Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 357, Number 1, September 1, 2008 155N D022-247X

Fowrnal of
MATHEMATICAL
ANALYSIS AND

APPLICATIONS

Eelidorss Stoven G Krantz Goong Chen  Richard M. Aran
g
Yivision Eelidorss G Bluman R Curle M. Milman
HW. Broer H. Frankowska UL Stadriseles

JA Bl LA, Cobdstein M. Larent M.C. Nucch P Sacks
1 Basteras . Gogalsamy W Laytca I 0'Regan I H, Shapira
T, Benirvides R Gornet PGL Leach V. Pan B, Sirns
BE Bemdt L Geatakot M. Lediu 1R Barks EL Strabe
0 Blecher i P Lomarie-Rinssset M. Passare B Straughan
& Boagiomc MLD. Cunshirger Li M, Peligrad 85, Thorson
P Benadhridge M H L MM, Peficeas R, Timaney
B Cascales P A Linasti 1. Podiubry RLH, Torre
Chen el KA Lurie . Pazdregabov . Weermai
A Clanchi bbbz R Manisevich M. Putinar C.E Wayme
& Carach o M. Mathizu M. Quincampal CF Webb
A Daniidis AN, baex J Mawhin v, Radulosct WL Wondland
A, Donfehis. K jarsz PJ. Mckinna T, Ramsfood T, Wiratski
L Fiathow D Khavinson H. Mantzoenery 1. Fceizive 12w,
LA Filar R Kitsel J Bargan £ Bogers T, Wright
W Gansier P Koskola M. Makara 5 Ruscheweyh 1. Kiaa
F. Cesatesy M, Laczkowich. 3 Nieto DA Bussell H. Ewart

Eelidove R Boas, 1985-1391 Available online at www.sciencedirect com

ol
Foanding Edilor: Richard Bellman *." ScienceDirect
.)%,wmy Betidons: Goorge Leitmann William F Ames

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

J. Math. Anal. Appl. 357 (2009) 69-76

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Quadratic perturbations of quadratic codimension-four centers

Lubomir Gavrilov®*, Iliya D. llievP

2 Institut de Mathématiques de Toulouse, UMR 5219, Université Paul Sabatier (Toulouse Ill), 31062 Toulouse, Cedex 9, France
b mstitute of Mathematics, Bulgarian Academy of Sciences, BL 8, 1113 Sofia, Bulgaria

ARTICLE INFO ABSTRACT
Article history: We study the stratum in the set of all quadratic differential systems x = Py(X,y), y =
Received 26 November 2008 Q2(x, y) with a center, known as the codimension-four case Q4. It has a center and a node
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: and a rational first integral. The limit cycles under small quadratic perturbations in the
Submitted by H.W. Broer

system are determined by the zeros of the first Poincaré-Pontryagin-Melnikov integral I.
We show that the orbits of the unperturbed system are elliptic curves, and I is a complete

Keywords: N ; . -

Quadratic codimension-four centers elliptic integral. Then using Picard-Fuchs equations and the Petrov’s method (based on
Limit cycles the argument principle), we set an upper bound of eight for the number of limit cycles
Zeros of Abelian integrals produced from the period annulus around the center.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

The conditions for a plane polynomial quadratic vector field to have a center are known since the beginning of the last
century (Dulac (1908), Kapteyn (1912)). In the space of all quadratic systems, the systems with a center form a union of
four irreducible affine algebraic sets:

Hamiltonian (Q£');

reversible (QX);

generalized Lotka-Volterra (Q1");
codimension-four set (Q4)

(the subscripts indicate the co-dimension of each algebraic subset), see Zotadek [11] for a modern proof. Strictly speaking,
the above classification concerns only the centers themselves. There are quadratic systems with two centers, one of them
in QX and the other in QX N @1V, see [7, p. 148]. In the present paper we are interested in the maximal number of limit
cycles which can emerge from the periodic orbits of a quadratic system with a center, after a small quadratic perturbation.
The corresponding number is the cyclicity of the related open period annulus. A quadratic center is said to be generic,
if it does not belong simultaneously to two of the above algebraic sets. The cyclicity of the period annulus of a generic
center depends on the number of the zeros of the first Poincaré-Pontryagin—-Melnikov function, while in the general case a
higher-order analysis is needed. The corresponding higher-order functions were determined in Iliev [7].

The cyclicity of the open annuli in the generic Lotka-Volterra case (Q3LV) has been studied by Zofadek [11], and in
the generic Hamiltonian case (Q3” ) by Horozov-lIliev [6] and Gavrilov [4] (for the codimension-one generic cases from
the bifurcation diagram of Q:f see [1] and the references therein). Almost nothing is known about the generic reversible
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case ( Qf) and nothing about the generic codimension-four one (Q4). In the present paper we place an upper bound on the
cyclicity of the (unique) period annulus in the generic codimension-four case (Qg4).

Theorem 1. The cyclicity of the open period annulus surrounding the center of any generic codimension-four plane quadratic system
is less than or equal to eight.

The conjectural exact upper bound, as it is well known, is three [7,11]. To the end of this Introduction we briefly sketch
our proof. A codimension-four plane quadratic system with a center has a well-known rational first integral H. Using this
one may check that the generic complexified orbit {(x, y) € C2: H(x,y) = h} of the system is an affine elliptic curve, and
the corresponding Poincaré-Pontryagin-Melnikov function I = I(h) is a complete elliptic integral on it. This remarkable fact
(it seems to have gone unnoticed by the specialists) is the starting point of the paper. Still, a direct application of standard
techniques like in [3,4,6,9,10] does not work. Indeed, the Poincaré-Pontryagin-Melnikov function involves differential of the
third kind with residues algebraic in the parameter h (and not only polynomial, as in the usual cases). On the other hand,
it turns out that I satisfies a Picard-Fuchs equation of the form

Myolyoli(I)=0

in which L1 = h% —1 and Ly, M, are suitable second-order Picard-Fuchs differential operators. The role of L1 and L, in our
approach is to annihilate the residues of the differentials involved in I. It is easy to see that I has at most as many zeros
as G = Ly(I) on the interval of consideration. We shall prove further that the solution space of Ly is a Chebyshev space
(Proposition 14). This on its turn implies that if R is a function with k zeros, then each solution G of the non-homogeneous
equation L(G) = R has at most k + 2 zeros (Proposition 2). As R= 1L o L1(I) = L,(G) is in the kernel of the second-order
Picard-Fuchs operator M5, it remains to show that R has at most 6 zeros which is achieved in a standard way by making
use of the Petrov method [10], see Proposition 4.

2. Remarks about the codimension-four case

In complex coordinate z = x + iy, the system corresponding to the generic codimension-four case with a center placed
at the origin becomes

z=—iz+422 42|z +aZ®, aeC\R, |a|=2.
It is well known that the codimension-four case has a first integral of the form

lpx, M
[v(x, V1P

where ¢ and v are polynomials of degree tree and two, respectively. Taking o =b + ic and denoting for short

HEX, y)=

4
Y=cx—(2+Db)y, =—>1,
cx—(2+Db)y K 2+b>

one can easily find the explicit form of the first integral, namely

By(1+Y)—2(1+«Y3)?
[1—-8y+«kY2)?

Therefore, ¢ = 0 defines a trident curve and ¢ = 0 is a parabola. Since ¢(0,0) = —%. ¥(0,0) =1, the period annulus

around the center is placed inside the domain £2 determined by ¢ < 0 < . Taking X? =y =1 —8y + kY2, X > 0, then in
(x,y) = (X, Y) coordinates, the system has in §2 a first integral of the form

y—3

82 —-b)

_ o 1 _ _ _ _ 1
HE, y) = (§Ky3+icy2+(1—x2)y—x2+§). (1)

(Compare to [7], where an additional rotation of the very initial coordinates takes place.) Although the change of the
variables

*x, ¥) > X, ¥)

does not define a bi-rational projective transformation (but a double ramified covering), it induces a bi-rational map

e s s e
{(x, y): A _t} - {&. ¥y): H& y) =t}.

It is seen that the level sets of the first integral H(X, ¥) are cubic plane curves and hence they are (generically) elliptic.
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For convenience, from now on, the bars over the variables x,y will be omitted. The generating function I(t),
whose zeroes correspond to limit cycles in the perturbed system, are given by the following complete elliptic integral
(cf. [7, Theorem 2(iii)])

10 = [ [ 55T+ nay + uay? + syt = )] dy. @)
Hx,y)<t

Our main purpose in this paper is to study how many zeroes the integral I(t) can have in the open interval corresponding
to the period annulus around (1, 0).

3. Picard-Fuchs systems

In this section we derive several equations satisfied by the entries of (2). We also apply several reductions to express
these integrals in the form we need. In particular, we calculate explicitly G, L, and R we mentioned in the introduction.

We begin by introducing new variables y = y; — 1, h = 8(2 — b)t. Then the equation H(x, y) =t where H is given by (1)
becomes (we will omit the subscript in y1)

K 2
H(x,y,h):§y3—x2y—hx3—(f<—1>y+ 3k =D =0 (3)

By using (3), it is not hard to verify that the period annulus around the center at (1,1) corresponds to the levels h from
the interval (—%, —%).
Let us denote for i, j € Z

i 2 2
Ij(h) = // X1y dxdy. he(_g,_ﬁ),

H(x,y,h)<0

Then multiplying (3) by x'y/+1dx, respectively by x*1yJ/dy and integrating, we obtain the identities

K . . . . 2 .

§(] +Dlij3 — G+ li2, 01 —h(+Dligsj— k = DG +2) ] j11 + §(K -D+Dlj=0, (4)
K . . . . 2 .

E(l + DI jr3 — (+3) g2, j+1 —h(i+Dligsj— kK = DA+ DI jy1 + §(K - D@+ DI;j=0. (5)

Multiplying (4) by i +4 and (5) by j 4+ 1 and subtracting, we come to
K+ j+5)]ij3— {4+ j+ig2jm— & —=DA+3j+Dlij1+2k =D+ DI j=0.
In particular, for i = —6 and j =1 one obtains I_g > = I_g 1. Therefore, the function in (2) takes the form
I(h) = prl_g 0+ pal-61+ mu3l_63+ pa(c*l_g4—I1_2,0) (6)

with all constants u; € R independent.
Let us apply to (3) and (6) the change of variables (x, y) — (x~', yx~1). Then (3) reduces to

2 K
HOoy) = 30— DX = (c =Dy + 2y> —y=h, (7)
I; j(h) becomes —I_;_;_3 j(h) and (6) becomes
3 2 3 K2yt =1
I(h) = MAX" + X"y + p3y” + pha| — — dxdy. (8)
H(x,y)<h

By (7), H(x, y) = —H(—x, —y), therefore the phase portrait of the related Hamiltonian system has a central symmetry with
respect to the origin.
Next, we can use the following identities:

Iip=1 —3h1 +1 +1I
12= 021 = qgloo+ o+ clot,

130=73Kh 100+11o+7K Io,1,
’ 10k —1) — ’ 5c—1) 7
Ip3 = 3 +1)h10,o+ d _]Il,o-i- K+610,1,
10k K 5k
1714=—6h1711+—9 1710+9(K_1)110+K_1112
’ 5¢ 5¢2 52 ’ K ’
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to transform (8) into
I(h) = p1hloo(h) + pali0(h) + p3lo1(h) + pa[21-1,0(h) + 3xchl_q 1 (h))]. (9)

Following the standard way [6], one can derive a Picard-Fuchs system for the entries in (9). Its explicit form is as follows.
Ioo= =1 Iy 4,
0.0=5loo* 101

2
1]’0 =h1’1’0 =+ 51/1’1,
2= 1)

2
10,1:%’6,0‘””6,1‘F P I},

3h, 1, 1., 3h,
11,1=§10,0+§I1,o+210,1+Ill,1v
I_10=3h1" o +2I", .

Kk—1 1 3h ,

Ii1= 1/1,0+;1/—1,0+71—1,1-

By using the above system, we see that
hl' —1=G(h), G(h)=(wih® + us)ly o+ paly 1 + ma[—4hl" | o+ (3ch> —4)I" ]

Therefore

h
1<h)=hf$—2c<s>ds

win

and I(h) has at most as much zeroes as G(h) in (—%, —%). By the same system, the integrals 1670 and I’L1 satisfy

—3kchly o= (9ch? — 4)I§ o — 4(c — DI 4,
—3kchl} ;= (9ch* —4)(I5 o — 11 1). (10)

and the integrals I’ ; 5 and I”, ; satisfy

2 4k — 1)
3kh
Hence, the integral | = —4hI’_1’0 + (3kh? — 4)1/—1,1 satisfies the second-order equation

”
171

Loy ] = 5 (¢ ~ D[R(OKR )17, + (6 + )11 1],

with
Ly(h) = 5kh — (9xh? — 8)i +h(9kh?* — 4)£.
dh dh?
Therefore, a similar equation L(h)G = R (with a right-hand side R depending linearly on w;, 16,0 and I;J) also holds. To
calculate R explicitly, we first use (10) to obtain the identities

—3h(9kh* — 4)Ij o +12( — DhI]

/
0.0~ (9hZ — 4)(9kh? — 4) ’
1/1/ | = _3h16,0 + 3h1%,1 7
: 9h2 — 4
o 324kch* 4 (72K — 108)h? — 48 12k - 1)[243kh* — 36(x +1)h? —16] ,
007 (9h2 —4)2(9khz —4) 0 (9h2 — 4)2(9kh? — 4)2 L
o 27Th2+12  162kh* + (144K — 108)h? — 48
LT (9h2 —4)2 00T T (0n2 —4)2(9ch? —4) MV

A direct calculation then yields

hl(ao + a1h* + azh* + azh®)1{ 4 + (bo + b1h* + bah*)I] ]

(9hZ — 4)2(9kh2 — 4) (1

R(h) =

9
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with some constants a;, bj depending linearly on ;. Below, we shall use the explicit formulas for G, R, Ly just derived in
order to prove our main result.

4. Proof of Theorem 1

The proof of Theorem 1 follows from the next four propositions, the first two of them being probably known. Let V be
a finite-dimensional vector space of functions, real-analytic on an open interval (a, b).

Definition 1. We say that V is a Chebyshev space, provided that each non-zero function in V has at most dim(V) — 1 zeros,
counted with multiplicity.

Let S be the solutions space of a second-order linear analytic differential equation
X' +a1O)X +a)x=0 (12)

on an open interval (a, b).

Proposition 1. The solution space S of (12) is a Chebyshev space on the interval (a, b) if and only if there exists a nowhere vanishing
solution xg € S (xo(t) # 0, Vt € (a, b)).

Remark 1. The question of existence of a non-vanishing solution is a recurrent question in many papers concerning zeros of
Abelian integrals, see e.g. [2,5,9]. A Chebyshev space V in our sense is sometimes called an extended Chebyshev space, and it
is said to be an extended complete Chebyshev space, provided that it has a complete flag of extended Chebyshev sub-spaces,
see e.g. [8]. In the case when dim(V) = 2 the Chebyshev space V (in our sense) is an extended complete Chebyshev one
if and only if it has a nowhere vanishing function. Therefore the notions of Chebyshev space (in our sense) and extended
complete Chebyshev space (in the sense of [8]), as far as applied to the solution space of (12), coincide.

Proposition 2. Suppose the solution space of the homogeneous equation (12) is a Chebyshev space and let R be an analytic function
on (a, b) having k zeros (counted with multiplicity). Then every solution x(t) of the non-homogeneous equation

X" 4+ a1 ()X + az(t)x = R(t) (13)

has at most k + 2 zeros on (a, b).

Proposition 3. The solution space S associated to the differential operator

2

Ly(h) = 5kh — (9ch? — 8)% +h(9h? —4);?,

is a Chebyshev system on the interval (—oo, —

Kk>1, (14)
2
35

Let R =1Ly o L1(I), where I is the Abelian integral (9) and L1 = h% — 1. A suitable for our purposes expression for R is
obtained in (11).

Proposition 4. The Abelian integral R(h) has at most 6 zeros (counted with multiplicity) on the interval (— % - %), K> 1.

Proof of Theorem 1, assuming Propositions 1-4. The Abelian integral L;(I), I given by (9), is a solution of the non-
homogeneous equation L(G) = R. According to Proposition 4, Proposition 3 and Proposition 2 the integral Li(I)(h) has
at most 8 zeros on the interval (—oo, —ﬁ). The integral I(h) has the same number of zeros as Li(I)(h) on the same

interval. Finally, the functions (9), (8), (6) and (2) have the same number of zeros in the respective intervals. O
To the end of the paper we prove the above Propositions 1-4.

Proof of Proposition 1. Let (x1, x2) be a fundamental set of solutions of (12) and consider the map
p:@ab)— S'=P'R: t> [x1(D) 1 x0)].

As the Wronskian of x1, xp is non-vanishing, then the map p is non-degenerate (dp(t) # 0) and hence monotonous.

The solution space of (12) is Chebyshev if and only if the map p is injective. The solution space of (12) contains a
nowhere vanishing solution if and only if the map p is not surjective.

As the circle is not homeomorphic to an open interval, then the monotonous differentiable map p cannot be surjective
and injective at the same time. It follows that if p is injective then it is not surjective. If, on the contrary, p is not surjective,
then the monotonicity of p implies that the image of (a, b) under p is an open subinterval of S and p is injective. O
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Proof of Proposition 2. Let (x1,x2) be a fundamental set of solutions of (12), such that x;(t) is a nowhere vanishing solu-
tion. The change of the variables x — x/x1(t) does not change the number of the zeros of the solutions of (12), which is

transformed to a linear equation with a fundamental system of solutions {1, ’%}. As the vector space spanned by x1, X2

is Chebyshev, then the function fj—g; is strictly monotonous on (a, b). The change of the independent variable t — 7 = )

is therefore regular and transforms further the above linear equation to an equation with a fundamental system of solu-

tions {1, t}. Therefore the corresponding differential operator is a multiple of %. More precisely, the regular change of
variables
XD (0, y=— =20
D)= Y, 7), = =—=
x1(t) x1(t)

transforms Eq. (13) to

d x(0)\* d?
— ) —y=R(t
X <dt X1 (t)> dcz” (t®)
and hence each solution of the non-homogeneous equation (13) has at most k + 2 zeros on (a, b) (counted with multiplic-
ity). O

Proof of Proposition 3. Let {§(h): h e (—%, —%)} be the continuous family of periodic orbits defined by {H = h}, with H

in the form (7). Then G(h) = f(s(h)a) where w is a linear combination of elliptic differentials of the first and second kind.
Therefore the residues of w are solutions of L. The only residues of w are at (0,y) where y is one of the roots of
£ y> — y =h and they are easily computed:

—4h + (3kh? — 4)y
Kky? —1 '

Reso,yyw =

2
3k
Res(o,y@ of Lyx =0 does not vanish in the interval (—oo, —ﬁ). Indeed, on this interval yg(h) is a strictly increasing

For h < — the polynomial % y3 — y —h has one real root which we denote by yg. We shall show that the solution f(h) =

function and yq(h) < —\/§= )/0(—%). It remains to show that —4h + (3kh? — 4) yg # 0. The identity

K

—4h + (3kh* — 4)yo = —4(3

4
yg — yo> + (3Kh2 — 4)y0 =KYo (th — §y%)

implies that f(h) =0 on (—oo, —ﬁ) if and only if h =2yq/3. Now
K 5 2
— — =h=—
3y0 Yo 3)’0

gives yg = i\/%. But yg = yo(h) is a strictly increasing function in (—oo, —%] and yo(—ﬁ) = —\/g which is the
needed contradiction. Thus the solution space of L on (—oo, —%) contains a nowhere vanishing function and hence is
a Chebyshev system. O

. 2
The above result cannot be improved, as shown by the example L = ;7.

Proof of Proposition 4. According to (11), it suffices to show that any linear combination of the form P3(h2)1(’),0(h) +
Qz(hz)la,](h) where P3, Q; are real polynomials of degree at most three and two, has at most 6 zeros. We note that
16,0’ 1/1,1 are complete elliptic integrals of the first and second kind respectively, satisfying the second-order Picard-Fuchs
system (10).

We introduce a new variable s € (1,«) through h = —%«/S/K and denote by dot the differentiation with respect to s.
Also, denote for a convenience Ji(s) = Ig’o(h(s)), Ja(s) = 13,1 (h(s)). By (14) and (11), we obtain the equation

2
L6 =[50 95 — 5 1 - 5566 =

P3(s) J1(s) + Q2(s) J2(s)

ds2 2ds 36 (s—K)2(s—1)

Hence, we will need information about the zeroes of the right-hand side in the interval (1,«) C (1, o0). Eq. (10) implies
that J(s) = (J1(s), J2(s)) | satisfies the system of hypergeometric type

J(s)=6(}:s "j})](s)

s S
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or equivalently

66— Ds-0jo= (123 S21 )1, 1s)

s s
Let us consider for any n € N the vector space
Vn= {Pn~]1 + Qn-1.J2: Pn, Qn-1 € R[h], degPp, Qm < m}~

Proposition 4 follows from the following more general result.

Proposition 5. The vector space V,, is Chebyshev on the interval (1, k): each element has at most dim V, — 1 = 2n zeros (counted
with multiplicity).

Proof of Proposition 5. We use the Petrov method in the complex domain D =C \ (—o0, 1), see [9,10]. The characteristic
exponents of (15) at 1, x, co are equal to {0, 0}, {0, 0}, {—%, é}. respectively. The function Pp.J{ + Qn—1.J2 is holomorphic
in a neighborhood of s =k (this value corresponds to the center of the system dH =0, with H the symmetric Hamiltonian
given by (7)), and has a logarithmic singularity in a neighborhood of s =1 (which corresponds to the saddle point of the
symmetric Hamiltonian system). The function J; is a complete elliptic integral of the first kind and therefore does not
vanish. Consider the function

F(s) = Pn(s).J1(s) + Qn=1(5).J2(s)
B J1(s)

which is real-analytic in the complex domain D. We apply the argument principle to the smaller domain

1
Dy =D N {s: |s—1|>s}ﬂ{s: |S|<§}'

For this purpose, we consider the increase (or decrease) of the argument of F when s makes one turn along the boundary
of D, in a positive direction. The following facts are easily deduced from the asymptotic expansions of ] near the singular
points of the Fuchs system (15).

1. Along the boundary of the small disc {|s — 1| = ¢} the increase of the argument of F is bounded by a value close to
zero.
2. Along the boundary of the big disc {|s| = %} the increase of the argument of F is bounded by a value close to 2rn =
27 max{n,n—1+ %}.
3. Along the interval (—oo, 1), the imaginary part of F equals
J2(s) det W (s)

n— I = Un- T
Q@m0 = GO
where

W(s) = (]1(5) !1(S)>
J2(s)  Ja(s)

is a fundamental matrix of (15).
4. The determinant of the fundamental matrix W is a rational function in s and in fact a non-zero constant.

Summing up the above facts we conclude that the increase of the argument of F along the boundary of D is bounded
by 2n. Therefore F, and hence P (s).]1(s) + Qn—1(s).J2(s) has at most 2n zeros (counted with multiplicity) in D, and hence
in (1, x). Proposition 5, and hence Proposition 4 are proved. O

This also finishes the proof of Theorem 1.
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