(u1) + E(u2) — 2E(u) = —[M(u1) + M (uz) — 2M (u)]

(4.11)
= —en[W(Ty(F(u))) + W(T2(F(u))) — 2W (F(u))].

Recall that by (2.51) we have for any ¢ € C°(RN),

I ,
Iy TR )|£,|§+§2 e[ ae'

To show that this identity also holds for F(u) we need the following lemma :

(4.12)  W(Tip) + W(Tap) = 2W(p) = i/R

Lemma 4.7 Let N > 3 and let r1, o be such that 1 < r| < N+2 <19 < 2. The bilinear form

&1
R(‘Pﬂﬂ) /R,N 1 ‘g,‘/ 90 ‘517 ’€,|2 _’_51 dé-l / 1/} 771, |5/‘2 d771 d§

is continuous on (LT1 (RM)N L”(RN)) X (L” (RN)N L (RN)).
Proof.  Consider ¢, ¢ € L™ (RN) N0 L2(RYN). Then @, ¢ € L'1(RN) N L2(RY), where r/

and r}, are the conjugate exponents of 7 and ro. Using Holder’s inequality and the change of
variable & = t|¢’|, we get for & # 0 and i = 1,2,

| etee )|£’P+€1 de) | < _(/0°°|¢<51,5’>|T4d51)"14(/OOOWdsl)l
419 = ([ ) ([l et )
—clel = ([T Ieerida)"”

A similar estimate holds for ¥. Let ¢; be the conjugate exponent of = 5, le. g = 5. Using
(4.13), Holder’s inequality and the estimate HgoH o < Al we have

<=

‘/RN o RAKE \f’!2+§2 e [ B e

2—27‘1_ o0 =R , Til o
scr [ e = ([Tieaeriaa) ([T ot an)”
Bgrn-1(0,1) 0 0
1
q1(2—-3rq) a1 o
(414) <2 (/ & d&’) (/ / @(51,5’>|“d51d5>
Bpn-1(0,1) Bgn-1(0,1) JO

1

(/ / i(nl,widmdf’)l
Bpn-1(0,1) Jo

2 42 . o
<cia( [ €1 g ) el 1l
Bgn-1(0,1)
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and

‘/{|5'|>1} !f’!/ Pen e |§’|2+§2 dSy - /wi(m, )W

1 1
2727‘2_ o0 . " = oo r A
<cg [ e ([Tl eartaa ) ([T 90meortan ) ae
{lg'1>1} 0 0
1
q1(2—3r ) vl
(415) sc%(/ g™ ) (/ / Plen, &I dey d£>2
{le’1>1} {le’1>1} )
(oo i)’
{lg’1>1}
1
2 42 A
<asag( [ ) el vl
{le’1>1}
91(2=371)
Since 1 < r; < N+2 < r9 < 2, a direct computation shows that / €' d¢' and
Brn-1(0,1)
92(2—3r3)
/ '] 2 d¢' are finite. From (4.14) and (4.15) we have
{1g’1>1}
[R(e, V)| < K (|[el[rllllzm + [lellzr2 [l L)
and Lemma 4.7 is proved. O

Let 1 and ro be as in Lemma 4.7. Since the maps ¢ —— T1p and ¢ — Ty are obviously
continuous from L™ (RM) N L™2(RY) into itself and we have shown in the proof of Lemma

1 =
4.5 that the bilinear form Pji(p,) = / @@(§)¢(f) d¢ is continuous on this space, it
RN

follows that the left-hand side of (4.12) is continuous on L™ (RY) N L"2(RY). By Lemma
4.7, the right-hand side of (4.12) also defines a continuous functional on L™ (R~) N L™ (RY).
Since (4.12) is valid for any ¢ € C°(RY), by density we infer that (4.12) holds for any
o € L"(RN) N L2(RY). Recall that u € H'(RY) and by the Sobolev embedding and
assumption a) we have F(u) € L4(RY) for any ¢q € [max(1, 14%0)’ W]\{Ha)]’ hence (4.12) is
valid for F'(u).

Since w is a minimizer, we must have E(u1) + E(u2) — 2E(u) > 0. From (4.11) and (4.12)
we infer that necessarily

&1

1
(4.16) - TR,

Contrary to our previous examples, (4.16) does not imply directly AF(u) = 0. To see this,
o0
consider a function ¢ € C2°(0, 00) such that supp(¢)) C [1,00), ¥ #Z 0 and / T t21/)(t) dt =
0

0. (Such a function exists: for example, take two nonnegative functions ¢y, ¥ € C2°(1, 00)
with dlsJ01nt supports and put ¥, = (1 — 7)1hg — 7¢1. There is some 7 € (0,1) such that

/ P ——— ), (t)dt = 0.) Extend 1 to an odd function defined on R. Take o € C°(RN~1) such
0

that a # 0 and supp(a) € RV1\ B(0,1) and put f(&1,¢) = a(&’)d)(é—}'). Then f € C°(RY)
(hence f € §), f # 0 and f is odd with respect to the first variable. However, we have

2
dé,| de' = o0.

| FaEmw)E.)

40



/OO f(§17€/)571 d&y = 0 for any & # 0 and consequently
0
0 f(gl,g) ngl d§ =0.

‘5,’2 5%
/R - 1 +é
N-1 ’5/’ |5/‘2 1

To show that w is symmetric with respect to x1, we argue as follows: since u and wuq
minimize £ under the constraint @ = A, these functions satisfy the Euler-Lagrange equations
E'(u) + a@Q’'(u) = 0, respectively E'(u1) + Q' (u1) = 0 for some constants o and (3, that is

(4.17) —Au — 2I(F(u))F'(u) + H'(u) + aG'(u) = 0 in RY,

(4.18) —Auy — 21 (F(up))F'(w1) + H'(uy) + G (u1) = 0 in RV,

We will show in the next lemma that v and w; are smooth functions. Then we prove that
I(F(u))(z) = I(F(u1))(x) in the half-space {z1 < 0}. Together with assumption c), this
implies that a = ( in (4.17)-(4.18). Then we will be able to apply the Unique Continuation
Principle to prove that u = u;.

Lemma 4.8 Let u € H'(RN) be a solution of (4.17), where F, G, H € C*(R) satisfy the
assumptions a) and b) in Theorem 4.6. Then u € W3P(RN) for any p € [2,00). In particular,
u € C2(RYN) and D are continuous and bounded on RN if o € NV, |a| < 2.

Proof. The proof is rather classical and relies on a boot-strap argument. For the convenience
of the reader, we give it here.

We show first that v € L®(RY). By the Sobolev embedding we have u € LI(R") for
q € [2, %} We will improve this estimate by a bootstrap argument to get the desired
conclusion.

Let us consider first the case N = 3. We may assume without loss of generality that
3<o< ﬁ =4 (if 0 < 3, we replace o by 3 and this gives no supplementary constraint on
o1 in assumption b). Suppose that u € LY(R?) for any ¢ € [2, 3], where 8 > 6. Together with

assumption a), this implies F'(u) € L(R?) for q € [1, HLU] We distinguish two cases :

Case A. If £ > 3 then Lemma 4.5 i)-ii) implies I(F(u)) € LI(RYN) for ¢ € (3,00].

By assumption 1aJSUWe h;ve F'(u)X{ju<1y € L*(RY) N L®(RYN), hence I(F(u))F'(u)x{ju<1} €
LI(RN) for ¢ € (£, 00] and F'(u)X{ju>1y € L'BN) N Lg(RN), thus I(F(u))F" (w)X{ju/>1} €
LY(RN) for q € [1, g] Consequently, I(F(u))F'(u) € LYRN) for q € (g, g] Assumption b)
implies that G’(u), H'(u) € LY(RN) for q € [max(l,a%),(%]. Note that Uﬂl > (% > % and

g >8> G% by the second part of assumption b). From equation (4.17) we find Au € L4(RY)
for any q € (g,min(ﬁ ﬁ)] if U% < S respectively for any q € [U—Ql,min(ﬁ ﬁ)] if U% > g. Let

o’o 57 oo

Qs = min(g,%). If q*lz 2, we have Au € L% (R?) and obviously u € [1/1* (RY) (because
2 <gq < J% < B), hence u € W24 (R3) and by the Sobolev embedding we infer that u €
L=®(R3?). If 3 < ¢, < 2, again by the Sobolev embedding we have |Vu| € LP+(RY), where
p% = qi* — 1 (thus p, € (3,6)), hence u € WhP<(R?) C L®(R?). If ¢. = 2,

Au € L%(R?’), which implies |Vu| € L3(R?), hence u € WH3(R3) so that u € LI(R3) for any
q € [2,00). Repeating the above argument for some 3 > 3, we get u € L>°(R3). It remains to
study the case ¢, < % It is clear that in this case we have ¢, = 0_% (because - > ). Since

g 3
2
Au € L% (R3), by the Sobolev embedding we get u € L’ (R?), where é = q% — 2. Notice

that % - % = ”151 - % < ”16_5 < 0, hence 1 > (3. We repeat the previous reasoning with

we obtain

1 instead of 3. We obtain that either u € L>®(R?), or u € L7?(R?), where 35 > (4 and
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@ — i < A 2 < (. In the latter case we continue With Bo instead of B and we get that either

u € L®(R?), or u € L5 (R?), where 3 > (3, and 5= — ﬁ—lz < A

number of steps we get u € L>°(R?) (since otherwise we Would obtain a positive increasing

sequence (fy)n>1 such that ﬂ% - % < @ — —o00, which is impossible).

2 and so on. After a finite

I _EJ < 3 (otherwise we take 3 a little bit smaller).

-1
By Lemma 4.5 1) we have I(F(u)) € L4(R3) for q € (3, (1"'—‘7 — 2) |. As in case A we obtain

Case B. If 1%7 <3 3 we may suppose that

8 3
T(F () F(u)Xaj<1y € LARY) for g € (8, (42— 2) ] and I(F(u) F'(u >><{\u\>1} € L4(RN)

-1
for g € |1, (32 - 2) } so that I(F(u))F'(u) € LY(R3) for q € (g Lo _ 2) } Notice
-1
that (1"'52” — %) g (because B > 6 and 0 < 4) and <% — %) > Ul by assumption

: : N 2
b). Since obviously G'(u), H'(u) € LY(RY) for ¢ € [max(1, %),

-1
we infer that Au € LI(R?) for any ¢ € [max(g, %),min ((1‘*‘;“ - %) ,01>] q# S Let

~1
g2 = min ((1”” - 2) /B). If g0 > %, arguing as in case A we get u € L®(R?). If

2w

|, using equation (4.17)

B 3 e
g2 < %, by the Sobolev embedding we have u € L% (R3), where é =1_ 2 , hence i - B <

q2
o—4 o01—5

T T ) < 0, so that 81 > (3. Repeating the preceeding arguments for 81 we obtain

either u € L>®(R3), or 1’% > 3 (so that we are in case A, consequently u € L°°(R?)), or

u € L7 (R3), where (5 > 3 and 7 — E < max ( §4, ”16_5). In the latter case we repeat the

same reasoning, and so on. As in case A, after a finite number of steps we get u € L>°(R3).

max (

NOW we consider the case N > 4 and we assume that u € LI(R") for any q € [2, 3], where

B> 55 It is clear that G'(u), H'(u) € L4(RN) for q € {max(l, 02 ) UJ and F(u) € LY(RY)
for q € [1, Tio |- Once again, we distinguish two cases :

Case A. If = 1+a > & then I(F(u)) € LYRN) for any ¢ € (555, 00]. We have F'(u)X <1} €
LYRN) for ¢ € [2,00], hence I(F(u))F'(u))X{u<1y € LIRYN) for ¢ € (1,00] if N = 4,
respectively for ¢ € [1,00] if N > 5 and F'(u)x{u>1; € LYRY) for ¢ € [l,g}, hence
I(F(uw)F'(u u))X{ju|>1} € LYRN) if q € [1,5} Consequently I(F(u ))F’( )) € LY(RYN) for
qe€ (1, f] if N =4, respectlvely for q €1, ;} if N > 5. Notice that 3 > 2 and the second

part of assumption b) imply 2 o> 01. Using equation (4.17) we infer that Au € LI(RY) for
q€ [max(l 2 =), min(Z- ﬁ /6)} qg#1if N = 4. Let g3 = min(> *3 g) Notice that g3 < 3 because

o1 > 1 and Au € L% (RN). If g3 > 5 > 2, then u € LB (RN) hence u € W24 (RN) and
by the Sobolev embedding we get u € LOO(RN). If g3 = 7, then u € WQ’%(RN), conse-

quently u € LI(RN) for any ¢ € [2,00) and repeating the above proof with § > 3 we find
u € L®RN). If g3 < %, then necessarily g3 = Uﬁl (recall that ﬂ > 16 > % because we are

in case A). By the Sobolev embedding we get u € L7 (RY), Where é = q% -2 = G- 2,

thus % - % = Ulﬁ_l - % < % < 0 by b). Repeating the previous arguments

with (3 replaced by (i, we find that either u € L®(RN) or u € L#2(RY), where 82 >
and ﬂi - L < —(”1_1)2(%_2)_4
2

, and so on. As previously, after a finite number of steps we get

Br —
u € L®(RN).
Case B. If i % we may suppose that 150 < % By Lemma 4.5 i), I(F(u)) €

<
-1
LIRN) for ¢q € <NN % - %) ] As in case A we get I(F(u))F'(u) € LIY(RYN) for
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-1
q € [1,(”62" —%) }, g # 1if N = 4. By a), b) and the fact that § > % we have

~1
(ﬂ - %) > U% Since G/ (u), H'(u) € LY(RN) for ¢ € [max(1, 2), 2], using (4.17) we get

Jé] ' o1/ o1

~1
Au € LI(RN) for ¢ € [max(1, %)7‘14]7 q # 1if N =4, where ¢4 = min ( s (HZU - 2) > If

o1’ Jé] N
qa > % then, as above, we obtain u € L>® (RN ) Otherwise by the Sobolev embedding we find
u € LA (RY), where ﬁl—l = q%; , thus —1 - B < max ((01_1)2(%_2)_4, U(N]_VQ)_4) < 0. Then

we restart the process with (; 1nstead of #. Continuing in this way, after a finite number of
steps we obtain u € L= (R").

Up to now we have proved that v € LI(R") for any ¢q € [2,00]. Thus F(u) € L'(RV) N
L=®(RN), I(F(u)) € LYRN) for q € (25, 0], F'(u) € L2RY) N L>®°(RY), hence
I(F(u))F'(u) € L2RN) N L®(RY). Clearly G'(u), H' (u) € LY(RY) for ¢ € [max(1, %),oo]
Using (4.17) we have Au € LQ(RN) N L>®(RYN), thus u € W2P(RY) for any p € [2,00). In
particular, v € C'(RY) and ;f are continuous and bounded on R”. Differentiating (4.17)
with respect to z; we get '

ou . ou ou ou ou

_ _ / _ " " " . N
A((?xi) 2I(F (u)axZ)F (u) = 2I(F(u))F"(u )61'1 + G (u )(%ci +aH"(u )3:131 0 inR"™.

It follows that —A( ‘9“1,) € L2(RM) N L>®(RY). Since obv10usly € L2(RM) N L=®RN), w

get 3 - ¢ W2P(RY), which implies u € W3P(RY) for any p € [2 oo) O

It follows from Lemma 4.8 that F(u) € C?(RY) and F(u) € W2P(RY) for p € [1,00]. Using
Lemma 4.5 i) and 7i), it is easy to check that I(F(u)) € C?>(RY) and I(F(u)) € W*P(R") for
JS (N 5,00]. In particular, I(F(u)) € &'(RY) and Lemma 4.5 iit) implies F(I(F (u)))(§) =

N

dNWF(U)(f)v where dy = Setting U = I( ( )) we have —AU = dNF(u)'

F(N 1)

Next we show that g—g(o,x) = 82 I(F(u))(0,2") = 0 for any 2’ € RY¥~!. From (4.16)

we infer that / F(A( F(u)))(ghg)g,'fl e d¢; = 0 for almost every ¢ € RN~ that is
/ F (&1, € |§/‘2 +£ =0a.e. & € RN~ or equivalently

i
(4.19) / EF(I(F(u)))(&,E)dé =0 for almost every & € RV~1.

If %I(F(u)) and ]:(%I(F(u))) are in L'(RY), by the Fourier inversion theorem (4.19) is
equivalent to B%II(F(U))(O, z') =0, as desired.
Since we do not know whether %I(F(u)) c LY(RY) and .’F( -I(F(u))) € L'RN), w

argue as follows : we take an arbitrary test function ¢ € S(RYN ) and we put ¢, (r1) =
2 2 52
\/%e_ . Clearly, wn(21) = np1(nx1), |[eallprm) = 1 and @, (&1) = ¢~ 2. On one hand we
have, by using Lebesgue’s Dominated Convergence Theorem,
0
. / /

Jim [ paaute!) |5 @) @, o') da

(4.20) = Jim [ o) [T (L) dyr o
. n—oo JgNn 1\Y1 a.fL'l n ) 1
- ) o (I(F () (0, ) da’
RN-1 ox1 ’



On the other hand we have

[ enlau@) [ 1P )] 1,0 do = U F @) pnlo) 0l s

a2y = F (eI E@)) F el e@ s

__1 N1 == oy S ,
— ¥ o R F@OC B D) de e

Since F(u) € L?(RY), for almost every ¢ € RV~! we have f@)(~,§’) € L*(R). For any such
¢', arguing as in (4.13) we get
s < [
R

-5 & & C o
e EEurr 6 < P e

where C' does not depend on &'. Moreover, Cauchy-Schwarz inequality gives

cli-¢)l , , O L\
/szl P [1F () ()| 2y dE SC(/RM 7 df) 1F(u)| 2wy < oo

By the Dominated Convergence Theorem, we have for almost any ¢ € RV~!

F(u)(&,¢) F(u)(&,¢)

& v o 0
f e e i — [ o8 e e -0 an—o.

Thus we may use Fubini’s Theorem, then the Dominated Convergence Theorem on RV~ to
obtain

/ &1 F/\ / fg—i / /
v T (w)(&1,€)e 22 (=€) dér dE

€17
422 o el L o , _;;% /
( ) - /RN—l ¢( 5)/115% + |€/‘2F(u)(§l’§ )6 dfl df
— ¢(_€/) ’ Odfl =0. as n — o0.
RN-1
From (4.20), (4.21) and (4.22) we infer that / @Z)(f)%(I(F(u)))(O,x’) el — 0. Since
RN-1 1

Y € S(RY1) was arbitrary, we have %(I(F(u)))(o, ) =0in S’(RV~1), hence
8%1([(F(u)))(0, 2') = 0 for any 2’ € RV~ because %(I(F(u))) is a continuous function.

We know that F'(up) is symmetric with respect to x; and a simple change of variables
shows that the function Uy := I(F(u;)) is also symmetric with respect to z;. Clearly U; also
belongs to C?(RY) and satisfies —AU; = —A(I(F(u1))) = dyF(u1). By symmetry we have
g—%(o,x’) =0 for any 2’ € RV71. Since uy(x1,2') = u(zy, ') if 21 < 0, we have proved that
the functions U and U; are both solutions of the problem

—AW = dNF(u) in {(1'1,.%'/) S RN ‘ xr1 < O}
(4.23) W e C2RN)NW2P(RY)  for p > 5,
gZ(O z)=0 for any 2/ € RV -1,
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It is not hard to see that the solution of (4.23) is unique. Consequently, U(x1,2") = Ui(x1,2’)
if x1 < 0. It is obvious that (u,U) and (u1,Up) solve the system

—Au —2UF'(u) + H' (u) + aG'(u) =0
(4.24) in RV,
—AU —dnyF(u) =0

respectively

—Au1 — 2U1F/(U1) + H’(ul) + ﬂG'(ul) =0
(4.25) in RV,
—AUl — dNF(ul) =0

Next we show that if « = 0 in the half-space {z1 < 0}, then u = 0 in R¥. Indeed, if u = 0
in {z; < 0}, then from (4.23) it follows that U = 0 on that half-space. Now from (4.24) and
the Unique Continuation Principle we infer that (u,U) = (0,0) on R¥. In this case u trivially
has a radial symmetry. Clearly, we cannot have u = 0 if A # 0.

If u # 0 in (—o0,0) x RV71, then u((—o00,0) x R¥™1) = 4y ((—00,0) x RN¥~1) contains an
interval of the form (—&,0) or (0,¢) for some € > 0. Now assumption ¢), (4.24), (4.25) and
the fact that (u,U) = (u1,U;) on (—o0,0) x RV~ imply that a = 3 in (4.24)-(4.25). As a
consequence, we see that (u — uy, U — Uy) solves a linear system whose coefficients belong to
L>*(RM). Since (u,U) = (u1,U;) for 21 < 0 and (u,U), (u1,U;) € W2P(RN,R2) if p > 2 and
p > %, by using the Unique Continuation Principle we infer that « = uy (and U = Uj) in
RY, that is u is symmetric with respect to z.

Similarly we show that u is symmetric with respect to any other hyperplane II which has
the property that / G(u(zx))dr = / G(u(zx)) dz, where II_ and I are the two half-spaces
-

determined by II. As in the proof of Theorem 4.1 it follows that after a translation, u is radially
symmetric. The proof of Theorem 4.6 is complete. O

4.4 Our last application concerns the Davey-Stewartson system

s+ Au = f(|u|2)u—uvx1,
(4.26) in R?,
Av = (|u|2)m1
which can be written as
(4.27) uy = —Au + f(\u]z)u + R%(]u\Q)u,

where R; is the Riesz transform defined by ngo
to check that

|§| o(&). Let Fy(t / f(r)dr. 1t is easy

2/ Vul? de + = /F1 ul?) x—f/ () de

is a Hamiltonian for (4.27) and Q(u) = / lu(x)|* dx is a conserved quantity for the same
R3

equation. The standing waves for (4.27) are precisely the critical points of E+wQ. Asin
the previous example, when we minimize E(u) subject to Q(u) = constant, we may restrict
ourselves to real functions u and to the real version of E,

2/ |Vu\2d:r:+/ dm——/g\Rl(uQ)\2dx.
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We will consider a more general functional than @, namely Q(u / G(u)dz. If G(u) =

u?, in order to guarantee the boundedness from below of the functional E on the set of functions

satisfying Q(u) = A, the function F'(u) is required to behave as alu|” for u large, with a > 0
and 7 > 4. In the case F(u) = alu|?, the Cauchy problem for the evolution equation (4.27)
has been analysed in [12]. The global existence of solutions was proved in the case a > 0 and
~ > 4, while in the case v = 4 the global existence was proved if a is sufficiently large.

Still in the case of pure power F(u) = alu|?, with @ > 0 and « > 4, the existence of

minimizers of E subject to the constraint Q(u) = |u|? dz = X can be proved by using the
3

Concentration-Compactness Principle (see [17]) if A is large enough (this assumption is needed
to prevent vanishing).

In [10] the existence of ground states related to the problem (4.26) has been studied.
However, our method cannot be used to prove the symmetry of these ground states because
the nonlocal term appears in the constraint.

It is well-known that R; is a linear continuous map from LP(R?) to LP(R3) for 1 < p < oo
(see [23]). If u? € L2(R?), then Ry(u?) € L?(R?) and by Plancherel’s theorem we get

2, 1 - 2 . 1 & 5,002
@) [ R = oo [ RGP d = G [ e de

We have the following symmetry result :

Theorem 4.9 Let u € H(R?) be a solution of the minimization problem

minimize FE(u 2/ |Vu]2da;+/ F(u dx—f/ IRy (u?)|? dx

subject to Q(u) = /R3 G(u(z))dx =\

under the following assumptions :
a) F, G: R — R are C? functions, F(0) = F'(0) = 0, G(0) = G'(0) = 0 and there exist
C >0, o <5 such that
|F'(u)] < Clul” and |G’ (u)] < Clul” for |u| > 1.

b) For any e >0, G' #0 on (—¢,0) and on (0,¢).
Then, after a translation, u is radially symmetric in the variables (zo,x3) (i.e. u is axially
symmetric).

Proof. Making a translation in the xo direction if necessary, we may assume that
A
/ G(u(zx))dr = / G(u(z))dr = =. As before, we define u; and ug by
{z2<0} {z2>0} 2

e u(zy, g, 3)  ifwy >0 2T T u(xy, e, x3) if zo > 0.

It is obvious that Q(u1) = Q(u2) = A\. Moreover, using (4.28) we get

E(u1) + E(ug) — 2E(u)

1 2
i V W\l !d£+/ W o) de — /3&1%(5)\%}
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Recall that by (2.53) and (2.54) we have the equality
L. raz‘” oPdc+ [ |2\T<P( oPdc—2 [ m?’ (©)F de
/OOAA S g
0 @(51,5) ’2 51

=y &
™ JRN-1 (€] +1¢
for any ¢ € C®(RY), where j € {2,...,,N}. It is obvious that the left-hand side of (4.30)
defines a continuous functional on L?(R”Y). By the next lemma, it follows that the right-hand

side of (4.30) also defines a continuous functional on L?(R). Then the density of C>*(R")
in L2(R") implies that (4.30) holds for any ¢ € L*(RY).

(4.30)
dg’

Lemma 4.10 Let j €{2,...,N}. The bilinear form

&1 /
Sl(gpﬂj})_/RN ) 6,’/ gla §1+|§,‘2 dgl / ?l) 7717 1+|§,‘2 d771d5

is continuous on L(RN) x L2(RN).

Proof. As in (4.13) we have

. / 51
‘/0 @(fhf)md& <

1
oo
where K = ( /0 a +t2)2 dt) . Consequently

wm%wﬂskﬁéw]‘§2(£”@@hswwﬁ)%([”@mhéﬁdm)é%’
<[ ([ \@(m’)%); ([ I@(m,ﬁ’)\Qdm); e
<i([ e Qd&ds) (L, [ e rzmnd5>l

< Killollpzmm)l 9]l 2 mvy-

-

.KP;ﬁ(A“Wa@Lfvﬁd&)Z,

O
Since u?, u?, u3 € L?(R?) (recall that H'(R3) c L?(R?®) N L5(R?)), by exchanging the
roles of 27 and x2 and using (4.29) and (4.30) we find

E(ul) + E u2 — 25 (u)

s he e

where Agp = %(@(1'171’271'3) — (a1, —x2,23)).
Since u is a minimizer, we must have E(u1)+ E(u2) —2E(u) > 0, consequently the integral
in the right-hand side of (4.31) must be zero, which is equivalent to

&
&+ &3+ &2

€2

(4.31)
G486 +¢3

/ Ap(@?) (€1, 62, 63) = des| de de,

(4.32) / As(2)(1, 60, 3) dés =0 ae. (€1,6) € R2.
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In particular, u; and ug are also minimizers. However, as in the previous example, (4.32) is
not sufficient to prove that As(u?) = 0. In order to accomplish this task, we will use the
Euler-Lagrange equation of w : since u minimizes F under the constraint Q(u) = A, there
exists a constant « such that F’'(u) + aQ'(u) = 0, that is

(4.33) —Au+ F'(u) + R} (v*)u + oG’ (u) = 0.

Lemma 4.11 If F and G satisfy assumption a) in Theorem 4.9 and v € H'(R3?) is a solution
of (4.33), then u € W3P(R3) for any p € [2,00). In particular, u € C*(R3).

Since Ry and R? are linear continuous mappings from LP(R3) to LP(R?) for 1 < p < oo,
the proof of Lemma 4.11 is standard, so we omit it.

Let I(p)(z) = / oY) dy. Using Lemma 4.5 it is easy to see that I(u?) € W2P(R?) for
R

8 o —y
any p € (3,00] and I(u?) is a C? function. Moreover, we have
2/ 2 f% ") 1 o )
F(R{(u))(§) = —@U (&) = —dfsfll(u )(),
3
where d3 = %, thus R?(u?) = ?23722[(“2)' Equation (4.33) can be written as
2 1
(4.34) —Au+ F'(u) + ia—Q (I(u2)) u+aG' (u) =0
' ds Ox3 '

Arguing exactly as in the proof of Theorem 4.6, (4.32) implies that 8%2 (I(u?)) (z1,0,23) =0
for any (z1,23) € R2
Since w1 is also a minimizer, it satisfies the Euler-Lagrange equation

1 9 5
(4.35) B+ Fln) + - (1(ud)) ur + BG'(w1) = 0.
The conclusion of Lemma 4.11 is obviously valid for uq. Since uq is symmetric with respect to
w2, I(u?) is also symmetric with respect to x2 and, consequently, 3%2 (I(u?)) (21,0,23) = 0 for
any (r1,73) € R% We set U = I(u?) and Uy = I(u?). Recall that u(z1,z2, v3) = ui (21,72, r3)
if 9 < 0 ; thus U and Uy are both solutions of

—AW = u? in R x (—00,0) xR,
(4.36) W e CHR3)NW2P(R3) for 3 <p<oo
g%(:cl,o,xg) =0 for any (r1,z3) € R2.

It is not hard to see that the solution of (4.36) is unique. Hence we must have I(u?) = I(u?)
in R x (—00,0] x R. In the same way we obtain I(u?) = I(u3) in R x [0,0) x R.

Now we focus our attention on u;. Making a translation in the x3 direction if necessary,

we may assume that / G(ui(z))dx = / G(ui(z))dx = % We define

{13<0} x3>0

B Ul(xla T3, ;p3) if z3 <0,
w1($1,$2,x3) - { ul(x17x27 —Jjg) if I3 Z 07
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w (l’ - ): ul(xl,:n27—x3) if xr3 < 0,
2151, 52,23 ui(x1, 2, 3) if xz3 > 0.

It is obvious that Q(w;) = Q(w2) = \. Proceeding as above, we find the identity
E(wl) + E(’wg) — 2E(’LL1)

(4.37) 1

L
 4(2n)3 7 Jre €2 + €3

where Asp = 3(p(21, 2, 23) — (21,22, —x3)). Since u; is a minimizer, it follows from (4.37)
that w; and we are also minimizers of F under the constraint ) = A; hence w; and wsy
satisfy the conclusion of Lemma 4.11 and I(wy), I(w2) € C?*(R3) N W?2P(R?) for p € (3, x].
Moreover, the integral in the right-hand side of (4.37) must be zero. As previously, this gives
%I(u%)(ml,mg,O) = 0 for any (z1,72) € R% Proceeding as above, we find I(u?) = I(w?) in

R? x (—00,0] and I(u?) = I(w3) in R? x [0, 00).

&3
G++¢

2
dgs| d&i d&o,

/OOO Afs/@%)(fl,éza&s)

Now let us consider the function wy. It is clear that wy (1, —xe, —23) = wi(z1, —x2,23) =
wi(x1, e, x3), i.e. w; is symmetric with respect to xo and with respect to x3. Consider a plane
II in R3 containing the line {(21,0,0) | 71 € R} and let I, and II_ be the two half-spaces
determined by II. Since (21,22, 23) — (21, —x2, —x3) maps II; onto II_, using the symmetry

A
of w1 we get / G(wi(x))dex = / G(wi(x))de = 5 Let sy denote the symmetry in R?
I, I

with respect to II. We define

r(z) = { w1 (x) ifexell_, and

] wi(sn(z)) ifxelly ro(x) = { wi(sn(zr)) fzell_,

| wi(2) if z € I14.

Repeating the above arguments we obtain an integral identity analogous to (4.31) and (4.37)
which implies that r; and 75 also minimize E subject to the constraint ) = A. Furthermore,
using the fact that the integral in the right-hand side of this identity must vanish we find

0

(4.38) 8—[(10%)(:31,@,933) =0 whenever (z1, z2,x3) € 11,
n

where n is the unit normal to II. Passing to cylindrical coordinates we write
I(w})(z1, 22, 23) = I(w})(21,7cosb,rsinf) = ®(zq,7,0), where r = (/23 + 23. Since I(w?)
is a O2 function and (4.38) is valid for any plane II containing {(x1,0,0) | #1 € R}, (4.38) is

0P
equivalent to 20 = 0, that is ® does not depend on 0, i.e. I(w?)(z1,z2,23) = ®1(z1, /23 + 22)

for some function ®;. In other words, we have proved that I(w?) is radially symmetric in the
variables (r2,73). In the same way we show that I(w3)(x1,72,23) = ®2(z1, /73 + 22) for
some function ®5. Since I(u?) is continuous on R?, I(u?) = I(w?) in the half-space {r3 < 0}
and I(u?) = I(w3) in the half-space {z3 > 0}, we have necessarily ®; = ®5, and then I(u?) is
radially symmetric in the variables (z2,x3). Similarly, I(u3) is radially symmetric in (xq, z3).
Recall that I(u?) = I(u?) in the half-space {xo < 0} and I(u?) = I(u3) in the half-space
{2y > 0}. But I(u?) is a continuous function on R?, thus we must have I(u?) = I(u?) = I(u3)
on R3, consequently I(u?) is radially symmetric with respect to (2, z3).

If w = 0 in the half-space {z3 < 0}, it follows that u; = 0 in R? and then I(u}) = 0 which
implies I(u?) = 0 in R3. In this case (4.34) becomes —Au + F'(u) + aG’(u) = 0 and from the
Unique Continuation Principle we infer that u = 0 in R3, thus v is radially symmetric in a
trivial way. Obviously, the case u = 0 is excluded if X\ # 0.
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If u # 0 in the half-space {x3 < 0}, by assumption b) there exists (z1,z2,73) € R?, 22 <0
such that G’(u(x1,z2,73)) # 0. Since u = uj on {xy < 0} and I(u?) = I(u?) on R3, from

(4.34) and (4.35) we infer that a = 3. Let a(z) = %6% (I(u?)) (z) = %8‘% (I(u?)) (z). We

know that a is a continuous and bounded function on R?. The functions v and u; both satisfy
the equation —Aw + F'(w) + a(x)w + aG’'(w) = 0 in R? and using the Unique Continuation
Principle again we conclude that w = u; in R3, i.e. u is symmetric with respect to zs.

In the same way we prove that u is symmetric with respect to z3 (after possibly a transla-
tion). Proceeding as in the proof of Theorem 4.1 we can show that u is symmetric with respect

to any plane containing the line {(z1,0,0) | 1 € R}, consequently u is radially symmetric
with respect to (xg,z3) variables. O

Remark 4.12 i) We have stated and proved Theorem 4.9 in dimension N = 3 only for sim-

plicity. Replacing the term/ IRy (u?)*(x) dz in E(u) b / |R1(H (u))|?(2) dz and making
R3 RN

suitable assumptions on the function H, this result admits a straightforward generalization to

RY, N > 3.

it) We do not know whether the minimizers in Theorem 4.9 are symmetric or not with
respect to x1. Recall that by (2.55) we have

[ imeera+ [ il -2 [ s

S :

&+1¢

for any ¢ € C°(RY). Clearly, the left-hand side of (4.39) is continuous on L?(R”). Proceeding
as in Lemma 4.10, it is easy to see that the right-hand side of (4.39) also defines a continuous
functional on L?(R”). Consequently, (4.39) holds for any ¢ € L?(R"). Using (4.28) and
(4.39) we have

(4.39)
d§

i Ap(€) g——s 5

1
€2

The right-hand side in this integral identity is always nonnegative and (4.40) does not imply
the symmetry of minimizers with respect to .

(4.40)  B(Tyu) + B(Tyu) — 2B(u) = >—1 /R e [T A A © L de S

7 (2m)N

i11) Let us change the sign of the nonlocal term appearing in Theorem 4.9, i.e. let us
consider the minimization problem

1 1
minimize Ey(u) = 5 / \ \Vu|? dz + / \ F(u)dx + 1 / , |R1(u2)|2dx
R R R

(4.41)
under the constraint Q(u) := / G(u(x))dr = A

R3
The minimizers of this problem (when they exist) give rise to standing waves for equation
(4.27) where the sign of the nonlocal term R?(|u|?)u has been reversed. Clearly, the integral
identities that we have do not imply the symmetry of solutions of (4.41) with respect to o
and xg3.

The symmetry of minimizers of (4.41) with respect to x; is also an open problem. As
above, in this case we have the identity

&1

2
u”))(€ )‘§|2

(4.42)  E,(Tyu) + Bu(Tou) — 2B (u) = —2—— /R 2 aé|” e des.

7 (2m)3

50



If w is a minimizer, the right-hand side of (4.42) must vanish. As in the proof of Theorem 4.9,
this implies %I(zﬂ)(o,xg,mg) = 0 for any (z2,73) € R%. Repeating the argument already
used in Theorem 4.9 we get I(u?) = I((Tyu)?) on {z1 < 0} and I(u?) = I((Tou)?) on {z; > 0}.
Moreover, if X # 0 then v and uy := Tju satisfy the same Euler-Lagrange equation, namely

1 92

J— / —_— —
(4.43) Aw+ F(w) = o

(I1w?)) w+ aG'(w) = 0.

Equivalently, defining U = I(u?) and U; = I(u?), we see that (u,U) and (ui,U;) are both
solutions to the system

(4.44) { —Aw+ F'(w) — 220w + oG (w) =0,

T ds 8:1:%
—AW = w?.
Moreover, (u,U) = (u1,U;) on {x; < 0} and u, u; satisfy the conclusion of Lemma 4.11. We

do not know whether this information together with the boundary condition g—j{l(o, T2,T3) =

g%((),xgjxg) = 0 imply that v = u;.

Remark 4.13 If N = 3, the nonlocal term in Theorem 4.9 can be written as

__1 & _ ! > 2
/R IR de = s /R O dE = = /Rf ( aﬁI(u?)) ()u*() de

1 0% . 1 ) ,
— _033/33 —&U%I(u )(x)u?(z) de = _d3/RS Agu (2)K (z — y)u’(y) dz dy,
62 1 21.273327‘%2 . . ) .
where K (z) = 522 (ﬁ) = —1 =2 -3 Since this kernel changes sign, spherical rearrange-
oA (22 +23+a2)?

ments in the variables (x2,x3) combined with Riesz’ inequality cannot be used to prove the
symmetry of minimizers.

Remark 4.14 It is worth to note the following simple idea : let u, be a minimizer for a

variational problem like those studied in this paper. Suppose that one can prove that wu, is

U

n

the property / G(ux(z))dx = / G(us(z))dx (here II_ and II; are the two half-spaces
I I,

a C! function and that

= 0 whenever z € II, where II is any hyperplane in RY having

determined by II, n is the unit normal to IT and G is the function appearing in the constraint).
Proceeding as we did for I(u?) in in the proof of Theorem 4.9, one can prove that after a
translation, w, is radially symmetric. This method should be useful in problems where the
integral identities that one can obtain are not sufficient to deduce the symmetry of minimizers
and an unique continuation theorem is unavailable. Unfortunately it cannot give symmetry
with respect to only one direction.

5 Some open problems

We close this paper speaking about several problems for which the methods described above
(including ours) seem to fail.

First, let us come back to the two minimization problems considered in Theorem 4.1. As

before, if u is a minimizer of any of these problems, we may assume that / G(u)dx =
{z1<0}

o1



/ G(u) dz and we set u; = Tyu and up = Thu. Assume that s € (1,3). Then the identities
z1>0
(3.26) and (3.27) are still valid (see Corollary 3.5) and we get

16 i
E(u) + E(ug) — 2E(u) = —(SSLQ(SW)NSQ(AU) >0 in case A, respectively
T
16 si ~
E(u1) + E(ug) — 2E(u) = _WNSQ(AUJ) >0 in case B.
v

It is easy to see that these integral identities work in the wrong direction. Are the minimizers
still radially symmetric for s € (1,3) ?

Another problem is to study the symmetry of minimizers of

1 1
E(u) = 3 /R3 |Vu|? + /R3><R3 - y|u(uv)2u(y)2 dx dy + /R3 F(u(zx))dx

subject to the constraint

/ u?(z)dz = X > 0.
R3

In the particular case F/(u) = —C'|u|%/3, this problem arises in connection with the Schrodinger-
Poisson-Slater system ([22]). Due to the repulsive effect of the nonlocal term, Riesz’ inequality
as well as the Reflection method work in the wrong direction.

A last problem concerns the symmetry of minimizers of

B = [ @) @) de - [ el de

—00

+o00
where v > 0, subject to the constraint / u?(z)dz = X > 0. These two functionals are

conserved quantities for the Benjamin equati%on (see [1]). Symmetrization and reflection cannot
be used due to the sign of the nonlocal term. Oscillating travelling waves for this equation
have been found numerically; perhaps this is an indication that the minimizers of the problem
above may change sign.
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