GAPS AND FATOU THEOREMS FOR SERIES IN
SCHAUDER BASIS OF HOLOMORPHIC FUNCTIONS

PATRICE LASSERE & NGUYEN THANH VAN

ABsTrRACT. We prove a gap theorem and the "Fatou change-of-sign theorem"
for expansions in common Schauder basis of holomorphic functions.

1. INTRODUCTION

Let Q@ C C be an open set and K C () a compact. A regular

condenser in C is a pair C = (2, K) such that K = Ko (the holomorphic
hull of K in §2) and the extremal subharmonic function

hok(z) :=sup{u(z) : we SH(Q) : u<1, uk <0}
is continuous on {2 and has boundary value 1 on 0f2.

Let (F,), be a common Schauder basis of O(2) (space of holomorphic
functions on €2 equiped with the compact-convergence topology) and
O(K) (space of germs of holomorphic functions on K equiped with
the inductive limit topology limycy O(U) ) (for the existence of such
a basis see Nguyen T.V. [5] or Bagby [1]). (F,). is then a basis for
O(Q) (Va €]0,1]) where Q, = {2 € Q : hqx(z) <a}.

We will prove the following

1.1 Theorem : Suppose Q2 \ K connected. Let o €]0,1] and f €
O(2,) which is not analytically continuable to Qg for any B €|a, 1].
Let )", <o caky, be the expansion of f in the basis (F,), in O(Qq). Then
there exists a sequence € = (g,), € {0, 1} (resp. {—1,1}") such that
the function f. =) .,encaFy is not analytically continuable through
any point of 0Q,.

1.2 Remark : We know (Mityagin [4]) that any basis is absolute,
SO Y. <o Cn k), converges normally on every compact of €2, and so f, €
0(Qy).
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2. PRELIMINARY RESULTS

2.1 Theorem : (Siciak 8] Cor.3.4 and also Saint Raymond 7| lemma
4) Let (fn)n be a sequence of holomorphic functions in an open set
of C%. Let D be the set of points a € Q such that the serie ano fn

is normally convergent on a neighbourhood of a. Assume that D C Q.
Then there exists € = (g4)n € {0, 1} (resp. {—1,1}) such that the
function f. =" <oenfn cannot be continued analytically through any
boundary point of D.

Siciak proved this theorem for e € {0, 1}, but his proof works as
well for € € {—1, 1},

2.2 Definition : Let C = (2, K) be a reqular condenser in C. A
sequence (fn)n C O(R2) is said C-reqular when there exists R > 1 such
that

lim || full{" = R
for every compact disc A C Q\ K, with ap = sup,ca hax(z) and ||.||a
is the sup norm on A.

2.3 Fundamental Lemma : Let C be a regular condenser, let
(fn) C O(Q) be aC-regular sequence and (¢,), be a sequence of complex
numbers satisfying

lim sup |c,|'/" = R™,

n—oo

then there exists € = (g,)n, € {0, 1} (resp. {—1,1}") such that the
function f. = > Soencnfn € O(Qy) is not analytically continuable
through any point of 0.

Proof : Let

D={z€0 : Z Cnfn converges normally in a neighborhood of z}.
n>0

Following the above theorem of Siciak, it suffices to prove that D = (1,,.
Evidently Q, € D. Let a € Q\ Q4, A = D(a,r) C Q\ Q4. The
hypothesis on (f,), implies :

Vpe€lo,1], 3A(p) = A such that ||f.||la > Ap"R"**, VneN.
The hypothesis on (¢, ), implies :
V7 €]0,1[, 3B(r) = B, 3(ng)r /oo  such that
e, | > BT™ R, VkeN.
If we choose p and 7 such that r := pr R*27* > 1, then
lem fuulla > ABr™ 7 o0,
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and a € D. So D D Q,. Because Q_a = Qq, we have D = Q).
3. PROOF OF THE THEOREM :

Recall (Nguyen [5], Bagby [1]) that there exists a common basis
(By)n of O(2) and O(K) satisfying

lim || Bullge, = B, Va €)0,1],

where R = exp (27/C) and C'is the capacity of the condenser C :

C :=inf {// |Vu(2)|?dedy, ue CHQ\ K),up0 =1, upkx = O}
O\K

By the simultaneous quasi-equivalence theorem of Dragilev (Dragilev
[2], Nguyen-Lassére [6]) there exists (a,), C C* and a bijection 7
N — N such that the basis (Gy,), where G,, = o, Fr) is equivalent to
(Bn)n in O(£,), Va €]0,1[. This means that the relations T'(B,,) :=
G, n € N define a simultaneous isomorphism 7" for all the spaces
O(4), (a €]0,1]). One deduces easily from this that

(%) lim [|Gollpm. = R®, Vo €]0,1].

Lemma : (Nguyen [5] page 228) Let C = (2, K) be a reqular con-
denser with Q \ K connected. Let (G,), be a sequence of holomorphic
functions on € such that

lim |Gl = R*, Ya€lo,1],
then, for any compact disc A C Q\ K we have

lim HGnHlA/n = R**,  where aa =suphqgi(z).
n—00 z€A

Let f as in the statement of the theorem. Then, in O(£2,), we have
f = ZCnFn = ZdnGn = ZdnanFﬂ(n)
n>0 n>0 n>0
the series converge normally on any compact of €2, because any Schauder
basis of a Fréchet nuclear space is absolute (Mityagin, [4]). The se-
quence (d,), satisfies evidently
lim sup |d,|'/" = R~

n—oo

as consequence of (%) and the hypothesis f ¢ O(£3), V5 > .
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By the fundamental lemma, 3¢’ = (¢],), € {0, 1} (resp. {—1,1}Y)
such that the function

fo = Z e d,G, = Z €n o, Frgny = Zé;—l(n)ann
n>0 n n

holomorphic in €2, is not analytically continuable through any point

of 00 (cn = dr—1(n)Qr-1(n) by uniqueness of coefficients and the dif-

ferent series, absolutly convergent, are commutatively convergent). To

conclude, it suffices to put €, =€/ _, (n)" .

Remark : The following example was suggested by the referee : Let

Q:={z€C : [2-1] <2}, K:={z€C : |z2—-1] < a} where
2 og L

0 < a < 1. Here hgk(z) = log" %/logg. If a = ioig then Q,

is the union of two disjoints components D; (with —1 € D;) and Dy
(with 1 € Ds) whose closures intersect at the point 0. Let fi, fo be
two different entire functions (e.g. two different constant functions)
and consider f(z) := f;j(z), 7 = 1,2. Then f € O(Q,) and does not
have analytic continuation to any g with o < 8 < 1. By the theorem,
there exists a sequence ¢ € {—1,1} (resp. € € {0,1}) such that the
function f, := )" . encnF), does not have analytic continuation across
any boundary point of Q.
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