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Abstract

The purpose of the present paper is to study the limit cycles of one-parameter perturbed plane Hamilto-
nian vector field X,

x= Hy,+¢ef(x, 1
. y Fx,y) H =~

2
1 y- +U®)
y=—Hy+egx,y), 2

Xe

which bifurcate from the period annuli of Xy for sufficiently small . Here U is a univariate polynomial of
degree four without symmetry, and f, g are arbitrary cubic polynomials in two variables.

We take a period annulus and parameterize the related displacement map d(h, ¢) by the Hamiltonian
value i and by the small parameter ¢. Let My (h) be the k-th coefficient in its expansion with respect to €.
We establish the general form of My and study its zeroes. We deduce that the period annuli of X can
produce for sufficiently small ¢, at most 5, 7 or 8 zeroes in the interior eight-loop case, the saddle-loop case,
and the exterior eight-loop case respectively. In the interior eight-loop case the bound is exact, while in the
saddle-loop case we provide examples of Hamiltonian fields which produce 6 small-amplitude limit cycles.
Polynomial perturbations of X of higher degrees are also studied.
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1. Introduction

We consider cubic systems in the plane which are small perturbations of Hamiltonian systems
with a center. Our goal is to estimate the number of limit cycles produced by the perturbation. The
Hamiltonians we consider have the form H = y?> 4+ U (x) where U is a polynomial of degree 4.
In this paper we exclude from consideration the four symmetric Hamiltonians H = y? 4 x2 £ x*,
H =y? — x>+ x*and H = y? + x* because they require a special treatment, see [6]. Therefore,
one can use the following normal form of the Hamiltonian

H=lypyle 23,04 1u08 (1)
= — —x"—=x"+-x", a#0,—.
27 T2t T3t Ty 9

An easy observation shows that the following four topologically different cases occur:

a<0 saddle-loop,
O<a<1 -eightloop,
a=1 cuspidal loop,
a>1 global center.

There is one period annulus in the saddle-loop and the global center cases, two annuli in the
cuspidal loop case, and three annuli in the eight loop case. Note that @ = % is the symmetric
eight loop case which we are not going to deal with. Take small ¢ > 0 and consider the following
one-parameter perturbation of the Hamiltonian vector field associated to H:

).C =Hy +5f(xvy)7
5’=_Hx+€g(x»)’)7 (2)
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where f and g are arbitrary cubic polynomials with coefficients a;; and b;; at xiy/ respectively.
As well known, if we parameterize the displacement map by the Hamiltonian level /4, then the
following expansion formula holds

d(h,e) =eMi(h) + &’ Mr(h) + & M3(h) +..., hex (3)

where ¥ is an open interval depending on the case and the period annulus we consider. There is a
lot of papers investigating system (2), but most of them deal with M (%) only or consider pertur-
bations like f(x,y) =0, g(x, y) = (ag + a1x + a2x?)y. See e.g. the book by Colin Christopher
and Chengzhi Li [1] for more comments and references. In what follows we consider for a first
time the full 20-parameter cubic deformation (2) of the Hamiltonian system associated to H.
We suppose, however, that the arbitrary cubic polynomials f, ¢ do not depend on the small pa-
rameter ¢. To study the full neighborhood of the Hamiltonian system associated to H, it is also
necessary to allow that f, g depend analytically on ¢.

Our first goal will be to calculate explicitly the first several coefficients My, M», etc., in (3)
and then determine the least integer m such that system (2) becomes integrable provided that the
first m coefficients in (3) do vanish.

Let us rewrite system (2) in a Pfaffian form

dH =¢cw, w=g(x,y)dx — f(x,y)dy. 4)

We first establish that if M (k) = 0, then one can express the cubic one-form w in the perturbation
as

©=d[Q(x,y) = (§1 = 3)x° — gux®] + (Gx + px>)d H ©)

where Q(x,y) =), <itj<4 qijxi y/ and A, p are parameters. Obviously, there are simple ex-
plicit linear formulas connecting g;;, A and p to the coefficients of f and g, see the Appendix.
Below, we shall consider g;;, A and u as the parameters of the perturbation.

Theorem 1. The perturbation (4)—(5) is integrable if and only if either of the two conditions
holds:

D A=u=0;
2) qo1 =q11 =q21 =q31 = q03 = q13 =0.

In the first case system (4) becomes Hamiltonian and in the second one it becomes time-
reversible.
If M1(h) = M>(h) = M3(h) = Ma(h) =0, then the perturbation is integrable.

Corollary 1. The perturbation (2) is integrable if and only if either of the two conditions holds:

1) The divergence fy + gy is zero.
2) The polynomials f and g are respectively odd and even in y.

If M1 (h) = M>(h) = M3(h) = M4(h) =0, then the perturbation is integrable.
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When the perturbation is integrable, all coefficients My (k) do vanish in the respective period
annulus and the Poincaré map is the identity. When the perturbation is not integrable (that is
neither of the conditions in Theorem 1 holds), one can prove the following result. Take an oval
8(h) contained in the level set H = h, h € ¥ and define the integrals

I(h) = ?{ Kydx, k=0,1,2,...
s(h)

Theorem 2. The first four coefficients My (h), 1 <k <4 have the form
My (h) = ax(h)Io(h) + Br(h) 11 (h) + yi(h) 12 (h)

where ay(h), Br(h), vk (h) are polynomials of degree at most one. The second coefficient M»(h)
has the maximum possible number of zeroes in ¥ among My (h).

We use the above results in deriving upper bounds for the number of limit cycles bifurcating
from the open period annuli in the cases when the Hamiltonian has three real and different critical
values. For this, we take a perturbation with M1(h) =0 and M (h) £ 0, with all six coefficients
independently free.

Theorem 3.

(1) Inthe interior eight-loop case, at most five limit cycles bifurcate from each one of the annuli
inside the loop.
(ii) In the exterior eight-loop case, at most eight limit cycles bifurcate from the annulus outside
the loop.
(iii) In the saddle-loop case, at most seven limit cycles bifurcate from the unique period annulus.

The proof is based on a refinement of Petrov’s method which we apply to the much more
general case when the coefficients in M (h) are polynomials of arbitrary degree n, thus My (h)
being an element of a module of dimension 3n + 3.

Theorem 4. Let the coefficients oy (h), Bi (h) and yx (h) in the expression of My (h) be polynomi-
als of degree n with real coefficients. Then My (h) has in the respective interval ¥ at most 3n + 2
zeroes in the interior eight-loop case, at most 4n + 4 in the exterior eight-loop case, and at most
4n + 3 zeroes in the saddle-loop case.

In order to demonstrate that Chebyshev’s property (no more zeroes than the dimension minus
one) would not also hold in the saddle-loop case, we provide an estimate from below for the
number of bifurcating small-amplitude limit cycles around the center at the origin which concerns
all Hamiltonian parameters a # 0, %.

Theorem 5. For a close to —%, function My (h) can produce four small limit cycles around the
origin. For a close to — 3, function M»(h) can produce six such limit cycles. For all other values
of a € R, the number of small limit cycles produced by the function My (h) equals its dimension
minus one.
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The limit cycle in addition in the saddle-loop case is obtained by moving slightly the Hamil-
tonian parameter a in appropriate direction from the respective fraction.

The paper is organized as follows. At the beginning, we compute explicitly the coefficients
My, for k =1,2,3,4. Tt is easily seen from their explicit expressions that for each k they form a
set which is

a vector space of dimension four, for k = 1

a vector space of dimension six, for k =2

a union of three distinct five-dimensional vector spaces, for k =3
a union of three distinct straight lines, for k = 4,

and when M| = My = M3 = M4 = 0, then the perturbation becomes integrable. The function
M, takes therefore the form

M (h) = alo(h) + B11(h) + y I2(h) (6)

where «, 8, y are arbitrary linear functions in 4.

Next, considering the generalized situation when M5 is a function of the form (6) in which
o, B, y are arbitrary degree n polynomials in /&, we establish that M, would have at most 3n + 2
zeroes in the interior eight-loop case, 4n + 4 zeroes in the exterior eight-loop case, 4n + 3 ze-
roes in the saddle-loop case. We apply these results to our problem by taking n» = 1. Finally, we
provide examples of Hamiltonian fields in the saddle-loop case which produce 4 and 6 small-
amplitude limit cycles, respectively when M; # 0, and M| = 0 but M, = 0. For all other cases,
the number of such small-amplitude limit cycles is less than the respective dimension.

2. Calculation of the coefficients M; (k)

In this section we are going to calculate the first four coefficients in (3). We use the recursive
procedure proposed by Francoise [2], see also [7,8].

2.1. The coefficient M1 (h)
We begin with the easy calculation of My (h).
Proposition 1.
(1) The function M1(h) has the form
Mi(h) =arlo(h) + Bili(h) + y112(h), (7
where a1 is a first-degree polynomial in h and B1, y are constants, depending on the per-
turbation.

@ii) If M1 (h) =0, then one can rewrite the one-form w as (5) where Q is a polynomial of degree
four without constant term and A, L are constant parameters.

Proof. By a simple calculation, one can rewrite w in the form w =d Q(x, y) + yq(x, y)dx with
Q and g certain polynomials of degree 4 and 2, respectively. Denote for a moment by ¢;; the
coefficient in ¢ at x'y/. Then
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¥q(x, y)dx = (co1 + c11x)y*dx + (coo + crox + c20x?)ydx + copy’dx.

Next, y3dx = QH — x? + 3x3 — 4x¥)ydx = QH — x?)ydx + yd(l — mx5) Using the
identity 1 3X7 — {5 X = %H 5xH+(4§a 5))c — mxz 15ay + xy we derive the
equation

Vidx =d(7xy’ — 5123 + (75 — 0)ydH + [ X (g = )xPlydx. (®)

Replacing in the formula above and taking into account that My (h) = f; @ = s a Ya(x, y)dx,
one obtains formula (7) with

2 4 3
o1 = €0 + Legh, Br=cio— 7202, Y1 =c20+ (7; — F)coz.

Now, M1(h) =0 is equivalent to cop = c10 = 20 = co2 = 0 (see Corollary 2 below) and @
becomes w =dQ — %yz(k + 2ux)dx where A = —2c¢q1, 4 = —c11. On the other hand (modulo
terms d Q)

—1y2(A 4+ 2ux)dx = (Ax + pxD)d(H — $x% + x3 — 4x%)
= (x4 ux2)dH 4+ (x + pux?)(—x +2x2 — ax3)dx
= (\x + ux?)dH +d(—%kx5 + %uxS — %ux6).

Proposition 1 is proved. O
2.2. The coefficient M (h)

By (5), if A = u =0, then the perturbation is Hamiltonian and all coefficients M} do vanish.
We will assume below that A and w are not both zero. Then the calculation of M;(h) makes
sense. Denote by g;; the coefficient at x'y/ in Q. Below, we split Q into an odd and even part
Q0 = Q1+ Q, with respect to y.

Proposition 2.

(1) If M1 (h) =0, then the function M>(h) has the form
My (h) = azlo(h) + Boli(h) + y2 I (h), )

where an, By and vy, are first-degree polynomials in h with coefficients depending on the
perturbation.
(1) If M1 (h) = My(h) =0, then the odd part of Q(x, y) becomes:
@) Q1=qii(x —2x? +ax?)y, if u=0;
(b) Q1 =—3g11(1 —2x+ax?)y, if»=0;
© Qi=qnx+5; a)“ x2)y, ifa <1 and a)* + 4rpu +4p? =0;
@ 0= ,lf)»li#Oanda)»2+4ML+4u #0.
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Proof. As well known, the second coefficient in (3) is obtained by integrating the one-form
wr = (Ax + pux?)w, that is

My(h) = f wr = %(Axwa)dQ(x,y):— f (4 21x) 01 (x, y)dx
S(h) 8(h) 8(h)

=— f]{ (O +2u)[(qo1 + q11x + ga1x% + g31x%)y + (go3 + q13x)y>1dx.
5(h)

Next, multiplying (8) by x and expressing the first term on the right-hand side in a proper form,
we obtain identity

xy3dx =d(;;x2y3 — mxy 126“2)1 H+ (42 5 %x — —xz)de

+1(55 + 30 H — = + Gz — 72)x% + (55 — ) ydr. (10)

In a similar way, multiplying (10) by x, we get

Vdx =d(bxdy — L2y 2 _ 2 .3
dx =d(5x 18axy 1892 %Y 1701a3y)

+( X+ g x? = 320y H + [(fgm + 5gx + 35 H

+

567a3 a2 18942

5% + (5503 — lggam + Gz — e + <% — Dx*ydx. (11)

- 567a
Replacing the values from (8), (10) and (11) in the above formula of M, (4), we obtain
My (h) = —I[qolo(h) + q111(h) + q212(h) + g313(h) + qals(h)]

where

q0 = Aqo1 + [ Aqo3 + == (Aq13 + 21q03) + 189%,2/16113]%

a1 = A1 + 20401 — 72403 — 7o (13 + 204403) — s 1q13
+ (3213 + 311403 + 55 i3],

a2 = Aqa1 +2pq11 + (55 — 3)Aqo3 + (ﬁ — 2)(Aq13 + 21q03)
+ (5o — een)igis + Suqish,

43 = 231+ 2001 + (55 — ) Aq13 +21403) + (555 — 551413,

ga = 21g31 + (& — Huqis.

In order to remove integrals I3, 14, we use the identity

%(ka’—i—%kxk*lU)ydx:O, U= h——x + x —}‘ax4
§(h)

which is equivalent to
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Blalys = ¥ Iy — Iy + Fhliey. (12)

Used with k =0, 1, 2, this relation yields
L=2n-1,

44 4
L= (% - )L — I + 7;hlo,

2142
__ (572 209 286 5 1 26

Replacing, we finally derive formula (9) with

o = —qo — 7Eqah,
Br=—q1 + 1q5 + 51544
V2=—q— 2q3+ (3 — $55)qu.

Then M>(h) =0 is equivalent to ap = B> = y» = 0 (see Corollary 2 below). Taking the coeffi-
cients at i zero, we obtain that either u = goz3 = ¢q13 =0 or u # 0 and g31 =¢go3 =¢q13 =0. In

the first case, A 7% 0 and taking the coefficients at 1 zero, we easily obtain ¢qo; =0, ¢21 = —24911,
g31 = aqq1 which is case (a). In the second case above, if A = 0, then one easily obtains
qo1 = —%QII’ q21 = —%5111 which is case (b). If A # 0, then taking the coefficients at 1 zero

yields go1 = 0 and equations —Ag11 + %uqm =0, —2uqi1 — (A + ;—‘M)qzl = 0. Provided that
ar? 4 4ap + 4u? =0 (it is possible for a < 1 only), one has g2 = %q“ which is case (c).
Otherwise, one obtains g11 = g21 = 0 which is case (d). Proposition 2 is proved. O

2.3. The coefficient M3(h)

It turns out that if Q1 = 0 then the perturbation is integrable. This is because the perturbed
system (2) becomes time-reversible in this case. Below we are going to consider the three cases
(a), (b), (c) when g1 # 0. For them, the next coefficient M3(%) in (3) should be calculated.
For this purpose, we need to express the one-form wy = (Ax + ux?)w as dS> + s»d H and then
integrate the one-form w3 = s>w.

Proposition 3. Assume that g1 # 0.
1) If M1 (h) = M3(h) =0, then the function M3(h) has the form
M3(h) = azlo(h) + B311(h) + y312(h), (14)
where a3, B3 are first-degree polynomials in h with coefficients depending on the perturba-

tion and 3 is a constant.
(i) If M1 (h) = M>(h) = M3(h) =0, then the even part of Q(x,y) becomes

02 = q20x" — (3g20 + 3027 + (%q20 + $1 — Jx* + (qo2 — 3rx — Tux)y* + goay?

where = 0 in case (a), > = 0 in case (b) and ar* + 4rp + 4> = 0 in case (c).
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Proof. To find s», is suffices to perform the calculations modulo exact forms. Let us handle first
case (a). By (5) one obtains (neglecting the exact forms)

wy = axd[(qo2 + q12x + g22xP)y* + qoay® + i1 (x — 2x* + ax?)y] + A2x*d H.

Then xdqi1(x — 2x* + ax®)y = —q11(x — 2x> + ax¥)ydx = —quyd(H — 3y*) = —qu1ydH.
Similarly,

xd(qoz + q12x + gx?)y? =2xd(qo2 + q12x + gx)H
= —2(qo2 + q12% + qo2x?) Hdx = 2(qoox + $q12x* + 3qx’)d H.

Finally,
xdqgosy* = qoaxd[4H? — 4H (x? — éx3 + g)64)] =8quxHdH
+4qgosH (x* — x + ax4)dx =4qg04(2xH — —x + x l‘l—ox5)dH.
Summing up all terms together, we obtain for case (a)
52 = A2x? — g1y + 2h(qoax + 26112)6 + 3Q22x3) +4rqos(2xH — x + 1x4 x).
In a similar way, we consider (b). In this case,
w2 = pux?d[(qoz + qi2x + q22x)y* + goay* — g1 (1 — 2x + ax?)y] + p’x*d H.
Then —%xzd(l —2x + axz)y =(x—2x%+4 ax3)ydx =ydH,
2 23,2 9,2 2
x°d(qo2 + q12x + g22x7) y* =2x7d(qo2 + q12x +g22x°)H
= —4(qo2x + q12x* + quox) Hdx = 4(5qoox* + 3q12x> + 1920x*)d H,
x2dy* = x?d[4H? — 4H (x* — 33 + $x¥)| = 8x*HdH
+8H (x3 — 3x* + 4x%)dx =8(x?H — Jx* + £x® — £x6dH.
Summing up all needed terms, we obtain in case (b) the formula
_ 2,4 e 2 418 2y _ _ a6
52 = p2x* + pqury + 4u(Gqox® + 1qiax + gnxt) + 8ugos(x Tt fxd — &),
Finally, in case (c) we have aA” + 4iu + 4u* =0 and
w2 = (x + px)d[(qoz + qi2x + g0xH)y? + qoay* + qui(x + £ “ x2)y] + (x 4+ ux?)?dH.
As above,
(Ax + pux2)dgn (x + g)‘ 2y =—q11(x + 5 2)()\. +2ux)ydx

=—qnyd(5x* + %)ﬁ + L x*) = —Agi1yd(H — %yz) =—Aq11ydH,
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Ox + pnx?)d(gor + qiox + qox?)y* = —2H (qo2 + q12x + q22x?) (h + 2ux)dx
= [22q02% + (hq12 + 211902) x> + F (Aga2 + 2uq12)x° + pugox*1d H,

(hx + 1x®)dqosy* = qoa(hx + px?)d[4H? — 4H (x> — 327 + §x)]
=8qos(Ax + ux®)Hd H + 4qos H (x* — %x3 + %x4)()\ +2ux)dx
=4gua2(ix + pxHH — 2ax3 + Ga — dpyx® — (Sr — L)xd — Lux®ldH.

Summing up all terms, we obtain in case (c) the respective formula

52 = (x + pux?)? — hqu1y + 22qo2x + (Aqi2 + 214g02)x* + 3 (Ag22 + 21q12)x>
+ugx® 4+ 4goal20:x + px) H — 3ax’ + (51 — 3x* = (51 — f5x° — §uadl.

In order to calculate M3 at once for all three cases (a), (b), (c), we shall use the formula of
s2 for case (c) from which the other two cases are obtained by taking u or A zero. Indeed, let us
denote by sg the even part of 5o with respect to y. Then s =«y + sg where kK = —Aq11 in cases
(a), (c) and k = g1 in case (b). Then

Ms(h) = f s200 = f kyd[ Q2+ (G — $0)x° — Gux®] + y{ s9dQ1=1+1.
8(h) 8(h) 3(h)

We further have
I =k f [(q10 + 2g20x + 3q30x> + 4qaox” + Qu — aM)x* —apx”)y + (3q12 + g22%)y31dx

5(h)
=« (golo +qi1ly +q2l> + q313 + qals + g515)

with
90 =q10+ (3912 + 317922)h.
91 =2q20 — 512912 — G292 + g2k,
q2 =3q30 + (ﬁ - %)412 + (# - %)qzz,

g3 = 4q40 + (& — Dan,

q4=2u —ax,

qs = —ap
(we used (8) and (10) as well). On the other side, integrating by parts one can rewrite J as
J = —Sﬁa(h)(sg)/QMx = J1 + J» where J; is the part corresponding to the expression in sg

which contains go4. Let us first verify that J, = 0. Indeed, one can establish by easy calculations
that
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4goal 2%+ 4px)H — hx® + (32 = 20)x° — (51 — St —apx’]
= 8q04 (b + 21x)(H — 327 + 327 — %) = dgoa (0 + 2p2)y?,
—01(A+2ux) =ky(x — 2x2 + ax3).

Hence,

Jo =4kqoa f x - 2x2 + ax3)y3dx =4k qoa f y3d(H - %y2) =0.
8(h) 8(h)

What J; concerns, another easy calculation shows that

—2[(Ax + px2) (A +2ux) + Agoz + (hq12 + 21q02)x + (Aga + 2uq12)x? + 2ug2x3104
= 2ic(x — 2x2 +ax?)[qoz + (q12 + M)x + (g22 + ) x>y

for all three cases. Therefore, by integrating, one obtains
J=J=xhh +rlh+r3l3+r4ls+rsls)
where

r1 =24,

ry =21 —4qo + 2412,

r3 =21 — 41 + 2aqu — 4q12 + 2q22,
r4 =2air — 4 +2aq12 — 4q2,

rs =2apu + 2aqan.

Combining with the formula of / and using (13), one obtains expression (14) with coefficients

a3 =k[qo + 75h(qa+ra) + 35 h(gs +rs)],

By =xlqr+r— 2(q3+73) — 517(qa +14) — (B — 25 — i) (g5 +15)],

vs=klgr+r+ 2@z +r3) + (25 — D)@ +r) + EE — 22 (gs +7r9)].

It is seen that o3 and B3 are first-degree polynomials while y3 is a constant polynomial. This
proves part (i) of the statement. To prove part (ii), assume that M3(h) vanishes, which is equiv-
alent to a3 = B3 = y3 = 0 (see Corollary 2 below). Then by straightforward calculations one
obtains that this is equivalent to

q10="0, @30=—3420— 3, qa0=5a0+3h—Ju, qr2=—3h gn=—3u

which yields the needed formula of Q,. Proposition 3 is proved. O
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2.4. The coefficient M4(h)

Replacing the values of the coefficients we just calculated, we obtain

o= g2 — Ax — pux?)(x — 2x2 4+ ax’)dx
+d[Q1 + (qo2 — 3Ax — 3ux)y? + goay*] + (x4 px?)dH,
s2= 3 (x4 pux2)? + ky + 22 (hx + px?)
+4q0al200x + px?) H — M52 — 1t 4 5x°) — (3t — Sx% 4 ¢x0)1.
Proposition 4. Assume that q11 # 0 and M{(h) = My (h) = M3(h) = 0. Then the function M4(h)
has the form
My(h) = )&61131 [2h1o(h) — (Bah + ?—1 )Il(h) + (— - —)Iz(h)] =0,
Ma(h) = =343, [Io(h) =211 (h) +aly ()], A =0,

2
Ma(h) = —(% + g—ﬁ)qﬁ[zull (W) +arb(h)], An#0, a)l?+4wu+4p?=0.
Moreover, M4(h) # 0.
Proof. In what follows, it is useful to introduce notations

A= A(3x —gx +10x5)+u(2x —15x —|—“x6)

B = xz—%x?’—i—%x“, L =Xx + px2.

N—

Then dA =2BdL, 2q20 — L)dB =d[(2q20 — L)B + %A] and one can rewrite the expressions
of w and s, as follows:

® = (220 — L)B'dx +d[Q1 + (qo2 — L)y + qoay*] + Ld H,
=d[Q1 + (2q20 — L)B + 5 A+ (qo2 — 5L)y* + quay*1 + LdH,

= %LZ +xy+2q02L +4q04(2LH — A).

Below, we are going to express the one-form w3 = s»w in the form w3 = dS3 + s3d H in order to
calculate M4(h) = 568 (h) @4 where w4 = s3w. As above, we can perform our calculations modulo
exact forms. Thus,

w3 = sow = s2Ld H + (odd part) + (even part),
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(odd part) = ky[(2q20 — L)dB + d((go2 — 3L)¥* + qoay™)]
+[3L% +2q02L + 494 2LH — A)1d 0,
=iy[(2q20 — L)d B — 3d(Ly*)]
— QI(GLL +2q02L +8qoa HL' — 8qo4 BL))dx — 8goa L Q1d H
=Kky(2q20 + 3L + 2902 + 4q0ay*)d B — Sk yd(Ly?) — 8qo4 L Q1d H
= [xy(2q20 + %L + 2402 +4qo4y*) — 8qouL Q11d H
— %Kyd(Lyz) — %KyzLdy
= [ky(2q20 + L + 2q02 + 4q04y*) — 8qo4L Q11d H.
We used that — Q| L’ = kyB’ and %yz = H — B. Similarly, by using the identity (2g20 — L)d B =
d[(2g20 — L)B + %A] one obtains
(even part) = kyd Q1 + [3L% + 2qoa L + 4qoa QL H — A)]x
x[(2q20 — L)dB + d((qo2 — 5L)y* + qoay™)]
=—«Q1dy —[(2q20 — L)B + A + (qo2 — SL)y? + qoay*1
x d[3L? + 2oL + 4qo4 QL H — A)]
=—[Qq20 — L)B + $A + (q02 — 3 L)y + qoay"[5L + 2902 + 4qoay°1d L
—8qo4L[(2920 — L)B + 3 A + (qo2 — L)y + qoay*ldH — ky~' Q1d H
= —[243, + 0oL — 5L* +4q04((2q20 — L) B + 3 A)]y*dL
— (6q02q04y* + 443,y®)d L
—8g04L[(2920 — L)B + 3 A + (qo2 — 3L)y* + quay*ldH — ky~' Q1dH
= [4q022L + %qong — %L?’ +8qo4 X1dH
+[24¢02qg0s RLH — A) + 96g3,(LH*> — AH + Y)ldH
—8q0sL[(2q20 — L)B + YA + (o2 — 3L)y* + qoay*1dH — ky~' Q1dH

where d X = [(2q20 — L)B + %A]dL and dY = B2dL. Finally, summing up all terms with d H,
we obtain the expression

53 = ky(2q20 + 3L + 2902 + 4q04y*) — 8q0sL Q1
+4g3L + 8o L2 + L% + 4q04(L + 6q02) QLH — A)
+8g0s X +96¢3,(LH> — AH +Y)
—8q0aL[(2g20 — L)B + %A + (qo2 — %L)yz +qoay* 1 — Ky 101,

It should be mentioned that some terms in s3 were included in s, and s; = L, too. Since M>(h) =
%(h) siw = 0, the terms H*L have no impact in the values of M3(h) = fa(h) sow and My(h) =
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355(11) s3w. In the proof of Proposition 3, we have established that J, = 565(h)(2LH —Aw=0.

By M3(h) = 0, one obtains that the terms H*A and %Lz + «y will have no impact on the value
of M4 (h), too. Using these facts, one can rewrite M4(h) in the form

My(h) = yg (010 + 0w+ o3w) = K1 + K2 + K3
s(h)

where

o1 = ky(2g20 — 2902 + 3L + 4q04y?) — 8904 L 01
—8q04L[(2q20 — L)B + 3 A + (qo2 — L)y* + qoay™].
oy = PL3 +4gosLQLH — A) + 8qou X + 96¢23,Y.

o3= —ky~'Q).

Below, we are going to verify that K + K> = 0. Therefore

My(h) = f 03w = f 03d Q1 =« 55 y 101 01dx.

8(h) 5(h) 8(h)

Then the three formulas in Proposition 4 follow by simple calculations making use of (13). Since
it is assumed that (|A| 4+ |ul)g11 # 0, Ma(h) is not identically zero. Note that the coefficient
at the third formula in Proposition 4 vanishes for 21 4+ 3u = 0, however this is equivalent to
a= g, a value corresponding to the symmetric eight loop, which was excluded from considera-
tion here.

To finish the proof, it remains to calculate K, and K;. We obtain (modulo one-forms
dR + rd H which yield zero integrals)

0w =0d Q1 = —Qid[9 L3 +4gpaQL*H — LA) + 8qo4 X + 9643, Y]
=—01[QL2L +8quQLH — YA — BL)L'
+8404((2q20 — L) B + S A)L + 9643, B>L'1dx
=—Q1L'[RL? + 8404(220B + Ly?*) + 9643, B*1dx
= kY[ L? + 8904(220B + Ly?) + 9643, B°1d B
=ky(9 L? +8qoaLy?)d(H — 3y?) = —k (¢ L*y? + 8qoa Ly*)dy

=(BLy + Sqouyd)Ldx.

Finally (again modulo one-forms dR + rd H),
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010 = [ky(2g20 — 2q02 + 3L + 4904y?) — 8904 L Q1w
—8g04L[(2920 — L)B + 5 A + (qo2 — 3L)y* + qoay*1d 0,
= [ky(2g20 — 2902 + 5L + 4q04y*) — 8qo4L Q1]
+8g04 Q1L'[(2q20 — L)B + S A+ (qo2 — 3L)¥* + qoay*1dx + 8qos L Q1
=ky(2g20 — 2902 + 3L + 4q0syH) o
—8q04ky[(2g20 — L) B + 3A + (q02 — 5L)y* +qoay*1d B
=ky(2q20 — 2902 + 3L + 4qouyHw
+ 8404k y*[(2g20 — LYB + YA + (qo2 — 1L)y* + qoay*1dy
=ky(2g20 — 2902 + 3L + 3q0syH)o.

Since
o =d[(2q20 — L)B + S A + (q02 — $L)y* + qoay*]
= [(2g02 — 2g20 + %L)y + 4qo4y>1dy — %yzdL,
we last obtain by easy calculations that ojw = —K(%Ly3 + %qo4y5)dL. Proposition 4 is
proved. O

3. The Petrov module

In this section we recall the algebraic structure of the set of Abelian integrals and differentials,
related to the bivariate polynomial H, defined by (1). The polynomial H is semiweighted homo-
geneous, with weighted degrees degx = 1, degy = 2, and highest weighted homogeneous part

%yz + %x“ (a # 0). For such polynomials the theory developed in [3] applies. Namely, define as
in the preceding sections the differential one-forms and Abelian integrals

wr = x*ydx, 1k=1k(h)=/wk,k=0,1,2
8(h)

and consider the function space

Ay = fw:w:de—i—Qdy,P,Qe]R[x,y]
s(h)

where R[x, y] is the ring of polynomials in x, y. It is an infinite dimensional real vector space,
having an additional structure of a R[#]-module, defined by the multiplication

h~/w=/H(x,y)a).
8(h) 8(h)
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Clearly, if « =dA 4+ BdH for suitable functions A, B, then the corresponding Abelian inte-
gral fa(h) o vanishes identically. This motivates the introduction of the quotient vector space of
differential one-forms

Ql

Py=—
A= 100  QOdH

where Q! is the vector space of polynomial one-forms on R? and Q° = R[x, y]. Similarly to Ay,
the infinite dimensional vector space Py has an additional structure of R[/]-module with multi-
plication defined by

h-w=H(x,yo.
Recall that a free module is a module having a basis (a generating set, linearly independent over
the ring of coefficients R[%]). The next Proposition has been known to Petrov [11], but its proof
in a more general setting goes back to Ilyashenko [9]. For more details we refer to [3].
Proposition 5.
o The R[h]-module Py is freely generated by wy, w1, ws.

o The R[h]-module Ap is freely generated by Iy, 11, I,.
o The natural map

Py — Ay (15)
> fa) (16)
8(h)

is an isomorphism of R[h] modules.
The precise meaning that A is freely generated by Iy, 11, I» is as follows.
Corollary 2. Let a(h), B(h), y (h) be (real or complex) polynomials in h. The Abelian integral
I(h) =a(m)lo(h) + B(h) 11 (h) + y (W) I2(h) a7
is identically zero, if and only if a(h), B(h), y (h) are identically zero.
From now on we denote by A, the vector space of Abelian integrals of the form (17), with
dega <n,degB <n,degy <n.

Clearly the dimension of the vector space A, is at most 3(n + 1). The vector space of Abelian
integrals A, coincides, however, with the space of Abelian integrals

/ P(x,y)dx + Q(x, y)dy (18)
5(h)
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where P, Q are real polynomials of weighted degree 4n 4 5, where the weight of x is 1 and the
weight of y is 2. Therefore, according to [3, p. 582] we obtain

Corollary 3.

2 1
dimAH=3+[n+z]+[n+z]+[n]=3(n+1).
Let i be a non-critical value of H. The complex algebraic curve
Tp=1{x,y)€C?: H(x,y)=h} (19)

has the topological type of a torus with two punctures. It follows that its first homology (co-
homology) group H{(I'y, Z) of the Riemann surface I'j, is of dimension three. The algebraic
form of De Rham theorem says that the first cohomology group H'(I'y, C) of I'j, is generated
by polynomial one-forms restricted to I'j,. Proposition 5 then implies

Corollary 4. The cohomology classes of the restrictions of the one-forms wq, w1, w2 on T'y, gen-
erate the vector space H! Ty, C).

Proof of Proposition 5. As
dwg=—dx Ndy,dw1 = —xdx ANdy,dwy = —x2dx A dy,

and the monomials 1, x, x2 generate the quotient ring C[x, y]/ < H,, H, >, then Py is a free
R[/#]-module generated by wg, w1, w3, see [3, Theorem 1.1]. It is straightforward to check that
the natural map (15) Py — Ap is a surjective morphism of R[A#]-modules. To complete the
proof, it remains to show that the kernel of this morphism is trivial.

Recall that if A, = {h1, h2, h3} is the set of critical values of H, and if A, is some regu-
lar critical value, then any closed loop / C C \ A, starting and terminating at /., induces an
automorphism (monodromy)

L - Hi(Ty

Z)— Hi(Th,.. 7).

reg’ reg’

This automorphism depends only on the homotopy class of / so it defines a group morphism
(monodromy representation)

T1(Ac, hreg) = Aut(Hy(Th,,,, 2)).

The key observation is that the orbit of the cycle §(h), under the action of the fundamental
group m1(A¢, h), spans the first homology group H;(I'y,, Z). Indeed, if this were true, it would
imply that if an Abelian integral I (h) = f{ 5(h) @ vanishes identically, then f Y@= 0 for any
y(h) € H(I'y, Z). Thus the cohomology class of the differential w on I'j, is trivial, which on its
turn implies that w = 0 in Pg, see [3, Theorem 1.2]. Therefore the kernel of the morphism (15)
is trivial.

To this end, we check that the orbit of §(h) generates Hy(I'y,, Z). Suppose first that the oval
corresponding to §(4) surrounds a single elliptic critical point (a center) of H. If H has three
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Fig. 1. The path / along which the cycle 6(h) vanishes, and deformation of the roots of the polynomial %xz - %x3 +
a 4
Z)C —h.

distinct critical values, the claim that the orbit of 8 (/) spans the first homology group H{(I'y,, Z)
follows from the proof of [3, Proposition 3.2]. In the degenerate cuspidal case (a = 1), the local
analysis of the branching of § (/) near & = 0 leads to the same conclusion.

Consider finally the case when §(/) is represented by an oval, which belongs to the exterior
period annulus of {d H = 0} (the so-called exterior eight-loop case, in which 0 < a < 1). Clearly,
8(h) does not surround a single elliptic critical point, but this condition can be relaxed. The
arguments from the proof of [3, Proposition 3.2] hold true also for cycles § (), which vanish at
any Morse critical point, along suitable path in C. The cycle & (k) turns out to be vanishing at the
saddle point (0, 0) of {d H = 0} along a suitable path in the complex h-plane. Indeed, with the
self-explaining notations of Fig. 5, let iy, € (hy, 00) be a real regular value of H and consider
the path / on the complex h-plane, shown in Fig. 1. Let §(h), be represented by a closed loop
on the algebraic curve I'j. The projection of this closed loop on the complex x-plane, and its
deformation as & follows the path [ is shown in Fig. 1. The conclusion is that the cycle §(h)
vanishes at the saddle point when % tends to the corresponding critical value %, along the path [.
This completes the proof of the proposition. O

4. Zeroes of Abelian integrals

In this section we find upper bounds for the number of the zeroes of the Abelian integrals
A, defined in (17) on the interval of existence of the ovals §(k). The dimension of A4, equals
3(n + 1), see Corollary 3. Similar results were earlier obtained for the space of non-weighted
Abelian integrals (18) (deg P, deg Q <n) by Petrov [11] and Liu [10], see the survey of Christo-
pher and Li [1]. Our upper bounds however do not follow from the aforementioned papers. They
will be proved along the lines, given in [4, section 7].

All families of cycles will depend continuously on a parameter # and will be defined without
ambiguity in the complex half-plane {4 : Im(h) > 0}. This will allow a continuation on C along
any curve avoiding the real critical values of H. In particular, it will be supposed that all three
critical values of H are real.
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S =

Fig. 2. The graph of the polynomial %xz - %x3 + %x4, % < a < 1, and the level sets {H = h}.

4.1. The interior eight-loop case

Using the normal form (1) we can suppose that g < a < 1. The Hamiltonian system d H = 0
has an eight-loop containing in its interior two continuous families of ovals, vanishing at a sin-
gular point, which is a center, as it is shown on Fig. 2. We denote by §(h) C {H = h} either of
these two families.

Theorem 6. The space of Abelian integrals A, corresponding to Fig. 2 is Chebyshev on the
interval of existence of 6(h).

Proof. H has three critical values h. = 0 < ho < hy, where hg corresponds to a saddle, and
he¢, ho to centers of the Hamiltonian system d H = 0. Let §(h) C {H = h} be the continuous
family of ovals defined on a maximal open interval ¥ = (., hy), where for h = h, = 0 the oval
degenerates to a point 6 (#.) which is a center and for 7 = h > 0 the oval becomes a homoclinic
loop of the Hamiltonian system d H = 0. The family {§(h)} represents a continuous family of
cycles vanishing at the center & (k).

We note first that Io(h), I1(h), I>(h) can be expressed as linear combinations of I(’)(h), Il’ (h),
I (h), whose coefficients are polynomials in & of degree one. Therefore the vector space

Al ={1'(h): I (h) € Ay}
coincides with the vector space of Abelian integrals
{a(W)I(h) + BUT] (W) +y (W I3 (h) : deger <, deg f <n,degy <n).
We shall prove the Chebyshev property of A/, in the complex domain
D=C\ [hy, o0),

in which I’(k) has an analytic extension, see Fig. 3. For this purpose we apply the argument
principle to the function

_ 'ty

F(h) 0
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Fig. 3. The branch cuts and the domains of the Abelian integral /() and Ws s (o, a)(/)) respectively.

We note that I;(h) is a complete elliptic integral of first kind and hence cannot vanish in D. For

sufficiently big || the function F'(h) behaves as h""‘% and hence the increment of the argument
of F along a circle with a sufficiently big radius is close to (2n + 1)7. Along the interval [Ag, 00)
the imaginary part of F'(h) can be computed by making use of the Picard—Lefschetz formula.
Namely, let {55(h)}, be a continuous family of cycles, vanishing at the saddle point as & tends
to hg. Then along [h;, o0) the family §(h) has two analytic complex-conjugate continuations
8% (h), 87 =8~ and moreover, by the Picard—Lefschetz formula the cycle

87 (h) =87 (h) = 55(h)

where the identity should be understood up to homology equivalence. This implies the following
identity along [h;, 00)

f5+(h) o B fa—(h) o W5, (0, )
/

= 2
fag(h) 2] fag(h) w ()]

2Im(F (h)) =
where

W(s,(ss (a)/, 0)6) =det <

sy Jsm @ )

f(S(h) @ fas ) wp

Following [4, section 7] we may use the reciprocity law on the elliptic curve { H = h} to compute

+00

dx

Ws s, (@, wg) = p(h) + g (h) / 5
—00

where p(h), q(h) are suitable degree n polynomials, 00 are the two “infinite” points on the
compactified Riemann surface I'j,, and the integration is along some path connecting +co on I'j,.
It is easy to check now that the function p(h) + g (h) f j;o d7x can have at most 2n + 1 zeroes

on [hg, 00). For this, consider an analytic continuation of this function to the complex domain
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C\ (=00, hg] where hg is a critical value of H, hg < hy, see Fig. 3. By the Picard—Lefschetz
formula, the imaginary part of p(h) + g (h) f j;o d‘—f‘ along the branch cut (—oo, ) equals

N dx
qgh) | —
y
8ch)

where g differs from ¢ by an addition of a constant. We conclude that the imaginary part of this
function vanishes at most n times. This combined to the asymptotic behavior

+ood
p(h) +q(h) / @ h" x const.
y
—00

gives that the increase of the argument along a big circle is close to 27rn and finally, that our
function can have at most 2n + 1 zeroes on C \ (—00, hg]. Now we come back to the function
F(h) and conclude that it can have at most 3n + 2 zeroes in the complex domain D, counted
with the multiplicity. As 7(0) = 0 the same conclusion holds true for /(%) on the real interval
(—OO, hs)-

Finally, note that the second continuous family of ovals {§(h)}sex, X = (ho, hs), ho > 0,
is easier to study. This is so, because the corresponding Wronskian W 5 (', @) has only one
singular point (instead of two). Therefore we do not consider this case in details. O

Remark 1. Through the proof we did not inspect the behavior of F'(k) near the branch point /.
In the original papers of Petrov a small circle centered at A is removed and the behavior of F
along it is taken into account. It is important to note that, we do not remove a small circle here,
because we use a slightly improved version of the argument principle, as explained in section 2.4
of [5]. It allows one to apply the argument principle, even if F is not analytic at F (hy), provided
that F has a continuous limit at /g, which is not zero. The case when F (h;) = 0 is studied then by
a small perturbation (by adding a real constant for instance) — this does not decrease the number
of zeroes of F in the complement of the branch cut. Of course, the same considerations hold true
for the function |’ j;o dTX in its respective domain of analyticity.

4.2. The saddle-loop case

In the normal form (1) we suppose that a < 0. As before, we let §(h) C {H = h} be a con-
tinuous family of ovals defined on a maximal open interval ¥ = (h, hy), where for h =h, =0
the oval degenerates to a point §(4.) which is a center and for & = hy > 0 the oval becomes a
homoclinic loop of the Hamiltonian system d H = 0. The family {§()} represents a continuous
family of cycles vanishing at the center § (/).

Theorem 7. The space of Abelian integrals A, corresponding to the shadowed area in Fig. 4 is
of dimension 3n + 3, and each Abelian integral from A, can have at most 4n + 3 zeroes.

Proof. We shall prove the Chebyshev property of A, in the complex domain

DZ(C\[]’IS,OO),
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Fig. 4. The graph of the polynomial %xQ - %x3 + %x“, a <0, and the level sets {H = h}.

in which I’(h) has an analytic extension. For this purpose we apply the argument principle to the
function

I'(h)

F(h) = R

Indeed, a local analysis shows that at &g, ho the function F|p has continuous limits, which we
assume to be non-zero. I;(h) is a complete elliptic integral of first kind and hence cannot vanish

in D. For sufficiently big || the function F'(h) behaves as h”+% and hence the increment of
the argument of F along a circle with a sufficiently big radius is close to (2n + 1)7r. Along the
intervals (hg, ho) and (hg, 00) the imaginary part of F (k) can be computed by making use of
the Picard-Lefschetz formula. Namely, let {§; ()}, {80(h)}s be the continuous family of cycles,
vanishing at the saddle points & and kg respectively, as & tends to A and Ag. As in the preceding
section we deduce that along [Ag, ho),

/ /
W5, (@, @)

0

» h € (hg, ho)

while along (4, 00)

Ws.s, (@', wp)  Wsso(@, wy)

2mEm) == e 1)1

, h e (hp,00).

The function
Ws.s, (0, @p), h € (hs, ho)

allows an analytic continuation in C \ [/, c0) and exactly as in the preceding section we com-
pute that it can have at most 21 + 1 zeroes there. More precisely, Ws 5, (@', @) has an analytic
continuation in C \ [Ag, 0o0). The number of its zeroes in this domain is bounded by n (coming
from the behavior at infinity) plus one plus the number of the zeroes of
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Fig. 5. The graph of the polynomial %xz - %x3 + %x“, % < a < 1, and the level sets {H = h}.

—+00
dx
2Um(W 5, s b)) = Wag.s. (@ ) = () / = e .00
—00

where ¢ is a degree n polynomial. Similarly, the function
Ws.s, (0, p) + Ws 5, (@, @), (ho, 00)

allows an analytic continuation in C \ [A;, ko] and its zeroes there are bounded by n plus plus
one plus the number of the zeroes of

+00
dx
2Im(Ws 5 (&0, ) + Ws 5, (00, ) = Wi, 50 (@, ) = q(h) / > h € (hs, ho).
—0Q

Summing up the above information, we get that the function F (/) can have at most 4n + 3 zeroes
in the complex domain D, counted with the multiplicity. As 7 (0) = 0 the same conclusion holds
true for I (h) on the real interval (—o0, hy). O
4.3. The exterior eight-loop case

In this section we consider the exterior eight-loop case, with period annulus as shown in Fig. 5
and % <a < 1.Let 8(h) C {H = h} be the continuous family of ovals defined on the maximal

open interval X = (hy, 00)

Theorem 8. The space of Abelian integrals A, corresponding to the shadowed area in Fig. 5 is
of dimension 3n + 3, and each Abelian integral from A, can have at most 4n + 4 zeroes.

Proof. We shall evaluate the number of the zeroes of a function from .4}, in the complex domain
D=C\ (—00, hsl,

in which I’(h) has an analytic extension. For this purpose we apply the argument principle to the
function
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_ '

F(h) O3

As before, a local analysis shows that at kg, h i, h% the function F'|p has continuous limits, which

we assume to be non-zero. /j(h) is a complete elliptic integral of first kind and hence cannot
vanish in D. For sufficiently big |/| the function F'(4) behaves as "% and hence the increment
of the argument of F along a circle with a sufficiently big radius is close to (2n + 1)7. It remains
to study the number of the zeroes of the imaginary part of F(h) along the intervals

(—00, hy), (hi,hY), (hi, hy).

Namely, let {3s(h)}s, {561 M}, {SE(h)}h, where Imh > 0, be the continuous family of cycles,
vanishing at the saddle points as 4 tends to kg, and & é or h%, respectively. These cycles are
defined up to an orientation, and we consider their continuation to D = C\ (—o0, k], as well the
limits along the branch cut (—o0, h]. The family of exterior loops {5(%)} is expressed in terms
of these vanishing cycles as follows

8(h) =81 (h) +82(h) + 85(h), he D

(the orientations of the vanishing cycles are fixed from this identity). Let 87 (h) = §(h) be the
continuation of §(h) on (—oo, k], along paths contained in the upper complex half-plane, and
67 (h) be the continuation on (—o0, h,] along paths contained in the lower complex half-plane.
The Picard-Lefschetz formula easily implies

87 (h) =8L(h) + 82(h) — 85(h), h € (W2, hy)
87 (h) =8L(h) — 85(h), h € (hl, h?)

crirc

87 (h) = —8;(h), h € (—o0, hy)
As in the preceding section we deduce that along the branch cut (—o0, hy) we have

/ /
W25, (@', @)

20Im(F (h)) = , he (> h 20
m(F (h)) RO € (hy, hy) (20)
and
Ws s, (@', ) Ws 520, @p) |
2Im(F (h)) = e - , he(h., hs 21
m(F (h)) RO TAOE € (h,, hy) (21)
and
1% Lol Wssiin(@,op) W, !, W)
SIm(F () = 5,28, (@', @) 8,81 +82 o) Wi, (@ wo)’ he (oo k). (22

[Ty g1z )2

Clearly, the function W; s, (o', a)f)) has an analytic continuation in C \ [k g, hg]. Its number of
zeroes in this domain depends on the zeroes of
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+00
d
2m(Wi 5, ) = Wy 2@y =a(h) [ = hemla.

Thus, the total number of the zeroes of the functions (20), (22) is bounded by n 4 1 plus the
number of the zeroes of ¢ (/) on the interval (hg,, hg). Finally, similar considerations show that
the function (21) has an analytic continuation in

C\ {(—00, h}) U (h%, 00)}

and its zeroes in this domain are bounded by n 4- 1 plus the number of the zeroes of the polyno-
mial ¢ (h) on the interval (—oo, hg,) U (hg, 00).

Summing up the above information, we get that the function F (%) can have at most 4n + 3
zeroes in the complex domain D, counted with the multiplicity. Therefore the Abelian integral
I (h) has at most 4n + 4 zeroes on the real interval (—o0, hg). O

5. Lower bounds for the number of zeroes of My (h)

In this section we provide examples which show that Chebyshev’s property would not hold
in the saddle-loop case. For this purpose, we study the number of small-amplitude limit cycles
bifurcating around the center at the origin.

We begin with the system satisfied by the basic integrals I (h). It is derived in a standard way
by using (1), (13) and the formula I,i(h) = fs(h)(xk/y)dx.

Lemma 1. The integrals Io(h), 11 (h) and I>(h) satisfy the system
3hlg = g1} - <% = a5 = 1o
sehly+ (h+ 35 — w1 — (g 27azw =1,

4 29 46 112
—(15q — 1354 Z)h]/"'(l T 352 7 31 3)1/"'( h+ 15a 722 1 81 )Ié_l

We use this system to find the expansions of integrals Ij, k =0, 1,2 near 4 = 0. Denoting
¢ = 1}(0) # 0, one obtains

Lemma 2. The following expansions hold near h = 0:

Io(h) =clh+ (3 — 3a)h* + & — Fa+ Ba>)n’
85085 _ 25025 5005 2 1155 3\7.4
+ e — T a + T a” — 1om@)h
7429 2261 1615 2 _ 85 3 NS
+1001(J51e — Tga+ 1580” — 5a® + gaggahh® + ..,

I (l’l) =C[h2 + (% 35 )h3 + (5005 5005 a+ 111258502)114

+1001(32 — ﬁa +8a%- 51152a3)h5

243 ~ 216
185725 _ 185725 52003 ,2 _ 11305 3 1615 4y,6
+1001(5775~ — 532 @+ 5236 ¢~ — Hos ¢ T Te3sad D A1,

L(h) =c[3h?* + (3 — 3a)h + (W — 385, 4 35,24

323 15 a2 3y55
+1001 (355 — 144 a+ 13 1024“ )h
41001 (185725 _ 52003 11305 .2 _ 1615 255 VK6 4]

17496 3388 4 T 3044 — 3072“ *t 337634
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Proof. We rewrite the system from Lemma 1 in the form (Az + B)I' = EI where I =
(Io, I, I) 7. As I(h) is a solution which is analytical near zero and I(0) = 0, one can replace

o
Ih) =Y Vihk, Vi=Vor Vik Vau)
k=1
in the system. Then the coefficient at #¥ should be zero, which yields the equation
(k+1)BViy = (E—kA)Vy.

Since I'(0) = (c, 0, O)T =V, one can solve the system above with respect to (Vo «, V1 k+1,
V2 k+1) and thus to obtain via recursive procedure formulas for all Vi, k =2,3, .... Explicitly,

(8 —9a)Vi k41 =[8—9a + (88 — 87a) k1 1Vox — (48a — 36a%) {51 Vi k.
(B —=9a)Vays1 =[4—Fa+ @4 — Sa)lVou — 24at Vi,

Voust = E2A Vi —a¥ 2 Vo, k=1,23,...
Applying these formulas, we obtain the expansions in Lemma 2. 0O

Proof of Theorem 5. Consider the following linear combinations

Jo = Io, Js=aihly+ i1l + i1,

Ji=1, Ja=azhly + (B2 + M) + 2 1o,

=11 -2I, Js =azhly + (B3 + 83h) 11 + (y3 + n3h) 12,

where

ol =a, 82=§a2+a3,
ﬂlz—%—l—%a, a3:%a—%a2+%a3,
ﬂz=—%+%a+}—‘a2, 83:%5{2—%513—%614,
yzz%—%a—}-gaz, 173:%@.

The coefficients above are chosen so that Ji (k) = O (h**+1) near zero for 0 < k < 5. Their explicit
values are determined from the respective linear systems. By calculation, then one obtains
Jo=clh+...], B=c[Faa+Hnt+ (B2 + 0@+ S)m +..],
Ji=clh®+...], Jy=c[Bta*nd + ..,
h=c[-3ah*+..], Js=c[ixa @+ H+ (1193 + 0@+ $HHn" +...1.
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Let us fix the Hamiltonian parameter a be a little bit smaller that — %, so that we would have J3 =
c[84h* 4+ 85h> + O (h®)] with |84] < |85] and 84 < 0 < 85. Then, one can choose a linear combina-
tion J(h) of Ji, 0 <k <3, such that J(h) = CZ/SC=1 Sih*[1 + O (h)] will satisfy 6;8x+1 < 0 and
|6k | < |8k+1]. Therefore, J (h) would have 4 small positive zeroes. As the four coefficients in (7)
are independently free, one can take a small perturbation such that M;(h) = J(h) will produce 4
small-amplitude limit cycles around the center at the origin. The proof of the claim concerning
M> (h) is the same, as long as we fix the parameter a a little bit smaller than —g and construct in
the same way a linear combination J (h) = ¢ ZZ:] Seh 1 + O (h)] with coefficients having the
same properties, thus M (k) producing 6 small positive zeroes in the saddle-loop case.

For all other a € R different from O, —% and :|:§, any linear combination of J;, 0 <k <m
where m = 3, 4, 5, will have at most m small positive zeroes. Moreover, My (h), k =1,2,3 canbe
expressed as linear combination of the respective Ji, thus having as much zeroes at its dimension
minus one. It is easy to see that M4(h) has no small positive zeroes at all. O
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Appendix A

For readers’ convenience, below we present the explicit expressions of the parameters A, u
and the coefficients g;; of Q in (5) in terms of the original coefficients of perturbation in (2).
First of all, note that condition M1 (k) = 0 is equivalent to

ai+bo1 =0, 2a0+b11 =0, 3az+b =0, a+3byp3=0.

Then, a simple calculation yields

A= —aj —2bp 421 = —axQ

w=—ar — b q12 =by

q10 = boo q03 = —3an

qo1 = —ago qao = %(—Zan + ax1 — 4byy + by + b12)
420 = $b1o q31 = —aso

qi11 = —aio g = 3b1

q02 = —%ao1 q13 = —3%an

q30 = (a1 + b +2b0)  qos = —1aos
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