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1. Introduction.

Let

0 0
~ _H,—~
or T Oy

be a polynomial Hamiltonian vector field. Consider a small polynomial

Xy =H,

deformation
Xe =Xy +€Y +o(e)

of Xy, where

0 0
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is a polynomial vector field of degree n, deg P < n, deg @ < n. By abuse of
notations o(g) denotes a vector field, whose norm on any compact domain
K C R? is of type o(e). The present paper is a contribution in the study of
the number of the limit cycles (isolated periodic orbits) of the perturbed
vector field X, for sufficiently small |e|.

Suppose that the vector field Xy has a non-degenerate singular point
which is a center. Without loss of generality we assume that it is located at
the origin and

H(z,y) = 2@ +y?) +--.

Consider the continuous family of ovals

v(h) € {(z,y) € R*: H(z,y) = h}

which tend to the origin in R? as h — 0, and are defined on a maximal open
interval (0, h). Let £ be a closed arc, contained in the open period annulus

U (),
he(0,h)

and transversal to the family of ovals v(h). For sufficiently small |¢| the arc
¢ is still transversal to the vector field X., and can be parameterized by
h = H(z,y)|s Therefore we can define, on a suitable open subset of ¢, the
first return map h— P (h) associated to the vector field X, and the arc ¢,
as it is shown on Fig. 1. The limit cycles of the perturbed vector field X,
correspond to the fixed points of the analytic map P (h).

Pe(h)

Figure 1. The first return map P.(h) associated to
the vector field X, and the arc /¢

As Py(h) = h, then we have

P.(h) — h = —ely(h) + o(e),
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where the Poincaré-Pontryagin function Iy (h) [25] is given by

(1) Iy (h) = / /{ o div(Y)dz A dy,  div(Y) = P, + Q,.

One may deduce that if k limit cycles of the perturbed vector field X, tend
to an oval {H = ho}, ho € (0,h), then the function Iy (h) has a zero at hg
of multiplicity at least k& (Corollary 4).

In contrast to the first return map P.(h), the Poincaré-Pontryagin
function Iy (h) does not depend on the choice of the arc £. It turns out that
if k limit cycles of the vector field X. tend to the origin in R? as ¢ — 0,
then Iy (h) has a zero at h = 0 of multiplicity at least k 4+ 1 (Corollary 5).
Suppose finally that the closure of the period annulus

SR

he(0,h)

is bounded by a homoclinic loop containing one non-degenerate saddle
point of the vector field X.. Here once again the number of the limit cycles
of X, which tend to the closed loop, as ¢ — 0, is less or equal to the
multiplicity (in a generalized sense) of the zero of Iy (h) at h = h, as it has
been proved by Roussarie [26].

The above provides a method to find the number and the location of
the limit cycles of X., which tend to the closure of the period annulus of the
non-perturbed Hamiltonian system, subject to the following restrictions:

o the Poincaré-Pontryagin function Iy (h) does not vanish identically;

o the closure of the period annulus of the vector field X g is bounded
by a homoclinic loop with a non-degenerate saddle point.

A concrete application of this will be given in Section 7.

Consider the real vector space A (of infinite dimension) formed by all
Poincaré-Pontryagin functions I(h) = Iy (h) of the form (1), where P(x,y),
Q(z,y) are real polynomials of arbitrary degree. The real functions I(h) are
most naturally studied in a complex domain, h € C. In this case the oval
{H = h} C R? represents a cycle v(h) € Hi(H~1(h),Z) on the complex
affine algebraic curve

H™'(h) = {(2,y) € C*: H(z,y) = h}

and I(h) is called an Abelian integral. The vector space of Abelian integrals
A is a module over the ring R[A] of real polynomials in one variable h:
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if I(h) € A, then hI(h) € A. It was proved in [7] that for a fixed generic
polynomial H the R[] module A is free and has p generators, where p is the
number of the critical points of H. In the present paper we consider the case
when H is a Morse polynomial. This means that all its critical points are of
Morse type (but it can have multiple critical values). We also suppose that
for suitable weights the highest order weight-homogeneous part of H has
an isolated critical point at the origin. Under these assumptions we prove
that A is a free R[h] module of rank 7z < p. The rank i of A is computed
in the following way. The cycle v(h) € H;(H~1(h),Z) represents a locally
constant section of the global homology Milnor bundle E, associated to
the global Milnor bundle C2 2L, C of the polynomial H(z,y). For a fixed

regular value hg, denote by K.,y C Ep, the minimal complex vector
space which contains the orbit of the cycle vy(ho) under the action of the
monodromy group of H. Then (Corollary 2)

/7 = dim E’y(ho)~

The paper is organized as follows. In Section 2 we recall the definition
of the Petrov module Py associated to a polynomial H and its main
properties. In Section 3 we define the global homology Milnor bundle E of
a semiweighted homogeneous polynomial, and prove some properties of the
subbundle E, C E associated to the locally constant section y(h) € Ej,.
This is used in Section 4, where we establish our main result (Theorem 2).
The rest of the paper is devoted to applications.

Let H be a real cubic polynomial, such that Xy has a center at
the origin. The corresponding R[h] modules Py, A and its generators
are computed in Section 6. We compute then the dimension of the
real vector space A, C A, formed by Abelian integrals (1) such that
deg(P),deg(Q) < n. Part of these results are already known to the
specialists [12], others were used without justification or were erroneously
stated (see Remark 5 after Theorem 4 in Section 7). They can be used
either as an illustration of Theorem 2, or as a reference in further study of
the following Hilbert-Arnold problem.

For a fixed real polynomial H(z,y) denote by Z(H,n) the ezact
upper bound for the number of the zeros of degree n Poincaré-Pontryagin
functions (1), deg P,deg @ < n, on a maximal interval on which the oval
{H = h} exists. The Hilbert-Arnold problem (called “weakened 16th
Hilbert problem” in [4], p. 313, and [17]) is

Find the numbers Z(m,n) = sup {Z(H,n)}.
deg H<m
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According to Varchenko-Khovanskii Theorem Z(m,n) < co. On the other
hand we have obviously

Z(H,n) > dim A, — 1.
It was proved recently [12] that
Z(3,n) <bn+15

but the exact value of Z(3,n) is still unknown (even for n = 2!). For special
Hamiltonians H the numbers Z(H,n) are computed in [22], [23], [24], [§]
and [9].

In the last section we compute Z(H,n) and then study the number
of the limit cycles of X, for a new class of cubic Hamiltonians H. Namely,
suppose that X g is a quadratic vector field with a center, such that

o Xy is reversible (it has an axis of symmetry);
o X has exactly one center and one saddle equilibrium point.

In this case the Hamiltonian function can be put (after a R-linear
change of the variables) in the following normal form:

H(z,y) = %(m2+y2)— %x?’—i—any, where — 2 < <0.

2
We show first that
Z(H,n)=dimA, —1=n-1

(Theorem 4), that is to say the real vector space A, has the so called
Chebishev property [3]. In the case a = 0 this result is due to Bogdanov,
II'yashenko (n = 2,3) and Petrov [22], [23] (for arbitrary n). The main
difficulty to study the case —% < a < 0 is that while for a = 0 the
rank of the module A is equal to two, in the case —% < a < 0 it equals
to three. To prove our result we count zeros of Abelian integrals in a
complex domain by making use of the argument principle. We use the
reciprocity law for differential forms of first and third kind. It should be
noted that the Chebishev property does not hold true in general even for
cubic reversible polynomials [12]. It depends on the monodromy group
of the global homology Milnor bundle of the polynomial H (compare for

example the Dynkin diagrams shown on Fig. 3).

Suppose at last that, in addition, the Poincaré-Pontryagin function
Iy (h) associated to the perturbed vector field X, is not identically zero.
We prove that the exact upper bound for the number of the limit cycles
of the perturbed vector field X,, in any compact domain K C R? is n — 1.
For a = 0 this was proved by Mardesié¢ [19].
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2. Modules of polynomial differential forms.

The results of this section hold over C or R. Therefore we denote by
K either the field of complex numbers C, or the field of real numbers R.
Let f € K[z, y] be a polynomial and consider the quotient vector space Py
of polynomial one-forms

w = Pdz + Qdy,
modulo one-forms dA + Bdf where A, B are polynomials. The quotient

space Py is a module over the ring of polynomials K[t], under the multi-
plication

R(t) - w=R(f)w, ReK]t].

Recall that a function f:C? — C is called weighted homogeneous
(wh) of weighted degree d and type

w = (W, wy),
w, = weight(z) € R, w, = weight(y) € R if
f(zY=x, 2"vy) = 20 f(2,y), VzeC*.

We shall also suppose that w,, w, > 0. By analogy to the case of an isolated
singularity of a germ of an analytic function [2], we give the following

DeFINITION 1. — A polynomial f € Klz,y| is called semiweighted
homogeneous (swh) of weighted degree wdeg(f) = d and type w if it can
be written as

d
f = th
=0

where f; are wh-polynomials of weighted degree i and type w, and the
polynomial fq(x,y) has an isolated critical point at the origin.
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Note that according to this definition a wh-polynomial with non-
isolated critical point is not semiweighted homogeneous. We define the
weighted degree of a one-form w = Pdx + Q dy as

wdeg(w) = max{wdeg(P) + w,, wdeg(Q) + wy }.

The main feature of a swh polynomial is that its global behavior is exactly
as the local behavior of its highest order weight-homogeneous part [6].
Using this the following theorem can be proved

THEOREM 1 (see [7]). — Let f € K[z,y] be a swh-polynomial of
weighted degree wdeg(f) = d and type w = (w;,wy). The K[t] module
Py is free and finitely generated by ;1 polynomial one-forms wy,wa, ... Wy,
where p = (d — wy)(d — wy) /wyw,. Each one-form w; can be defined by the

condition
(2) dw; = g; dzdy
where g1 ,92, ... .9, Is a monomial basis of the quotient ring K[z,y]/(fz, fy)-

For every polynomial one-form w there exist unique polynomials ay(t) of
degree at most (wdeg(w) — wdeg(wy))/ wdeg(f) such that in Py holds

Remark 1. — In [7] the above theorem was proved for K = C. In the
case K = R the proof is the same.

Remark 2. — The number p = (d — w;)(d — wy) /wyw, is the global
Milnor number of the polynomial f(z,y): every regular fiber f~1(¢) C C?
has the homotopy type of a bouquet of p circles [6]. It is equal, on another
hand, to the global Milnor number of the highest order weight-homogeneous
part f? of the polynomial f. Let g1, go, ... , g, be a monomial basis of the
quotient ring K[z, y]/(fZ, f&). Then one can show that

“w
. Zl wdeg(g:) = 13
o wdeg(gi) < 2(d — wy — wy);

e 1,92, ..,9, form a basis of the quotient ring K[z, y]/(fz, fy)-
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Remark 3. — Denote by ©* the complex of polynomial differential
forms on C? and let 02 /C be the complex of relative polynomial forms,
where
Qk
e = Gt ndr

QF-1Adf
Let f € QY = Clx,y] be a polynomial with isolated critical points and
suppose that w,m € Q' represent equivalence classes in the first relative
cohomology group of f

2(Qbye) 2k )c)

Hl Qo — —
( (CZ/(C> dQ(%?/(C dno + QOdf
and in the Petrov module
Ql
Pr= a0+ ad f

respectively. It is easy to check that the identity
dr=wA df
defines a K-linear map
[wlln] s Pp — H' (2 c)
which is a bijection. Similarly the map w+—m, where dw = 7 establishes a

K-linear bijection
QZ
[wl—[n]: Py — O Adf
The local results of Brieskorn [5] and Sebastiani [28] combined with
Theorem 1 suggest the following

CoNJECTURE. — Let f(z,y) € Klz,y] be a polynomial with isolated
critical points, and such that every fiber f=1(t), t € C is regular at
infinity (see [21]). Then the K[t] module Py is free and its rank equals the
global Milnor number of f.
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3. Milnor bundles.

In this section we suppose that f € Rz,y] is a semiweighted
homogeneous polynomial. It is well known that the global Milnor fibration

(3) ¢ t.¢

is locally trivial on the complement to the set of critical values

Ao = {t1,ta,...,t,}

of f (there are no critical points “at infinity” in this case [6]). To the global
Milnor fibration C? —— C we associate the homology (resp. cohomology)
Milnor bundle E (resp. E*). This is a holomorphic vector bundle with
base C — A, and fibers E; = Hy(f~1(t),C) (resp. Ef = H'(f~1(t),C)).
Any two “close” fibers of the global Milnor fibration (3) are isotopic,
which shows that any two “close” fibers of the homology Milnor bundle
are canonically isomorphic. This isomorphism is called the Gauss-Manin
connection of the (co)homology Milnor bundle.

Choose a disc D C C containing A, and let u; C D be paths
connecting a fixed point ty € 0D to t;. To each path u; we associate a loop
¢; € m (D — A, to) and each loop ¢; defines an automorphism (monodromy)

fi*ZHl (f_l(to),Z) — H1 (f_l(to),Z).

Denote by
H;, C Hy (fil(to),(C)

the vector space formed by cycles which vanish at the critical value t;
as t — t; along the path u; (see the beginning of the section).

DeFINITION 2. — The set of planes Hy,Hs, ... ,H, is called a weekly
distinguished basis of vanishing planes, provided that the fundamental
group m1(D — A.,tg) is freely generated by the loops £1,s, ... 0.

DErFINITION 3. — The image of the fundamental group m (D — A.,to)
in Aut(H:(f~1(ty)) is called the monodromy group of the global homology
Milnor bundle of the polynomial f(x,y) and it will be denoted by M.
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It is well known that the vanishing cycles form a basis of the middle
homology group of an isolated singularity [2]. Combining this with the
results of [6] implies the following direct sum decomposition

(4) Hy(f7!(t),C) = P H.
i=1

The global Milnor bundle E is equipped with the following structures:

1) Each fiber E; = Hy(f~1(t),C) of the homology Milnor bundle F
contains a real vector space Hy(f~1(t),R) and a lattice Hy(f~1(t),Z).

2) On each fiber By = Hy(f~'(t),C) we have an integer skew-
symmetric bi-linear form (. ,.): the intersection index of cycles on the
affine curve f~1(t) C C?. The intersection form (. ,.)|p, is invariant under
parallel transport, and in particular (. ,.)|g, is invariant under the action
of the monodromy group M.

3) The complex conjugation (x,y,t) — (z,y,t) induces an involution
on Hi(f71(t),C) for t € R, and an anti-holomorphic involution of the
Milnor bundle £

(5) Ey — Ep : ~(t) — 7(t).
In particular, E; = F; for t € R and (5) is an automorphism.

The intersection form (.,.) in the fibers E; is degenerate in
general. Let T'; be the compactified and normalized affine algebraic curve
f~1(t) € C% We have a natural inclusion

i f7l(t) — Ty

The kernel of the intersection form (. ,.) on Hy(f~*(t),C) coincides with
the kernel of the induced map

iv:Hy (f7'(t),C) — Hy(I'y,C).

ProrosiTioN 1. — The cycle §(to) is a fixed point of the monodromy
group M, if and only if §(tg) belongs to the kernel of the intersection
form (. ,.).

Indeed, if §(tp) belongs to the kernel of the intersection form, then
the Picard-Lefschetz formula implies that

M - 4(to) = 6(to)-
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If M- 6(to) = d(to) then we may choose a loop ¢ € m1(D — A, to) which
makes one turn about all critical values of f. Then £, is the operator of
classical monodromy of the weighted homogeneous singularity f¢ (where f¢
is the highest order weight homogeneous part of f). In this case we have

l, —id = Var pa oi,

and as Varya | g, (r, c) is injective, then the kernel of £, —id is the set of
cycles which are homologous to zero on T’y (equivalently, whose relative
homology class is zero) [2]. Therefore §(tg) belongs to the kernel of the
intersection form (. ,.). O

For any locally constant section §(t) C Hy(f~*(t),Z) of the homology
Milnor bundle F denote by

Es(1) C Bty = Hi(f ' (t0), C)

the minimal complex vector space containing the orbit M - §(¢q). This gives
rise to a flat complex sub-bundle Es of the homology Milnor bundle FE,
whose fibers Ejs() are obtained from FEjq,) by parallel transport. The
holomorphic bundle Es carries the structures 1) and 2) above. By analogy
to (5) we give the following

DeFiNiTION 4. — The bundle Ejs is said to be compatible with the
real structure (the antiholomorphic involution) of E, provided that

E§(t) = Ea(g), vt € C.

PRrOPOSITION 2. — Suppose that the cycle 6(tg) is obtained from some
real cycle 6(t) (that is to say 6(t) = d(t), t € R) by parallel transport.
Then Es is compatible with the real structure of the complex bundle E.

Proof. — Suppose that §(to) is obtained from the real cycle §(¢),t € R
by parallel transport, and let 7(t) be another cycle obtained by parallel
transport along some path u (the ends of u coincide with ¢, u C C — A,).

The identity
/ /
() 7(t)

implies that the cycle J(t) is obtained from §(¢) by parallel transport along
the path @, and hence (t),5(t) € E;,t € R. As a set of generators of E}
can be obtained in such a way, we conclude that m) = FEs(t)- In a similar

way we prove that Es) = Ej for all t € C. O
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DeriNiTION 5. — We shall say that the bundle Ej satisfies the
condition (x) provided that the following direct sum decomposition holds:

(%) Est) = @D{H: N Esio) }-
1=1

The condition (%) is motivated by the direct sum decomposition (4).
Of course the decomposition (4) holds for any choice of the paths wu;.
Similarly, the condition (*) does not depend on the choice of the paths u;
(and hence on the choice of vanishing planes H;), as it follows from the
following simple

ProprosiTiON 3. — The bundle Ej satisfies the condition (x), if and
only if

(5(t0) = Z(Si(to), where 5i(t0) e H;N E&(tg)-

CoroLLARY 1. — If 6(t) is a vanishing cycle (along an appropriate
path connecting t to a singular value t;) then the bundle Ej satisfies the
condition (x).

Proof of Proposition 3. — It suffices to prove that if y(tg) € Ej,),
then

(6) v(to) = Z%‘(to) where  7v;(to) € Hi N Es(1)-
i=1

If ¢, € Aut(Hy(f*(to)) is the monodromy transformation induced by the
loop ¢; then the Picard-Lefschetz formula [2] shows that

£5.6(to) = 6(to) + alto), alto) € {H; N Esy)},

and hence y(to) = ¢;.6(to) satisfies (6). The identity (6) follows from the
fact that M - 6(to) generates Es,). O

To check that the condition (x) does not depend on the choice of
paths u;, we have to prove that if we replace the plane H; by ¢;,H;, then
the identity of Proposition 3 still holds true. Indeed, as

£.04(to) = d;(to) + aj(to),
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where a;(to) € {H; N Es4,)}, then
= > Okl(to) + u0i(to) — a;(to) + 55 (to)

ki j
where fj*(si(t()) S Ej*Hi n E§(t0) and —Oéj(to) + (5j(t0) S {Hj N E&(to)~

Another important case in which the condition () is satisfied is given
by the following

ProrosiTiON 4. — If M acts on Ej,) without fixed points then the
bundle Ej satisfies the condition ().

Proof. — We have
Im(éj* - id)|Ea(t0) CH;n E&(to)

and hence
(7) Zdlm{Im e — 1)1y, )} < dim Eyyy)-

On the other hand

dim{lm(ﬂj* - ‘EW )} dim Es ) dim{Ker(fj* - id)\Ea(tO)}’

dim{Tm(£(j 1) —id)| gy, }
> dim{Im({(j41). — id)\KerwjridﬂEé(m)}
= dim{Ker(¢;, — id)lEé(to)}
— dim[{Ker({(j 1)« —id) g, } N {Ker(ju —id) g, }]
and hence
Zdlm{Im jr = 1) By )

> dim Ej(;) — dim{m Ker(l; — id)|Eé(t0>}.
As M acts on Egs,) without fixed points, then

ﬂKer ix —1d) By, = 0,

which combined with (7), (8) gives

v

Eé(tg) = @{Im(ﬁj* - id)lEé(to)}

j=1
and hence (x). O
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4. Abelian integrals related to Morse polynomials.

Denote by A; the vector space of Abelian integrals

) 1) = /5 K

over all polynomial one-forms

w=P(z,y)de+ Q(z,y)dy, P,Q € Rlx,yl.

This is a R[t] module with multiplication

t / w = flz,y)w.
a(t) 4(t)
The map

(10) Pr— As: wr— w

5(t)
is a homomorphism of R[t] modules. In the case when f is a polynomial
with Morse critical points and distinct critical values, the map (10) is an
isomorphism [7], Prop.3.2, and Esu) = E; = Hi(f71(t),C). In the case
of multiple critical values, however, Es may be a proper subbundle of the
homology Milnor bundle F.

In the sequel we shall call §(tg) € Hq(f '(to),Z) a vanishing cycle
provided that it vanishes along some path u; as t — t;. Note that
this is less restrictive than the usual definition [2] (as we do not use
“morsification” of f). Recall that a cycle §(t), t € R is said to be real,
provided that 6(¢) = §(t).

The central result of the present paper is the following

THEOREM 2. — Suppose that the semiweighted homogeneous
polynomial f € Rlx,y] has only Morse critical points. If the vector bundle
FEs5 is compatible with the real structure of the Milnor bundle F, and satisfies
the condition (x), then the R[t] module As is free, finitely generated, and
its rank is equal to the rank of Ey.

COROLLARY 2. — Suppose that the semiweighted homogeneous
polynomial f € Rlx,y] has only Morse critical points. If §(t) is a real
vanishing cycle, then the R[t] module Aj is free, finitely generated, and its
rank is equal to the rank of the complex vector bundle Ejs.
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Remark 4. — As the map (10) is surjective, the generators of Az may
be chosen among the integrals over monomial one-forms

I;(t) :/ Wi J=1,2 0,
61(t)
where w; is the basis of Py defined in Theorem 1.

Proof of Corollary 2. — 1If the cycle §(t), t € R is real, then by
Proposition 2 the bundle Ej is compatible with the real structure of F.
If the cycle 6(¢) vanishes along some path connecting ¢ to a critical value
of f, then by Corollary 1 the bundle satisfies the condition (x). The result
follows from Theorem 2. O

The proof of Theorem 2 is based on the following

LemMma 1. — Let 681,05, ... ,5:‘, be a basis of locally constant sections
of Es. There exists a permutation o’ = (04,05, ... ,0,,), such that

det ( A}(t)ngé)

is a non-zero constant in t, where V is the covariant derivative with respect
to the Gauss-Manin connection of E, and

’

I
Z wdegw,r = pi' wdeg(f).
i1

Proof of Theorem 2 assuming the above lemma. — As f is a swh-
polynomial (Def. 1) then we may deduce that for sufficiently big [¢|, such
that the argument of ¢ is bounded, holds

fé’. t) Wi
| =ow

tfﬁ.; t) Vwc,g

(see the proof of Lemma 2.2 in [7]). This implies that for sufficiently big |¢|

det(f5;(t) WU;)
t# det( | 51(1) Vwgr)

‘ =0(1)
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and hence

po(t) = det (/5’.@)%7;)

J

is a polynomial of degree exactly p' = rank Es. By (%), we have
Esy) = @{Eé(to) NHi}

and hence
degpo(t) = Z dim{E5(t0) N Hi}.

As f has only Morse critical points, then po(t) has a zero of order
dim{Es,) N H;} at t = t;, and hence

’

m
po(t) = C* H(t — ;) Fseo) NHD,
=1

In particular py(t) does not vanish for ¢ # ¢;. If w is a polynomial one-form,
then the Cramer’s formulae imply that there exist polynomials p;(t), such
that

"
(11) po(t)/ w:Zpi(t)/ wor, VO(t) € Es.
o(t) i=1 a(t)

BEach polynomial p;(t) has a zero of order dim{Ejq, N H;} at t = t,,
and hence the polynomial pg(t) divides p;(t). It remains to check that
pi(t)/po(t) is a real polynomial. As Ej is compatible with the real structure
of the Milnor bundle FE, then the complex conjugation ~(t)—(t) induces
an automorphism a € Aut(Es)) for ¢ € R. It follows that

pi(t) = det(a) p;(t)
and hence p;(t)/po(t) € R[t]. |

Proof of Lemma 1l in the case when the intersection form (. ,.) is
non-degenerate. — Let Ej be the vector sub-bundle of E with fibers

By = {7(t) € Be: (7(1),8(t)) = 0, V8(t) € Esr) }-

As the intersection form on FEj; is non-degenerate, then by Proposition 1
and Proposition 4 the bundles Es and Ej satisfy the condition (x). We
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claim further that (. | '>|E5(t,0) is non-degenerate. Indeed, if we suppose that
Y(to) € Es(t), Y(to) # 0, then there exists a vanishing cycle +/'(to) € H;,
such that (y(to),~(to)) # 0. The Picard-Lefschetz formula gives

Lixy(to) = v(to) — Zﬁ(to)ﬁ}(to)ﬁﬂto)
J
where 7/(t) form a basis of H;. As
/ 2 / 2
(Liv(to), Y(t0)) = D (¥(t), ) (t0))* > (¥(t0), 7' (to))” # 0
J
and £;.(to) € Ejt,), then we conclude that (. ,.)
On its hand this implies that

| Bsgeg) 18 non-degenerate.

(12) EZEg@E(;l.

Let 0 = (0/,0"”) be a permutation of the set {1,2,..., u} such that

/ / / / " " " "
o' = (01,0%,...,0,), o' =(0],09,....0,),
/ / " 1"
O; < Oit1s 0; < Oit1
and p' = dim Ej,), 1’ = dimEﬁLtO). Let wy,wy,...,w, be a “monomial”

base of the Petrov module P; defined by (2), &' = (1,05,...,0,,),
5 = ( i/’5é/7...,5z,,) be fixed bases of Ej., and Ej(to) respectively,
d = (¢',6"). Denote by

(/ijwi), ( 5}ng£), ( 6;/(t)VwU§/>

the matrices of dimension pu x u, p' x ¢/, and p” x u' respectively. The
Picard-Lefschetz formula implies that the functions

A(t) = det (/JVwi), Ay (t) = det ( ngé)

8
J
and

Ay (t) = det ( 6/}/(t)VwU;/)

are single-valued on C, and hence they are rational functions. On the other
hand each integral |, 5. Vw; can have only logarithmic singularities (as the
J
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critical points of f are of Morse type) so the above determinants are in fact
polynomials. We have

(13) A(t) =D Ao (t) A (t)

where the sum is over all the permutations o = (¢0’,0") as above. It is
proved in [7] that A(t) is a non-zero constant, and

’ 1"

H H 10
Z wdeg w; = Z wdeg w,r + Z wdegw,r = pwdeg(f).
i=1

i=1 i=1

As

MI 1"

> wdegw, > wdegw,r

dog Ar(t) < T\ deg Agu(t) < S )
wdeg(f) wdeg(f)
then
deg Ay (t) +deg Ayn(t) <O0.

This implies that for any permutation o = (¢’,0”) the polynomial
Ay (t)Agr(t) is either a non-zero constant, or it is identically zero. We
conclude that there exists a permutation o = (¢’,0”), such that the

polynomial A,/ (t)A,~(t) is a non-zero constant.

Proof of Lemma 1l in the case when the intersection form (. ,.) is
degenerate. — Let I'; be the compacified and normalized affine curve
f71(t). We have

Hl(rtﬂ C) = Hl(f_l(t)7 C)/ ~
where 0(t) ~ 0 if and only if 4(¢) is in the kernel of the intersection form on
Hi(f~1(t),C). Denote

E=E/~, Es=EFEs/~ Ef=FEf#/~, H;=H]~.
As the intersection form is non-degenerate on H;(I'y, C) then as above we
obtain

Hy(T1,C) = Eseoy D Esyy. Esr) = ED{H: N Ese) }

i=1

We already know that
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is a non-zero constant [7]. On the other hand if the cycle §(¢) is homologous
to zero on the compactified and normalized fibre f~1(¢), then

/ ij
4(t)

is a polynomial in ¢ which is a linear combination of the residues of Vw;. By
Remark 2 the weighted degree of Vw; is less than d and hence | fé(t) Vw;|
grows at infinity no faster than a constant. By making use of R-linear change
of the base (wi,ws,...,w,) and C-linear change of the base (d1,d2,...,0,)
we may partially diagonalize the p x p matrix ( |, 5; Vws,):

(14) (/6 wai) = (6‘ 1:29), sy = diag(1,1,...,1),

where g is the genus of the compact Riemann surface I';, and A is a 2¢g x 2¢
matrix. The first 2¢g lines of the matrix (14) correspond to integrals over
cycles which form a base of H;(T';,C), and the last p — 2¢g lines of the
matrix (14) correspond to integrals over cycles homologous to zero on T';.
Respectively the one-forms wy,ws, ..., w4 have no residues on I'y, and each
of the remaining y — 2g one-forms is a normalized differential of third kind.
This new base of one-forms is no-more monomial but each one-form can
still be still chosen weighted homogeneous.

We notice now that det A = A,(t), and hence det A is a non-zero
constant. As in the case of a non-degenerate intersection form, we can
find weighted homogeneous (and hence also monomial) one-forms without
residues, such that the determinant of the corresponding rank E5 x Ejis a
non-zero constant. Complete at last the basis of sections of E5 to a basis
of sections of Es by adding zero-homology cycles, as well the basis of first
kind forms by adding normalized third kind forms. The determinant of the
obtained in this way rank Fs x rank Es matrix is a non-zero constant, which
completes the proof of Lemma 1. O

5. Polynomial perturbations of conservative vector
fields.

Consider the differential equation
(15) dH +ew+o0(e) =0, ||kl

where H (x,y) = % (22 4y?)+- - - is areal polynomial, w, o(g) are polynomial
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one-forms on R?, and the norm of o(¢)/e tends to zero on any compact
domain K C R?, as € — 0. Let ¢ be a closed arc transversal to a continuous
family {H = h} of closed integral curves of the equation dH = 0, and
parameterized by h = H(z,y)|,. Denote by P.(h) be the corresponding
first return map associated to (15) and to the arc ¢ (see Fig. 1). The limit
cycles of (15) intersecting ¢ are in one-to-one correspondence with the zeros
of P.(h) — h. The basic tool in their study is the following

LEMMA 2. — One has

Po(h) = h— cI(h) + o(e), where I(h)— /{ .

For a proof see [25] or [4], p. 318. Lemma 2 implies immediately the
following

CoroLLARY 3 (Poincaré-Pontryagin criterion). — If a limit cycle
of (15) tends to the closed integral curve {H = hg}, as € — 0,
then I(hg) = 0. If I(hg) = 0 and in addition I'(hg) # 0, then for all
sufficiently small |e| # 0 the equation (15) has an unique limit cycle which
tends to {H = ho} ase — 0.

For every fixed sufficiently small || the first return map P.(h) is an
analytic function in a neighborhood of h = hg # 0, and hence it can be
analytically continued in a complex domain, h € C. As the complex zeros
of (P.(h) — h)/e in a neighborhood of h = hg depend continuously on ¢
then we get

COROLLARY 4. — Suppose that k limit cycles of (15) tend to {H = hy}
ase — 0. Then the Abelian integral 1(h) has a zero at h = hg of multiplicity
at least k.

Finally we note that the Poincaré-Pontryagin function I(h) contains
an information for the limit cycles which tend to the origin

COROLLARY 5. — Suppose that k limit cycles of (15) tend to the
non-degenerate center 0 € R? as ¢ — 0. Then I(h) has a zero at h = 0 of
multiplicity at least k + 1.
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Proof. — Without loss of generality we assume that 0 € R? is a
non-degenerate singular point of (15) for all sufficiently small |¢|. Indeed, if
the coordinates of the singular point are (a(e), b(g)), where a(0) = b(0) = 0,
then we substitute

z—ax+ale), y—y+be)

in (15). The Poincaré-Pontryagin function of the new differential equation
coincides with the Poincaré-Pontryagin function of (15). Let £ be a smooth
closed arc through the origin in R?, and transversal to the periodic solutions
{H = h} in a small neighborhood of the center. It is parameterized by the
analytic function p = \/H (x,y)|,. It is classically known that the associate
first return map P.(p) is an analytic function. Each limit cycle of (15)
which is close to the origin, intersects twice £. As P. (0) = 0 then it follows
that if k limit cycles of the equation (15) tend to the origin in R? as ¢ — 0,
then lgs(p) — p has at least 2k + 1 real zeros in a neighborhood of the origin
p = 0on /. As before we may continue analytically the function P. (p)—pin
a complex domain p € C. The zeros of (P.(p) — p)/e depend continuously
on € and hence the Poinacré-Pontryagin function

= . Pp)—p
I(p)=;1gg)—8(€)

has a zero of multiplicity at least 2k 4+ 1 at p = 0. We note at last that

dH +ew+o0(e) =0 <~ dp+5i+@ =0, p?=H.
2p 2p

Repeating the arguments from the proof of Lemma 2 in a punctured
neighborhood of the origin in R? we obtain

Ty = 2, gy :/{ o

2p H=h}

As the Abelian integral I(h) is analytic in h = p?, then I(p) is an odd
function and I(h) has a zero at the origin of multiplicity at least k + 1 in h.
g
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6. Abelian integrals which arise in polynomial
perturbations of quadratic Hamiltonian vector fields
with a center.

The quadratic polynomial vector fields with a center can be divided
in four classes: Q4Y, Q¥ , QF and Q4 (Zoladek [30]), called Lotka-Volterra
case, Hamiltonian case, reversible case and codimension 4 case respectively.
In this section we shall study the Poincaré-Pontryagin functions

I(h) = /{ oy P A= Q) o
_ / / (Po(z,u) + Qy(,)) dz Ady, P,Q € Rlz,y]
{H<h}

associate to small polynomial perturbations of quadratic polynomial
Hamiltonian vector fields with a center

. OH . OH
(16) x—a—y—l—EP—i—o(E), V== +eQ + o(e).

If we place the center at the origin and a saddle point at (1,0), the
Hamiltonian function H(z,y) can be written in the following form [13]:

(17) H(z,y) = %(mz +y%) — %x?’ + axy® + %by?’.

The critical values of H are hy = 0, hy = %, and the roots of the
polynomial

A(h) =36 (—b* + 44%)° 12
— (144 a* — 48 a® — 72a%b* — 36 ab® — 12b* — 6b*)h
+9a* +6a+b*+1.

The discriminant of A(h) is
36(8a% +4a+b*)*p?
and we have also
A

§) =Qa+1*((1+2a)(1—a)® =b%), A(0) = (3a+1)*+1b.
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The Hamiltonian vector field (16) (resp. the Hamiltonian function H (17)),
is said to be reversible, or belongs to QF, if it has an axis of symmetry. The
Hamiltonian H(x,y) (17) is reversible if and only if

b((1+2a)(1—a)®*—b*) =0

(see [13], Fig. 1, where the non-reversible Hamiltonians with a center were
called “generic”). To state our results we shall use the following standard
notations introduced in [13], [12]

X(h):// hxd:r/\dy, Y(h):// hydff/\dy7
H< H<

M(h)://H<h dz A dy, L(h)://H<hx2dx/\dy,

K(h) z//H<hJ;ydx/\dy,

wyx = —xydz, wy:—%de:L’, wy = —ydz,
wp = —z?ydz, wg = f%xyz dz.
Denote by
§(h) C {(z,y) eR*: H(z,y) = h}

the continuous family of ovals surrounding the origin in R?, by As the real
vector space of Abelian integrals of the form

/5 o PED A Q@) dr, P.QERf ) h by

and by A, C Aj its subspace formed by Abelian integrals of degree n,
where deg P, deg Q < n.

6.1. Generic quadratic Hamiltonian vector fields with a center.

In this section we suppose that the real polynomial H(z,y) defined
by (17) is not reversible (equivalently b((1 + 2a)(1 — a)? — b2) # 0).

ProrosiTION 5.
(i) The R[h] modules Py and As are free. The map
(18) Pg — As: wr— w
5(h)

is an isomorphism of modules.
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(ii) If b* — 4a® # 0, then the module Py is freely generated by wx, wy,
wir, wi. If b2 — 4a® = 0 the module Py is freely generated by wx, wy, war.

(iii) The real vector space Ay, is of dimension [% (4n+1))].
Proof. — If b*> — 4a® # 0 the polynomial
HO(z,y) = —%xS +ary® + %by3
has an isolated critical point. It follows that

Cla,yl/(Ha, Hy) = Clz,y]/(H}, H)) = Vect{1, 2y, xy}

and Theorem 1 implies that Py is freely generated by wyx, wy, wir, wi-
In the case b — 4a® = 0 the polynomial —%x?’ + axy?® + %by?’ has non-
isolated critical points and after a real linear change of the variables we
may put the Hamiltonian in the form

(19) 12?4+ coxy + c3y® + ay?,  c3 —4deiez < 0.

As ¢; # 0 then this polynomial is semiweighted homogeneous (in
the sense of Section 2), with 2wdeg(y) = wdeg(x) and highest weighted
homogeneous part equal to c;x? + xy?. Using Theorem 1 we conclude
that Py is free of rank p = dimClz,y|/(H, Hy). An easy computation
shows that the global Milnor number of H is equal to three, and moreover

C[I,y]/<Hx,Hy> = C[Ivy]/<H2’Hg(;> = Vect{l,x,y}

which implies Proposition 5, (ii).

To compute the module of Abelian integrals A5 we note that
(20) H, (H_l(ho)’(:) = ‘/(s(ho)

which, combined with Theorem 2 implies that the map (18) is an
isomorphism. Indeed, if H has distinct critical values (8a? + 4a + b? # 0 in
this case) then (20) follows from the fact that the Dynkin diagram of any
(and hence of H) swh polynomial is connected (see for example the proof
of [7], Prop. 3.2). If 8a®+4a+b? = 0 the polynomial H has two Morse critical
points and one cusp. The identity (20) follows from an explicit computation
of the orbit of d(hg) under the action of the monodromy group. To do this
we need the Dynkin diagram of H which will be computed in the next
section.
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It remains to compute the dimension of the vector space A,. In the
case when H is a weighted homogeneous (b* — 4a® # 0) polynomial we have

I(hye A, <= I(h)=pX +qY +rK +sM
where p, ¢, 7, s are real polynomials in h of degree [+ (n — 2)], [% (n —2)],

3
[% (n—3)], [% (n — 1)] respectively. It follows that

dimA, = [t(n—2)]+[3(n—2)]+ [f(n=3)] + [2(n—1)] +4
3

The above does not work if b — 4a® = 0 but we may compute dim A,
in the following way. As As is isomorphic to Py then A, is isomorphic (as a
vector space) to the space of degree n polynomial one-forms P, dz + @, dy,
modulo polynomial one-forms dA + BdH. Using the isomorphism of the
vector spaces

Py — /AP ANAH : w s dw
we conclude that A4,, is isomorphic to the vector space of two-forms
Rn—l(xay) de ANdy, degR,—1<n-1
modulo two-forms
dAANdH, degA(z,y)<n-—2
(see Section 2). Indeed, if g(z,y) is a homogeneous polynomial, then
dg nd(zy?) =0 <= g(z,y) = (zy*)".
Using this and (19) we conclude that if R,_1(z,y)dz Ady = dAAdH
where deg R,,_1 < n — 1, then there always exists a polynomial A, _o of
degree less or equal to n — 2, such that R,_1(z,y)de Ady = dA,,—o AdH.
Similarly
dANAH =0, A€R[z,y] < 3f R[], Az,y)=f(H(z,y)).
Finally we have
dim A,, = dim{R,,_1 € R[z,y]; degR,,—1 <n—1}
—dim{A4,_2 € R[z,y]; deg A,,_o <n —2}
+dim{f € R[A]; deg f(H(x,y)) <n—2}

%n(n—kl)— %(n—l)n+[%(n—2)]+1

1
This completes the proof of Proposition 5. O
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6.2. Reversible quadratic Hamiltonian vector fields with a center.

In this section we suppose that the real polynomial H(z,y) defined
by (17) is reversible (equivalently b((1+ 2a)(1—a)? —b?) = 0). As a matter
of fact it suffices to study the Hamiltonians (24) below, that is to say b = 0.
Indeed, any reversible vector field Xy € QF can be written in the form [30]

(21) i =y(l+dzx), §=—2—ay®+ca’.

It has an axis of symmetry {y = 0} and an invariant line {1 + dx = 0}.
If we suppose in addition that (21) is Hamiltonian then we have d = 2a and

(22) H(w,y) = (2 +¢°) — $a° + amy?.
The cubic Hamiltonian H(z,y), a # 0, has a reducible level set

3a+c
24a3

1
(23) H(x,y) - —)(ayQ—c 2, Jote 3a+c)

:(x+2a 3"

3 6a 1242

and vice versa: any real cubic polynomial with an elliptic critical point and
at least one reducible level set is equivalent, under a real linear change of
the variables, to the Hamiltonian (22). A real homothetic transformation of
x,y shows that the family (22) is naturally parameterized by the projective
line PR' > [a:¢]. If we put ¢ = 1, then we obtain the following normal form
of cubic reversible Hamiltonians with a center:

o @ +9%) 1o an,  atoo

NI= N

(22 +y?) + zv?, a = oo.

e For a # 0, 00 the critical points of H(z,y) (24) are (z1,y1) = (0,0),
($2792) = (17O)a and

1 1 1+ 2a
(w3,Y3) = (— Postian

2a 2a a

) ) (.’E4, y4) =
with corresponding critical values

Ja+1

1
hy =0, hz—g, hy = ha =

e For a = 0 we have only two critical points (z1,y1) = (0,0),
(z2,y2) = (1,0), with corresponding critical values hy = 0 and he = %.
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e For a = oo the Hamiltonian function (24) has three critical points

(1) = (0,0, (w595 = (~ 5 %) (ea,y) = - %—%)

with corresponding critical values hy = 0,hg = hy = %.

In the case when the critical point (x;,y;) is a saddle (center) of
the vector field (16), we shall denote (x;,y;) = (zf,yf) ((«f,y§)). Similar
notations will be used for the critical values h;.

The topology of the real fibration

H

R? -5 R

is one and the same when a belongs to one of the open intervals | — oo, — % [,

]— %,O[7 10, 1], or ]1, oo[. Selected level curves of H are shown on Fig. 2.

L DBXx

| =0 T @

Figure 2. Selected level curves of the polynomial (24)
H(z,y) = 3(2* +y*) — $2° + axy®.

We are going to study now the topology of the global Milnor fibration

H

Cc? = C.

Note that the Hamiltonians (24) are semiweighted homogeneous so
the results of [6], Section 2, apply. In particular we have that for regular
values h € C the complex affine curve H~!(h) C C? is an elliptic curve
with

« one removed point (a = 0),

« two removed points (a = o),

« three removed points (a # 0, 00).
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Suppose that hs 4 # hi, ho, that istosay a # — % ,— % ,0,1. Let h = hyg
be a fixed regular value with Im(hy) > 0 and let ¢1, {2, £3 4 be three mutually
non-intersecting paths, connecting hg to h;, and contained in the upper
half-plane Im(h) > 0 (except their ends which coincide with h;). Denote
by 8;(h) € Hi(H~1(h),Z) the continuous families of cycles which vanish
at (x;,y;) as h tends to h; along the path ¢;. For all regular h the cycles
d;(h) form a basis of the first integer homology group of the affine algebraic
curve H=1(h) C C?. The families §;(h) define locally constant sections of
the global homology Milnor bundle of H(z,y) with base C\{h1, ho, h3 4}
and fibre Hy;(H~1(h),Z). Note that although h3 = hy, the sections d3, d4
are well defined, due to the fact that d3(h) and d4(h) vanish in the same
level set of H, and hence their intersection index is equal to zero.

DeFINITION 6. — The Dynkin diagram of H(x,y) is the graph with
vertices the cycles 6;. Two cycles 6;,0;, hy < hj, are connected by an edge
(dotted edge) if the intersection index ¢; o §; is equal to +1 (—1).

The Dynkin diagram of H describes the intersection indices ¢; o §;,
and hence the monodromy group M. It depends, however, on the homotopy
class of the non-intersecting paths ¢;.

ProprosITION 6. — The Dynkin diagram of the polynomial H (24) is
shown on Fig. 3.

6% 63 43 o7 63
Oo——O oO——O0—~O0
a=0 a = o0
05 03
3 of of &5
035 54
a>0 —1<a<0 a<-2

Figure 3. Dynkin diagram of the polynomial (24).
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Proof. — The critical values of H are easily computed (Table 1).

a<-1 hS < h 4 < h§
a=-1 h§ < haa = hs
—i<a<-—3i| h§f<hss<h}
a=-—3 h§ = hz4 < h
—1<a<0 | hga<h§<hi

a=0 h < hj
0<a<l1 h§ < h3 <hj,
a>1 h§ < h§ 4 < hj

a =00 h{ < hj4

639

Table 1. The critical values, for a € RP', of
H(z,y) = 5(2® +y?) — 52° + axy®.

In the Hamiltonian triangle case a = 1 the polynomial H has only
real Morse critical points, and all saddle points are contained in the same
level set {H = %} The Dynkin diagram in this case (as well for a close
to 1) follows from the results of A’Campo and Husein-Zade [1], [14], [2]. For
a €]0,1[ or a € ]1,00[ the polynomial H defines topologically equivalent
global Milnor fibrations (see for example [6], Thm 2.5) and hence its Dynkin
diagram is one and the same.

Ifa< —% the polynomial H has only real Morse critical points, and
all the saddle points are contained in the level set {H = (3a +1)/24a}. As
before we may use the method of A’Campo and Husein-Zade. In the same
way we obtain the Dynkin diagram of the parabolic case a = oo and the
case a = 0.

Note finally that

7 ) 1 L s 2 Lo, - o
Ay =H(1—o,v-1-2=) = - - |2 -3

(x,y) x Tro G 2(06 +y°) 3% t+azy
where @ = —a/(1 + 2a) is a real polynomial. If a € | — %,0[ then @ > 0 and

hence the Dynkin diagram of H is obtained from the Dynkin diagram of H
(after exchanging 6¢ and 45). O
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Denote the compactified and normalized fibre H=1(h) C C? by T,.
For every h the affine elliptic curve H~!(h) C C? has an elliptic involution

i (ac,y) — (l‘, _y)-

This defines an elliptic involution on I'j, which permutes its “infinite”
points. We have

e Iy=H Yh)UPyUP.UP_, a#0,00;
e I'y=H Y(h)UP,UP_, a = oo;
« T =H (W) UP, a=0

and without loss of generality,
i(Py) =Py, i(Py)=Px.

If z is an uniformizing parameter on the elliptic curve I'y,, such that z =0
is a fixed point of 4, then i(z) = —z. It follows that ¢ acts on H;y(I's,Z)
as —id.

ProrosiTION 7. — The Petrov R[h] module Py associated to the
Hamiltonian (24), is freely generated by the one-forms

* WX,Wy ,WMm,WL, Cl?é0,00;
* WX ,Wy,Wn, a = O0;]
o Wx ,Wh, a=0.

The proof follows from Theorem 1. Indeed, for a # 0,00 the vector
space Clz,y]/(H,, H,) is generated by 1,z,y,z?, for a = oo by 1,z,y, and
fora=0by 1,x. O

Denote by §(h) C H=1(h) the real oval of H surrounding the origin
in R?, and defined for small positive h and consider the associated R[A]
module A (9) of Abelian integrals.

ProprosiTiON 8. — The R[h] module As associated to the Hamilto-
nian (24) is freely generated by the Abelian integrals

e X (h),L(h),M(h) in the case a # 0,1,00;
e L(h),M(h) in the case a = 1;
e X (h),M(h) in the case a = 0,00.
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Proof. — We have i*wy = wy, 9.0 = —Jd, and hence Y (h) = 0.

On the other hand using the Dynkin diagram Fig.3, Table1, and the
Picard-Lefschetz formula we get

e ifa>0,a# 1, then

Bse (1) = Span{55 (o), 83 (to), 63 (to) + 05 (t0) }, rank Ese = 3;
e if a < 0, then

Ese(t) = Span{ 85 (to), 95 (t0), 9(t0) + da(to) }, rank Ese = 3;
e if a =1, then
Ese(ty) = Span{ 8§ (to), 5 (to) + 05(to) + 05(t0) }, rank Ese = 2;
e if a =0, then

Es¢(to) = Span{6§(to), d5(to) }, rank Ese = 2;
e if a = oo, then
Ese (1) = Span{d (o), d5(to) + 63(to) }, rank Ese = 2.

Ifa # —% Proposition 8 follows from Theorem 2. In the case a = —%
the decomposition (12) still holds true which implies Lemma 1 and hence
Theorem 2. Thus Proposition 8 holds also in the case when the cubic

polynomial H is not of Morse type. O

Consider the real vector subspace A,, C As of Abelian integrals

/5P(m,y) dz + Q(z,y)dy, P,Q € Rz,y], deg(P),deg(Q) < n.

ProrosiTion 9. — The dimension of the real vector space A,, is n
ifa#1, and [% (2n + 1)] in the Hamiltonian triangle case, a = 1.

Proof. — Suppose first that a # 0,1,00. In this case the polyno-
mial (24) is semi-homogeneous. An Abelian integral I(h) belongs to the
space A, if and only if

I(h) = p(h) X (k) + q(h)L(h) + r(h) M (h)

where p, ¢, r are real polynomials of degree at most [% (n —2)], [% (n —3)],
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and [% (n — 1)] respectively. As the module Ay is free then

dimA, = [$(n—=2)] + [F(n-3)] + [F(n -] +3=n.

=

In a similar way in the case case a = 1 we have
I(h) = q(h)L(R) + r(h)M(h)

(n — 3) and %[(n —1)]

where g, r are real polynomials of degree at most [%

respectively, so

dim A, = [%(n—S)]—F[%(n—l)]—FQ:[ (2n+1)].

W=

The case a = 0 follows from [23].

Suppose at last that a = co. We shall modify the proof of Proposition 5
in the case b% —4a® = 0. Note first that if a polynomial differential one-form
w is even in y, *w = w, i(z,y) = (x,—y), then the corresponding Abelian
integral || 5 (h) W is identically zero. So it is enough to consider only integrals

of the form
/ w, fw=uw.
65 (h)

If such an integral is identically zero, then we have also

/ w= / w=0
HW) 5 (h)+35(h)

On the other hand I'y, = H~' U P, U P_ where i permutes P, and P_. It
follows that w has no residues, so

/ w=0.
05(h)—d5(h)

Thus the restriction of w on the fibre H~!(h) represents the zero co-
homology class in H'(H~!(h),C), and its “relative cohomology class”
[w] € Py is zero too [7],Thm1.2. As in the proof of Proposition 5 we
conclude that the vector space A,, is isomorphic to the vector space of
two-forms

w=~R,_1(x,y)dx Ady, degR,1<n-—-1, if'w=w
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modulo two-forms dA A dH, where the real polynomial A(z,y) is even in y,
and deg A < n — 2. Thus we get

dim A, = dim{Rn,1 €R[z,y]: degR,—1 <n—1,
Ry-1(z,—y) = Rn_l(x,y)}
- dim{An,g €ER[z,y]: deg Ao <n—2,
Ap—2(z,~y) = *An—2(x,y)}
=n+n-2)+n-4)+---—n-2)—(n—4)—---
=n. |

7. Polynomial deformations of a quadratic Hamiltonian
vector field and non-oscillation of Abelian integrals.

Let

0 0

— —H,—

or Jy

be a reversible quadratic polynomial Hamiltonian vector field with one
center and one saddle point. It follows from the preceding section that by a

linear change of the variables z,y and ¢ we can assume that

H(z,y) = %(x2+y2)f %x3+ao:y2, where — % <a<O0.

Xy = H,

Consider a polynomial deformation of X g of the form
Xe =Xy +€Y +o(e)
where
0 0
Y=P — —
(@) 55 +Qa0) 5

is a polynomial vector field of degree n, deg P < n, deg @ < n. The first
approximation of the return map associated to X is given by the Abelian
integral

Iy(h) = // div(Y)dz Ady, div(Y) =P, +Qy
{H<h}

where h € [0, %[

THEOREM 3. — Let X. be a polynomial deformation of degree n of
the Hamiltonian vector field Xy, and assume that Iy (h) is not identically
zero. Let K C R? be any compact domain. For all sufficiently small ¢ the
vector field X. has at most n — 1 limit cycles in K. This bound is exact.
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The difficult part of the proof is the study of the Abelian integral Iy .
If a = 0 this is done in a well known paper by Petrov [23], [3]. Based on
this and on Roussarie’s theorem [26] Mardesi¢ [19] deduced Theorem 3 in
the case a = 0. Therefore further we suppose that —% < a < 0. Theorem 3
will be proved at the end of this section. We shall find first the exact upper
bound for the number of the zeros of an Abelian integral I(h) € As (we keep
the notations of the preceding sections). Using the method of Petrov, we
shall compute this number in the larger complex domain D = C\[h3, o], in
which I(h) is a holomorphic function. The determination of the domain D
is crucial for the proof, and it amounts to compute the Dynkin diagram
of the polynomial H(xz,y) (Proposition 12). The second new observation is
that the imaginary part of the holomorphic function F(h) = I'(h)/M’(h)
on [h§,00[ is an expression involving the “relative” complete Abelian
integral of first kind

Py
[, e

(see (27), (25)). This can be used to obtain a more transparent proof of
results in [10], [24].

Recall that, according to the classical terminology a meromorphic
differential one-form on the Riemann surface I'j, is said to be of first kind if
it is holomorphic, of second kind if it has no residues, and it is of third kind
if it has only simple poles. Introduce the following notation:

Z(h) = (3a—1)X(h) —4aL(h), wz = (3a—1l)wx —4awr,

d 2d d
WXZVWX:—M wL=VwL:—x a wM:VwM:—FI
Y

where the one-forms wy, was, wr, and the Abelian integrals X (h), M (h),
L(h) were defined in Section 6.

ProposITION 10. — Let a # 0,00. The one-form w}, is of first kind,
w?, is of second kind, and W% is of third kind. The only residues of w'y
are at Py.

Proof. — Tt is easily checked that w}, is holomorphic, w’ has only
simple poles, and w’, has at most double poles. As i*w = —w’ and
i(Pp) = P(0), then Resp,w’ = 0. The fact that w’, has no residues follows
from [12], Remark 3.4.
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Proposition 10 suggests to replace the Abelian integral I(h) by its
derivative. As the Abelian integral I(h) € As always vanishes at A = 0 then
on any real interval containing h = 0 the number of the zeros of I(h) is less
or equal to the number of the zeros of I’(h) on the same interval. The next
proposition follows from Proposition 8 (and is in fact equivalent to it).

ProprosiTiON 11. — For every Abelian integral I(h) € A,, a # 0,
holds

I'(h) = p(h)X'(h) + q(h) Z'(h) + r(h)M'(h)

where p,q,r are suitable unique real polynomials of degree at most [% (n—2)],

[% (n —3)] and [% (n — 1)] respectively.

Proof. — We use Proposition 8 to express I(h) as a polynomial linear
combination in X (h), Z(h), M(h) and then derive with respect to h. It
remains to express X (h), Z(h), M(h) as a linear combination in their
derivatives. This is a general fact, but in our particular case we can be
completely explicit. It follows from [12], Remark 3.4, that

—X'"+(a+ 1)L — 6ahM’ + 4aM = 0,
(—12a*h +a+1)X" + (2a*> —a — 1)L' +12a*X + a(1l —a)M = 0,
(6h — 1) X' + (12ah — 2a)L' + (3a — 7)X — 16aL + (a + 1)M = 0.

Figure 4. The vanishing cycles on the elliptic curve I'y, —% <a<0.
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Let 6;,i = 1,2, 3,4 be a basis of vanishing cycles of Hy(H~*(h),Z) as
on Fig. 4. We have

i(07) = =01, i(d3) = =05, i(d3) = =05, i(6]) = —05.

Consider the vector space A, of Abelian integrals

. P(z,y)dz+ Q(z,y)dy, P,Q € Rlz,y], deg(P),deg(Q) <n

and the vector space A, = {I'(h):I(h) € A,}. The following observation
is crucial in the proof of the non-oscillation property

ProPOSITION 12. — Every Abelian integral 1(h) € A, is analytically
continued to a holomorphic function in the complex domain D = C\[h§,00].

Indeed, according to the Dynkin diagram of H, the intersection index
of the cycles 6 and 03, 4 is zero. The Picard-Lefschetz formula implies
that I(h) is a holomorphic function in the complex domain D = C\[h$, oo].

THEOREM 4. — The space A., is Chebishev in the complex domain D.

Remark 5. — In the particular case a = —% the polynomial (24) can
be put, after a suitable translation, rotation of the axes, and rescaling, in
the form

H(z,y) =2y +2° +y°.

In this case Theorem 4 is usually attributed to Petrov (see [3], p. 111, [17])
who announced it without proof [23], Thm 5. Apparently Petrov believed
that the module of Abelian integrals along the ovals of H has only two
generators, while in fact it has three. This was noted by Rousseau and
Zotadek [27], p.41, and Zoladek [29], p. 169, who claimed (also without
proof) that the Petrov’s result “turns to be not true”. A rigorous proof of
Petrov’s theorem, based on [8], is first given in [9].

The dimension of A}, is equal to dim.A, = n. To find a bound
for the number of the zeros of I'(h) € A/ in D we shall evaluate the
increment of the argument of F(h) = I'(h)/M’(h) along the boundary
of D. We recall that v}, is a holomorphic form and hence M’(h) does not
vanish [11]. Denote by F*(h) (resp. F~(h)) the analytic continuation of
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F(h) on [h$, oc[, along a path contained in the half-plane Im(h) > 0 (resp.
Im(h) < 0). The Picard-Lefschetz formula implies

fab(h)w Js: 5(h) Wiy — fac(h) Wiy fsg(h) w’
| M (h)|?

(25) Im FE(h) =

Denote the numerator of the above expression by Ws, s5,(w',w),). By
Proposition 11 we have

W51,52 (w/’ w?ﬂ) = p(h>W51,52 (w.IX’ w?V[) + q(h)W51,52 (w/Z7 w;\/l)

As wh,w), have no residues (Proposition 10) then the function
Ws, .5, (why,why) is single valued in h on the complex plain C and has
no poles. Moreover for |h| &~ co the asymptotic estimates

M (h)] =~ |R|7Y3, 12" (R)] S IR HP

imply that W, s5,(w?,w),) is bounded in h. It follows that it is a (non-zero)
constant. Further the reciprocity law for meromorphic differentials of first
and third kind v}, and w’ [11] imply

(26) W51752 WXaWM /WX/ WM /WM/ ‘UX
51 52 61 62

=21V — R65P+CUX/ Wiy
P

where the path of integration from P_ to P, in the integral above is
contained in I', cut along the loops d1(h) and dz(h) as it is shown on
Fig. 4. Note that Resp, w' is an imaginary constant in h, and f;::’ Wiy is
imaginary too. We obtain finally that on the interval [h$, co[ holds

Py
(27) Wi, 0, (W' wiy) = p(h)2nvV =1 [ wiy +q(h)
P_

where p(h),q(h) are real polynomials of degree at most [%(n —2)] and
[% (n — 3)] respectively. Denote by by B,, the vector space of functions (27),
continued analytically to holomorphic functions in the larger domain
C\] — 00, hg 4[. Obviously

dimB, = [3(n—2)] + [$(n—3)] +2.
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LEMMA 3. — The space of functions B,, is Chebishev in the complex
domain C\] — 00,hs 4.

Proof. — For |h| ~ oo we have that |p(h) f:* why + G(h)| grows no

faster than |h|l("=3)/3] and its imaginary part on | — 0o, h3 4] equals to

+q(h) /{W Wi, 6(h) € Hi(H'(h),Z).

As the one-form w}, is holomorphic on the elliptic curve I', (Prop. 10) then
the integral |, 5(h) Wi can not vanish. The argument principle implies that

P(h) }fj wh; + Q(h) has at most deg(p) + deg(q) + 1 = dim B,, — 1 zeros

in the domain C\] — o0, hg 4]. O

Proof of Theorem 4. — Let R be a big enough constant and r a small
enough constant. Denote by D’ the set obtained by removing the small disc
{lh — k3| < r} from D N {|h| < R}. To estimate the number of the zeros
of the Abelian integral I’(h) in D’ (and hence in D) we shall evaluate the
increment of the argument of the function F(h) along the boundary of D’.

Along the circle {|h| = R} we have
[F(R)] 5 B0/
and on the interval |h, oo[ the imaginary part of F'(h) has at most dim 5,,—1

zeros (Lemma 3). At last if h ~ h$ then using the Picard-Lefschetz formula
we have either

(28) P(h)] ~ C* £0
(which is the generic case), or
(29) |F(h)| ~ |h|*
or

|l*
30 F(h)| =~ .
(30) PO~ o

In the first case the change of the argument of F'(h), when h makes one
turn along the circle {|h — h§| = r} is close to zero. This yields that the
increment of the argument of F'(h) along the boundary of D’ is less than

27(1+ §(n—1) +dimB, — 1) < 2r(n—1)
and hence F(h) can have at most n — 1 zeros in D’. Finally we note that in
the case (29) the argument of F(h) decreases by at least 2mk. This yields
an even sharper estimate for the number of the zeros of F'(h). The third

case (30) is similar: we note that the argument of 1/|log(h)| decreases along
the circle {|h — h§| = r}, and this decrease is close to zero. O
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The above reasonings indicate that it is possible to control the zeros
which “accumulate” at the point h3 on the boundary of D. This will be
used when studying limit cycles in a neighborhood of the separatrix loop of
the unperturbed Hamiltonian system (16).

Recall that in a neighborhood of k3 holds

I'(h) = (holomorphic function)log(h — h$) + holomorphic function.

Thus we have either

(31) [I'(R)| ~ |(h — h3)*/?log(h — h3)|, where k is even
or
(32) 17'(h)| ~ [h—h3| "% where k is odd.

It may be shown (Roussarie [26]) then, that any function of the form
I'(h) = (holomorphic function)log(h — hj) + holomorphic function,
sufficiently close to I’(h), can have at most k zeros in {|h — hi| < r} N D.

This justifies the following

DEeFINITION 7. — We shall say that I'(h) € A,,, h € D has a zero of
multiplicity k at h§ € 0D, provided that either the estimate (31), or the
estimate (32) holds.

THEOREM 5. — If the Abelian integral I'(h) € A, has a zero of
multiplicity k at h = h3, then it has at most n — k — 1 zeros in D. This
bound is exact.

Proof. — Consider first the case k even, and the estimate (31) holds.

Then
‘ / /

[ Wie 55 (W', wiy)| < |h — R3|F72.

~ |h — hi|*/?

and hence

Thus W, s, (W', w),) has a zero of order at least %k at hj, and by Lemma 3
the number of the zeros of the imaginary part of F'(h) on the interval |h$, oo
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is less or equal to dim B, — 1 — %k On the other hand for h ~ hj holds
|F(h)| ~ |h|*/2. As in the proof of Theorem 4 we compute now the increment
of the argument of F'(h) when h makes one turn along the boundary of D’
in a positive direction. Taking into account that when h makes one turn
along the small circle {|h — h§| = r}, the decrease of the argument of F'(h)
is close to mk we conclude that F'(h) has at most n — k — 1 zeros in D.

The case k odd and the estimate (32) holds is studied in a similar

way. We have
‘ / /

Wi 3 (@', )| £ B — B3| =072,

s
2

~ |h o h;|(k+1)/2

and hence

It follows that W, 5,(w’,w},) has a zero of order at least %(kz — 1) at h3,
and by Lemma 3 the number of the zeros of the imaginary part of F(h)
on the interval ]h3, ool is less or equal to dim B,, — 1 — %(kz —1). Along the
circle {|h — h§| = r} holds

F(ay ~ P
~ Tlog ()]

The factor h(*~1/2 corresponds to a decrease of the argument of F(h) close
to w(k — 1). The factor 1/log(h) corresponds to a decrease of the argument
of F(h) close to zero. The point is that when h makes one turn along the
circle {|h — h§| = r}, then the imaginary part of the function F(h)/hF=1)/2
has exactly one zero (at h = h§ — r). Using the argument principle we
conclude that F'(h) has at most n — k — 1 zeros in D. |

Proof of Theorem 3. — If ¢ is sufficiently small the compact domain K
contains only two critical points of the vector field X.. When ¢ — 0 a limit
cycle of X, tends either to a periodic solution of X, to the origin (0,0), or
to the homoclinic loop {H = é}

According to the Poincaré-Pontryagin criterion the number of limit
cycles of X, which tend to a periodic solution of X is less or equal to the
number of the zeros of the Abelian integral Iy (h) on the open interval |0, % [,
which on its hand equals the number of the zeros of I3, (h) (as Iy (0) = 0).
The number of limit cycles which tend to the origin is less or equal to the

order of Iy (h) at h = 0 minus one, and hence equals to the order of I, (h)
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at h = 0. Finally, to evaluate the number of the limit cycles which tend
to the homoclinic loop {H = %} we shall use Roussarie’s theorem [26].
In our case it can be stated in the following form (see [19]): “Suppose that

k limit cycles tend to a homoclinic loop with a non-degenerate saddle point,
ase — 0. Then the Abelian integral I, (h) has a zero of multiplicity at least k

at h = hs.” Theorem 5 implies Theorem 3. O
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