Available at

www.MATHEMATICSwWEB.ORG Journal of

POWERED BY SCIENCE @DIHEOT' Differential

ACADEMIC Equations
PRESS J. Differential Equations 191 (2003) 105-120 —_

http://fwww.elsevier.com/locate/jde

Two-dimensional Fuchsian systems and
the Chebyshev property ™

Lubomir Gavrilov®** and Iliya D. Iliev"

& Laboratoire de Mathematiques Emile Picard, Univ. Paul Sabatier, 31062 Toulouse Cedex 04, France
Y Institute of Mathematics, Bulgarian Academy of Sciences, P.O. Box 373, 1090 Sofia, Bulgaria

Received May 15 2002

Abstract

Let (x(¢),»(t)) " be a solution of a Fuchsian system of order two with three singular points.
The vector space of functions of the form P(z)x(¢) + O(¢)y(¢), where P,Q are real
polynomials, has a natural filtration of vector spaces, according to the asymptotic behavior
of the functions at infinity. We describe a two-parameter class of Fuchsian systems, for which
the corresponding vector spaces obey the Chebyshev property (the maximal number of
isolated zeros of each function is less than the dimension of the vector space). Up to now, only
a few particular systems were known to possess such a non-oscillation property. It is
remarkable that most of these systems are of the type studied in the present paper. We apply
our results in estimating the number of limit cycles that appear after small polynomial
perturbations of several quadratic or cubic Hamiltonian systems in the plane.
© 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction

In many bifurcation problems the main difficulty is to estimate the number of
isolated zeros of certain functions of the form

I(h) = pi(h)1i(h) + pa(h) 2 (h), heX, (1)
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where p; (1) and p, (/) are polynomials, and the vector function I(h) = (I, (h), I (h)) "
satisfies a two-dimensional first-order Fuchsian system

1(h) = AW (h), '=d/dh, 2)

with a first-degree polynomial matrix A(4). Typically, I (h) and (/) are complete
Abelian integrals along the ovals d(4) within a continuous (in /) family of ovals
contained in the level sets of a fixed real polynomial H(x,y) (called the
Hamiltonian), and X <R is the maximal open interval of existence of such ovals
o(h), see Table 1.

In the present paper, our main assumptions on (2) are the following:

(H1) A’ is a constant matrix having real distinct eigenvalues.

(H2) The equation det A(h) =0 has real distinct roots Ay, /#; and the identity
trace A(h) = (det A(h))" holds.

(H3) I(h) is analytic in a neighborhood of /.

The conditions that A is a constant matrix and det A(/) has distinct roots imply
that the singular points of the system

(including o0) are regular, i.e. it is of Fuchs type. Further, the condition trace A(h) =
(det A(h))" implies that the characteristic exponents of (2) at /1 and /; are {0,1}. In
the formulation of our main result below, we assume for definiteness that 2y </h;. A
similar result holds if iy > h;. Clearly if sy <h;, and the function I(%) is analytic in a
neighborhood of & = Ky, then it also possesses an analytic continuation in the
complex domain C\[A;, o).

Definition 1. The real vector space of functions V' is said to be Chebyshev in the
complex domain 2 = C provided that every function 7€ V\{0} has at most dim V' —
1 zeros in 2. V is said to be Chebyshev with accuracy k in 2 if any function
IeV\{0} has at most k + dim V' — 1 zeros in Z.

Definition 2. Let I(/), heC be a function, locally analytic in a neighborhood of o,
and seR. We shall write (k) <h*, provided that for every sector S centered at oo
there exists a non-zero constant Cy such that |1(h)|< Cs|h|’ for all sufficiently big |A],
hes.

For systems (2) satisfying (H1) and (H2), the characteristic exponents at infinity
are —4 and —u where /' = 1// and i/ = 1/u are the eigenvalues of the constant
matrix A’. According to (H2), A4 u = 2. Let us denote A* =2 if A is integer and
¥ =max (|4 — 1|,1 — |4 — 1|) otherwise.
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Table 1
Examples of systems for integrals I = (1;,1;) and Hamiltonian functions H which satisfy hypotheses
(HI)~(H3)

No. H1 z A detA, trA

| Hey4x - 0.4) o -
U= (frop v e, [y xy dx) Ap & Jo Ty — I8

2 H= y2 + X2 = xyz (0 1) %h 7% %hz _ %’/’l
U= ([ yax, [y xpdx) Ap -l 2y 16

: H =37 437 = 47 (0.9 WL Y]
U= [y yax, [y ¥y dx) ieh =1 -3

4 H=3"+x>+x* (0, 0) %h 7% %hz+l“—5h
L= ([ vdx, [y, ¥y dx) —&h h+4 Zh4 L

> H=y +x —x* (0.5) ho 3 12 — &
U= (fyoy yax, [y ¥y dx) & -k ih =1

6 H= y2 +x2 +x2y2 (0, 0) 2% 0 %hz _,’_%1]1
L= (fy_y yx, [y_, X'y dx) —3h Zh+4% §h+4

7 H =y +x*—x%? (0. 1) 2h =2 42 — 4
L= (fyoy vx, [y, Xy dx) $h 3h—3 8h—4

8 H= x—3(y2 —2x% + x) (*1,0) % % %hz + l_gh
= (Jyop ¥y dx, [y, xtydx) s+ Bh+ 16

Take s>/* and consider the real vector space of functions
Ve ={I(h) = P(W)I,(h) + Q(h)Lr(h): P, QeR[A], I(h) <’}

where = (I;(h),L(h))" is a non-trivial solution of (2), holomorphic in a
neighborhood of h=hy. As A,u¢{0,1,2}, the vector function I(/) is uniquely
determined, up to multiplication by a constant, and I,(hy) = I(hy) =0 (see
Proposition 1). Clearly, V; is invariant under linear transformations in (2) and
affine changes of the argument 4. The restriction s> /¥ is taken to guarantee that V
is not empty.

Recall that /iy <h are the roots of det A(h) = 0. Our main result in Section 2 is the
following.
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Theorem 1. Assume that conditions (H1)—(H3) hold. If A¢ Z, then V is a Chebyshev
vector space with accuracy 1+ [A¥] in the complex domain % = C\[h;, ). If ieZ,

then V; coincides with the space of real polynomials of degree at most [s| which vanish
at hy and h;.

As an application of Theorem 1 let us consider a polynomial perturbation of a
planar Hamiltonian system

X =Hy +¢f(x,9),

)7=—H,v+39<an’)7 (3)

where ¢ is a small parameter, the degree of the polynomials f', g does not exceed n and
H is some of the Hamiltonians from Table 1. Define the function

hs1(h) = f;{ o) de—f(xy) DL, heX. (4)

As is well known, if 7(4)#0 in X, then the number of limit cycles in (3) bifurcating
for small ¢ from the periodic orbits of the unperturbed Hamiltonian system is
bounded by the number of isolated zeros of 7(4) in X. Define the linear space ¥~ of
integrals given by (4) for degf, g <n. Denote by /; the non-zero critical value of the
Hamiltonian and by & the complex plane cut along the part of the real axis between
hy and oo not containing the other critical value sy = 0. Then applying Theorem 1,
we obtain the following results.

Theorem 2. For each of systems 1-5 in Table 1, the linear space of integrals V", is
Chebyshev with accuracy one in 9. In particular, V", is Chebyshev in X.

Theorem 3. For systems 6 and 7 in Table 1, the linear space of integrals V", is
Chebyshev with accuracy one in 9, if n<6, and with accuracy [%], if n=7. In
particular, V", is Chebyshev in X, if n<6, and Chebyshev with accuracy [%]7 ifn=7.

Roughly speaking, Theorems 2 and 3 imply that, for systems 1-7 from Table 1, the
number of limit cycles in (3) born out of periodic orbits under small polynomial
perturbations which are transversal to the integrable directions, is less than the
dimension of the linear space of these perturbations (with certain accuracy if n>=7 in
cases 6 and 7). Clearly, a bound obtained by establishing the Chebyshev property, is
always the optimal one.

Case 8 from Table 1 is non-Hamiltonian one and requires slightly different
approach. See the end of the paper for results about it.

Let us recall that Theorem 2 in case 1 was proved earlier by Petrov [§]. Some less
general (or a little bit different) results concerning cases 3—5 can be found in [2,6,7,9].
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2. The Chebyshev property

We intend first to obtain a normal form for the matrices satisfying (H1) and (H2).
For this purpose, we perform in (2) a linear transformation bringing A’ to a diagonal
form and then translate the critical value /g to the origin. The matrix in (2) takes the
form

2h — Iy why
22 22
A(h) = , 5
W= W (5)
2Uw 2u

where /1; is the non-zero critical value and w is a free parameter. This is the normal
form we will use in this section. In applications, another normal form takes place. To
obtain it, we apply additional linear transformation in (5) (I, L)— (i, /o + L)
bringing A(%) to

h a)hl

Al pi 2J.

(h) = G=—wh h | (6)
o

Evidently, Egs. (5) and (6) present three-parameter families of matrices which can be
reduced to two-parameter ones by moving /; to 1. We note that all the examples in
Table 1 are taken in the normal form (6), with J<A<pu<3.

Prior to proving Theorem 1, we need some preparation. Without any loss of
generality, we may use the normal form (5), with #; = 1. Hence, we will consider
t = (h—ho)/(hy — ho) as the argument and will assume throughout this section that
(2) is rewritten as a system I(r) = A(£)I'(¢) for 1(z) = (x(2),p(1))" = (Ii(h), L(h)) ",
with

2t — 1 o)
2. 2

AO=1 1wt | )
duw  2u

Proposition 1. The functions x(t) = I, (h) and y(t) = L(h) satisfy equations
t(t—1Dx" =4 - 1)x, (8)

it —1)" = p(u—1)y. )

Proof. The most easy proof is a straightforward calculation which we have left to the
reader (cf. [9]). O
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Proposition 2. Let 2#0, 1 and x(t) be a non-trivial solution of (8) which is analytic in a
neighborhood of t =0 (or t = 1). Then x(t)#0 for t<0 (respectively, for t > 1). In
particular, if L€ Z, then x(t) is a special kind of ultra-spherical polynomial and has all
of its zeros in the interval [0, 1].

Proof. The assertion is well known for A integer. In this case x(¢) is a kind of ultra-
spherical (Gegenbauer) polynomial [1] of degree A if A=2 and of degree 1 — 4 if
A< — 1. Although the result might be known for 4 which is not integer too, we will
for completeness give the proof for this case. Let x(¢) be analytic near 1 =0 (the
other case is similar). Take the function

r—t 1— At
z(t):z_}x'—l- .

Then ' = tx’ — Ax and X/, Z’ together satisfy a system

(£ —0)x" = (A= 1)(tx' — 2,

(P —0)" = (4= 1)(tx' —t).

As X'(0)#0 and Z/(0) =0, the ratio w=z'/x is an analytical function in a
neighborhood of ¢ = 0 satisfying the Riccati equation

2 —t
-1

w' (1) = w?(t) — 2tw(t) + ¢

and w(0) = 0. Consider in the (z, w)-plane the zero isocline given by the hyperbola
w? — 2tw 4t = 0. It goes through the origin and has a vertical asymptote at that
point. It is easy to conclude that for <0, the graphic of w is placed inside the left
branch of the hyperbola and either w(#) > 0 or w(¢) <0 for all <0, depending on
whether w'(0) is negative or positive. Therefore x'(¢) and z/'(¢) do not change signs for
1<0. As x(0) = 0, the assertion follows.

Proposition 3. Let A<1 and x(t) be a non-trivial solution of (8) which is analytic in a
neighborhood of t = 0. If A¢Z, then x(t) has at most 1 + [*] zeros in the complex
domain D = C\[1, o0).

Proof. Consider the analytic continuation of x(z) in the complex domain D =
C\[1, o0). We shall count the zeros of x(¢) in D by making use of the argument
principle. Let R be a big enough constant and r a small enough constant. Denote by
D the set obtained by removing the small disc {|t — 1|<r} from Dn{|t|<R}. To
estimate the number of the zeros of x(¢) in D, we shall evaluate the increment
AypArg x(1) of the argument of the function x(7) along the boundary of D, traversed
in a positive direction. Then, according to the argument principle, we have that the
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number of the zeros of x(¢) in D equals
AypArg x(1)
2n ’

The monodromy group of the equation in (8) is reducible if and only if 21eZ [5,
Theorem 4.3.2]. Therefore, if ¢ Z, then in a neighborhood of ¢t = 1 we have

x(t) = &(¢) log(t — 1) +n(2),

where (1), n(¢) are analytic in a neighborhood of # = 1, £(¢) is a non-trivial solution
of (8), £(1) =0. Moreover, a local analysis shows that lim,_ - x(¢) = (1) =
const#0. Therefore the increase of the argument of x(¢), when running the boundary
of {|t — 1| <r}, is close to zero. Along the half-line (1, co) the imaginary part of x(¢)
equals 7&(¢) which does not vanish, by Proposition 2. Finally, if |¢] is sufficiently big
then we have

(|t i 2> x| <clr)' T if A<,
1
Ix(1)|<c|izloge] if 4 =1,

where ¢ is a non-zero constant. The increase of the argument of x(#), when running
the boundary of {|7| <R} is close to 2z/4*. Summing up the above information, we
obtain that the increase of the argument of x(¢), when running the boundary of D, is
at most 2r + 2n*. We conclude that x(¢) has at most 1+ [2*] zeros in D which
completes the proof of Proposition 3.

We also need a more detailed information about the structure of the linear space
Vs and an explicit formula for dim V. The only interesting case is when 4 and u are
not integer.

Proposition 4. Let s> A" and ., u be not integer. Then
25— 1 if 27— p and s — 1 are integer,
dim V =
[s— 4]+ [s—u]+2 otherwise.

Proof. Without loss of generality, we can use the coordinates in which A takes form
(7) and I(h) = (x(1), (1)) ". To reduce the number of cases, let us assume that 1 >
(when A<y, the analysis is similar).

We begin our analysis with the case when s>A. Assume first that 1 — u is not
integer. Then one can take any solution of (2) near infinity in the form

x ti_%tifl_k... ﬁﬂlflJr...
I= =d +b )
y O(l/lil 4o ™ _%ﬂi*I + -
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where

y A f— LHew
C 20(u—A+1) C2(A—p+ 1)

Since I is analytic in a neighborhood of zero, the constants ¢ and b are both non-
zero. Indeed, if ab = 0 then I defines a one-dimensional subspace in the space of all
solutions, which is invariant under the monodromy group of (2), and hence of (8)
and (9). This is however impossible, as the latter groups are irreducible for A, u¢ Z.

Given s>/, then the function /(%) in the definition of V contains monomials
of the form *x, 0<k<K, t'y, 0<I/<L, where K<min(s — 4,5 — u+ 1), L<min
(s—A+1,s—p). Using that A+ u=2 and A>pu, one obtains K<s— A1+
min (0,24 — 1) =5 — 4. Similarly, L<s —p+min (0,2u—1)=s—A+1if 1 —pu>
1 and L<s — u otherwise.

Among these monomials, other special combinations may be involved in Vj if
A — u> 1. Define the functions z; = ty — o x, z,,, = 121 — X, m=2, where o) =
o and the constant a,, is determined so that the coefficient at #* in z,, is zero. Denote
M =[s—pu]—K—1. Clearly, then X'z, eV, for 1<m<M. Moreover, any
combination tXT1(P(#)x + Q(t)y) which belongs to V; is a linear combination of
the “monomials” X+1z,,.

Thus, dim V; = K + L+ 2 for |1 — y|<1 and dim V; = K + L + M + 2 otherwise,
which yields dim V; = [s — 4] + [s — u] + 2 in both cases.

Assume now that 4 — p is integer but 4 and u are not. If A — u > 1, then one can
take any solution of (2) near infinity in the form

t _%ﬂ*l 4o Pt 4.
I=a + (aylogt+b) , y#0.

att ! 4 .. " _%1/5*1 + ..

As in the previous case, this yields K =[s— 4], L=[s—A+1]=K+1 and M =
[s —u] — K — 1if s — Lis not integer, M = s — u — K — 2 if s — 4 is integer. In the first
case we obtain the same result as above, and in the second case dim V=
K+L+M+2=2s—1.

Finally, if 1 = %7 w= %, we have respectively

34 :
I=a L +(%logt+b> | |

Clearly K = [s — 3], L = [s — 4] if s — 1 is not integer and L = K otherwise. Since no
other combinations are involved in ¥ in this case, the result follows immediately.
In the case when A > s> A, the analysis is simpler. We use the same formulas for I
as above. One has either (a) A >s>4A—1and A—u>=1, or (b) 2 >s>pu and 41—
pu<1.1f s = u =4, then V is empty. In all other cases, ye V. In case (b), V; contains
no other functions. In case (a), if s=>u + 1 and A — u is not integer, then also z,, e V;
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for 1 <m<[s — p]. The same is true if 2 — u is integer but s — 1 is not. Finally, if both

A —p and S—% are integer, and s>u + 2, then V; contains the functions z,,

I<m<|[s — u] — 1. Clearly, in all the cases above we obtain a formula for dim V as
asserted.

Proof of Theorem 1. For integer A, u the assertion is obvious since /; and [, are
different ultra-spherical polynomials which have no common zeros except the simple
ones at hy and A;.

Assume below that 1, u¢ Z and let 4 > p (for definiteness). Suppose as before that
the matrix A takes form (7), and let I(z) = P(t)x(t) + Q(¢)y(t) € Vs, where (x(t) =
I1(h), y(t) = L(h)) is the holomorphic solution of (2) vanishing at the origin. When
P(t) =0, the assertion is evident. When P=£0, we use again the argument principle
to count the zeros of I(r) in D= C\[l, ). Consider in D the meromorphic
function

Below we calculate the increase of its argument when running the boundary of D.
The local structure of the solutions of (8), (9) in a neighborhood of # = 1 implies that
lim,_, x()#0, lim,,, y(¢) #0. Therefore the increase of the argument of F(z), when
running the boundary of {|f — 1|<r} is close to zero. As x(¢), y() are real-analytic
on (— o0, 1), then along the half-line (1, o)

y(@) (1)
det{
B x(1) x(6)  x(1)
tm F(1) = P(1) Im 5= P(1) TR

As (x(1),y(7)) " is the analytic continuation of (x(¢),y(z)) " along a loop contained in
D, and the monodromy group of (9) is not reducible for u¢ Z, then the solutions
(x(1),»(2)) " and (x(z),y(¢))" are linearly independent. This together with y(7)#0
for he (1, co) (Proposition 2) shows that the imaginary part of F(¢) has at most

deg P zeros on (1, oo). Suppose finally that |¢| is sufficiently big. As |y(?)] >c\t\)‘* then
F(t)< 2. Summing up the above information, we obtain that the increase of the
argument of F(z), when running the boundary of D is at most 27(1 + deg P + 5 —

A*). Moreover, in the exceptional case when 2* =1 one has F (t)~cts7% /log t for
large |¢|, which yields a stronger result: the increase of the argument of F on |f| = Ris
strictly less than 27(s — 1). Therefore the total increase of the argument in this case is
<2n(1 +deg P+ s — 1). This fact is useful only if s — Je N but we need it below. One
can deduce from the preceding proof of Proposition 4 that deg P = [s — 2] if 1 —
u<l, degP=[s—pu—2]if Al—u>1 and s —% are both integers, and deg P =
[s —p— 1] otherwise. (If deg P<0, one takes P=0.) On one hand, i* = u if
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J.—pn<1 and 2% =] —1 otherwise. Therefore, by Proposition 4, the difference
between the number of zeros and poles in D of the meromorphic function F(7) =
I(2)/y(2) is bounded by dim ¥; — 1. By Proposition 3, this yields that 7(#) has at most
[4*] + dim V| zeros in D. Theorem 1 is proved.

3. The applications

In this section we prove Theorems 2 and 3. Before that, let us point out that some
but not everything included in Table 1 is an evident fact. However, since the
procedure of deriving the related Fuchsian systems is more or less known [10], we are
not going to discuss in more detail how all these systems were obtained.

Given i,j non-negative integers, denote I;;(h) = [ [}, _, x'»/ dx dy. Then

Vo= {1<h> - ¥ czﬂf;(h)}- (10)

0<i+j<n—1

Lemma 1. Let 1 = (1, 1) be as in Table 1. Then for n=3 one can express the function
I(h) from (10) in the form I(h) = a(h)I,(h) + p(h)I2(h) where a(h) and f(h) are
polynomials of degrees as follows:

(i) dego = [251], deg B = [%57] in cases 1 and 2;

(ii) dega = [%51], deg p = [*57] in case 3;

(it)) dega = [%51Y, deg B = [*53] in cases 4 and 5;

(iv) dego = deg f = [*53] in cases 6 and 7.

Moreover, the coefficients in a(h) and f(h) may take arbitrary values, except in case
(iv). The dimension of the vector space ¥, in case (iv) equals ['5%] + [*71] + 1.

Proof. For some of the cases, the results in Lemma 1 are already known. The result
in case 1 was proved by Petrov [6]. For cases 4 and 5 see [9], [7], respectively. The
result for 2 follows from the considerations in [3] and [4]. The result concerning 3 is
proved in [2]. Let us consider cases 6 and 7 from Table 1. By symmetry, we have
Ij(h) = I;(h) and I;(h) =0 whenever i or j is an odd number. To establish the
relations between the integrals /;;(h), we take the equation H = x> + 3? + vx?)* =
h, v = +1 and multiply both sides by the one-form x’y/*! dx. Afterwards integrate
the result along the oval H = & and apply Green’s formula. One obtains the relation

(j + 1)],-+21,< + (] + 3)I[J+2 + v(]' + 3)1,42:/42 = (] + l)hlij'.
Similarly, multiplying by x'*')/ dy and integrating, we get another relation

(i + 3)114_2’/ + (i + 1)1,'114_2 + V(i + 3)],‘_,_2:/_,_2 = (i + l)hli/'
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Combining these equations we easily obtain

v(i — Mivage2 = G+ Doy — i+ Dlijea,  i#),
(l + 3) i+2,i+2 = (21 + 4) i+2,i (l + 1)h1ii7

V(i + 5)liyao = V(i +2)h — 1[I0 — 315 + ;. (11)
For i =j =0, we get (noticing that Iy = —1, and I,y = Iy, = —1)

122 nglz —%Vh[l,

140 :104 = (—%h—F%V)IQ —%Vh[l.

Then, using (11) with #,;j even, we easily prove the assertion in (iv) by induction.

It remains to calculate the dimension of the vector space ¥",. Clearly, we have
dim 7" =1, dim ¥’3 =2, dim ¥"5s = 4. By (11), the only new functions in ¥ 5,1
(compared to 77y,,_1) are I, and, if m is even, I,,. Hence, the integrals Iy,
0<k<m and Iy, 1<k<m/2 form a basis in ¥ ,;;. These integrals are
independent, since the leading term of I» o, k>2 is proportional to #<~! (vl +2D)
and the leading term of Ipx oy, k=1 is proportional to K*I,. The above argument
implies that dim 77, = [%51] 4+ 2] + 1.

Remark 1. In cases (i)—(iii) of Lemma 1, the result remains true even for n = 1,2,
under the convention that a polynomial (/) of negative degree is taken to be zero.
In case (iv), one has to take (k) =0, dego = 0 for n = 1,2.

Corollary 1. The dimension of the vector space ¥V ,, n=1, related to arbitrary
polynomial perturbations of degree n in (3), in cases 1-7 of Table 1 is as follows:

n, in cases 1 and?2

(22, in case 3

25+ 1, in cases 4 and 5

S+ B2+ 1, in cases 6 and 7.

Proof of Theorems 2 and 3. Let us first note that |4 — u| <1 for all cases 1-7 in Table
1, which yields that [2*] = 0. We put
s="H " in cases 1 and 2,

=5+ % in case 3,

[=£]  in cases 4 and 5,

=[5 +1forn=3,s=1for n=1,2in cases 6 and 7.

It is easy to check that, with this choice of s, ¥", < V. For this purpose, one can

perform the inverse transformation (I1,5)— (11,1, — I, /w) bringing A to a normal
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form (5) and then use the formulas for the solution given in the proof of Proposition
4. Hence, it suffices to verify in each case that dego + A<s, deg f + u<s (the first
inequality should be strong in cases 6 and 7; see also Remark 1). Then we compare
the dimensions of #7, and V; (Proposition 4 and Corollary 1). One obtains that

dim 77, = dim V; in cases 1-5, as well as in 6 and 7, provided that n<6,

dim Vy — dim 7", = [*5?] in cases 6 and 7, if n>7.

Thus, the results follow from Theorem 1, taking into account that 7(/) has always
a zero at hy = 0.

Some other examples: Let us consider in brief system 8§ from Table 1. Instead of (3)
and (4), we have

x = HJ/M+ Sf(xay)a

y= —HX/M—FEQ(X,)/), (3/)

where H = x73(y* — 2x? 4+ x), M(x) = x~*, f, g are polynomials of degree at most #,
and

I(h) = - M(x)[g(x,y) dx —f(x,y) dyl, heZ = (=1,0). (4)

Note that in case 8, I is analytic in a neighborhood of /4y = —1. Define by ¥, the
linear space of integrals (4') and let 2 = C\[0, c0).

Theorem 4. For system 8 in Table 1, the linear space of integrals V", has a dimension
n+ 1 and is Chebyshev in 9, with accuracy as follows: one for n =2, two forn = 1,3,
three for n =0 and n — 3 for n=4.

Taking n = 2, we get the following result about the number of limit cycles in (3'):

Corollary 2. For any quadratic perturbation of the reversible quadratic system (3'), the
cyclicity of the period annulus around the center at (x,y) = (1,0) is two.

Proof of Theorem 4. Denote Iy = [ [,,_, M(x)x*y' dxdy, Iy = [,,_, M(x)x*"'ydx;

thus I = (]2,11)T. By symmetry, I;; = 0 for / odd. In the same way as above, we
obtain the relations

2142

m(lkﬂ,l —Ik+1,1)7 k=-1,0,..., 1=0,2,..,

I =

1
<k—§)hlk+2=(4—2k)1k+1+(k—%)ljﬁ k=0,1,2,...,
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and use the first of them to get the expression
n
I(h) = Z el (h), ¢ independent, (12)
k=0

and then the second one to obtain

I(/’l):Poll(/’l)—‘rPl(h)Iz(h), forn=0,1,2,
I(h) = K= [Py (W)L (h) + Py (h)L(h)),  for n = 3,4,

I(h) = BP7"[P,_3(W)I; (h) + P,_2(h)Iy(h)], for n=5, (13)

where Pj denotes a polynomial of degree k. By (12), dim ¥", = n+ 1. Given n, we
choose s=7 if n=0,1,2, s=L if n=34 s=n—3 if n>5, and consider the

corresponding linear space V. Its dimension is dim V7 = 3,dim Vi =5,dim Vs =
"3

4 4
2n — 3, respectively. For each n the function I(4) in (13), multiplied by an
appropriate power of /4, belongs to the respective V. The result then follows from
Theorem 1.

Our last example is concerned with the Hamiltonian

f_axyt =yt a>2, (14)

H=x"+)"—x
which comes from the cubic Hamiltonian vector field having a rotational symmetry
of order 4. In complex coordinates z = x + iy, such a field is presented by a complex
equation z = —iz + Az*2 + Bz*, A, BeC, Re A = 0. Take a polynomial perturbation
in (3) which is semi-even with respect to x:

f(—x,y) :f(xay)v g(—x,y)z—g(x,y), degf,g<n (15)

11
a+24

0(h)={H = h} surrounding the center at (\/%, 0). As in Lemma 1, we can derive

and consider integral (4) where X = ( ) and the integration is along the oval

relations between the integrals involved in (4) and then use them to rewrite I(/) in

the form I(h) = P(h)Iy(h) + Q(h)L2(h) where I; = [, x*dy, I, = [5,, x*y* dy, and

P,Q are polynomials with independent coefficients and degrees [%32], [,

respectively. The related vector space 7", has a dimension [5]. The vector function

I= (11,12)T satisfies a system (2) with a matrix (which is too large to fit in Table 1)
4h —1 a—2

3 3
4h—1 4h a—14

5a+2) 5 15a+2)

A=
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Clearly, conditions (H1)~(H3) are satisfied with /g =}, 7 = . Denote ¥ =
C\(—o0,hy]. Take s=12%1 then evidently ¥, = V,. Applying Theorem 1,

4
we obtain

Theorem 5. For any system (3) satisfying (14) and (15), the linear space of integrals
¥, has a dimension [’51] Moreover, V7, is Chebyshev with accuracy 1 in & and it is
Chebyshev in 2.

Theorem 5 is useful for estimating the number of limit cycles not surrounding the
origin that are born in small semi-even polynomial perturbations of the cubic
Hamiltonian vector field with a rotational symmetry of order 4.

Appendix. Non-oscillation and Sturm-type theorems

The classical Sturm theorem can be used to find bounds for the number of the
zeros of the solutions of linear non-autonomous differential equations on a real
interval. In the context of the present paper a Sturm-type non-oscillation theorem
was recently proved by Petrov [9]. The proof uses of course topological arguments. It
is natural to ask whether the results of the present paper could not be deduced in
such a way. The answer turns out to be negative in general, and our main Theorem 1
is essentially a non-oscillation result in a complex domain. On the other hand our
proofs also rely on topological arguments: the argument principle for real analytic
functions in a complex domain. Therefore we may call Theorem 1 a Sturm-type
theorem in a complex domain.

To compare these two approaches (real and complex) we give below an example in
which a Sturm-type theorem in a real domain can still be proved. We shall follow
closely Petrov [9]. As in the Introduction, P and Q are the polynomials from the
definition of ¥ and it is assumed (for definiteness) that sy <h;.

Theorem. Assume that conditions (H1)—(H3) hold and 21.¢ 7. Then any non-trivial

Sunction in Vi has at most deg P+ deg Q+ 1 zeros in the interval (—o0,hgy). In
particular, if |2 — p| <1, then Vi is a Chebyshev vector space in (— oo, hy).

Proof. As in Section 2, it is sufficient to consider (2) as a system for I(h) =
(x(1),y(1)) ", with A taken in a normal form (7). For k a non-negative integer,

denote

o1 = (k+ ) (k+2—1), w2 = (k+p)(k+p—1),

W2k+1 0 A+k—1 uw
Qi = , R, = .
0 W2)+2 /1/60 u+k—1
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Following [9] we introduce the operator

L 0 42
L= 0 L) L:z(t—l)ﬁ.

By Proposition 1, we have LI = Q(I. Next, we prove that under hypotheses (H1) and
(H2), the operator L satisfies also the following identities: L(*1) = *Q;1 — *" 'Ry,
keN. Indeed, taking into account the form of the matrix in (7), and denoting for
short 0 = det A = #(t — 1)//u, we obtain

L(#T) = (¢t — 1)(#1)"
=t(t — 1)[1 4 2k + k(k — )72
= [*L + 2kipr* " SAT + k(k = 1) (¢ = )1
= F[Q + 2kAu(SA™"Y + k(k — DT+ " [2kAu(5A~")(0) — k(k — DT
= QI — IR

Assume that 2/ is not an integer. Then it is easy to verify that the constants «; are all
different. This implies that there exist scalar functions of the form

xi(1) = [ + O ")]x(t) + O )y(1),
yi(t) = O x(1) + [F + O(FN)y(n),
satisfying the equations
Lxi (1) = wyer1xx(1), Ly () = w2y (1),

where O(#*~!) denotes different polynomials of degree k — 1. To verify this, we ask
for a I (1) = (x (1), (7)) " in the form

k
L => Byl
Jj=0

where By is the unity matrix, B; to be determined for j</k. As the operator L
commutes with the constant matrices, we have

k=1
LI, = thkl + Z (B/Q, - BiHRiH)ﬂ = Qi1
Jj=0
and the matrices B;, j =k —1,k—2,...,0 are determined recursively from the

equations

B;Q; — B; = B; 1R,
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which is possible because w; are all different. Therefore, there is a basis in the space
V consisting of the eigenfunctions of the operator L. Taking into account that, by
Proposition 2, x; and y; do not vanish for <0, we apply Petrov’s elimination
technique [9] to prove that any function in V; has at most deg P + deg Q + 1 isolated
zeros in (—o0,0). Especially, in the case when |1 — u|<1, this means that Vj is
Chebyshev in (— o0, 0).

Note that the above proof works only on the open intervals having 4, as an
endpoint and where det A is positive (because the Sturm theorem applies in a
backward direction here). Also note that when |4 — pu| > 1, the above estimate,
although it concerns the interval (— oo, /1y) only, is weaker than the estimate for the
whole & obtained in Theorem 1.

References

[1] P.K. Suetin, Encyclopaedia of Mathematics, M. Hazewinkel (Ed.), Vol. 7, pp. 30-33; Vol. 9,
pp- 302-303, Kluwer, Dordrecht, 1991.

[2] L. Gavrilov, Nonoscillation of elliptic integrals related to cubic polynomials with symmetry of order
three, Bull. London Math. Soc. 30 (1998) 267-273.

[3] L. Gavrilov, Abelian integrals related to Morse polynomials and perturbations of plane Hamiltonian
vector fields, Ann. Inst. Fourier, Grenoble 49 (1999) 611-652.

[4] E. Horozov, 1.D. Iliev, Linear estimate for the number of zeros of Abelian integrals with cubic
Hamiltonians, Nonlinearity 11 (6) (1998) 1521-1537.

[5] K. Iwasaki, H. Kimura, Sh. Shimomura, M. Yoshida, From Gauss to Painlevé. A Modern Theory of
Special Functions, Aspects of Mathematics, Vol. 16, Vieweg, Braunschweig, 1991.

Equations 94 (1) (1991) 41-54.



	Two-dimensional Fuchsian systems and the Chebyshev property
	Introduction
	The Chebyshev property
	The applications
	Appendix
	Non-oscillation and Sturm-type theorems
	References


