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In this paper we study the equations of motion of a rigid body around a fixed
point in the case of Gorjatchev-Tchaplygin ['¥]. The explicite formulae (3) of
the solutions as functions of complex time in terms of hyperelliptic theta functions are
our main result.

According to Ziglin [!°] there are only three cases of complete (analytic) inte
grability of the motion of a rigid body around fixed point — the well known cases
of Euler, Lagrange and Kowalewski. The Euler top and the Lagrange top can be in-
tegrated in terms of elliptic quadratures after comparatively simple procedures while the
Kowalewski top is much more complicated. It was studied first by Kowale wski [4]
who integrated the problem in terms of hyperelliptic theta functions and gave explicite
~ formulae of the solutions as functions of complex time. It is known that in the other
important case of complete integrability on a given hypersurface — the so called Gorjatchev-
Tchaplygin top, the problem can be integrated in principle in terms of hyperelliptic theta
functions [>?]. The purpose of this paper is to give simple expressions in contrast to
the formulas eventually given by the standard procedure, i.e. in all expressions the
numerators and the denominators shall be relatively prime. To prove that our formulae
?) have this property we are studying the asymptotic expansions of the generic solu-
ions.

After linear change ot variables we obtain the following equivalent system of com-
plex differential equations describing the Gorjatchev-Tchaplygin top

my=3mg. ny

My =—3m, . mz—2ys
My=2y,

Y;: 4mgys—nig . Y5
'?.'2 =my - Ys—4ms . Yy

Ya=1Mg .Y — M .Ya.

(1)

System (1) possesses three first integrals
: Hy=(m+md[4+mi—y;;
Hg =My .Y My . Yo+ Mg. V35
Hy=vi+v3+75
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As observed by Tchaplygin [?] on the hypersurface {Hy=0}=C® (1) has fourth first
integral

Hy=mg .(m2+md)+2m, ,v,.

We denote

3
U)=ud—ciu—c,/4= II (e—wv)
i=1
S 3
Uiy =U(u)—\cy . =£111 (e—a))

V0=~ Uw)—z3.u = 1i(u—p)

(1) =U3(u) . UXu),

where ¢;, ¢3, ¢, are such generic complex constants, that all roots o, By i=1, 2, 3 are
different. Let I" be the hyperelliptic curve of genus two {y2=0(x)}. Further we use
the notation and terminology of [7] without special references. Using the Abel mapping

p: I'® ~ Jac(I)

every symmetric function of # and v can be considered according to the Jacobi in-
version theorem as meromorphic function on Jac(T') and hence can be expressed in
terms of theta functions.

Let m1=—a‘~fib— dx and o,=-25¥0 5. o o normalized basis of HYT, Q1)
X

X
We put 2=(2a,/+£, 2a5t+1).) Here £} and £ are arbitrary constants. In this way

any function on T'® is function of the complex time 7. It is well known [29] that every
solution of (1) on the invariant two-dimensional complex manifold

A={H =c¢c;, H;=0, Hy=c, Hy=c;}

can be expressed as follows:

my=—{Uy() . Ufv)+ Uy(v) . Uy(w))/ Vs

my= 1. (Uy() . Uy(0)—Uy) . Uy(v)) |\/e5
@) My= U+v

= (U@)—-U@)/(u—v);

Yax=  (Ur(®) . (Uy(e)—Us(9) . Uv))/(n—v);

Ya= —i(Uy(#) . Uy(v) - Uy(v) . U, a(@)/(u—v).

Note that my, m, and y; are multivalued on I'® while mi, m,y3 and m,. y, are now

single-valued.

As usually let 6(z) be the Riemann theta function, x be the Riemann constant,
0[p, g] (2) be theta function of first order with characteristics [p, q), p, g € R [31], For
every x ¢ I' we denote 0, (2)=0]p, ¢](2), where p, g ¢ R?, 0=p:<1,0=g¢,<1 are such vectors

2

that p(x)—x= — = (¢,.A,+p,. Ayq) Where 4, Airg i==1,2 form a basis of the period lat-
i=1

tice A, corresponding to the normalized period matrix Q. In other words 0,(2) is the
only first order theta function such that

(0.(2))=(8(z — p(x)+x)).
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By analogy we define the function 92"1 (2) as first order theta function satisfing the

i
equality

2
k) W= Bl A Rita)

For the sake of brevity further we shall write 0, instead of 8,(2). Then the following
theorem holds: . _
Theorem. Every solution of (1) can be expressed in the following way:

3 3 3 \
mi=(b .50 b L 0y . 1 0, ) 03,02

i=1

3 3
m,(t):(—-kl I, + & II Bgr)[93f'{ et
=1 F i =7

I, 4
(3) mi(t) el in (9m+ -'few_)“l" R,
(E)=(ma(£))*+ ks 054 .0, /0 4.0 _—cy5
I o2

Yit)=——5 35 (O _+/0,-);
YB('t)m k('} . Bul-}u,_a.f 9:3. L ei’f_.. Ll

3
where §,=v- + X (v; —ay) and &y, Ry, ..., kg are fixed constants (which will not be
fea

.calculated here)," £, £ are arbitrary constants playing the role of initial conditions.

Moreover the numerators and the denominators of the above meromorphic functions
are relatively prime on Jac(I).
Proof. In order to compute m; we use the identity

Us(w) . Uy(v)+ U() . Ug(u) = Uy(u) . U (v)
T Usg(1) . U(0) —(Un()— Uy(v)) . (Up(t)— U (1))

16,
and the following formula f(u).f(v)=c .ﬁ-@—fh, where (f)=X (¢,)—(B,) on I"and ¢ =const.
i P ¢
(see [°] p. 178) It is enough to note that

(UA)—U )P =2 £ (v7)—(3o)~(3:07)

and to take into consideration that mf is single-valued. For my=u+v we use the
corresponding formula from [5]. It is important to note the correlation

d 2 d
W=2¢1 .a;;--}-Qag.a-“

<9

0

For y; we use the equality Y1=m2—u.v—c,. From (1) we have 79=—21—w my, It is

less trivial to calculate y;. For this purpose we study the asymptotic expansions of the
generic solutions of (1).(compare with [7]). It turns out that y% has poles only of first
order and therefore the denominator is

o g1z
ot T
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On the other hand there are no square roots in the numerator and that is why it is
a first order theta function. As v} is single-valued this determines the characteristics

up to a semiperiod. But m,.v; is also single-valued. This additional condition fixes
the semiperiods.
Acknokledgements are due to E. L. Horozov for the useful discussions.
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