proj ect

MUSE

THE DISPLACEMENT MAP ASSOCIATED TO POLYNOMIAL
UNFOLDINGS OF PLANAR HAMILTONIAN VECTOR FIELDS

By LuBoMIR GAvRILOV and ILivA D. ILIEV

Abstract. We study the displacement map associated to small one-parameter polynomial unfoldings
of polynomial Hamiltonian vector fields on the plane. Its leading term, the generating function M(7),
has an analytic continuation in the complex plane and the real zeroes of M(¢) correspond to the limit
cycles bifurcating from the periodic orbits of the Hamiltonian flow. We give a geometric description
of the monodromy group of M(r) and use it to formulate sufficient conditions for M(t) to satisfy a
differential equation of Fuchs or Picard-Fuchs type. As examples, we consider in more detail the
Hamiltonian vector fields z = iz — i(z + Z)° and Z = iz + 72, possessing a rotational symmetry of
order two and three, respectively. In both cases M(t) satisfies a Fuchs-type equation but in the first
example M(z) is always an Abelian integral (that is to say, the corresponding equation is of Picard-
Fuchs type) while in the second one this is not necessarily true. We derive an explicit formula of
M(t) and estimate the number of its real zeroes.

1. Introduction. Consider a perturbed planar Hamiltonian vector field

x = Hy(x,y) +eP(x,y,¢),

(1) a
y= _Hx(-x’ y) + EQ(-X’ Y, 8)-

We suppose that H, P, Q are real polynomials in x,y and moreover, P, Q depend
analytically on a small real parameter €. Assume that for a certain open interval
X C R, the level sets of the Hamiltonian {H = r}, ¢ € X, contain a continuous in
t family of ovals A. (An oval is a smooth simple closed curve which is free of
critical points of H). Such a family is called a period annulus of the unperturbed
system (1g). Typically, the endpoints of X are critical levels of the Hamiltonian
function that correspond to centers, saddle-loops or infinity. The limit cycles
(that is, the isolated periodic trajectories) of (1.) which tend to ovals from A as
€ — 0 correspond to the zeros of the displacement map P.(t) — t, where the first
return map P.(¢) is defined on Fig. 1. More explicitly, take a segment ¢ which is
transversal to the family of ovals .4 and parameterize it by using the Hamiltonian
value ¢. For small ¢, o remains transversal to the flow of (1.), too. Take a point
S € o and let t = H(S). The trajectory of (1.) through S, after making one round,
will intersect o again at some point S| and the first return map P.(¢) is then
defined by r — H(Sy).
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Fixing a period annulus A of (1g) and taking a nonintegrable deformation
(1¢), then the related displacement map is defined in the corresponding open
interval ¥ C R and there is a natural number k so that

20 P)—t=M@)+---, teX.

The limit cycles of (1) which tend to periodic orbits from .4 as ¢ — 0 correspond
therefore to the zeros of the generating function M(t) in X.

The goal of the paper is to study the analytic continuation of the generat-
ing function M(¢) in a complex domain. We give a geometric description of the
monodromy group of M(¢) (Theorem 1) from which we deduce sufficient con-
ditions for M(¢) to satisfy a differential equation of Fuchs or Picard-Fuchs type
(Theorem 2).

Recall that a Fuchsian equation is said to be of Picard-Fuchs type, provided
that it possesses a fundamental set of solutions which are Abelian integrals (de-
pending on a parameter). In the present paper by an Abelian integral we mean a
function of the form

3) I(t) = /60) w

where

e w is a rational one-form in CZ;

e there exists a bivariate polynomial f: C?> — C such that §(r) C f~'(),
where {6(¢)} is a family of closed loops, depending continuously on the complex
parameter ?.

It is supposed that # belongs to some simply connected open subset of C and
4(t) avoids the possible singularities of the one-form w restricted to the level sets
£~ 1(#). Under these conditions I(¢) satisfies a linear differential equation of Fuchs,
and hence of Picard-Fuchs type.

It is well known that for a generic perturbation in (1.) one has k =1 in (2;)
and moreover,

M) = / 0Cr,y,0)dx — P(x,y,0)dy, 1€X
6(1)

is then an Abelian integral [19]. Here 6(r) C R?, A = {§(5)}, t € Z, is the
continuous family of ovals defined by the polynomial H(x, y) and the monodromy
of M(¢) is deduced from the monodromy of 6(f) in a complex domain. More
precisely, let A be the finite set of atypical values of H: C?> — C. The homology
bundle associated to the polynomial fibration

c\H ' Ec\aA
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has a canonical connection. The monodromy group of the Abelian integral M(t)
is then the monodromy group of the connection (or a subgroup of it). It is clear
that M(¢) depends on the homology class of 6(¢) in H\(I';,Z) where T is the
algebraic curve {(x,y) € C*: H(x,y) =t}.

On the other hand, there are perturbations (1.) with & > 1 in (2;). This
happens when the perturbation is so chosen that the first several coefficients in
the expansion of the displacement map, among them the function M(¢) given
by the above explicit integral, are identically zero in X. One needs to consider
such perturbations in order to set a proper bound on the number of bifurcating
limit cycles e.g. when the Hamiltonian possesses symmetry or the degree of the
perturbation is greater than the degree of the original system. Therefore, the case
when k > 1 is the more interesting one, at least what concerns the infinitesimal
Hilbert’s 16th problem which is to find the maximal number of limit cycles in
(1¢), in terms of the degrees of H, P, Q only. In this case the generating function
M(t) can have more zeroes in X, and respectively the perturbations with £ > 1 can
produce in general more limit cycles than the ones with k =1 (see e.g. [9], [11],
[6] for examples). Moreover, this case is more difficult because the generating
function is not necessarily an Abelian integral and even the calculation of M(¢)
itself is a challenging problem. It turns out that in general (when k > 1), the
generating function M(¢) depends on the free homotopy class of the closed loop
6(t) C T (Proposition 1). The homology group H(I';,Z) must be replaced in
this case by another Abelian group Hf(F,,Z) which we define in section 2.2.
Although there is a canonical homomorphism

HY(T,,Z) — H\(T,Z)

it is neither surjective, nor injective in general. The bundle associated to Hf(l",, Z)
has a canonical connection too and this is the appropriate framework for the study
of M(¢). This construction might be of independent interest in the topological
study of polynomial fibrations.

To illustrate our results we consider in full details two examples

2 2 )2
:%+u and Hp, = x[y* — (x — 3)%],

Hy, 1

that are known as the eight-loop Hamiltonian and the Hamiltonian triangle. Note
that Hy, and Hp, are deformations of the isolated singularities of type A3 and
D, respectively, chosen to possess a rotational symmetry of order 2 and 3. We
explain first how Theorem 2 applies to these cases. In the A3 case the differential
equation satisfied by the generating function M(¥) is of Picard-Fuchs type. This
means that M(¢) is always an Abelian integral, as conjectured earlier by the second
author, see [16]. On the other hand, in the D4 case the equation is of Fuchs type
and has a solution which is not a linear combination of Abelian integrals of the
form (3), with f = Hp,. The reason is that the generating function M(#) has a
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term (log (1))? in its asymptotic expansion. Equivalently, the monodromy group
of the associated connection contains an element of the form

S O =
O = =
—_ = O

which could not happen if the associated equation were of Picard-Fuchs type.
Next, we provide an independent study of M(r) based on a generalization of
Francoise’s algorithm [2]. It is assumed for simplicity that in (1.) the polynomials
P, QO do not depend on €. In the A3 case, we derive explicit formulas for M(¢)
in terms of k and the degree n of the perturbation (Theorem 3) and use them
to estimate the number of bifurcating limit cycles in (1.) which tend to periodic
orbits of the Hamiltonian system (Theorems 4, 5, 6). Note that our argument
applies readily to the double-heteroclinic Hamiltonian H = $y* — 1(x> — 1)? and
to the global-center Hamiltonian H = %yz + %(x2 + 1)? as well. What concerns
the Hamiltonian triangle, we give an explicit example of a quadratic perturbation
leading to a coefficient M(f) at > which is not an Abelian integral and derive
the third-order Fuchsian equation satisfied by M(#). This part of the paper uses
only “elementary” analysis and may be read independently. We hope that the
complexity of the combinatorics involved will motivate the reader to study the
rest of the paper. This was the way we followed, when trying to understand the
controversial paper [16] (its revised version is to appear in Bull. Sci. Math.).

The applications of Theorem 2 which we present are by no means the most
general. On the contrary, these are the simplest examples in which it gives non-
trivial answers. Theorem 2 can be further generalized and a list of open ques-
tions is presented at the end of section 2.3. Some recent results concerning the
generating function M(t) can be found in the paper L. Gavrilov, Higher order
Poincaré-Pontryagin functions and iterated path integrals, Annales de la Faculté
des Sciences de Toulouse 14 (2005), no. 4, 677-696.

Acknowledgments. We are grateful to the referee for the useful remarks and
valuable recommendations.

2. Generating functions and limit cycles. Assume that f = f(x, y) is a real
polynomial of degree at least 2 and consider a polynomial foliation F, on the
real plane R? defined by

“4) df —eQ(x,y,e)dx+eP(x,y,e)dy =0,
where P, Q are real polynomials in x,y and analytic in €, a sufficiently small real

parameter. Note that (4) is just another form of the equation (1.) with H replaced
by f.
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Let §(f) C {(x,y) € R%: f(x,y) =t} be a continuous family of ovals defined
on a maximal open interval £ C R. We identify ¥ with a cross-section £ — R?
transversal to the ovals 6(z) from the period annulus A = U,56(¢). For every
compact sub-interval K C X, there exists €9 = £9(K) such that the first return
map P.(r) associated to the period annulus A is well defined and analytic in

{(t,e) eR*: t€K,|e| <ep}.

As the limit cycles of (4) intersecting K correspond to the isolated zeros of
P-(t) — t, we shall always suppose that P-(f) #Z t. Then there exists k € N such
that

(5) P.(t) — t = Mi(H)" + O

uniformly in ¢ on each compact sub-interval K of X. Therefore the number of the
zeros of My () on Z provides an upper bound to the number of zeros of P.(f)—¢ on
Y and hence to the number of the corresponding limit cycles of (4) which tend to
A as € — 0. Indeed, taking the right-hand side of (5) in the form e M () + O(e)]
and using the implicit function theorem (respectively, the Weierstrass preparation
theorem in the case of multiple roots), we see that the displacement map and its
first nonzero coefficient M (¢) will have the same number of zeros in X for small
e #0.

Definition 1. We call P.(r) — t the displacement map, and M (¢) the (k-th)
generating function, associated to the family of ovals §(¢) and to the unfolding F..

Example. If f has (deg f — 1)? different critical points with different critical
values, then M () = |, 5) Qi where €2 is a polynomial one-form in x, y. Therefore,
the generating function M(#) is an Abelian integral. This easily follows from
Frangoise’s recursion formula [2] and the fact that if |, 50) Q = 0 for a certain
polynomial one-form €, then Q = dG+ gdf for suitable polynomials G, g [14, 4].
On the other hand, when f is non-generic (e.g. has “symmetries”), this might not
be true, see the examples in Section 3.

2.1. The monodromy group of the generating function. For any noncon-
stant complex polynomial f(x,y) there exists a finite set A C C such that the
fibration C? EN C\ A is locally trivial. Let ty & A, Py € f~(t) and £ C C? be a
small complex disc centered at Py and transversal to f ~I(t9) C C2. We will also
suppose that the fibers f~!(f) which intersect X are regular, hence t = f(x,y)|z is
a coordinate on X.

To an unfolding . of df = 0 on the complex plane C? defined by (4), and
to a closed loop

lo: 10,11 = £~ (10), 1o(0) = Ip(1) = Po,
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D D

(ii)

(iii)

Figure 1. The first return map and its complexification.

we associate a holonomy map (return map, Poincaré map in a complex domain)
Ppr.: X — X

In the case when [y is an oval of the real polynomial f, it is just the complex-
ification of the analytic Poincaré map P, defined above, see Fig. 1. In general,
the definition of P, 7. is the following, see e.g. [17]. Let .’/T-"OL be a holomorphic
foliation transversal to Fy = {df = 0} in some neighborhood of Iy (for instance,
Fo- = {f,dx — fidy = 0}). Then for |¢| sufficiently small, F5- remains transversal
to F.. The holonomy map P, . is a germ of a biholomorphic map in a neigh-
borhood of Py € X which is obtained by lifting the loop /y in the leaves of F; via
.7-"OL. Namely, Q = Py, 7. (P) if there exists a path Iy in a leaf of F. which connects
P and @, and which is a lift of the loop [y according to ]:OL. The holonomy map
Py, 7. does not depend on the choice of the transversal foliation .7-"0L. If Iy, [; are
two homotopic loops with the same initial point Py, then Py, 7. = P, 7..

Let us fix the foliation F. and the loop ly. As before, if we suppose that
Pi,.F. # id, then there exists k € N such that

Pl F (1) = 1+ Mo, Fort) + - - -
When there is no danger of confusion, we shall write simply
My (lo, Fe, 1) = M(2).

The function My is called the generating function associated to the unfolding F.
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and to the loop [p. Note that the natural number k as well as M} depend on [y, F-
and X in general. The following observation is crucial for the rest of the paper.

PROPOSITION 1. The number k and the generating function My do not depend
on X. They depend on the foliation F. and on the free homotopy class of the loop
lo C f~\(¢). The generating function My(t) allows an analytic continuation on the
universal covering of C \ A, where A is the set of atypical points of f.

The proof the proposition uses the following algebraic lemma.
LEMMA 1. Take k € N. Let
o0 . [e.e] .
Puty=t+Y epi0), pi 0, Ge() =1+ e'gi(t)
i=k i=1

be convergent power series of (t,<) in a suitable polydisc centered at the origin in
C2. If € is fixed and sufficiently small, then G. is a local automorphism and

o0
G-'oP.oG.() =1+ &pit)
i=k
where pi(t) = pi(2).
Proof of Lemma 1. We have

P.oG.(t) = Ge()+ Y 'pi(G=(1) = G(0) + °pr(t) + O(")
i=k

G-l =t+) €50

i=1

and therefore

G-l o P. o G.(t) = G.(r) + epr(t) + O

+3 " €3G (1) + i) + O(E*))
i=1

G.(1) + " pr() + Y £'8i(G(1) + O™
i=1

G=' 0 G.(1) + F pr(t) + O(EFH)

£

1+ pr(0) + O(EF).

In the above computation O(e**!) denotes a power series in 7, e containing terms
of degree at least k+ 1 in . The lemma is proved. O
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Proof of Proposition 1. Let X be another transversal disc centered at Py and
7510,}‘5(0: S -3
the corresponding holonomy map. Then
Pur.() = Gz ' o Pz (1) 0 Ge(r)

where

G X — X
is analytic and Go(¢) = ¢t. Lemma 1 shows that
Puo.r.(t) = 1+ M(0) + O™, M(t) # 0
if and only if
Pro 7. (1) = t+ M) + O, M) £ 0

As the holonomy map Pj, . (f) depends on the homotopy class of [y this holds
true for k and M. In contrast to P, 7., the generating function M; depends
on the free homotopy class of y. Indeed, let Iy be a path in f~'(f) starting at
Qo and terminating at Py, and let ¥ be a transversal disc centered at Qp with
corresponding holonomy map

P r.(0): £ — X
Then we have
(6) Piy.7.(0) = Gy . 0 Py 7. (1) 0 Gy £.(0)
where
G =%

is analytic and G;O’ J-'o(t) = t (the definition of Giofs is similar to the definition
of P, £ (¢)). Lemma 1 shows that the generating function M;(¢) does not depend
on the special choice of the initial point Py. We conclude that it depends only on
the free homotopy class of the loop ly. Until now M} was defined only locally

(on the transversal disc X). As the fibration C? \f ~1A) 4, C\ A is locally trivial,
then each closed loop Iy € ffl(to) defines a continuous family [y(f) of closed
loops on f~!(#), defined on the universal covering space of C \ A. Only the free
homotopy classes of the loops [y(?) are well defined and to each [y(¢) corresponds
a holonomy map defined up to conjugation, see (6). As this conjugation preserves
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the number k and the generating function M(¢) then the latter allows an analytic
continuation on the universal covering of C \ A. Proposition 1 is proved. O

The monodromy group of M(¢) is defined as follows. The function M ()
is multivalued on C \ A. Let us consider all its possible determinations in a
sufficiently small neighborhood of ¢ = #y. All integer linear combinations of such
functions form a module over Z which we denote by M (lp, F<). When there is
no danger of confusion we shall write simply

My, Fo) = M.
The fundamental group 71(C \ A, #9) acts on My, as follows. If v € 7(C \ A, 1)

and M € My, let v,.M(t) be the analytic continuation of M(f) along ~. Then ~,
is an automorphism of M; and

(’Yl o ’72)*M = 72*(71*M) .

Definition 2. The monodromy representation associated to the generating
function M is the group homomorphism

@) T (C\ A, tg) — Aut(My) .

The group image of 7 (C\ A, tp) under (7) is called the monodromy group of M.

In what follows we wish to clarify the case when the generating function is (or is
not) an Abelian integral. For this we need to know the monodromy representation
of M.

2.2. The universal monodromy representation of the generating function.

Let H be a group and S C H a set. We construct an abelian group S /[H, S
associated to the pair H, S as follows. Let S be the group generated by the set

{hsh™': h € H},

that is to say, the least normal subgroup of H containing S. We denote by [H, S]
the “commutator” group generated by

{hsh='s7': h e H, s € 8},

Then [H, S] =[S, H] is a normal subgroup of Sand S /[H, 8] is an abelian group.
There is a canonical homomorphism

S/[H,8] — H/[H, H]
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which is not injective in general. Note that § = H implies that S/[H,S] =
H/[H,H] is the abelianization of H.

We apply now the above construction to the case when H = 7 (T, Pp) is
the fundamental group of a connected surface I' (not necessarily compact), Py €
I'. Let m(I') be the set of immersions of the circle into I', up to homotopy
equivalence (the set of free homotopy classes of closed loops). Let S C 7(I') be
a set and S C (T, Py) be the pre-image of S under the canonical projection

(I, Po) — mi(I) .
Then § is a normal subgroup of 71(T, Pg) and we define
H{(T.Z) = §/18, m (. Po)].

In the case when S = (T, Py) we have Hf(F, Z) = H((I', Z), the first homology
group of I'. Let ¥ be a diffeomorphism of IT'. It induces a map

V.o m(I) — m()

and we suppose that W¥,.(S) = S. Then it induces an automorphism (denoted again
by ¥x)

V.. H{(T,Z) — HY(I, Z).

Note also that if ¥y is a diffeomorphism isotopic to the identity, then it induces
the identity automorphism.

Two closed loops s1,52 € S represent the same free homotopy class if and
only if s; = hsoh~' for some h € (T, Py). It follows that to each free homotopy
class of closed loops represented by an element of S there corresponds a unique
element of Hy(T,Z).

Consider finally the locally trivial fibration

2\l Lc\a
defined by the nonconstant polynomial f € C[x,y] and put T" = f~!(t0), to & A.
Each loop v € m(C \ A, p) induces a diffeomorphism -, of T', defined up to an
isotopy, and hence a canonical group homomorphism
®) m1(C\ A, t9) — Diff (I') /Diffy(T).
Here Diff (T")/Diffo(I") denotes the group of diffeomorphisms Diff (I') of T, up

to diffeomorphisms Diffy (I') isotopic to the identity (the so called mapping class
group of I'). The homomorphism (8) induces a homomorphism (group action
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on (1))

€)) T (C\ A, 19) — Perm (m1(I))

where Perm (m1(I')) is the group of permutations of 7;(I').

Let Iy € T be a closed loop, and let S c Wl(f_l(lo),P()) be the subgroup
“generated” by Iy. More precisely, let Iy € m(f~'(ty)) be the free homotopy
equivalence class represented by . We denote by S C m;(I") the orbit m(C \
A 10)lp. Let S C (T, Py) be the subgroup generated by the pre-image of the
orbit Oy, under the canonical map

(I, Po) — mi()
and let us put
H{(T, Z) = §/[m1(T, Po), S1.
We obtain therefore the following:

PROPOSITION 2. The group H{O( £~ Xt), Z) is abelian and the canonical map
(10) HY(f~(10).2) — Hi(f ™ (%0). 2)

is a homomorphism. The group action (9) of m1(C \ A, to) on 71(f ~10)) induces
a homomorphism

(1n m(C\ A, o) — Aur(HY (f (1), 2))
called the monodromy representation associated to the loop .

The monodromy group associated to [y is the group image of 7;(C \ A, o) under
the group homomorphism (11).

THEOREM 1. For every polynomial deformation F; of the foliation df = 0, and
every closed loop ly C f~(to), the monodromy representation (7) of the generating

Sfunction My, is a sub-representation of the monodromy representation dual to (11).

The concrete meaning of the above theorem is as follows. There exists a
canonical surjective homomorphism

(12) HY(fY(10), 2) 5 Mi(lo, Fe)

compatible with the action of 71(C \ A, p). The latter means that for every v €
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m1(C\ A, 1) the diagram

HP(F (100, Z) —— Mydlo, F2)

.| B

HY(F (100, Z) —— My, F2)

commutes (7, is the automorphism induced by -y). Therefore Ker(y) is a sub-
group of H{O( f~X(ty), Z), invariant under the action 7{(C \ A, 1), and hence (7)
is isomorphic to the induced representation

m(C\ A, to) — H(f ' (10), 2)/Ker(p)
which is a subrepresentation of
m(C\ A1) — HP(f(10), 2"
Proof of Theorem 1. First of all, note that if 11,1, € m(f~(ty), Po) and
P.r(0) =t + My(ly, Fo, DX + OERY), Po£.(0) = t + My(lo, o, )EF + O(FH)
then
Piy.7. © Pior(t) = Pioiy 7. (0) = 1+ (My(ly, Fe, 1) + My(la, Fo, )" + O
(the proof repeats the arguments of Proposition 1). It follows that
(13)  Mi(ly o b, Fe, 1) = Mi(lp o 1y, Fe, 1) = Mi(l1, Fe, 1) + Mi(l2, Fe., 1).

The generating function My (7) is locally analytic and multivalued on C \ A.
For every determination ~, My (ly, Fc,t) of My(ly, F<,t) obtained after an analytic
continuation along a closed loop v € m(C \ A, 1p) it holds

(14) YMi(lo, Fe, 1)) = Mi(v:lo, Fe, 1)

where [y is (by abuse of notation) a free homotopy class of closed loops
on f~ (). Indeed, let I(r) C f~'(r) be a continuous family of closed loops,
I(ty) = ly. For each 7y we may define a holonomy map Pjs, . (f) analytic in
a sufficiently small disc centered at 7y. It follows from the definition of the
holonomy map, that if 7y, o are fixed sufficiently close regular values of f, then
Pusy). 7. (1) and Py, 7. (f) coincide in some open disc, containing fo, to. The same
holds for the corresponding generating functions. This shows that the analytic
continuation of My (t) = My(l(ty), F-,t) along an interval connecting ty and 7 is
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obtained by taking a continuous deformation of the closed loop I(ty) along this
interval. Clearly this property of the generating function holds true even with-
out the assumption that 7y, #y are close and for every path connecting 7y, 9. This
proves the identity (14).

Formula (14) shows that

k(lo, 7o) = k(vido, Fo), Vv € mi(C\ A, 1g).

Let I C f~'(f) be a closed loop representing an equivalence class in
Hio(f_l(to),Z). Then (13) implies that k(/, F.) > k(lp, F<) and we define

(l) _ Mk(l,fa,t), lf k(l’fé‘) :k(lo’f&‘)
per= 0, if k(L F.) > k(lo, Fo).

Using the definitions of the abelian groups Hio( Ff~Nt0),Z) and My(ly, F.)
and the identities (13), (14), it is straightforward to check that:

e (» depends on the equivalence class of the loop / in Hio( (), Z);

e (]) belongs to My (ly, Fe);

e  defines a surjective homomorphism (12) which is compatible with the
action of m1(C \ A, 19) on H{O(ffl(to), Z) and My (ly, F2).

Theorem 1 is proved. O

2.3. Main result. Our main result in this paper is the following.

THEOREM 2.
(1) Iin"(f_1 (t0), Z) is of finite dimension, then the generating function My(t) =
My (ly, Fe, t) satisfies a linear differential equation

(15) an(Ox™ + a, 1 (Ox"D + -+ ay ()X + ag(Hx = 0
where n < dim H{O( £~ Xt), Z) and ai(t) are suitable analytic functions on C \ A
(2) If, moreover, My(t) is a function of moderate growth at any t; € A and at

t = 0o, then (15) is an equation of Fuchs type.
(3) If in addition to the preceding hypotheses, the canonical map

(16) HO(fY(20),2) — Hi(f ™ (1), Z)

is injective, then My(t) is an Abelian integral
(7) M= | w
I(z)

where w is a rational one-form on C? and I(t) C f~'(¢) is a continuous family of
closed loops, I(ty) = ly.
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Remarks.

(1) Recall that a multivalued locally analytic function g: C\ A — C is said
to be of moderate growth if for every g > 0 there exist constants C, N > 0 such
that

sup{|gOV|: 0 < |t —1;| < C, Arg(t —1,) < @o, t; € A} < 00

and

sup{| g ™|: [i] > 1/C,Argli] < o} < oc.

(2) When (16) is not injective, the generating function could still be an
Abelian integral. Of course, this depends on the unfolding F-.

(3) If the dimension of H{O( f~l(t),Z) is finite, we may also suppose that
(15) is irreducible. This makes (15) unique (up to a multiplication by analytic
functions). The monodromy group of this equation is a subgroup of the mon-
odromy group associated to [y, see (11). It is clear that M () may satisfy other
equations with nonanalytic coefficients on C \ A.

Proof of Theorem 2. Suppose that Hio( £~ Xty), Z) is of finite dimension. Then
My (ly, Fe) = Hio(f_l(to), Z)/Ker(p) is of finite dimension too, and let g;(r) =
My (l;, Fe,t), i = 1,...,n be a basis of the complex vector space V generated
by My (lp, F2), dimc V < dimg My (lp, F2). There is a unique linear differential
equation of order dimc V satisfied by the above generating functions (and hence
by My (ly, Fe,t)) having the form (15) which can be equivalently written as

g g - 8
@ & g
(18) det| . . ... . [=0.
&n g; gﬁ;n)
[ A ()
The functions g1, g2, - . . , g, are linearly independent over C and define a complex

vector space invariant under the action of 7(C \ A, #y). For a given 7y € 7;(C\
A, ty), let v, € Aut(V) be the automorphism (11) and denote (by abuse of notation)
by ~v.a;(t) the analytic continuation of a;(f) along the loop ~y. The explicit form of
the coefficients a;(¢) as determinants (see (18)) implies that v.a;(¢) = det(v.)a;(t).
Therefore . [ai(t)/a,()] = ai(t)/a,(t), ai(t)/a,(t) are single-valued and hence
meromorphic functions on C \ A. This proves the first claim of the theorem.
If in addition M(¢) is of moderate growth, then g;(f) are of moderate growth
too, a;(t)/an(t) are rational functions, and the equation (15) is of Fuchs type
(eventually with apparent singularities).

Suppose finally that (16) is injective, which implies that H{"( ), Z) is
a subgroup of the homology group H;(f'(ty),Z). By the algebraic de Rham
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theorem [8] the first cohomology group of f~!(#y) is generated by polynomial
one-forms. In particular, the dual space of H i"( f~(to),Z) is generated by poly-
nomial one-forms wi,ws,...,wy,. Let [1(£), L(?),...,1,1),I1() Cffl(t) be a con-
tinuous family of closed loops, such that (), [»(t), - . ., [n(#p) defines a basis of
Hio( 1), Z, I(ty) = ly. The determinant

81 fll w1 fll wy e fll Wn
82 fzz wi flz wy fl2 Wn
(19) det | - . e . =0.
g Jpwr fpwr oo [ wn
M, flwl fle - fl W

developed with respect to the last row gives

aoMk+a1/w1+a2/w2+-~an/wn:0.
I I I

As HY(f~(10),Z) € H\(f~(t0), Z) is invariant under the action of 7 (C \ A, o),
then we deduce in the same way as before that «;(r)/ao(f) are rational functions.
This completes the proof of the theorem. O

We conclude the present section with some open questions. Let [o(f) C f~1(¢)
be a continuous family of ovals defined by the real polynomial f € R[x, y].

Open questions.

(1) Is it true that the abelian group Hio( f~Ut), Z) is free, torsion free, finitely
generated, or even stronger, dim Hi"( F~N1), Z) < dimH\(f~(ty), Z)? If not, give
counter-examples.

(2) Is it true that every generating function of a polynomial deformation F;
of df =0 is of moderate growth at any point t € A or t € c0?

(3) Is it true that the monodromy representation (11) has the following uni-
versal property: foreveryl € H {0( £~ \(to), Z) there exists a polynomial deformation
Fe of df = 0, such that the corresponding generating function (1) is not identi-
cally zero. If this were true it would imply that Hi"( f~t),Z) is torsion-free,
and whenever (16) is not injective, then there exists a polynomial unfolding with
corresponding generating function which is not an Abelian integral of the form
7).

(4) Suppose that the canonical homomorphism (10) is surjective. Is it true
that it is also injective? Note that a negative answer would imply that the repre-
sentation (11) is not universal (in the sense of the preceding question). Indeed,
if (10) is surjective, then the orbit O;, generates the homology group, and hence
the generating function is always an Abelian integral. The kernel of the canoni-
cal map (10) consists of free homotopy classes (modulo an equivalence relation)
homologous to zero, along which every Abelian integral vanishes.
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Figure 2. The continuous families of ovals 6, 6 and be.

3. Examples. In this section we show that the claims of Theorem 2 are
nonempty. Namely, we apply it to polynomial deformations f of the simple sin-
gularities y? + x*, xy(x — y) of type A3, Dy respectively (see [1, vol. 1] for this
terminology). For a given loop &(f) C f~'(t) C C? we shall compute the group
HY(f~'(t),Z). As the abelian groups H{(f~'(f),Z) are isomorphic, then when
the choice of ¢ is irrelevant we shall omit it. The same convention will be ap-
plied to the cycles or closed loops on the fibers f~!(r). An equivalence class of
loops in H‘f (f~X(to)s, Z) will be represented by a free homotopy class of loops
on f~1(#). Two such free homotopy classes &;, 8, are composed in the following
way: take any two representative of 61,0, in the fundamental group of the sur-
face f~!(¢) and compose them. This operation is compatible with the group law
in Hf( f~to):, Z), provided that 61,6, represent equivalence classes in it. The
operation defines a unique element in H f( f~Y(t0),, Z) (represented once again by
a nonunique free homotopy class of loops).

3.1. The A; singularity. Take

2

2_12
fan =2+

4
and denote by 6.(¢), 6;(¢), 6,(¢) respectively the exterior, left interior and right
interior continuous family of ovals defined by {(x,y) € R?: f(x,y) = t}, see
Fig. 2. We denote by the same letters the corresponding continuous families

of free homotopy classes of loops defined on the universal covering space of
C\ {0,1/4}, and fix o # 0.

ProprosITION 3. We have
HIF Y1), 2) = HN (£ \(t0), Z) = H(f N (t0), Z) = Z°, Hy, () = 72
V(T (), Z) = H\"(f~ (t0), Z) = Hi(f~ (t0), Z) = 1, Selto) =

and the canonical map H‘fe(f_l(to), 7) — Hi(f~\(t0), Z) is injective.
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Figure 3. The Dehn twist along the closed loop &;.

Applying Theorem 2 we get:

COROLLARY 1. For every polynomial unfolding F. the generating function
Ms, s, is an Abelian integral, provided that this function is of moderate growth.

It is possible to show that Ms,, is always of moderate growth (this will follow
from the explicit computations below). As for Mg, and Ms, ., it follows from
[5] that these functions are always Abelian integrals.

Proof of Proposition 3. The affine curve f~!(#o) is a torus with two removed
points, and hence H(f~!(ty),Z) = Z3. We compute first Hf’(f_l(to),Z). Let
to € (0,1/4) and let 6,(t) C f~'(r), t € (0,1/4), be the continuous family of
“imaginary” closed loops (the ovals of {y?/2 + (x> — 1)2/4 = t}) which tend
to the saddle point (0,0) as 7 tends to 1/4. As before we denote by the same
letter the continuous family of free homotopy classes of loops defined on the
universal covering space of C\ {0, 1/4}, and fix #o # 0, 1/4. Let ly, 1,4 € m(C\
{0,1/4},10) be two simple loops making one turn about 0 and 1/4 respectively
in a positive direction. The group m(C \ {0,1/4},1) acts on 71(f~!(t)) as
follows. To the loop [j4 corresponds an automorphism of £~ 1(tp) which is a
Dehn twist along d4(fp). Recall that a Dehn twist of a surface along a closed
loop is a diffeomorphism which is the identity, except in a neighborhood of the
loop. In a neighborhood of the loop the diffeomorphism is shown on Fig. 3, see
[22]. The usual Picard-Lefschetz formula [1] describes an automorphism of the
homology group induced by a Dehn twist along a “vanishing” loop. Therefore
[y /465 = b5 and [} 4,6; is the loop shown on Fig. 3. We may also compose the
loops &5, 11 /4401 in the way explained in the beginning of this section. The result
is an equivalence class in Hf’( f~!(to), Z) represented in a nonunique way by a
closed loop. The equivalence class Vary, /4(51 = /4 — id).6; equals therefore to
the class represented by 5, and hence Varlz1 /461 represents the zero class. In a
similar way we compute ly.d5(f9) which equals &5 + 6, + 6;, as well as its first
variation Var; 65 = (o — id)..0; which equals 6, + ¢, see Fig. 5. It follows that the
second variation Var,z0 05 of 65 may be represented by a loop homotopic to a point.
We conclude that H(fl( f~Uto),Z) is generated by equivalence classes represented
by &, 65,6, and hence it coincides with H,(f~'(t), Z) (generated by the same
loops). The computation of Hfr( f (1), Z) is analogous.
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e s
=7 N

@ (ii)
RN
\ o
(iii) @iv)

Figure 4. The closed loops . and &5.

To compute H( f~(ty), Z) we note that this group coincides with H2*( £~ (t), Z).
Indeed, take a loop / C C starting at 7y € (0,1/4) and terminating at some
11 € (1/4,00) as it is shown on Fig. 4. This defines a continuous family of (free
homotopy classes of) loops ,(¢) along [. Then it follows from Fig. 4 that

Os(to) = 0(11)

and hence H*"(f~1(19), Z) = H{*"V( (1), Z). The loop lo.8(t0) and its first
variation Vary6s(tg) = (lo — id).65(tg) were already computed (Fig. 5) and the
second variation Varlzoés(to) may be represented by a loop homotopic to a point.
Further, [ /4*6S(t0) = 64(p), and the first variation Var, /4 Var,64(ty) of Var,64(to)
along /; 4 is a composition of free homotopy classes of 65 (two times). It follows
that H‘f‘( f~ Y1), Z) is generated by &; and Vary,6;. As these loops are homolog-
ically independent we conclude that

HY(f~(00),Z) — H\(f ' (t0), Z)
is injective and Hfs( f~\(to), Z) = Z*. The proposition is proved. O

3.2. Calculation of the generating function in the A3 case. In what follows
we compare the above geometric approach to the combinatorial approach based
on Francoise’s recursion formulae. We shall prove a stronger result allowing us to
set up an explicit upper bound to the number of zeros in Z of the displacement map
P(t) — t for small . Below we use the standard notation H of the Hamiltonian
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@

(i)

Figure 5. (i) The loop /o« ds(), and (ii) its first variation Var, bs(tp).

function,

2 2 1\2
gt &0
2 4

We say that A is a polynomial of weighted degree m in x,y, H provided that

Ay, H)= > ayx'yH*
i+j+2k<m

(namely, the weight of x,y is one and the weight of H is assumed to be two).
Clearly, a polynomial in x,y allows a representation through different weighted
polynomials in x,y, H, possibly of different weighted degrees, depending on the
way the powers x' with i > 3 were expressed. However, any polynomial has a
unique representation through a weighted polynomial in a normal form which
means that the latter contains powers x' with i < 3 only. We will not assume that
the weighted polynomials we consider bellow are taken in a normal form.
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Set oy = xkydx and Ii(1) = |, 8t Tks k=0,1,2, where 6(¢) is an oval contained
in the level set {H = t}.

PROPOSITION 4. For any one-form wy, = A,(x, y, H)dx+B,,(x,y, H)dy with poly-
nomial coefficients of weighted degree m, the following decomposition holds:

(20) wm = dGm+1(x’y’ H) +gm71(x9y, H)dH
+ am—1(H)oo + Bu—2(H)o1 + Ym—3(H)o2

where Gy, gk, Ok, B, Yk are polynomials in their arguments of weighted degree k.

Below, we will denote by oy, B, 7% polynomials of weighted degree k in H,
by Gy, gr polynomials of weighted degree k in x,y,H, and by wy one-forms
with polynomial coefficients of weighted degree k in x,y, H. (Possibly, different
polynomials and one-forms of the same degree and type will be denoted by the
same letter.)

Proof of Proposition 4. The proof is similar to the proof of Lemma 1 in
[12] which concerned the elliptic case H = 2y + ;x2 — 1 x3. It is sufficient to
consider the case when the coefficients of the one-form do not depend on H. As
in [12], one can easily see that the problem reduces to expressing the one-forms
ydx, xy'dx, x*y/dx in the form (20). We have

; 4j i—2 J 2 j—2 —2 xy/
de= ——H d —1 dx — dH +d
e oo 7Y x+2j+1(x Wdy = oy A A
; 2j 2 J 2 ( -y
xyYde= ——H dx — ——x" —1 dH + d————
P T " 2%+2
. 1 4j - o =2y
2[ . — H2 2 _ 2H
Xy dx 2j+3y’dx 7 +3 XY dx — 2] (x x)Y 2dH + d—— 2743

From the second equation we obtain immediately that xy/dx = ch'% o1 +dGjp +
gidH (c; = 0 for j even, ¢; > 0 for j odd) which yields

XA 1(Y)dx = Bp_o(H)oy + dGpi1 + gm—1dH.

Taking notation 0; = (ydx,x*y/dx)", ©; = (dGjs1 + gj—1dH, dGjs3 + gjs1dH) ",
can rewrite the system formed by the first and the third equation above in the
form

_ 4H — 1 1
;= Aj(H)Y;—» + O, A,~(H)=2.L 4H —1 4Q2j+DH+1
j+ 1
2j+3 2j+3
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As Aj®j—2 = @j, this implies that (9]‘ = AjAj_z N300+ @j fOI’j odd and 9]' =
AjAj—> ... A0y + ©; for j even, which in both cases is equivalent to

ydx = oj_1(H)oo +7j—3(H)oz + dGjy + gj—1dH,

1) .
X*ydx = aj1(H)oo +7j—1(H)o2 + dGjis + g1 dH

where the coefficients at oy, op vanish for j even. Applying the last two relations
with j < m and j < m — 2 respectively, we obtain the result. O

The above decomposition (20) is the basic tool for calculating the generating
functions. For the two period annuli inside the eight-loop (level sets ¢ € (0, %L)),
one has

/5 o= o O+ By 2O 0) 3 5O,
t
and for 0 < ¢t < %,
/ o = 05 A 1(1) = B2(D) = Yn3(D) = 0 S W = Ay + g1 dH.
(1)

This means that the internal period annuli satisfy the so called (x) property [2]
and the generating functions are determined from the integration of polynomial
one-forms calculated in a recursive procedure. More explicitly, consider a small
polynomial perturbation

x:Hy"'gf(X,}’),

(22) .
y=—H,+¢eg(x,y),

which can be rewritten as dH — cw,, = 0 with w, = g(x, y)dx — f(x, y)dy and n the
degree of the perturbation. Then in (0, %), the first nonzero generating function
is given by

M (t) = /5( ) Qk, where Q = wn,Qk = CIk—IQl and Qk—l = ko—l + qik—1 dH.
t

Making use of (20), it is then easily seen by induction that g;_; is a polynomial
of weighted degree (k — 1)(n — 1), therefore € is a polynomial one-form of
weighted degree m = k(n — 1) + 1 which proves that

(23) M (1) = a[@](t)lo(t) + ﬂ[km—zl)—l ](1)11 )+ ’Y[k<n—21>—2](l‘)12(f),

where «;, 3;,7; are polynomials in ¢ of degree at most j.
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For the period annulus outside the eight-loop (level sets ¢ € (%, o)), one has
[ n = 0 010+ 30120,
andfori<t<oo,
/aa) wn =0 < a1 () =3n=3(0) =0 S wn = dGpi1 + g1 dH + fn2(H)o,

since /1(f) = 0 which is caused by symmetry of the oval. Therefore the outer pe-
riod annulus does not satisfy the () property which makes this case troublesome
and we shall deal with it until the end of this section.

Take a point (x,y) lying on a certain level set H = ¢ for a fixed ¢ > % and let
(a,0) be the intersection point of the level curve with the negative x-axis. Denote
by 6(x,y) C {H =t} the oriented curve in the (£, n) plane connecting (a,0) and
(x,y) in a clockwise direction. Consider the function ¢ determined by the formula
(see formula (2.5) in [11])

_ gdg
ox,y) = /5 o

As I)(?) = [5, Xy dx = 0, this is also true for 71(r) = [y, )‘de which implies that
p(=£ a,0) =0. Therefore, ©(x,y) is single-valued and hence an analytic function
in the domain outside the eight-loop. In [13], ¢ was expressed as

=1

(x,y) : arctan 7rsi n signy arcsinx2 L
xX,y) = —= —_— - = == - —1.
RN w2z 2T 2WH 2

In [16], the authors expressed ¢ by a complex logarithmic function

i ¥ —1+iv2y
¢ = log
2V2 Tx2—1-1iV2y

and used in their proofs the properties of ¢ on the corresponding Riemann surface.
The concrete expression of the function ¢ is inessential in our analysis. We will
only make use of the identities (24) below and the fact that ¢ there is determined
up to an additive constant, whilst the first nonvanishing generating function M
is independent on such a constant.
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Let us denote for short G = }T(xz — 1)y. Using direct calculations, one can
establish easily the following identities:

o1 =xydx =dG+ Hdp,

2
xy x-—1
Hdp = —dx — d
p=dx PR
2 Ddp = 2-dH — dy,
21
dyp = xdx — dH,
YO =X Ty
(5x* — 1)y (xG) xG
dp=-—"——"dyx—d (=) — ~=dH.
xdy 10 dx—d i 72

Making use of the first identity in (24), we can rewrite (20) as

W= dGpy1 + gn—1dH + ﬁmd@ + apm—1(H)oo + ym—3(H)or

(25)
=d(Gpme1 + @ﬂm) + (gmfl - @/6,/11) dH + O‘mfl(H)UO + ’}/,,1,3(1‘1)0'2,

with some new Gy, g and 3, satisfying (3,,(0) = 0.

LEMMA 2. For any nonnegative integer | and one-form of weighted degree
m > 0, the following identity holds:

I+1 i 1+1

!
Ywm = dz ﬁGm+3l—3j+l + Z ng+3l—3j+ldH
J=0 =0

[ i l

L o
+ 20: Hl=i Om+31-3j—100 + ZO: Hl?j’Ym+3173j—3O'2.
J= =

Proof. By the first equation in (25), we have

(26) o, = d «ple+1+ﬂﬁm + | ¢'gm1 — o B, | dH
[+1 [+17™

+ (plOém_lO'() + (pl’ym_302 — lapl_leHdtp.
Using the second equation in (24), we can rewrite this identity as

Olm = AP Gt + Ho™ ' Gy 2) + (D't + @' gm_2)dH
I

! i -1
+ Y op—100+ @ Ym—302 t ESD Wm+3-
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By iteration procedure, we get

Hi\j

Lo (1 . :
Wlom = 3L <> (A" T Gt + HE' I G 2)
j=0

I—j I—j+1 I—j I—j
+ (0 gme3i—1 + @ T gmasj—2)dH + @ iz 100 + 0 Yyzj—302

I—j I—j+1
2
d (FGmfij + i_lj—_lewj—z)

ol I—j+1
T 83l T T B2 dH

I=j I=j
+F04m+3j—100 + F’Ym+3j—302

I+1 i I+1

=dy %Gmﬁkyﬂ +y ng+3lf3j+ldH
=0 =0

! !
+ Z gi—j Cm31=3j-100 + Z i Tm¥31=3j-302. o
=0 =0

Unfortunately, one cannot use directly Lemma 2 to prove Proposition 5 and
Theorem 3. Indeed, by the second equation in (25), we see that the function g
is a first degree polynomial with respect to ¢ which agrees with Proposition 5
for k = 1. By applying Lemma 2, we then conclude that g, would contain terms
with denominators H?, which does not agree with Proposition 5 when k = 2. The
core of the problem is the following. Let us express €, the differential one-form
used to calculate M(¢), in the form Q = dQy + qirdH + ay(H)oo + br(H)o,. Then
M () = 0 is equivalent to a; = by = 0. However, the vanishing of a; and by
implies the vanishing of some “bad” terms in g; as well. Without removing these
superfluous terms in g, one cannot derive the precise formulas of My, and g
during the next step. Hence, the precise result we are going to establish requires
much more efforts. The proof of our theorem therefore consists of a multi-step
reduction allowing us to detect and control these ”bad” terms. As the first step,
we derive below some preliminary formulas.

Consider the function G4 in formula (26). As it is determined up to an
additive constant, one can write

Gt (0,3, H) = ax + (¢ = DGp—1(0) +YGn(x,y) + HGyp1(x,y, H)
which together with (24) yields

—IGps1dp = Wt + ngJrde +aixdyp, a; = const.
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Therefore, by (26),

1 -1 l <Pl+1
PWm = @ Wil +d (SD G + Hlﬂm)

-1 1+1
4 l ¥ /
+ | —— + -1 - dH
< 7 8me2 T P 8me l+16’">

-1 i I
+aip’” xdp + @ 100 + P Ym—302.
By iteration, one obtains

l

ji+1
= dz (SD]GmH —j+l + (PI ﬁm.q.[ ]) + Z <SOIgm+l —j—1 (P_:_lﬁllnﬂ—]) dH

/—0 Jj=0

+Z gm+l ]+2dH+ZanDi Xd@'*'z@lamﬂ —j—100

Jj=1 Jj=0

+ Z O Vimsl—j—302-

J=0

After a rearrangement, we get

1+1 -1
lwm = dz SOIGm+l—j+1 + (Z %gm+lfj+l + ‘plgm—l - SOIHG:n) dH

=0 =0
(27) ; |

+Zaj@]ﬂl@+z¢]am+l —j— 100+Z¢]7m+l —j—302

Jj=0 Jj=0

where G,, = G,,(H) and G,,(0) = 0. Using (27), we then obtain

I+1 i l i
- Wm= dz Guri—jr1 + (Z %gm+l—j+l - SOIH(Gm/H)/) dH
(28) , {‘0 _ 7= .
+Za]%x¢1¢+z T QU] —j— 100+Z T Vmsl—j—3072.
j=0 Jj=0 ]—0

More generally, for any k > 2,

gol +1 l cp’ (pm
ﬁ = dZ HE Gusi—jr1 + Z W8m+l—j+l + Fﬂm—Z dH
(29) j_O ]_0

-1 1 l i
@ @
+§ :aJH xdo + E Hkam+l—j 100+ § k7m+l j—302-
j=0 j=0
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After making the above preparation, take again a perturbation (22) or equivalently
dH —ew, = 0 where w, is a polynomial one-form in (x, y) of degree n and consider
the related displacement map (5).

PROPOSITION 5. Assume that M (1) = ... = My(t) = 0. Then Q; = dQy + qrdH,
with
k—1
(30) =) 1 Slarek—3=2 + & kn—2)-

j=0

Proof. The proof is by induction. Assume that g, takes the form (30), then
Qi1 = gk = qrw, can be written as

k—1 I
¥ k
(31) Q1 =) T T D) =31=3 + P Wk ) n—2)+2-
1=0

Using (29), we obtain that My, (1) = |, 5h) Q;,; where

-1

k—1 - ;
¢ ¢
Qi = Z (Z“ﬂm - 1Xd90+ZHk =1 Xk+1)(n+1)—j—21-400
=0 \ j=0 j=0

l .
@
+ Z T T VD) —j~21-602
P

k—1 k
+ Z aJkSDIdeD + Z 90104(1(+1)(n 2)+k—j+100 + Z <P/’Y(k+1)(n 2)+k—j—102
j=0 j=0 j=0
Ok+1)(n+1)—3j—4 Vk+1)(n+1)—3j—6
k+1 + Z 901 Hk—i—1 ot Z (pl Hk—i—1
Jj=0 j=0

+ Sﬁka(k+1)(n—2)+100 + <Pk’Y(k+1)(n—2)—1Uz

and

2 Sy_ni_a(H)
Qi = Z g2 ¥ 'xdp + a1 xdp.
1=0

We now apply Lemma 2 (with m = 3) to Q;F,. Thus,

2 Sok—21—4
Qi = E T lcpw3 + a1 xdp
1=0

k—2 141 ; ;

O2k—21-4 @ @

=) Hk—l—l dH,_jG3z 3t + 1 831 3j4adH
1=0
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k—2 ;
Ook—21—4 ¢
k-1
+3 Z = (031-3j4200 + V31—3j02) + ak—1" xdy
P

Te—I—1
=0 H =0
k=2 I+1 (101
= ;}_ZO [de - 1G2k3j+z+ijg2k3j+ldH]
k=2 1
+ZZH’< —1 (Q2k—3j41-200 + V2k—3j41-402) + A 1o xde
1=0 j=0
-y PG> ¢gu—3-2
B FZO [d -1t i @H
k—2
+> W(Oﬁk 3400 + V3t_3j—602) + a1 xdp.
j=0

We have proved that

G foar i
QZ+1_Z[ 90’ 3k—3j—2 +<P’g3k 3 de]

Hk—i—1 Hk—J
Jj=0
(32) = Qe 1)(n+1)—3j = Y ;
j— j J(k+1)(n+1)—3j—6
2(290/ Hh—i—1 +Zo:(p He—i-1 72
j= =

+90ka(k+1)(n—2)+100 + <Pk7(k+1)(n—2)—102 + ak—lwqudSO-

We finish this step of the proof of Proposition 5 by noticing that if M4 (¥) =
St ks = 0, then the constant a;—; and the coefficients of all the polynomials
aj,7; in (32) are zero. The proof of this claim is the same as the proof of
Proposition 6 below and for this reason we omit it here. Therefore, equation (32)
reduces to Q7 | =dQ;., +q;, dH.

Next, applying to (31) the more precise identities (27), (28) along with (29),
we see that Qi1 = dQiy1 + grr1dH + €25, and moreover, the coefficient at dH is

k=3 [ 1 j I+1
Qi+1 = Z Z Wg(k+l)(n+l)fj72172 + Wg(k+l)(n+l)f3175
=0 \ j=0
k=2
+ Z F2 8 D=2 k—j+s + ¢ g2
J=0
k=2
+ ¢ . k—1 k
Eg(k+l)(n—2)+k—j+3 + @ Bk+D)(n—2)+2 T @ 8k+1)(n—2)+1
Jj=0
k—1 QP/
+ ﬁg(k+1)(n—2)+k—j+3 + SDkg(k+1)(n—2)+1 + <Pk+1g(k+1)(n—2)-

~
I
S
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An easy calculation yields that the above expression can be rewritten in the form
k
— k+1
Gt =3 k=i 8D+ D=3j=2 + L7 8 Dn—2)-

J=0

Finally, it remains to use the fact we already established above that g;,, (the
coefficient at dH in €}, ,) is a function of the same kind as the former gi.1. O

PrROPOSITION 6. Assume that M((t) = ... = Mi(t) = 0. Then Qi1 = g1 =
qrwy, takes the form

a, .
Qis1 = 2 2(H)00 +Yan_a(H)oy + H‘;(Saz — 00) +dQu1 + qrr1dH  ifk =1,

k1) (nr1)—4(H) V1) (nr1)—6(H)
= oo+

s Hk—1 Hk—1

02 + dQks1 + Grs1dH ifk>1.

Proof. We use formula (32) from the proof of Proposition 5 and the fact
that the function ¢ is determined up to an additive constant, say c¢. Recall that
M1 (2) = |, 50) Q;,; where Q;,, is given by (32). As above, one can use Lemma
2 to express the last term in (32)

—1

_ a
a1 xdp = - ¢

kflw3

as

%{[cp’ﬂ(azao +7002) + Lo.t] +dQ + gdH},
where we denoted by l.o.t. the terms containing ¢/ with j < k — 1. The values of
ay and g can be calculated from the last equation in (24) which yields

(33) a1 xdy = a:—;]]{[@k_l(Sag —09) +l.ot] +dQ + qdH}.

Let us now put p+c instead of ¢ in the formula of My, (¢). Then My () becomes
a polynomial in ¢ of degree k with coefficients depending on ¢. Since M}, does
not depend on this arbitrary constant c, all the coefficients at d, 1< Jj < k should
vanish. By (32), the coefficient at ck equals

Q1) (n—2)+1 (DI(1) + Yiaea 1y (n—2)—1(D)12(2)

which is zero as My (f) does not depend on c. This is equivalent to Q4 1)(n—2)+1(?)
= Yk+1)(n—2)—1(1) = 0. When k = 1, this together with (32) and (33) implies the
formula for ;. Assume now that k > 1. When the leading coefficient at cf
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vanishes, the next coefficient, at ¢*~!, becomes

ag—1 ag—1
Q1) (n—2)+2(1) — 4 Ve H(n—2)() + 5——| [ (1)

:| Io(t) + 47

and both coefficients at Iy and I, are identically zero which yields o4 1)(n—2)+2 =
Yk+)n—2) = 0 and a;—1 = 0. Similarly, all coefficients in (32) q(ks1)(n+1)—3j—4-
Vk+1)(n+1)—3j—65> J > 0, become zero which proves Proposition 6. O

In the calculations above we took the eight-loop Hamiltonian H = %yz +
%(x2 —1)? and considered the outer period annulus of the Hamiltonian vector field
dH = 0, defined for levels H =t with t € X = (%, 00). Evidently a very minor
modification (sign changes in front of some terms in the formulas like (24)) is
needed to handle the double-heteroclinic Hamiltonian H = %y2 — %(x2 —1)? and
the global-center Hamiltonian H = Jy* + (x? + 1)%. The functions ¢, G and the
interval X could then be taken respectively as follows:

1 1 —x%— 2y (2 —1)y
= lo , G=— 2 T=(-10),
4 2v2 gl—x2+\/§y 4 (=20
. 2 . 2
i +1+iV2 2 +1)
sp: log 5 R y, =7y7 Z=(%9OO)
2V2 Tx24+1—iV2y 4

Below, we state Theorem 3 in a form to hold for all the three cases. Recall
that () = f6(t) or = fé([) x*ydx, k=0,1,2, where §(f), t € X, is the oval formed
by the level set {H =t} for any of the three Hamiltonians.

THEOREM 3. For t € X, the first nonvanishing generating function My(t) =
Jr=; Qi corresponding to degree n polynomial perturbations dH — ew, = 0, has the
form

fork=1, M) = Oé%(f)lo(f) + %sz(f)lz(t),
1
fork=2, M) = " [an(DIo(®) + Ya—1(DL(D)]

1
fork>72, M) = ) a@_z(t)lo(t) +7@_3(f)12(f) ,

where (1), 7;(t) denote polynomials in t of degree [ j].

Proof. Take a perturbation dH — cw, = 0 where € is a small parameter.
Then by a generalization of Frangoise’s recursive procedure, one obtains M () =
fé(t)Ql, and when M{(¢) = --- = M;_1(t) = 0, then My(t) = fé(t) Q, where
Q) = wy, O = gx—1€2; and g is determined from the representation €2;_; =
dQr_1 + qr—1dH. The algorithm is effective provided we are able to express the
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one-forms € in a suitable form which was done above. For k = 1, the result
follows from (25) applied with m = n. For k > 1, the result follows immediately
from Proposition 6. O

Clearly, Theorem 3 allows one to give an upper bound to the number of zeros
of My(¢#) in X and thus to estimate from above the number of limit cycles in the
perturbed system which tend as € — 0 to periodic orbits of the original system
that correspond to Hamiltonian levels in 2. For this purpose, one can apply the
known sharp results on non-oscillation of elliptic integrals (most of them due to
Petrov, see also [7], [21] and the references therein) to obtain the needed bounds.
Define the vector space

M, = {Pu(OIy(t) + Pp—1(OL(2): Py € R[t], deg Py <k, t € X}.

Clearly, dim M, = 2m+ 1. We apply to the eight-loop case Theorem 2.3 (c), (d)
and Lemma 3.1 from [21] and to the double-heteroclinic and the global-center
cases, Theorem 2 (4), (5) and Lemma 1 (iii) from [7] to obtain the following
statement.

PROPOSITION 7.

(1) In the eight-loop case, any nonzero function in M,, has at most dim M,, =
2m + 1 zeros in .

(ii) In the double-heteroclinic and the global-center cases, any nonzero function
in M,,, has at most dim M,, — 1 = 2m zeros in X.

By Proposition 7 and Theorem 3, we obtain:

THEOREM 4. In the eight-loop case, the upper bound N(n, k) to the number of
isolated zeros in Z of the first nonvanishing generating function My(t) corresponding
to degree n polynomial perturbations dH — cw, = 0, can be taken as follows:
N(n, 1) =2["5 1+ 1, N(n,2) = 2n + 1 and N(n, k) = 2[*%D] — 3 for k > 2.

THEOREM 5. In the double-heteroclinic and the global-center cases, the up-
per bound N(n, k) to the number of isolated zeros in X of the first nonvanishing
generating function My(t) corresponding to degree n polynomial perturbations
dH — ew, = 0, can be taken as follows: N(n,1) = 2[%], N(n,2) = 2n and
N(n, k) = 2[*%D] — 4 for k > 2.

Similarly, one can consider in the eight-loop case any of the internal pe-
riod annuli when the (x) property holds. Take ¢t € £ = (0, %) and consider the
corresponding oval §(¢) lying (say) in the half-plane x > 0. Define the vector
space

My = {PpOIo@+P s (DI (D+P 2 (D1(0): Py € RIf], deg Py < k, 1 € T
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Clearly, dim M,,, = [%]. By Petrov’s result [18], any function in M,, has at
most dimM,, — 1 = [37’"] isolated zeros. Applying this statement to (23), we
get:

THEOREM 6. In the internal eight-loop case, the number of isolated zeros in
X of the first nonvanishing generating function M(t) corresponding to degree n
polynomial perturbations dH — cw,, = 0 is at most N(n, k) = [%].

It is well known that the bounds in Theorems 4, 5, 6 are sharp for k = 1.
That is, there are degree n perturbations with the prescribed numbers of zeros of
M (¢) in the respective X. One cannot expect that this would be the case for all
k > 1 and n. The reason is that M, kK > 1, is a very specific function belonging
to the linear space M,, with the respective index m which in general would not
possess the maximal number of zeros allowed in M,,. Moreover, as there is a
finite number of parameters in any n-th degree polynomial perturbation, after
a finite steps the perturbation will become an integrable one and hence M;(¢)
will be zero for all k > K with a certain (unknown) K. The determination of
the corresponding K and the exact upper bound to the number of isolated zeros
that the functions from the set {M;(r): 1 < k < K} can actually have in Z,
are huge problems. We will not even try to solve them here. Instead, below we
show that the result in Theorem 3 can be slightly improved when k& > 1 and n is
odd.

THEOREM 3*. Fort € X and n odd, the first nonvanishing generating function
M (1) = [y, Qi corresponding to degree n polynomial perturbations dH —ew, = 0,
has the form

fork=1, M()= OénT—l(l)Io(l) +Yns OL(1),
1
Jork=2, M) = n [an—1(OIo(t) + Yu—1(DL(1)]

1
fork>2, M(t)= 5= | s _5(OI(1) + Vi _,(DL(1) |,

where (1), 7;(t) denote polynomials in t of degree j.

Proof. Given A(x,y, H), a polynomial of weighted degree m, we denote by
A its highest-degree part:

A,y Hy= Y agx'yH.

i+j+2k=m

The same notation will be used for the respective polynomial one-forms. We
begin by noticing that

@p = (apy" + alxynfl + azxzy"*z)dx + d(boy"+l +bixy" + ngzy”*1 + b3x3y"*2)
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because all terms containing ¥ with j > 4 can be expressed through lower-degree
terms. If M (¢) = O then, by Proposition 4, &,_; = §,—3 = 0 which implies that
ap = ap = 0, see equations (21). From the formulas we derived in the proof of
Proposition 4, one can also obtain that, up to a lower-degree terms,

2(n—1) x2y!

—1
Hxy"3dx — nszy”_3dH +d——,
n

n—1
dx =
Xy X m

which yields
xy" " ldx = dx*P,_1(y,H) — x*P,_3(y, H)dH +1.d.t.,

where P; denotes a weighted homogeneous polynomial of weighted degree j with
positive coefficients. Now,

Q) = qiw, = —a1x*Py_3d(boy™" + bixy"),

and we see that the highest-degree coefficient of the polynomial a;,(f) in the
formula of M5 (¢) should be zero. If, in addition, M»(¢) = 0, then a;b; = 0. When
a; = 0, one obtains g; = 0 = Qi =0, k > 2 and the claim follows. If b; = 0,
then Q, is proportional to szn_3y”dy which implies that all g, kK > 2, will have
the form gy = szk(,,_l)_z(y, H) where P; are as above, and hence, Qi1 = qr,
will have no impact on the value of M. O

The result in Theorem 3* allows one to improve Theorems 4 and 5, but we
are not going to present here the obvious new statements.

3.3. The D, singularity. Let
f=aly? = (x=3)]

and denote by &(¢) the family of ovals defined by {(x,y) € R?: f(x,y) = t},
t € (—4,0), see Fig. 6. We will denote by the same letters the corresponding
continuous families of free homotopy classes of loops defined on the universal
covering space of C \ {0, —4}, and fix #p # 0, —4.

ProprosITION 8. We have
H(f (0),2) = Z°

and the kernel of the canonical map eru")(f_l(to), 7) — Hi(f~ (1), Z) is equal
to 7.

Proof. The fibers f~!(f) C C? for t # 0, —4 are genus-one surfaces with three
removed points. Let ly,/_4 € m(C \ {0, —4},%) be two simple loops making
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7 N\

Figure 6. The level sets of f = x[ y2 — (x — 3)?] and the family of ovals 6(z).

one turn around 0 and —4 respectively in a positive direction. The closed loop
lo+6(tp) is shown on Fig. 7, (i). The loops representing Var,6(t), Varlz0 4(tp),
where Vary,, = (lp — id)., are shown on Fig. 7, (ii), (iii) respectively. It follows

/]
1T
o / o
1/
1T
(@)
//, IIII
o o
o o o
// //
(ii) (iii)

Figure 7. (i) The closed loop ly.6(tp), (ii) Varlné(to), and (iii) Var%oﬁ(to).
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/
17

() (ii)
Figure 8. (i) The generators of the fundamental group 7 ( f —L(19), Pp); (ii) The generators of the fundamental
group m((C \ {z0,21,22,23}, %) -

that Var?oé(to) may be represented by a loop homotopic to a point. Finally, the
variation of an arbitrary element of Hf( £~ Xto), Z) along I_4 is a composition
of free homotopy classes of § (several times) which shows that H‘f (f~'(to), 2)
is generated by

8(to), Vary,b(to), Varg 5(to) .

The equivalence class Varlzoé(to) is homologous to zero while the other two
are homologically independent. This shows that the image of Hf( Y to), Z) in
Hi(f~ Y1), Z) is Z2. Tt remains to show that the equivalence class of kVarlz0 6(1p) in
Hf(f_l(to)t, Z) is nonzero for any k € Z. The fundamental group m(f~ (o), Po)
is a free group with generators 6,1, 2,3 shown on Fig. 8, (i). We have

(34) Var,6(to) = y172y3.  Vargd(to) = 117271 75 -
Let

S = {8, v17273 [71,721} where [v1,721 = vi7271 ' '}
and let § be the least normal subgroup of 71 (f~ (), Po) containing S. A general
method to study Hg = S / [S‘,m( f_l(to),Po)] consists of constructing its dual
space. Namely, let zo,z1, 22,23 be distinct complex numbers and let 6,1, 2, V3

be simple loops making one turn about zp,z1, 22,23 respectively in a positive
direction as it is shown on Fig. 8, (ii). Note that

m(C\ {20, 21,22, 23}, 2) = T1(f ' (t0), Po) -
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Let

— 1 1
cuzlnZ Zl< — >dz.
I—B\Z2—22 Z—2

We claim that w defines a linear function on Hg by the formula

l—>/w.
!

Indeed, whatever the determination of the multivalued function /n be, we have
Jsw =0, and w is well defined. The latter holds true because

1 1
/ ( — )dz:O
77273 \& T 22 i—q

and ln% is single-valued along the loop v;7,7v3. Finally, along [v{,7.] the
differential w is single-valued too and f[%,m w does not depend on the determi-

f'717273

nation of w. An easy exercise shows that f[wmz] w = —4m2. We conclude that
the space dual to Hy is generated (for instance) by w, dz/(z — 20),dz/(z — z1) and
hence Hg = 7. Obviously the kernel of the homomorphism HfE(tO)( Y1), 2) —
H,(f~ (1), Z) is the infinite cyclic group generated by the commutator [y1,72].
O

According to Theorem 2 and Proposition 8 the generating function M(¢)
might not be an Abelian integral, the obstruction being the kernel of the map
H*W(£=Y(10), Z) — Hi(f~\(t9), Z). Indeed, it follows from [10], [23] that for
some quadratic unfoldings of {df = 0}, the corresponding generating function
M5y is not an Abelian integral (see the open question 3. at the end of section
2.3). More explicitly, we have:

PROPOSITION 9. The generating function associated to the unfolding
df +eQ2 —x+3xH)dy =0, f=x[y*—(x—3)*]

and to the family of ovals around the center of the unperturbed system, is not an
Abelian integral of the form (3). It satisfies an equation of Fuchs type of order three.

Proof. For a convenience of the reader, below we present the needed calcu-
lation. Denote wy, = —(2 — x + %xz)dy. One can verify [9] that w, = dQ; + q1df,
with

3—x—
Q1 = t[fLx,y) —x*y — 12y], g1 =—¢L(x,y), L(xy)=In 3—y
—x+y
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and that the form g wy — ¢»df is exact, where

2 ¥ —3x2+12x—36

P=op* 36

(to check this, we make use of the identity fdL = 2xydx +(6x — 2x?)dy). Therefore
M (t) = M,(t) = O for this perturbation, and

M3(r) = / Qwr = / g2 d (3 —3x2 +12x — 36)dL

+1 2 ¥ —32+12x—36
216 Jsq ’

2
+12)yd | =+
(x )y ( 2 ;
In the same way as in [10], Appendix, we then obtain
M;(t) = / [36(x — DInx+ 1x* — Zx% — 2% + 12x + 24]y dx.

As I} = Iy and (2k + 6)Ik+1 = (12]( + 18)I; — 18k1k_1 — (2k — 3tl_», the final
formula becomes
1 3 ydx
M5(t) = — — DInxdx — — —
80 t/é(,)y(x ynrde— = [

6 X '

For a general quadratic perturbation satisfying M(t) = M,(¢) = 0, the formula of
M3;(t) will take the form [10], [9]

(35)  Ms() = cI_1(1) + <co + C—‘) I+ <L), L) = / y(x — 1) Inxdx,
4 4 8

where c¢j, ¢, are some constants depending on the perturbation. Below we write
up the equation satisfied by M3(¢) and show that, apart of M| and M,, M3 is not
an Abelian integral, due to 7,. We can rewrite (35) as tM3(t) = (a+00)Ip+v+01,
(with some appropriate constants) and use the Fuchsian system satisfied by I =
(I, 1>, Ip)" [10], namely

t -2 t+6
I=AlI', where A=|0 3(—6) %(z‘+9)
0 -3  3(1+6)

to derive explicitly the third-order Fuchsian equation satisfied by M3(¢). One
obtains

DP(*M5)" + (tP — DP')(©*M5) + Q(*M}) = 0,
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where D = 1(t + 4) and

P = (83 — B — (56a8 + ay + 9637 + 27> + 4836 + 276)12
+ (802 — 28803 + 12ay — 4323 + 24ad — 19236 + 2876 + 166°)t
+ (9606 + 144~6 + 6452),

0 = 3{(4083% — 58 — (643 + 2ary — 2883 + 1443y + 44> + 4836 + 4v6)1?
+(4a? — 14408 + 1200y — 4323 + 1206 — 24036 — 46 + 86%)t + 326%}.

For the above particular perturbation, the equation of M3 reads

(1 +4)(391% + 7041 + 2048)MY" + (1171 + 3128¢* + 186881 + 32768)M
+ 3397 + 15441 + 97281 + 18432)M} = 0.

The above equation is obviously of Fuchs type and its monodromy group is
studied in a standard way. The characteristic exponents associated to the regular
singular point # = 0 are —1,0,0. Further analysis (omitted) shows that the mon-
odromy transformation of a suitable fundamental set of solutions along a small
closed loop about ¢ = 0 reads

S O =
O = =
— e O

Indeed, according to formula (19) in [10] in a neighborhood of # = 0 we have
[
L(t) = / yx—1DInxdx=—6——tIn“t+---.
5(1) 6

From this we obtain that Varlzo M3(t) # 0. On the other hand
Vari, M3(6(t0), Fe, 1) = M3(Varg, 6(t0), F=, 1),

where the loop Var,zo o(to) = Y172y, 172_ ! is homologous to zero, see (34). If M5
were an Abelian integral then its second “variation” Mg,(Var,zO 6(tp), Fe, t) would
vanish identically which is a contradiction. O
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