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Abstract

In this paper, we consider the problem of estimating nonparametrically a mean pattern
intensity A from the observation of n independent and non-homogeneous Poisson processes
N' . ..,N™ on the interval [0,1]. This problem arises when data (counts) are collected
independently from n individuals according to similar Poisson processes. We show that
estimating this intensity is a deconvolution problem for which the density of the random
shifts plays the role of the convolution operator. In an asymptotic setting where the number
n of observed trajectories tends to infinity, we derive upper and lower bounds for the minimax
quadratic risk over Besov balls. Non-linear thresholding in a Meyer wavelet basis is used to
derive an adaptive estimator of the intensity. The proposed estimator is shown to achieve
a near-minimax rate of convergence. This rate depends both on the smoothness of the
intensity function and the density of the random shifts, which makes a connection between
the classical deconvolution problem in nonparametric statistics and the estimation of a mean
intensity from the observations of independent Poisson processes.
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1 Introduction

Poisson processes became intensively studied in the statistical theory during the last decades.
Such processes are well suited to model a large amount of phenomena. In particular, they are
used in various applied fields including genomics, biology and imaging.

In the statistical literature, the estimation of the intensity of non-homogeneous Poisson pro-
cess has recently attracted a lot of attention. In particular the problem of estimating a Poisson
intensity from a single trajectory has been studied using model selection techniques [27] and non-
linear wavelet thresholding [12], [21], [28], [33]. Poisson noise removal has also been considered
by [13], [35] for image processing applications. Deriving optimal estimators of a Poisson intensity
using a minimax point of view has been considered in [9], [27], [28] [33]. In all these papers, the
intensity A of the observed process is expressed as A(t) = kAo(t) where the function to estimate



is the scaled intensity Ag and & is a positive real, representing an “observation time”, that is let
going to infinity to study asymptotic properties.

In this paper, we consider a slightly different framework. In many applications, data can
be modeled as independent Poisson processes with different non-homogeneous intensities having
nevertheless a similar shape. The simplest model which describes such situations is to assume
that the intensities A1, ..., A, of the Poisson processes N',..., N are randomly shifted versions
Ai(-) = A(- — 7;) of an unknown intensity A, where 71,...,7, are i.i.d. random variables. The
intensity A that we want to estimate is thus the same for all the observed processes up to random
translations. Basically, such a model corresponds to the assumption that the recording of counts
does not start at the same time (or location) from one individual to another. Such situation ap-
pears in biology, in particular when reading DNA sequences from different subjects in genomics

32.

Let us now describe more precisely our model. Let 71,...,7, be i.i.d. random variables
with known density g with respect to the Lebesgue measure on R. Let A : [0,1] — Ry a
real-valued function. Throughout the paper, it is assumed that A can be extended outside
[0,1] by 1-periodization. We suppose that, conditionally to 71,...,7,, the point processes
N ... N"™ are independent Poisson processes on the measure space ([0,1],B([0,1]),dt) with
intensities \;(t) = A(t —7;) for t € [0, 1], where dt is the Lebesgue measure. Hence, conditionally
to 7;, N is a random countable set of points in [0,1], and we denote by dN; = dN'(t) the
discrete random measure ) .y 07 (t) for ¢ € [0,1], where é7 is the Dirac measure at point 7.
For further details on non-homogeneous Poisson processes, we refer to [20]. The objective of this
paper is to study the estimation of A from a minimax point of view as the number n of observed
Poisson processes tends to infinity. Since A is 1-periodic, one may argue that the random shifts
T; are only defined modulo one, and therefore, without loss of generality, we also assume that ¢
is restricted to have support in the interval [0, 1].

In this framework, our main result is that estimating A\ corresponds to a deconvolution prob-
lem where the density g of the random shifts 71,..., 7, is a convolution operator that has to be
inverted. Hence, estimating A falls into the category of Poisson inverse problems. The presence
of the random shifts significantly complicates the construction of upper and lower bounds for the
minimax risk. In particular, to derive a lower bound, standard methods such as the Assouad’s
cube technique that is widely used for standard deconvolution problems in a white noise model
(see e.g. [26] and references therein) have to be carefully adapted to take into account the effect
of the random shifts. In this paper, our main tool is a likelihood ratio formula specific to Poisson
processes (see Lemma [0.J] below) that yields to major differences in the proof with respect to the
Gaussian case. In order to obtain an upper bound, we use Meyer wavelets which are well suited
to deconvolution problems [I9]. We construct a non-linear wavelet-based estimator with level-
dependent and random thresholds that require the use of concentration inequalities for Poisson
processes and an accurate estimation of the L'-norm of the intensity A. Note that estimating
the intensity function of an indirectly observed non-homogeneous Poisson process from a single
trajectory has been considered by [3], [9], [25], but adopting an inverse problem point of view
to estimate a mean pattern intensity from the observation of n Poisson processes has not been
proposed so far.

We point out that we assume throughout this paper that the density g of the random shifts is
known. This assumption relies on an a priori knowledge of the random phenomenon generating
the shifts. This hypothesis is realistic when dealing with Chip-Seq data for which the biologists
are able to describe and to quantify the law of small random deformations leading to a shifted
D.N.A. transcription. Note that a similar assumptions appears in [30] in the setting where the
shifts 7; are given, but when one only observes the sum > " | N ¢ of n Poisson processes N with
randomly shifted intensities.

The rest of the paper is organized as follows. In Section 2] we discuss some limitations



of existing approaches (e.g. in genomics and bioinformatics) to estimate the mean pattern A
via an alignment step which consists in computing “estimators” 74,...,7, of the unobserved
shifts 71,..., 7. In Section Bl we describe the connection between estimating A and standard
approaches in statistical deconvolution problems. We also discuss the construction of a linear
but nonadaptive estimator of the intensity A. Section Ml is devoted to the computation of a lower
bound for the minimax risk over Besov balls which is the main contribution of the paper. In
Section [, we construct an adaptive estimator using non-linear Meyer wavelet thresholding, that
is used to obtain an upper bound of the minimax risk over Besov balls. Section [0 contains a
conclusion and a discussion on some perspectives. The proofs of the main statements and of
some technical lemmas are gathered in Section [1, Section B Section [ and Section IOl

2 The standard approach to estimate a mean intensity via an
alignment step

The motivation of our study comes from a practical problem encountered in DNA Chip-Seq
data processing which can be described as follows. Chip-Sequencing is a fast biological analysis
pipeline used to find and map genetic information along the genome. For any protein (tran-
scription factor) which can read and interpret information in the genome, Chip-Seq provides a
long sequence of tags (called reads) associated with specific genome locations where this tran-
scription factor binds specific DNA sequences. Moreover, the Chip-Seq data provides a higher
concentration of tags near transcription factor binding sites. We can number several goals for
such analysis. Biologists are interested in the identification of true binding sites (where the rate
is significantly high), as well as the estimation of the mean binding rate along the genome for
such protein or the clustering of two populations of experiments which behaves very differently
during such tag procedure.

From a statistical point of view, Chip-Seq data may be considered as repetitions of some
Poisson counting processes (see [31]) which is not of homogeneous intensity as pointed in [11].
The unknown intensity of the underlying Poisson process quantifies the rate of expected reads
for a specific choice of transcription factor. To obtain an estimator of this unknown intensity,
a simple procedure is to average all the observed experiments. However, there is an additional
difficulty in the analysis of such data which mainly relies on the acquisition method. The se-
quencing procedure puts some tags when reads occur along a very long DNA sequence. Then,
it splits this counting process in a large number of sequences with smaller sizes which (roughly
speaking) correspond to several chromosomes. But the demarcation of the beginning and ending
locations of the chromosomes depends on some a priori knowledge which may be inaccurate.
For each observed counting process, this generates some additional unknown random shifts of
the underlying intensity.

In order to overcome this additional source of randomness, various strategies have been
proposed to compute estimators 71, ..., 7, of the unobserved shifts 71, ..., 7, (see e.g. [34, 1, 2]).
An estimator of the intensity A can then be computed by aligning and then averaging the observed
processes. More precisely, if 5\,() denotes an estimator of the shifted intensity \(- —7;), obtained
by some smoothing procedure applied to the process N, then an estimator of A via an alignment
step is defined by

. 1 e ¢ .
An(t) =~ 2 Ai(t+7), t€[0,1].

1=
However, as pointed by Theorem 2.1l and Theorem below, we show that an estimation
of A through an alignment step yields to non-consistent estimators. Indeed, a first result is
that, under mild assumptions on the intensity A and the density g of the random shifts, it is
not possible to build consistent estimators of the random shifts 71,...,7, in the sense that

liminf, 1 E <% Yo (1 — TZ‘)2> # 0 for any estimators (71,...,7,) € [0,1]" .

3



Theorem 2.1 Suppose that A\ € L%([0,1]) is continuously differentiable and satisfies

Ao ;= inf {)\(¢ 0.
0 téfé,l]{()}>

Assume that the density g of the random shifts has a compact support [Tmin, Tmax] C [0, 1] such
that lim, - . g(7) = lim,_,. .. g(7) = 0. Suppose that g is absolutely continuous and such that

/0 1 (a% log 9(7)>2 g(T)dr < +o0.

Let (71,...,7n) € [0,1]" denote any estimators of the true random shifts (71,...,7Tn) (i.e. a
measurable mapping of the random processes N', i =1,...,n taking its value in [0,1]"). Then,

9 1
PR Ti) ) Z 118 2 1/9 2
i1 fo ‘EA(t)‘ dt + fo (E log g(T)) g(T)dr

Inequality (2.I)) shows that building consistent estimators of the random shifts 71, ..., 7, in the
asymptotic setting n — +o00 is not feasible. This inconsistency result on the estimation of the
shifts implies that a consistent estimation of A via an alignment step is not possible. Indeed,
consider the case of an ideal smoothing of the data with \;(£) = A(t —7;), ¢ € [0,1] which would
lead to the ideal estimator

> 0. (2.1)

1 n
An(t) =~ > At —Ti+7), telo,1],
=1

where (71,...,7,) € [0,1]" are estimators computed from the data N! ... N". Then, the
following theorem shows that A, is not a consistent estimator of A as n — +oo.

Theorem 2.2 Suppose that the assumptions of Theorem[Z1 still hold. Assume that A € L*([0,1])
1s such that

1
0, := / At)e 27 dt £ 0.
0

Let (71,...,7n) € [0,1]™ denote any estimators of the true random shifts (T1,...,Ty) satisfying
the constraints 2?21 7 =0 and Tmin < 75 < Tmax for all i = 1,...,n. Suppose that the density

g has zero expectation and finite variance i.e. fol Tg(T)dT =0 and fol 2g(T)dr < +00. Assume
that Tmax — Tmin = % for some 0 < § < 3, and consider the ideal estimator

1 n
Anlt) =~ S At —Ti+ ), teo,1].
i=1

Then,

1 2_2 2
lim inf E M) = A2 dt ) > 57 B3 =9)104] ) 0. (2.2
n—+00 (/0 Anlt) =) > (fol |%)\(t)|2 dt + fol (% log g(T))Zg(T)dT g 22)

In Theorem (Z2), we have added the assumption that the estimators of the random shifts satisfy
the constraint " ; 7; = 0 and that the density g has zero expectation. Such assumptions are
necessary when using an alignment procedure. Indeed, without such constraints, our model is
not identifiable since for any 7 € R one may replace the unknown intensity A(-) by A(-) = A(-—7)
and the random shifts by 7; = 7; — 7 without changing the formulation of the problem. Under

such assumptions, inequality (2.2]) shows that

lim inf E (/01 A (t) — )\(t)\zdt> 40,

n—-4o0o
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and thus ), does not converge to A\ as n — —+oo for the quadratic risk. Therefore, such a
result illustrates the fact that standard procedures based on an alignment step do not yield
consistent estimators of A. In this paper, we therefore suggest an alternative method based
on a deconvolution step that yields a consistent and adaptive estimator that converges with a
(near-)optimal rate in the minimax sense.

3 A deconvolution problem formulation

3.1 A Fourier transformation of the data

For each observed counting process, the presence of a random shift complicates the estimation
of the intensity A. Indeed, for all i € {1,...,n} and any f € L?([0,1]) we have

E [/Olf(t)dNﬂn] = /01 FONE — 75)dt, (3.1)

where E[.|7;] denotes the conditional expectation with respect to the variable 7;. Thus

1 ‘ 1 1
IE/O f(t)dNtZ:/O f(t)/R)\(t—T)g(T)det:/o FE)( N *g)(t)dt.

Hence, the mean intensity of each randomly shifted process is the convolution Axg between A and
the density of the shifts g. This shows that a parallel can be made with the classical statistical
deconvolution problem which is known to be an inverse problem. This parallel is highlighted
by taking a Fourier expansion of the data. Let (es)sez the complex Fourier basis on [0,1], i.e.
eo(t) = ei?™ for all £ € Z and t € [0,1]. For ¢ € 7, define

1 1
0, :/0 A(t)ee(t)dt and ::/0 g(t)ee(t)dt,

as the Fourier coefficients of the intensity A and the density g of the shifts. Then, for ¢ € 7Z,

define yy as
I~ ! .
= — t)dN;. 3.2
wi= 2 [ eany (3.2

Using ([B0) with f = ey, we obtain that

1 (! LN iontr, -
E [ye|T1,... Ta] = - Z/o ee(A(t — Ti)dt = — > e BT, = 5,0,
=1 =1

where we have introduced the notation

1 ;
Foi=—=Y €T Ve L. (3.3)
n
i=1

Hence, the estimation of the intensity A € L?([0,1]) can be formulated as follows: we want to
estimate the sequence (0y)scz of Fourier coefficients of A from the sequence space model

Yo = Ye0¢ + Eo,ns (3.4)

where the &, are centered random variables defined as

n

1 ‘ 1
Eon = — Z [/0 eo(t)dN{ —/0 er()A(t — 1;)dt| for all £ € Z.



The model ([B4) is very close to the standard formulation of statistical linear inverse problems.
Indeed, using the singular value decomposition of the considered operator, the standard sequence
space model of an ill-posed statistical inverse problem is (see [§] and the references therein)

ce = Opye + 2, (3.5)

where the 7,’s are eigenvalues of a known linear operator, and the z;’s represent an additive
random noise. The issue in model ([3.3]) is to recover the coefficients 6, from the observations c¢;.
A large class of estimators in model (85]) can be written as

by =6,
e
where § = (d¢)eez is a sequence of reals with values in [0,1] called filter (see [§] for further
details).

Equation (3.4)) can be viewed as a linear inverse problem with a Poisson noise for which the
operator to invert is stochastic with eigenvalues 4, (B3] that are unobserved random variables.
Nevertheless, since the density g of the shifts is assumed to be known and E7, = ~, with 4y &~ vy
for n sufficiently large (in a sense which will be made precise later on), an estimation of the
Fourier coefficients of f could be obtained by a deconvolution step of the form

b, = 6,2, (3.6)
e

where & = (dp)ez is a filter whose choice has to be discussed.
In this paper, the following type of assumption on ¢ is considered:

Assumption 3.1 The Fourier coefficients of g have a polynomial decay i.e. for some real v > 0,
there exist two constants C > C" > 0 such that C'[0|™" < |ye| < C¢|™ for all ¥ € Z.

In standard inverse problems such as deconvolution, the expected optimal rate of convergence
from an arbitrary estimator typically depends on such smoothness assumptions for g. The
parameter v is usually referred to as the degree of ill-posedness of the inverse problem, which
quantifies the difficult of inverting the convolution operator.

3.2 A linear estimator by spectral cut-off

This part allows us to shed some light on the connexion that may exist between our model and a
deconvolution problem. For a given filter (d;)¢cz and using ([B.0), a linear estimator of A is given
by

Mo(t) = Oeer(t) = Sy Myeen(t), t € 10,1], (3.7)

LeZ LeZ

whose quadratic risk can be written in the Fourier domain as
R(As,\) i=E <Z 10, — e,ﬁ) .
LeZ

The following proposition (whose proof can be found in Section [ illustrates how the quality of
the estimator As (in term of quadratic risk) is related to the choice of the filter 4.

Proposition 3.1 For any given non-random filter §, the risk of M can be decomposed as
16 2 2 i 2 5 112 2
R = — —=|ve|™ - e —1). .
AN =D 1020 =17+ e Tl + 10 (el = 1) (3.8)
LEZ LED LeZ

where [A|l1 = [} A(t)dt.



Note that the quadratic risk of any linear estimator in model ([34]) is composed of three
terms. The two first terms in the risk decomposition ([B.8]) correspond to the classical bias and
variance in statistical inverse problems. The third term corresponds to the error related to the
fact that the inversion of the operator is performed using (7;);ez instead of the (unobserved)
random eigenvalues (7;);ez. Consider now the following smoothness class of functions (a Sobolev
ball)

H (A) = {)\ € L2([0,1]) ;Y (1 + [£[**)[0¢]> < A and A(t) > 0 for all € [0, 1]} ,
LeZ

for some smoothness parameter s > 0, where 6, = f 2‘&”)\
For the sake of simplicity we only consider the family of prOJectlon (or spectral cut-off) filters
oM = (00) ez = (ﬂ{lf\SM})éeZ for some M € N. Using Proposition Bl it follows that

R N =3 W+— ST (el 2N + 186l (el 2 - 1)) - (3.9)

>M || <M

For an appropriate choice of the spectral cut-off parameter M, the following proposition gives
the asymptotic behavior of the risk of XSM, see equation (B.7]).

Proposition 3.2 Assume that f belongs to Hs(A) with s > 1/2 and A > 0, and that g satisfies

1
Assumption (31). If M = M, is chosen as the largest integer such M, < n2s+2v+1, then as
n — 400
{ oM ___2s
sup R(A° ,\) =0 (n 25+2u+1> )
AEH,(A)

The proof follows immediately from the decomposition ([B9), the definition of Hs(A) and As-
sumption (B.J)). Remark that Proposition shows that under Assumption BJ] the quadratic
risk R(j\‘sM, A) is of polynomial order of the sample size n, and that this rate deteriorates as the
degree of ill-posedness v increases. Such a behavior is a well known fact for standard deconvo-
lution problems, see e.g. [26], [I9] and references therein. Proposition shows that a similar
phenomenon holds for the linear estimator Ao Hence, there may exist a connection between
estimating a mean pattern intensity from a set of non-homogeneous Poisson processes and the
statistical analysis of deconvolution problems.

However, the choice of M = M, in Proposition B2ldepends on the a priori unknown smooth-
ness s of the intensity A. Such a spectral cut-off estimator is thus non-adaptive, of limited interest
for applications. Moreover, the result of Proposition is only suited for smooth functions since
Sobolev balls Hs(A) for s > 1/2 are not well adapted to model intensities A which may have
singularities. This corresponds to a classical limitation of deconvolution using the Fourier basis
which is not well suited to estimate an intensity A with spikes for instance. In Section [ we
will thus consider the problem of constructing an adaptive estimator using non-linear wavelet
decompositions, and we will derive an upper bound of the quadratic risk of such estimators over
Besov balls.

4 Lower bound of the minimax risk over Besov balls

Denote by ||A||2 = fol |A(t)|?dt the squared norm of a function A belonging to the space L?([0, 1]) of
squared integrable functions on [0, 1] with respect to the Lebesgue measure dt. Let A C L?([0,1])
be some smoothness class of functions, and let \,, € L2([0,1]) denote an estimator of the intensity
function A € A, i.e. a measurable mapping of the random processes N%, i=1,...,n taking its
value in L2([0, 1]) Define the quadratic risk of any estimator A, as

R(Ans A) := E|An — A2,



and introduce the following minimax risk

R (A) = infsup R(S‘na A
An AEA
where the above infimum is taken over the set of all possible estimators constructed from
N ...,N™ Inorder to investigate the optimality of an estimator, the main contributions of this
paper are deriving upper and lower bounds for R, (A) when A is a Besov ball, and constructing
an adaptive estimator that achieves a near-minimax rate of convergence.

4.1 Meyer wavelets and Besov balls

Let us denote by v (resp. ¢) the periodic mother Meyer wavelet (resp. scaling function) on the
interval [0, 1] (see e.g. [26] 9] for a precise definition). Any intensity A € L?([0,1]) can then be
decomposed as follows

270 —1 +oo 27 —1
M) = Ciorbion()+ D D Biktbin(t),
k=0 Jj=jo k=0

where ¢, 1 (1) = 270/2¢(200 — k), 1b; 1 (t) = 27/24)(27t — k), jo > 0 denotes the usual coarse level

of resolution, and
1

1
Cjok = /0 At)@jo.k(t)dt, Bjk = / Ay (t)dt,

0
are the scaling and wavelet coefficients of A. It is well known that Besov spaces can be char-
acterized in terms of wavelet coefficients (see e.g [24]). Let s > 0 denote the usual smoothness
parameter, then for the Meyer wavelet basis and for a Besov ball By (A) of radius A > 0 with
1 < p,q < oo, one has that

270 —1 % +o0 27 —1 % ¢
By (A) =S feL2(0,1]): [ D lejpul? | + | D 2GR N3P <A
k=0 J=Jjo k=0

with the respective above sums replaced by maximum if p = co or ¢ = co. The parameter s
is related to the smoothness of the function f. Note that if p = ¢ = 2, then a Besov ball is
equivalent to a Sobolev ball if s is not an integer. For 1 < p < 2, the space B, ,(A) contains
functions with local irregularities.

4.2 A lower bound of the minimax risk

The following result provides a lower bound of reconstruction in By ,(A) over a large range of
values for s, p, q.

Theorem 4.1 Suppose that g satisfies Assumption[3 1. Introduce the class of functions
Ao = {X € L*([0,1]); A(t) >0 for all t € [0,1]}.

Let 1 <p<oo,1<qg< o0, A>0 and assume that s > 2v + 1. Then, there exists a constant
Co > 0 (independent of n) such that for all sufficiently large n

Rn(B, ,(A) N Ag) = inf sup R(j\n, A) > Con*%ﬁis,,ﬂj
7 An AEBlshq(A) mAO

where the above infimum is taken over the set of all possible estimators A, € L%([0,1]) of the
intensity X (i.e the set of all measurable mapping of the random processes N*, i = 1,...,n taking
their value in L?([0,1])).



Hence, Theorem ETlshows that under Assumption 31 the minimax risk R, (Ao N Bj ,(A)) is

lower bounded by the sequence niﬁ which goes to zero at a polynomial rate as the sample
size n goes to infinity, and that this rate deteriorates as the degree of ill-posedness v increases.
Such a behavior is a well known fact for standard deconvolution problems, see e.g. [26], [19] and
references therein. The proof of this result is postponed to Section [@ The arguments to derive
this lower bound rely on a non-standard use of Assouad’s cube technique that is classically used
in statistical deconvolution problems to obtain minimax properties of an estimator (see e.g. [26]
and references therein).

5 Adaptive estimation in Besov spaces

In this section, we describe a statistical procedure to build an adaptive (to the unknown smooth-
ness s of \) estimator using Meyer wavelets.

5.1 A deconvolution step to estimate scaling and wavelet coefficients

We use Meyer wavelets to build a non-linear and adaptive estimator as follows. Meyer wavelets
satisfy the fundamental property of being band-limited function in the Fourier domain which
make them well suited for deconvolution problems. More precisely, each ¢;; and v, has a
compact support in the Fourier domain in the sense that

Giok = Y co(Bjom)er, Yik= > ce(tjr)er,

fEDjO feﬂj
with . .
ce(Pjo k) : e o k()dt, co(Pin) - e Ty (t)d,
0 0

and where D;, and €; are finite subsets of integers such that #D;, < C2J0, #Q; < C2 for some
constant C' > 0 independent of j and

Q; C [~2712¢g, —2co] U [2 co, 272 (5.1)

with ¢g = 27/3. Then, thanks to Dirichlet theorem, the scaling and wavelets coefficients of A
satisfy

Ciok = Z ce(Pjo k)00 Bk = Z ce(j )0 (5.2)

ZED]'O ZEQJ'

Therefore, one can plug the estimator 6, = o Lo of each 6, see equation (), in (-2 to build
estimators of the scaling and wavelet coefficients by defining

ok = Y co(jor)le and  Bip =" co(tjx)0e (5.3)

geﬂjo feﬂj

5.2 Hard thresholding estimation

We propose to use a non-linear hard thresholding estimator defined by

270 (n) _q1 ji(n) 29—-1
h R «
M= D Cowbiokt D D Biklys ss o ik (5:4)
k=0 j=jo(n) k=0

In the above formula, §;(n) refers to possibly random thresholds that depend on the resolution
j, while jo = jo(n) and j; = ji(n) are the usual coarsest and highest resolution levels whose



dependency on n will be specified later on. Then, let us introduce some notations. For all j € N,

define ' '
o7 =277 |y and ¢ = 27923 " |y, (5.5)
feﬂj feﬂj
and for any v > 0, let
- 1 — 4vlogn 2vlogn 572 (log n)?
K, =— K; K+ ——— 5.6
)= oK T | BT S a ERR (5.
where K; = fol dN} is the number of points of the counting process N for i = 1,...,n. Introduce

also the class of bounded intensity functions
Ao = {X € L*([0,1]); [|Alloo < 400 and A(t) > 0 for all t € [0,1]},
where [[Alloe = supsepo 1 {|A()[}-

Theorem 5.1 Suppose that g satisfies Assumption[31. Let 1 <p<oo, 1 <g< oo and A > 0.
Let p' = min(2,p), and assume that s > 1/p’ and (s +1/2 —1/p")p > v(2 — p). Let 6 > 0 and
suppose that the non-linear estimator ! (5.4) is computed using the random thresholds

) 2vlogn ~ logn . .
sj<n>:4<%f?%(ngooKm>+a)+”3§ ) for jo(n) < < ji(n),

with v > 2, and where O'JQ- and €; are defined in (LH). Define jo(n) as the largest integer such that

1
200(") <logn and ji(n) as the largest integer such that 271" < ( n )QVH. Then, as n — 400,

logn

25
sup R(S\Z, )\) =0 (10g n> SsterTl |
AEB; 4(4) NAs n

The proof of Theorem [B.1]is postponed to Section Hence, Theorem [5.1] shows that under
Assumption 3] the quadratic risk of the non-linear estimator 5\2 is of polynomial order of the
sample size n, and that this rate deteriorates as v increases. Again, this result illustrates the
connection between estimating a mean intensity from the observation of Poisson processes and
the analysis of inverse problems in nonparametric statistics. Note that the choices of the random
thresholds 5;(n) and the highest resolution level j; do not depend on the smoothness parameter s.

Hence, contrary to the linear estimator A studied in Proposition 3.2 the non-linear estimator
)\Z is said to be adaptive with respect to the unknown smoothness s. Moreover, the Besov spaces
B, ,(A) may contain functions with local irregularities. The above described non-linear estimator

is thus suitable for the estimation of non-globally smooth functions.
2s

In Section @, we have shown that the rate n™ 2s%2v+1 is a lower bound for the asymptotic
decay of the minimax risk over a large scale of Besov balls. Hence, the wavelet estimator that we
propose is almost optimal up to a logarithmic term. The presence of such a term is classical in
wavelet-based denoising. It corresponds to the price to pay for adaptation when using estimators
based on nonlinear thresholding in a wavelet basis.

6 Conclusion and perspectives

In this paper, we have considered the problem of adaptive estimation of a non-homogeneous
intensity function from the observation of n independent Poisson processes having a similar
intensity A that is randomly shifted for each observed trajectory. It has been shown that this

10



model turns out to be an inverse problem in which the density g of the random shifts plays
the role of a convolution operator. These results have been derived under the assumption that
the density ¢ is known. It is a well-known fact (see e.g. [23]) that, in standard deconvolution
problems, if the convolution kernel ¢ is unknown no satisfying rate of convergence can be obtained
after a regularization process. As explained in Section 2] instead of assuming the knowledge of g,
one could try to preliminary construct “estimators” of the unobserved random shifts 71,...,7,
and then to average the observed processes after an alignment step using these estimated shifts.
However, as shown by the results of Theorems 2.1l and [2.2], to obtain a consistent estimator of a
mean pattern intensity using estimated values of the shifts, it would be necessary to consider a
double asymptotic setting where both the number n of observed trajectories and an “observation
time” k (such that A(t) = kAo(t) where Ao is an unknown scaled intensity to be estimated) are
let going to infinity. Nevertheless, this double asymptotic setting is far beyond the scope of this
paper in which we have only considered the case where n tends to infinity. Another possibility to
treat the case of an unknown g would be to adopt the point of view of inverse problems with an
additive Gaussian noise in the setting of partially known (or noisy) operators as in [16] and [10].
However, the assumptions made in [I6] and [10] to consistently estimate an unknown operator
cannot be easily adapted to our framework.

7 Proof of the results in Section

7.1 Proof of Theorem 2.1

Some parts of the proof of are inspired by general results on Van Trees inequalities established
in [14]. Consider first the case where the shifts 7;,7 = 1,...,n are non-random parameters to
be estimated, and let 7% = (y,...,7,) € [0,1]". Let N'= (N1, ... ™), where N'!,... N are n
independent Poisson processes whose intensities are specified below. Thanks to Lemma [9.1] for
any real-valued and bounded measurable function h of the random variable N, one has that

Er (h(N)) = Eo (h(N)pN]7"))

with . .
At — 7 ,
p1) = TLexo o= [ x4 [ 1o (M=) .
Pl 0 0 Ao

where E denotes the expectation of the n Poisson counting processes in N under the assumption
that each intensity is given by \;j(t) = A(t—m), t € [0,1],4 = 1,...,n, (where 7q,...,7, are fixed
parameters) and Eq denotes the expectation of the n Poisson counting processes in A/ under the
assumption that each intensity is given by \;(t) = Ao, t € [0,1],7 = 1,...,n. Since

o " Lo VONE—T) |

it follows from (BJ]) that fori=1,...,n

0

E, (a—n logp(./\/|7’")> = 0. (7.1)

Then, for i; # iy one has that E, (a% logp(ac]T")a% 10gp(x]7")> = 0, and for i1 = iy, using
1 (3]
Proposition 6 in [27] , one obtains that

0 ) VIONE—7) ) (!
E, (aﬂ‘l log p(N |7 )> —Var< ) AN} _/0

2

0 dt (7.2)

ot

A(t)

11



Suppose now that the shifts are i.i.d. random variables with density g satisfying the assumptions
of Theorem 211 Let 77 = 7"(N) € [0,1]™ denote any estimator of the true random shifts

7" = (T1,...,Tn). Define the following random vectors U and V = (Vi,...,V,)" in R™ as
1
U;:f—n—'rnand‘/%:_—[p(_/\ﬂ ) ( )] fOI"L'Zl,...,’I’L,
or; PN TT™)gn(T")

where g, (7") = [[;~, g(7i). Remark first that

n

/ — Too— T 1 Tn Tn
E(U'V) = /WET (Z( ) PN () Whn)gﬂ(ﬂ))gn( )d

. 9 n n n
= /[0 o Eo (Z(Ti —Ti)a—ﬂ[P(/WT )gn (T )]) dr

1=1

- <Zn [, BN an )

<Z /0 - i PN <T">]d7">

Thanks to the assumption that g is absolutely continuous with a compact support [Tmin, Tmax) C
[0,1] such that lim,_,. . ¢(7) = lim,;,_. g(7) =0, it follows that

Vie{l...n} /[O N aan (N7 g (7™)]dr™ = 0.

Moreover, an integration by part implies that

9 n n n_ 7N PR U
L T PV s = (i

) }n
Therefore E (U'V) = Eg (2?21 f[o 1 pN|T™)gn (T”)dT"> = n and by Cauchy-Schwarz’s inequal-
ity, it follows that n? = (E (U'V))? < E (U'U)E (V'V). Then, note that

n

E(U'U) —E (Z(ﬁ- - n>2> ~ o < G n>2pw|7">gn<7">df"> ,

i=1

and

n 2
E(VV) = E (Z (a% [logp(NIT”)+loggn(T")]> )

i=1

= B (i (a% 10gp(NIT")>2> +E (il (a% loggn(T")>2> ,

i=1

since by using (ZI)) it follows that

0 9 N g (1) —
<Z -log p(N|T )—loggn ) 2/01 <—logp(./\/\ )) 8—7_iloggn(7' Ygn (T™)dT™ = 0.

Therefore by (2,

Z/O l]nVar (—mgp(J\/yT )> (Tn)dTn—i-EiZ:; ((%bgg(n))2

~ /O dtn /O 1 (%10gg(7’)>2 o(r)dr.

12
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Since we have shown that n? < E (U'U)E (V'V), one finally obtains the following lower bound

E <1 > (- ri)2> = %E (U'D) ! 5 : (7.3)

>
= T A G dt + [ (£ logg(r))” g(r)dr

which completes the proof. O

7.2 Proof of Theorem

A part of the proof is inspired by a similar result in [4]. Suppose that (71,...,7,) € [0,1]"
are estimators of the true random shifts (71,...,7,) satisfying the constraints » ;' , 7; = 0 and
Tmin < 7 < Tmax foralli =1,...,n. Let # =1 3" | 7, and define \*(t) = A\(t—7) for ¢ € [0, 1].
Note that applying Jensen’s inequality and then Minkowski’s inequality implies that

1/2

<IE (/01 Ma(t) — A(t)fdt))m >E (/01 Xa(t) — A(t)fdt) > |EI, — EL|. (7.4)

- 1/2 1/2
where [} := <f01 |)\n(t) - )\*(t)|2 dt) and Iy := (fol (1) — A1) 2 dt) . Below, we derive an
asymptotic lower bound (as n — +00) of |EI} — Els|.

Control of the term EI; : remind that we note 6; = fol A(t)e 27t dt. The Bessel’s inequality
restricted to the first Fourier term implies that

1o _
I > - 2w (7 —Ti+7T) _ ) ) )
> (6] nZ(e 1 (7.5)
=1
Let w; = 2n(7; — 7; +7), i = 1,...,n. Note that, given our assumptions, |u;| < 47(Tmax —
Tmin) = 0 < 3. Let F(uq,...,u,) = %Z?:l e, A Taylor expansion implies that for all
(a1,...,a,) € [—0,0]", there exist some (t;)1<i<n € [—0,0]™ such that

. ) n . n
i 1 9 1 3 it
F(al,...,an):1+Ei_glai—%i_glai —%iilaieltl.

Given that > | 7; = 0, one has that > " ; u; = 0, and thus, using the above Taylor expansion
with a1 = uq,...,a, = u,, it follows that

1 n 1 n . n . n
— E el — 1 - g 7 g udett: ! g udelt
n 4 2n =" 6nt=" 3=
i=1 =1 =1 =1
3 it;

Since |u;] < 0 for all ¢ = 1,...,n, we have that ‘% Yo ugetil < gZ?:l |us|?> which finally
implies that |1 S efvs — 1| > 36%5l * ,u?. Combined with (5], it proves that

n

n

E 2
U; —

i=1

1
>
— 2n

n

1 . _
L 2 C(9)[6:] Y Gi—Ti+ 7)== CE)0] (1~ 12)
i=1

with C'(9) = 47723%5 > 0, and where
RS 1o
Il,l = E Z;(%Z - Ti)2 and 1172 = 2|’7’| (E Z; |7A'Z - T@|> .
1= 1=

Given our assumptions on 7; and 7, it follows that I1 2 < 4(Tmax—Tmin)|7|. Then, the assumption
that fol 7g(7)dr = 0 implies that E|7|> = 1E|7|?, and thus

EII,Q < 4(Tmax - Tmin) V IE|'77'|2 — 0 as n — 4o0.

13



Therefore, by Theorem 2]

liminf Bl > ———— C(f)’gl’ . (7.6)
e Jo lsAO dt + [y (57 log g(7))” g(r)dr

Control of the term El> : using again the fact that E[7|> = 1E|7|?, and the inequality
Iy < |7| X supsepo {{%)\(t)‘} |7|, one obtains that

El, < sup { — ‘} VE|T]? = 0, as n — +o0. (7.7)
tefo,1) L0t
Therefore, by combining (Z.6)) and (T1), it follows that
61|
liminf [Ef; — ED| > — o (2 68)’ ! .
e Jo 15iA( \ﬁ+h%*%g)9ﬁW'
which completes the proof. O

8 Proof of Proposition [3.1]

Remark that for all ¢/ € Z

~ 5@
bo—0, = 0,062 1] + " 8.1
e — O z[zw ] n;@, (8.1)

where the ¢, ; are centered random variables defined as €;; = 7[1 fol eo(t) (dNti — At — Ti)dt) .
Now, to compute E|ég — 64|?, remark first that

X ) 8 —
—0,2 — 6 _q L% E 6 _q] L% E ‘

’9@ 9@’ 0, [5g :| €0, 0, 5@ + - - €1,

g +2§Re 9, 16,2t _1 U > e —52 En o
- 1 Z -4 2 € | + €0,i €04/

i,i'=1

Taking expectation in the above expression yields

Eld,— 6,2 = E [E\ég — 02|71, .. ,rn}

2

205,28
Ve

6€ZEKZ] |Tl, - T

+ 2Re | 0, |:(Sg— — 1}
7

52 &
+E n—g Z E [e i@

ii'=1

7]

Now, remark that given two integers i # i’ and the two shifts 7;, 7, €¢,; and € ;7 are independent
with zero mean. Therefore, using the equality

2 2
Com~ d _
= 671l Bl — vel? + (6 = 1)? = (3 = 1) + (1l 2 - 1),

@——1
e

14



one finally obtains

Elf, — 04* = |0,°E

(5g——1‘ +E

52 L
n_gZE [|6€,i|2|71" <. ’Tn]]

i=1

52
= 00*(00 — 1)* + —Z (16> (|7e] 7> = 1) + Eleg1]?) -

Using in what follows the equality E|a+ib|? = E[|a|?+|b|?] with a = fol cos(2mlt) (AN} — A(t — 71)dt)
and b = fol sin(2mlt) (AN} — A(t — 71)dt) , we obtain
2
n

= |yl 2E/0 (] cos(27r€t)\2 + ]sin(?wﬁt)\Z) At —711)dt = \'yg]_ZH)\Hl,

Eleea)* = | ’E |E

‘/ ) (AN} — A(t — 71)dt)

where the last equality follows from the fact that A has been extended outside [0, 1] by periodiza-
tion, which completes the proof of Proposition B.11

9 Proof of the lower bound (Theorem [4.7])

9.1 Some properties of Meyer wavelets

Meyer wavelet functions satisfies the following proposition which will be useful for the construc-
tion of a lower bound of the minimax risk.

Proposition 9.1 There exists a universal constant c(v)) such that for any j € N and for any
(wk)o<p<ai_1 € {0,1}%

271
sup Z withy ()| < e(1)29/2,
z€(0,1] | .20

Proof : Recall that the periodic Meyer mother wavelet 1/ (on the interval [0, 1]) has been obtained
from the periodization of a mother Meyer wavelet, say ¢ : R — R, that generates a wavelet basis
of L2(R) (see e.g. [26, 19]). The Meyer mother wavelet ¢ is not compactly supported, but it
satisfies the following inequality sup,cr D scz lp(z — £)| < oo, which implies that there exists

some universal constant ¢ = ¢(¢)) > 0 such that sup,cp {Zkez ‘1;]7/,3(3:)‘} < 29/ for any j > 0,

where 1, () = 2j/21/~1(2j~x — k). Hence, the proof follows using the fact that the periodic Meyer
wavelet ¥ (x) = Y ez ¥y x(x — ) for x € [0,1] is the periodization of the (classical) Meyer basis
Q/;j,k (with infinite support). O

9.2 Definitions and notations

Recall that 71,...,7, are i.i.d. random variables with density g, and that for A € Ay a given
intensity, we denote by N, ..., N" the counting processes such that conditionally to 71, ..., T,
N' ..., N™ are independent Poisson processes with intensities A(-—71),..., A\(-—7,). Then, the
notation Ey will be used to denote the expectation with respect to the distribution Py (tensorized
law) of the multivariate counting process N = (N LN ”) with the coupled randomness on
the shifts and the counting processes. In the rest of the proof, we also assume that p,q denote
two integers such that 1 < p < o0, 1 < ¢ < o0, A is a positive constant, and that s is a positive
real such that s > 2v + 1, where v is the degree of ill-posedness defined in Assumption Bl

A key step in the proof is the use of the likelihood ratio A(Hy, H1) between two measures
associated to two hypotheses Hy and Hy on the intensities of the Poisson processes we consider.
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The following lemma, whose proof can be found in [6], is a Girsanov’s like formula for Poisson
processes when random shifts do not appear in the model (notation P instead of P below).

Lemma 9.1 (Girsanov’s like formula) Let Ny (hypothesis Hy) and Ny (hypothesis Hy) two
Poisson processes having respectively intensity Ao(t) = p and A1 (t) = p + p(t) for all t € [0, 1],
where p > 0 is a positive constant and p € Ag is a positive function. Let I@’Al (resp. I@’,\O) be the
distribution of N1 (resp. Ny). Then, the likelihood ratio between Hy and Hy is

A(Hy, Hy)(N) == Zg; (N) = exp [— /Ol,u(t)dt + /01 log (1 + @) d/\/t} , (9.1)

where N is a Poisson process with intensity belonging to Ag.

The above lemma means that if F(N) is a real-valued and bounded measurable function of the
counting process N' = N7 (hypothesis Hj), then

Em, [F(N)] = Eg, [F(N)A(Ho, Hy)(N)]

where Ef;, denotes the expectation with respect to @Al (hypothesis Hi), and Ep, denotes the
expectation with respect to I@’AO (hypothesis Hp).

Obviously, one can adapt Lemma to the case of n independent Poisson processes N =
(MY ... N™) with respective intensities \;(t) = p + p;(t), t € [0,1],4 = 1,...,n under H; and
Ai(t) = p, t €10,1],i = 1,...,n under Hy, where pq,..., 1, are positive intensities in Ag. In
such a case, the Girsanov’s like formula ([@.1)) becomes

n

A(Ho, H)(W) = [J exp [_ /01 1i(t)dt + /01 log (1 + ‘%”) d./\/'t} . 9.2)

i=1

9.3 Minoration of the minimax risk using the Assouad’s cube technique

Let us first describe the main idea of the proof which expoits the Assouad’s cube approach (see

e.g. [1]).

In Section @3] we build a set of test functions which are appropriate linear combinations
of Meyer wavelets. The construction of this set follows the idea of the Assouad’s cube
technique to derive lower bounds for minimax risks (see e.g. [15] 26]).

In Section we give a key result in Lemma that relates a lower bound on the minimax
risk to a problem of statistical testing of different hypotheses. The first main step in the
proof of this lemma is the use of the likelihood ratio formula ([@.2]). The second main step
exploits the fact that, under the hypothesis that the intensity A(t) = \o(t) = p > 0 is a
constant function then the distribution of the data is invariant through the action of the
random shifts.

In Section 033 we specify the size of the set of test functions used in the Assouad’s cube
approach.

In Section [0.3.4] we give the proof of the technical Lemma which controls the asymptotic
behavior of the likelihood ratio (@) defined in Lemma under well-chosen hypotheses
H1 and H().

The result of Theorem 1] then follows from the combination of the results of these four
sections.
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9.3.1 Assouad’s cube

Given an integer D > 1, introduce
Sp(A) ={f € MoN By (A) | (fija) =0Vj#DVke{0...2/ —1}}.

For any w = (wk)g—o, 201 € {0,1}2” and ¢ € {0,...,20 — 1}, we define &’ € {0,1}2" as
(Dﬁ = wy, Vk # | and (Df =1 —wy. In what follows, we will use the likelihood ratio formula (@.2))
with the intensity
A

Mo(t) = p(A) = 3, vt €[0,1], (9:3)
which corresponds to the hypothesis Hy under which all the intensities of the observed counting
processes are constant and equal to A/2 where A is the radius of the Besov ball B; (A). Next,
for any w € {0, 1}2D_1, we denote by Ap,, the intensity defined as

2b 1

Apw=p(A)+E&p > whp +Ep2P (), with £p = 27 P/, (9.4)
k=0

for some constant 0 < ¢ < A/(24¢(v))), and where ¢(¢)) is the constant introduced in Proposition
Ol For the sake of convenience, we omit in what follows the subscript D and write A\, instead
of Ap,. First, remark that each function A, can be written as A\, = p(A) + p, where

2b 1

Mo = &D Z wrp  + Ep2P (1)),

k=0

is a positive intensity belonging to Ag by Proposition Moreover, it can be checked that
the condition ¢ < A/(2 + ¢(v)) implies that A\, € Bj (A). Therefore, A, € Sp(A) for any

w € {0, 1}2D. The following lemma provides a lower bound on Sp.

9.3.2 Lower bound on the minimax risk

Lemma 9.2 Using the notations defined in the Assouad’s cube paragraph, the following inequal-
ity holds

D
. R 2 1 27 -1
inf sup Ex[[A, — All3 > %22—]3 > > Ex, 1A Qrw(N)],

An AESDH(A
€Sp(4) k=0 {0,132 |w,=1

with N = (Nl,...,N") and

Jon TT7q exp [— fol pak (t — o;)dt + fol log <1 + W) dNti] g(a;)doy;
Qpw(N) = 1 1 o -
fRn [T, exp {— fo p (t — av)dt + fo log <1 + %) ng] g(a;)da;

(9.5)

Proof : Let Ay = A (N) € L2([0,1]) denote any estimator of A € Sp(A) (a measurable function
of the process N). Note that, to simplify the notations, we will drop in the proof the dependency
of A\p,(N) on N and n, and we write A instead of A, (V). Then, define

R(A)= sup E,[A—)|3.
AESD(A)

Since A, € Sp(A) for any w € {0, 1}2D, it follows from Parseval’s relation that
2D

—1
R(A) > sup EyA-AJ3> sup En, D |Boi(d) —wiépl,
we{0,1}2P wef{0,1}2P k—0
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where we have used the notation 8p (A) = (\,¢p ). For all k € {0,...,2P — 1} define

W = w(N) == arg g{l(l]nl}WDk( (N)) —vépl.

Then, the triangular inequality and the definition of w; imply that

Eplin — wi| < |Okép — Bo k()| + 18px(A) — wiép| < 2|8pk(N) — wiépl.

Thus,
; &b 2
R(\) > 2= sup E,, Z |0p(N) — wg|*,
we{0,1}2P
21 2D71
> 52213 > Y Ea () — wil (9.6)

we{0,1}2P k=0

Let k& € {0,...,2P — 1} and w € {0, 1}2D be fixed parameters. Conditionally to the vector
T =(71,...7n) € R", we define the two hypothesis Hy and H as

Hy: N',...,N™areindependent Poisson processes with intensities (Ag(- — 71),..., Ao(- — Tp)) =
(Ao(+), .-+, Ao(+)), where Xg is the constant intensity defined by (@.3]),

HT: N' ... N"™ are independent Poisson processes with intensities (A, (- —71),..., Aw(-—Tn)).

In what follows, we use the notation Ep, (resp. Egz) to denote the expectation under the
hypothesis Hy (resp. HJ) conditionally to the shifts 7 = (71,...7,). The Girsanov formula

@2) yields
Br o) —wnf = [ Buglan(V) - aPy(n) . glr)ir
_ / By [|60(N) — wr PA(Ho, HD)(N] g(m1) . g ),

with dr = dm,...,dr, and
1
po(t — 7i) i
w1200 = Tl [ [ e s [ (1 2= ).
(0 ZlI 0 ( ) 0 p(A) t

for N = (N',...,N"). Now, remark that under the hypothesis Hy, the law of the random
variable @i (N) does not depend on the random shifts 7 = (71,...,7,) since Ag is a constant
intensity. Thus, we obtain the following equality

Ey, |0k(N) —wi)? = Eg, {y@k(zv) —wk]2/nA(H0,H;)(N)g(ﬁ) . .g(Tn)dT] ) (9.7)

Using equality (@.7), we may re-write the lower bound (@8) on R()) as

2b 1
RO 2 R S S By [l -l [ A H)g(r)-.. )]
we{O 1}2D k=0

2
= %2;3 Z > <EH0 [|@k(N)—wk|2

=0 {0,112 |wy,=1

| Ex, [\wkw) ol

A(Ho, H)(N)g(r1) . g(m)cﬂ
R?’L

A(Ho, HL,)(N)g(1) - .- g(Tn)dT]> .
Rn
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The key inequality |1 — v|?z + |[v]?2" > 2 A 2/ (true for all v € {0,1} and all reals z, 2’ > 0) yields

2b 1

R(\) > 4 22,3 Z > IEHO{ RnA(HO,H;)(N)g(ﬁ)...g(Tn)dm,

=0 e{0,112P |wy,=1

/n A(Ho, HZ.)(N)g(T1) . ..g(Tn)dT}
2D _1

4 22D D EHO/nA(HO,H;)(N)g(Tl)...g(Tn)dT(l/\
E=0 we (0,112 fup=1

Jgn A(Ho, H )(N)g(al)---g(an)da>

fRn (Ho, HY)(N)g(a1) ... g(an)dex )’

Vv

2P 1

= 4 22D Z Z / B, [A(H()? H;)(N) (1A Qk,w(N))] g(Tl) s g(Tn)dTa

D Rn
k=0 4,e{0,1}2" jwy,=1

where

Jgn A(Ho, HY,)(N)g(an) . ... g(an)da
Jon A HOaHa J(N)g(en) ... glay)da’

and da = day ... doy,. Then, using again the formula (@.2), we obtain the lower bound

Qk,w( )

2P 1

R(\) > 4 22D Z Z Ex, [1A Qkwl,

k=0 w€{0,1}2 |[wp=1
which is independent of A. This ends the proof of the lemma. O

We detail in the next paragraph how to use Lemma with a suitable value for the parameter
D in order to obtain the desired lower bound on the minimax risk.
9.3.3 Quantitative settings

In the rest of the proof, we will suppose that D = D,, satisfies the asymptotic equivalence
D 1
27n ~ p3st2vFT as n — +oo. (9.8)

To simplify the notations we will drop the subscript n, and we write D = D,,. For two sequences
of reals (an)n>1 and (by)n>1 we use the notation a, =< b, if there exists two positive constants
C,C" > 0 such that C' < ¢ < (" for all sufficiently large n. Then, define mp, = = 2Dn/2¢), |

Since £p, = 2~ Pns+1/2), 1t follows that
mp. = n—s/(25+2u+1) =0
as n — 0o. Remark also that the condition s > 2 + 1 implies that

3 —(s—2v—1)/(2s+2v+1)

nmp =Xmn —0

as n — oQ.
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9.3.4 Lower bound of the likelihood ratio 9y

The above quantitative settings combined with Lemma [0.2] will allow us to obtain a lower bound
of the minimax risk. For this purpose, let 0 < § < 1, and remark that Lemma and Markov
inequality imply that

2D _1

> > Py, (Qrw(N) >9). (9.9)

k=0 410,132 jwj,=1

) N 52 1
inf sup Ey[|A— M3 > TD?
An AESD(A) 2

The remainder of the proof is thus devoted to the construction of a lower bound in probability
for the random variable Qj, ,,(N) := % where

L =L(N)= /n ﬁexp [— /01 pk (t — ag)dt + /01 log (1 + pgr(t — ;) dNtZ} g(ai)da; (9.10)
i=1
and
I, =I1(N) = /n ﬁexp [— /01 o (t — ;) dt + /01 log (1 + pw(t — ;) dNti] g(ai)day, (9.11)
i=1

where to simplify the presentation of the proof we have taken p(A) = 1 i.e. A = 2. Then, the
following lemma holds (which is also valid for p(A) # 1).

Lemma 9.3 There exists 0 < § < 1 and a constant po(8) > 0 such that for any k € {0...2P" —
1}, any w € {0, 1}2Dn and all sufficiently large n

Py, (Qkw(N) > 0) > po(6) > 0.

Proof :

Sketch of proof: we first give a brief summary of the main ideas of the proof. The arguments
that we use are not standard due to the structure of the likelihood ratio Qj,(IN) which involves
a kind of mixture structure with respect to the law of the random shifts (integration over R"
with respect to g(aq) ... g(ay)da).

In the first part of the proof, the main idea is to use several Taylor expansions to obtain
a tractable asymptotic approximation of Qy ,,(N). Note that due to our quantitative settings
stated in Section @33l we have to provide Taylor expansions up to the second or third order
(since nm%n does not converge to 0). In the second part of the proof, we use the minoration of
the log-likelihood given in equations (@I5)- (@I9]), and then classical concentration inequalities
to obtain lower bound in probability of Qj (V).

Noge that, in the proof, we repeatedly use the following inequalities that hold for any w €
fo,132""

ol < Npwlle < 2¢()mp, — 0, (9.12)
Aol < [[Awllee < p(A) + 2¢(¢)mp, — p(A) =1,

as n — +o0o. Recall that Qj ,(N) == % where I is given by (@I0) and I5 is given by (@.IT]).
Finally, and to be more precise, the proof is composed of the three following steps:

e Step 1: using a second order expansion of the logarithm in order to control I; and I, we
will first show that

n 1 ﬂzk(t*ai) i
[Ty Jrg(ai)exp | [y § par(t — i) = = 5— 6 ANy | dey;

[T Jg 9(ci) exp Uol {NW(t — ;) — M} de] doy; 7

Op(mm, )1 (9.13)
Jo

Op(nmy, |

Qk,w(N)

v

(&
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e Step 2: using again a second order expansion of the exponential, we then show that

In(Qk w(N)) > In(J1) — In(J2) + Op(nm3, ) (9.14)

n

! N1 1
- EA(/ = s (0) = 10N )+ gl Aol = la o Aae - 015)

=1

# [ 0x a0 - a(0)ant - B, (/ 19*{uwk(t)—ﬂw(t)}dNZ> (9.16)

1 1 1 A2

+= / g* P2 (t)dN; — = / g(ay) </ o (t — a,)dNZ) doy; (9.17)
2 2 Jr 0
1 1 N 1 [ ‘

—i——/g(ai) (/ ﬂwk(t—ai)dNtZ> doy; — —/ g* p2 (t)dN} (9.18)
2 Jr 0 2 Jo

1/} A1 , 1/ [} A )
~3 g* per (AN |+ Sllg* Agrllz + 5 g po()dN; | = 5llg* Aullz 0(9.19)
0 0

+0 (an ).

e Step 3: it consists in controlling (O.15), (@.I6), (O.I7), (O.I8) and ([@I9), more precisely:

1. there exists a constant 0 < ¢y < 400 such that for all sufficiently large n the deter-
ministic term (Q.10) satisfies

n 1
-1 1
) =3 (B ([ % Dok 0 = A0 + Gllgx Al - 3l Al )| = o
i=1
2. there exists a constant ¢; > 0 such that for all sufficiently large n
n 1 o
&Y / g *¥p k(t)dN;
i=1 70

3. (@I7) + ([@I8]) converges to zero in probability as n — +o0.
4. ([@I9) converges to zero in probability as n — +oo.

P(@IG)] <) =P<

< c1> >1/2. (9.20)

Putting together all these results Lemma is finally proved.

e Proof of Step 1: since for any k, one has fol Ypr(t)dt =0, it follows that for any w and «,
Jol polt = @)dt = c(1)ép, 2P/? = e(y)mp, . Therefore,

n 1
n= [ gtar).glane o [ep | [ 1og(1+ postt — e ai] da
n 0

i=1
and

n

1
I, = / glon) ... gloay, e cWImmo, Hexp [/ log (1 + pw(t — ;) dNti] da.
n 0

i=1

Let z > 0 be a positive real, and consider the following second order expansion of the

logarithm
2 3

log(l+2)=2z2— % + %u_?’ for some 1 <u <1+ z. (9.21)

From (@.21]) , we obtain

1 ' 1 2 (t — ) ' L A
/ log (1 + p(t — )) AN} < / {,uw(t — ) — “’f} dN{ +/ o, (t — a;)dNY,
0 0 0
(9.22)
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and that

1 1 2 —
/ log (1 + pigr (t — o)) AN} > / {W((t — ) — %} N} (9.23)
0 0

Then, remark that inequalities (@I2]) imply that

1 1
Ej, / p3(t — a;)dN} = / p3 (t — o) / Ao (t — 1) g(1i)drdt
0 0 R
< ||NW||00||NWH%H)‘WHOO =0 (ngn) .

Therefore, by Markov’s inequality it follows that there exists a constant K > 0 such that

vy > 0, (

and thus

1

LBt — adN; i < Ky~tamd,

po (t — aj)

>fy> < K~~

Z/ (e (t — o;)dN; = O (nm3, ) . (9.24)

Hence, using inequality (@.22]), one obtains that

n

n 1 20 ,
I, < ec®nmp,+0y(nmd, ) / gler) .. glan) [T exp [/ {Mw(t ~ ) — w} dNtZ] da,
i=1 0

and by inequality ([@.23) it follows that

n

1 2 — Oy .
oz e [ gan).glan) [T e [ /0 {um—a@-)—%}dw] da.

i=1
Combining the above inequalities and the Fubini’s relation we obtain that
n 1 lu‘i)k (tiai) i
Hi:l f]R g(al) €Xp fo Mok (t - ai) B — dNt dOéi

T2 Jp 9(ci) exp Uol {NW(t — i) — M} de] doy; 7

= Orlmp,) L J1 (9.25)
Jo

Qk,w(N) > e(’)p(nm?’Dn)

Proof of Step 2: let z € R and consider the following second order expansion of the expo-
nential

2 3
exp(z) =142+ % + % exp(u) for some — |z| <u < |z|. (9.26)

Let us now use (@.26) with z; = fol {pgr(t —a;) — %,uék (t — a;)} dN}. By inequalities
(@12, one has that
1 1,
Exolzi] < pan(t — i) + Spgn(t —aq) | | Ao(t = mi)g(m)dridt,
0 R

1
< Dl (el + 3llce ) = O ).
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Since mp, — 0, we obtain by using ([@.20]) that for each i € {1,...,n},
exp(z;)

1 1
1 4
= 1+ / gk (t — o )N} — 3 / 2 (t — a;)dN}
0 0

1/ o1t A ,
—|—§ </ ,U@k(t — Oél)dNtZ — 5 / ,U,g}k(t — Oél)dNtZ> + Ezeuz, with — |Zz| < Uq < |Z@|
0 0

1 1 1 2 3
o] ] . 23
= 1+ / gk (t — Ckz)dNtZ - = / ,u%k(t — Ckz)dNtZ + = / Mgk (t — Oél)dNtZ + —Le"“ + Ry,
0 2/ ¥ 2 \Jo 6
where

1 ! N 2 1 '
2R; = (/ gk (t — ag)dNY — 5/ P2t — ai)dNtZ> - (/ Pk (t — ozi)dNtZ>
0 0 0

By inequalities (@.I2)) one obtains that for any shift «; € [0, 1]:

1t ; ! 1 ;
2R; = <—§/ /‘?uk (t— ozi)dNt’> X </ 2k (t — o) — §,uék (t— ai)dNt’> . (9.27)
0 0

and Cauchy-Schwarz’s inequality yields a bound uniform in «y:

2

Ex(IRi) = O (m,). (9.28)

From the definition of J; in (@.25]), we can use a stochastic version of the Fubini theorem
(see [I7], Theorem 5.44) to obtain

n 1
J = H[1+/R/O gl pgr (t i)JANY de; — // ozl,u y(t — a;)dN{do;
i=1
1 1 N 2 1 /.3
_/g(ozi) (/ ﬂwk(t—ai)dNtZ> dai—i—/ <—Zeui—|—Ri> g(ay)dag |,
2 Jr 0 o \6

1

n 1 ' 1 A
= I |1+ [ awmstini =5 [ aenuoan;
i=1 0 0

1 1 N 2 1 /.3
+— / g(ai) </ ,u@k(t — Ozi)dNtZ> do; +/ (—Zeui + Ri) g(ai)da,} .
2 Jr 0 o \6

At this step, it will be more convenient to work with the logarithm of the term J;. We
have

_l’_

n 1 1

| .
2 n [1 + [ genanan; - 5 [ gxidioan]
i=1 0 0

1 ! N2 Lz
+-= / g(a) </ tok (t— ai)dNIf) doy; +/ (—Ze“i + RZ-) g(ag)da; |
2 Jr 0 o \6

Using again the second order expansion of the logarithm (@.21]), we obtain that

n 1 o '
n(J)) = Z[ [ g nattani = 5 [ geitaoan;
i=1
1 1 N2 1 1 \ 2 17,3 -
+—/g(a,~) (/ ka(t—az‘)dNtZ> dai——</ g*ka(t)dNtZ> +/ <—’e”i+Ri> g(a)day |
2 Jr 0 2 \Jo o \ 6
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where R; is a remainder term that can be shown to satisfy F (’RZD =0 (m‘})n) by using

the same arguments to derive (@.28]). By a similar expansion of the term .Jo defined in
([@.27), we obtain that

n

1 1
In(Jy) = Z[/O g*Mw(t)de—%/O g * iy (t)dN;

i=1

% /Rg(ozl-) </01 Jo(t — ai)dN,f)Q do; — % </01 g*pw(t)dN,f>2 + /01 (%36“ + RZ) g(ai)dai] ,

for some remainder term R; satisfying also E (|RZ|) =0 (m%n). Then, by Markov’s in-
equality and using the same arguments that those used to derive ([@.24])) we obtain that

Z R, = (’)p(nm?bn) and Z R; = (’)p(nm%n). (9.29)
i=1

i=1
Now, let us study the term / g ée“"g(ai)dai.

/Z 2t g(a;)da;

Hence, for any v > 0 and by Markov’s 1nequahty, one has

(5

1 ’22‘3+k

<ZZ/ Gl g(a;)da.

=1 k>0

Remark that since |u;| < |z;|, we have

1 |ZZ|3+k

SR D W aTEn |

3+k
Z/ (’22’ )g(ai)dai.
Moreover, by inequality (@.I2]) it follows that for any «; € [0, 1]:

k>0
i3+k 1 1 1 ' 34k
E<|Zl|<;! > _ k'E</o {ka(t—ozi)—§uik(t—ai)}dNtl)
1 1 1 \ 3+k
= klE (/ <QC(¢)mDn + 5(20(¢))2m%n> ng)

For n large enough, we have 2¢(¢))mp,, + %(2c(w))2m%n < 4c(yp)mp,, . Then, using the fact

that if X is a Poisson random variable with intensity pg, the p-th moment of X is bounded
by (p + uo)ugfl one obtains that

zul

A

g(ay)day;

IN

4

k=1 (de(@)mp, )N (4e(p)ymp,, [|A[]1)3TF1,

|23 F 1 34k
E o < k,(40(¢)mDnH>\H1) +

which implies that uniformly in ay:

3+k
D _E <|ZZ| : ) < (de())’m, [N (14 1024c()mp, ) e*@monlAl,

k>0

Hence,

( n ) (de(@))*nm, AR (1+1024c(¢)mp, ) e*WmonlXh
P =7 < .
=1

)

1.3
Leg(ay)dag| >
> [ reratanda =

(9.30)

which proves that > " | %e“i = Op(nm3}, ). Therefore, combing the above equalities for
In J; and In J and ([@29), ([@30), we finally obtain the lower bound ([@.I4) for In(Qy, ,(N)).
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e Proof of Step 3: in what follows, we will show that, for all sufficiently large n, the terms
(@I5)-([@I9) are bounded from below (in probability). Since nm?bn — 0, this will imply
that there exists ¢ > 0 (not depending on \,) and a constant p(c) > 0 such that for all
sufficiently large n

Pr, (I (Qrw(N)) = —c) =Py, (Qrw(N) = exp(—c)) = p(c) >0

which is the result stated in Lemma [0.3]

Lower bound for ([@I5]): since for any 1 <i<n

Ex, (/0 g*{uwk(t)—uw(t)}dNti) = /0g*{)\wk(t)_)\w(t)}{g*)\w(t)}dt_

We obtain that

n

! ;o1 1 n
> [ ([ % Dhas ) = A0} + 3lla= Al = 5l )| = Gl o — o
=1

Remark that p, — pgr = £€p¥pi. In what follows we will repeatidely use the following
relation

1
¥k * g3 :/0 ok *g()2dt = Y [eo(Wpr)Pel* < 2727 (9.31)

LeQp

which follows from Parseval’s relation, from the fact that #Qp =< 2P and that under
Assumption BII |y,| < 27 for all £ € Qp. Therefore

1
g% {1t — 1w } 12 = €3 /0 (Wi * g(t)2dt = €327 = L,
and

" 1 1 1
=3 [ ([ 0+ 000 = Aa}NT+ Glaw Al Gl AselB) | <1
=1

which implies that there exists a constant 0 < ¢g < +o0o such that for all sufficiently large
n the deterministic term (O.I5) satisfies

- ! o1 1
@ =3 [ ([ % s 0 = AT + Flx Al - 3l Al )| 2 o
i=1

In the rest of the proof, we show that, for all sufficiently large n, the terms (O.I6)- (@19
are bounded from below in probability. Without loss of generality, we consider only the

case fy — Hgk = EDYDk-

Lower bound for (@.I6): rewrite first (@.10) as

n 1
i B S OO
=170

where d]\?,f = d]\7ti — A(t — 7;)dt. Then, using the fact that, conditonnaly to 71,...,7,, the
counting process Y, N is a Poisson process with intensity Y & | A,(t — 7;), it follows
from an analogue of Bennett’s inequality for Poisson processes (see e.g. Proposition 7 in
[27]) that for any y > 0
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nool
dN.
SD;/O g*Ypk(t)

1 n
< |2e /O S (g % (Ot — )t
=1

‘

Since fo il ) lg % Yp(t )|2)\w(t —7)dt < n||g*1/)D7k||§H)\w||oo for any 71,...,7,, letting
y = log(2)

n 1 .
P ( SDZI/O g*¥p i(t)dN{

Now, using that £3ynllg ¢ p(t) 15[ Aullec < 1 and €pllg *¥p kllec < [Yllc2P/?¢p — 0, we
can deduce that there exists a constant ¢; > 0 such that for all sufficiently large n

?
™+ s

1
#3960l boulllri- 1 7m) 2 1 exp ()

1
V2108@)Bnllg * (OBl Aulloe +5

noopl
P(EID) < o) = P ( &Y [ o unslt)in| < ) S1p (932)
=170
Lower bound for ([@I7) and (OI8]): define
1t 2 i 1 2 i
X = 5 g * by (t)dNy — ) g * pn (£) AV
0 0

2

+5 foten ([ et a»sz)Q dos— [ ater) ([ - )N ) do,

and note that (@QI7) + @I8) => " , X;. Forany 1 <i<n

Ex,Xi = %Ag(az)<<éluwk(t—az)g*k > </01uwt—azg*>\ ()dt>2> devi

= 3 Lot ([ ~eovpatt - g eratoar) (/0 )~ aelt — a) g+ Aof0)
t
)

1

which implies that

1
[Ex, Xi < §§D2D/2H1/1HooHuauHio (leolloo + lligelloc) = mip,.

Therefore Y ' | Ey X; — 0 as n — 400, since nm‘bn — 0. Now, remark that Xq,..., X,
are i.i.d variables satisfying for all 1 <i <n
| Xl < 5 (IIMWH2 + g 12) (K + K7) < 2¢°()mbp, (Ki + K7) (9.33)

where K; = fo dN}. Conditionally to 7;, K; is a Poisson variable with intensity fo (t—

T;)dt = fo t)dt = |[Ao|l1- Hence, the bound ([@I2) for ||A,||c and inequality ([@.33)
implies that there exists a constant C' > 0 (not depending on \,) such that

EX{ < Cmp,

which implies that Var(}_7; X;) = nVar(X1) < nEX{ — 0 as n — +o0o since nmp, — 0.
Therefore, (AI7) + @I8) = >, X; converges to zero in probability as n — 400 using

26

— Q/R o) ((/ —Epthp(t — ai)g * o (t dt)( (Moot — ) — prgr (t — ) g % pueo(t)d

1og<2>spug*wmuoo) > 12

)
)



Chebyshev’s inequality.

Lower bound for ([@I9): we denote by S; the difference

1/ [ A 1/ [ A
s ::2(—5(/ g1 00N )+ glodaslB+ 5 ([ aentiany) —iugwu%)
0 0
and remark that ([@I9) = 1 37 | S;. First, we have
1 1
E\Si = Hg*AwkH%—Hg*AwH%Jr/O (g*uw)g(t)g*%(t)dt—/o (g% pr ) (1) g * A (t)dt

+/Rg(n) ({/Ol(g*uw)(t))\w(t — n)dt}2 - {Al(g*ﬂwk)(t))\w(t — Ti)dt}2> dr;.

Since ||g* pgr |13 = 1|9 * w3 = lg*x Aok |13 — [lg* A |3 and gx Ay, = 1+ gy, it follows that

1 1
Ey\,Si = /O(g*uw)2(t)g*uw(t)dt—/o (g% pign) 2 (£)g * e, (t)dt

/

- {/Ol(g*ﬂwk)(t)/\w(t —~ n)dt}2> dr; |

/

Si1

+/Rg(n) ({/Ol(g*”w)(t))‘w(t—n)dt}

Si2

2

One has that
19511 < NpwllZe + ligr]Zollpwllse < 16¢°(0)m,
and that

s = & [ o) ([ oxonstmnte—mar) ([ ox s+ ndOrate - mpar) ) a

Hence using (@12) and (@3T]) it follows that there exists a constant C' > 0 such that for
all sufficiently large n

3s+v+1

|Siz2l < €bllg * ¥pkllz (lhwlloo + g loc) < Cn™2eF2re

Then, since s > 2v + 1 > v it follows that

n _(s—2v-1) __(s=v)
ZEAwSi =0 (n 2st2v+l 4+ n 2st20+1 | — (.
i=1

Now, note that Var(d_!" ; S;) = nVar(Y;) where

v ([ Cowmtant) = ([ gsnaan)

Since V1] < ([l uwll% + 1er %) K7 with Ky = fol dN} being, conditionally to 71, a Poisson
variable with intensity fol Ao(t — m)dt = fol Ao(t)dt = ||Au]li. Therefore, [@I2) again
implies that there exists a constant C' > 0 (not depending on A,) such that

2 2

Var(z S;) = nVar(Yy) < nEY? < Cnmi‘)n — 0.
i=1

Therefore, using Chebyshev’s inequality, we obtain that (@.I9) = %2?21 S; converges to
zero in probability as n — +oo. O
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9.4 Lower bound on B?%(A)

By applying inequality (@.9) and Lemma [0.3] we obtain that there exists 0 < § < 1 such that for
all sufficiently large n

inf sup Ex| A, — A3 > €&, 2",

An AESD(A)
for some constant C' > 0 that is independent of D,,. From the definition (@.4]) of {p, and using
the choice ([@.8) for D,,, we obtain that

N 2
inf sup Ey|A, — )\”% > C{%nQD” — 9728Dn " 3egaorT
An AESD(A)

Now, since Sp(A) C By ,(A) for any D > 1 we obtain from the above inequalities that there
exists a constant Cy > 0 such that for all sufficiently large n

inf sup el Ex[[A, — A2 > inf sup E,||A— A3,
An AEB3,(A) Ao An AESD, (A)

2s
> (Con 2st2v+l,

which concludes the proof of Theorem [A.1] O

10 Proof of the upper bound (Theorem [5.7])

Following standard arguments in wavelet thresholding (see e.g. [26]), one needs to bound the
centered moment of order 2 and 4 of ¢, j and Bj,k (see Proposition [[0.]), as well as the deviation
in probability between Bj,k and f; 1, (see Proposition [0.2). In the proof, C, C’, C1, C5 denote
positive constants that are independent of A\ and n, and whose value may change from line to
line. The proof requires technical results that are postponed and proved in Section We will
use the following quantities

~ _ » 0,2 » 0,
Bin®) = 3 v e et VE=llgle2 T S |'—' =279 H |
(€9 e 1t e, 1
and
n ~ ~ 2vlogn ~vlogn  ~
() = \/H%,k“% <H9||ooKn(W) - +un(7)> +— 1457l oo (10.1)

where K, (7) is introduced in (G8), u,(y) is a real sequence such that u,(y) = o (M) as
n — +00.

10.1 Proof of Theorem [(.1]

As classically done in wavelet thresholding, use the following risk decomposition

E|A' — M2 = Ry + Ry + R3 + Ry,

where

270 —1 1 291

o= Z Ejor — cjo,k‘)Q’ Ry = Z Z E {(5]',19 - /ijk)Q]l{‘Bj,k‘Z%(n)}] '
k=0 Jj=jo k=0
J1 29-1 too 29-1

_ 2 . 9

Ry = Z Z £ [ﬁj’kﬂ{\@,kk%(n)}] » Ra= Z Z Bk

j=Jo k=0 J=j+1 k=0
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Bound on Ry: first, recall that following our assumptions, Lemma 19.1 of [I8] implies that

271
S < C2H with st =5+ 1/2- 1/, (10.2)

where C' is a constant depending only on p,q,s, A. Since by definition 2771 < 2(1°g”) 2v+1
equation (I02) implies that Ry = O (27%%") = O <(l°g") 2V+1>, as n — 4o0o0. Note that

in the case p > 2, then s* = s and thus 23_‘?_1 > 25+228u+1' In the case 1 < p < 2, then

s* = s —|— 1/2 — 1/p, and one can check that the conditions s > 1/p and s*p > v(2 — p) imply
that Hence in both cases one has that

2s
2V+1 > 2s+2v+1"
2s
Ry=0 <n_ 2S+2v+1> , as n — 400. (10.3)

Bound on R;: using Proposition [0 and the inequality 27° < logn it follows that

Jjo(2v+1) 2v+1
2 <C (logn)

R <C —0 <n*ﬁ) . (10.4)

n

Bound on Ry and Rs3. remark that Ry < R + Roo and Rg < R31 + R3y with

Jj1 29-1 J1 29-1
Rn=) > E [(@;k - ﬂjvk)Qﬂ{\Bj,k—ﬁj,k\zgj<n>/z}] Re=3 > E [(ﬁﬂ%k - ﬁjvk)zﬂ{\ﬁj’klzéfm)/?}} ’
J=jo k=0 Jj=jo k=0
Jj1 291 Jj1 291
Ryi=) ) E [ . ﬁjk\>s1<n>/2}} and Ry =) > E [ kA8, <2 s]<n>}]-
Jj=jo k=0 Jj=jo k=0

Now, applying Cauchy-Schwarz’s inequality, we get that

J1 291
Roy+ R31 = Z Z E [((5j,k - 5j,k)2 + 53219) ﬂ{lﬁj,rﬁj,klzﬁj(n)ﬁ}}
j=jo k=0
Jj1 29-1 , 1/2 , R ) 12
< DD (( (i~ 510" +ﬁj,k) (BB — Bl = 3,(n)/2)
Jj=jo k=0

Bound on P(\B]’,k — Bkl > 3;(n)/2): using that |ce(¢; 1) < 277/2 one has that [|¢); [|3 < 0J2- and
4.k ]loc < €;. Thus, by definition of §;(n) it follows that

20%,(7) < &5(n) /2 (10.5)

for all sufficiently large n where A7, (v) is deﬁped in (I0.T)). ‘Moreover, by (&) there exists two
constants C7,Cy such that for all £ € Q;, C127 < |[¢| < C327. Since limyg| o0 0¢ = 0 uniformly
for f € By ,(A) it follows that as j — +o0

= ||glloc2 277 Z |9£|2 =027 Z |W|72 = 0(0]2-) and §; = 973/2 Z @ =o(¢j).

€9, €9, (€9, el

Now, define the non-random threshold

5 27logn logn . .
sj<n>=4<¢ o (gl AL +8) + 52 ) for jo(n) <j <ji(n).  (10.6)

29



Using that ij = o(ajz) and 6; = o(¢;) as j — +o00, and that jo(n) — 400 as n — 400 it follows
that for all sufficiently large n and jo(n) < j < j1(n)

2V2ylogn vlogn
\/ Jn + 6, > < s;(n)/2 (10.7)

From equation (I0.27) (see below), one has that P <||)\||1 > f(n) < 2n77, which implies that

sj(n) < §;(n) with probability larger than 1 — 2n~7. Hence, by inequalities (I0.D]) and (I0.7), it
follows that for all sufficiently large n

2V2ylogn vlogn .
2max | Af(7), \| ———— 85— | <(n)/2 (10.8)

with probability larger than 1 — 2n~7. Therefore, for all sufficiently large n, Proposition [10.2]
and inequality (I0.8]) imply that

P (180 — Bixl > 85(n)/2) < Cn, (10.9)
for all jo(n) < j < ju(n).

Bound on Rg; + Rs31: Using the assumption that v > 2, inequality (I0.2]) and Proposition [[0.1]
one has that for all sufficiently large n

1 J1 /944y 9j 1/2 J1 '
Ro1 + R3 < C— 2 (14+= 97218
21 + fi31 < i Z <n2<+n>> +Z

J=Jjo J=Jjo

By definition of j; one has that % < C for all j < j;, which implies that (since s* > 0)

J1 97 (2v+1) J1 . 2s
+ E 2*215 — O(TL_ 2s+2v+1 )’ as n — +00, (10.10)
=0 ' =

1
Ro1 + R31 < Cﬁ

using the fact that QMZH) < Cforall j <ji(n)< ﬁ logy n.

Finally, it remains to bound the term T = Roo 4+ R3s. For this purpose, let jo be the largest
integer such that 272 < nleJrl (logn)? with g = —leﬂ, and partition Ty as Ty = To1 + Too
where the first component 7T5; is calculated over the resolution levels jy < j < jo and the second
component Tho is calculated over the resolution levels jo + 1 < j < j; (note that given our
assumptions then jo < j; for all sufficiently large n). Using the definition of the threshold §;(n)
it follows that

R . log(n log n)?
55007 < C (2(lglle o+ 95 4 CERE 2, (10.11)

From Assumption BTl on the v,’s and equation (&I) for Q; it follows that
0]2» < 02%Y and €; < C2i(v+1/2)

2v

y - v . . . 2 ¥
Since, for 2310% < <10%> 2+ all j < gy, it follows that %e? < CQZJ"% and thus

8j(n)* < C2(||glloc Kn + 6 + 1)

10%5”) . (10.12)
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Using Proposition [0 the bound ([I0.I2]), the fact that

~ logn 1/2
EK, < H)\1H1+O < " ) (10.13)

and the definition of js one obtains that

jo 291

Jj2(2v+1)
T21 < Z Z ( /Bjk B]k‘) + 9E3J( ) > = 0 <¥log(n)>

J=Jjo k=0
e O (n_ 2s+22sl/+1 (log n) 2s+22sl/+1> s (1014)

as n — +o0o. Then, it remains to obtain a bound for Thy. Recall that 5;(n) > s;(n) with
probability larger that 1 — 2n™7, where sj(n) is defined in (I0.6). Therefore, using Cauchy-
Schwarz’s inequality

L [(ﬁ},k - ﬁj,k)Qﬂ{mj,uzéj(n)/ﬂ]
1/2
< E(Bjk — Biw) Uy 5, 4555 (m)/2) + ( (B — ﬁj,k)4) (P(35(n) < s5(n)))"/*.

Then, by Assumption B.1] one has that 0J2- > C2%v. Therefore using Proposition [01]it follows

that E(ﬁjk — Bjx)? < C’s?(n) and that E(B]k —Bjx)t < CZY for all j < j,. Finally, using that
v > 2 and the fact that P(5;(n) < sj(n)) <2n77, one ﬁnally obtains that for any j < j;

s?(n) 2231/
[(ﬂyk — Bik) 11{|m\>sj<n>/z}] <O = Lsslizssmy/2r + (10.15)

Let us first consider the case p > 2. Using inequality (I0.I5]) one has that

Jj1 29-1 2 2jv
Tp < O )] Z )/2}
Jj=j2+1 k=0
1 201 , g 9j(2v+1)
<ol & X marel 3 2
j=j2+1 k=0 Jj=ja+1

Then ([I0.2)), the definition of j3, j1 and the fact that s* = s imply that

J1 (2041
Typ=0 |22 1 1 ey

Jj=ja+1

=0 <n_ e (logn) TF T ) (10.16)

Now, consider the case 1 < p < 2. Using again inequality (I0.I5]) one obtains that

J1 29 -1 2 2j1/
Tp = C Z Z (n)/2y T 7 7 +EIB 16, 0l<23,(m)}
j=j2+1 k=0
R 2 0 1 J1 97 (2v+1)
< Ol X0 D0 st TG + 18k ES ()T + (10.17)
j=j2+1 k=0 Jj=j2+1

By Holder inequality, it follows that for any a > 1, E3;(n)*? < (Eéj(n)a(%p))l/a. Hence, by
taking o = 2/(2—p), we get that E3;(n)?7? < (E§j(n)2)(2_p)/z. Then, using the following upper
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bounds (as a consequence of the definition of s?(n) and the arguments used to derive inequalities

([0.12), ([[0.13))

v = 1 |
53(”) < C22]VM and Eéj(n)2 < C22-7VEKn Og(n) < 022]1/ Og(n)
n o .

)

it follows that inequality (IO.IT) and the fact that for A € By (A), ij:_ol 1B klP < C279ps”
(with ps* = ps + p/2 — 1) imply that

J1 1-p/2 J1 i(20+1)
(1 log(n)\" "% __ .« 1 2J
Ty, < C E ' 92jv(1=p/2) <_ 9—Jps® | — E '
i=g2t1 " j=g2+1

log n 1-p/2 71 ‘ 1 Jun gdevty
< C 97 (v(2=p)—ps™) 4 —
<ol(%) % P
J=j2+1 J=j2+1

logn\ P2 . o1 gL i@t
- 0 9J2(v(2—p)—ps™) 4 —

& P

j=j2+1

= (9(n_2s+228»+1(logn)2s+228»+1) (10.18)

where we have used the assumption v(2 — p) < ps* and the definition of jo, j; for the last

inequalities. Finally, combining the bounds (I03]), (I0.4]), (I0I0), (I0I4), (I0I6) and (I0IS)
completes the proof of Theorem Gl O

10.2 Technical results

Arguing as in the proof of Proposition 3 in [5], one has the following lemma:

Lemma 10.1 Suppose that g satisfies Assumption [Tl Then, there exists a constants C > 0
such that for any j >0 and 0 < k <27 —1

Bl < CQj(u+1/2), b ll2 < C2%7 and (|02, )12 < C27@r+D),
s s 2 ]7]{,‘ 2

Proposition 10.1 There exists C > 0 such that for any j >0 and 0 < k <2/ — 1

5 22]'1/ . 5 22]'1/
Eléjp = cjrl” < C—= (L +[IAll2llglloo) ,  ElBjr = Bipl” < O——= (1 + [[All2llgllc) . (10.19)
and
A 4 24j1/ 2j 2 2 2
ElBjk = Bjnl" = C—5 {1+ — (T + M3 Ngll5 + IMI2llglleo + [IAIZ]glloo) - (10.20)

Proof : 'We only prove the proposition for the wavelet coefficients Bj,k since the arguments are

the same for the scaling coefficients ¢; ;. Remark first that Bj,k — Bk = Zéeﬂj ce(z/)j,k)(ég —0p) =
Z1 + Zo, where Z; and Z5 are the centered variables

Zyi=Y " G = Dbece(n)-

ZEQJ'

and )
1 — - .
=1y /0 B (D).
=1

where dN} = dN} — \(t — 7;)dt.
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Control of the moments of Z;: by arguing as in the proof of Proposition 3 in [5], one obtains
that there exists a universal constant C' > 0 such that
22j1/
E|Z, > < C
n

pe (10.21)

24]1/ 2j(4u+1)
and E|Z,|* < C ( + .
n

The main arguments to obtain (I0.21]) rely on concentration inequalities on the variables 7,7 =
1,....n.

Control of the moments of Z5: using Lemma [[0.1] remark that

n 1~
%ZE/O%Q‘N) —rgat =2 [ B on e gloyi

2jv 2]
—lAxglleo =

E|Z,|?

<

Let us now bound E|ZQ|4 by using Rosenthal’s inequality [29]

16p \* NP R N
< max EY;” | ;Y E|Yi|?»,
(Wp) SoErt) 3

which is valid for 1ndependent centered and real-valued random variables (Y;);=1.. . We apply
this inequality to Y; = fo %,k )dNtZ with p = 2. Conditionnaly to 7;, using Proposition 6 in
[27] and the Jensen’s inequality, it follows that

1 1 2
E Y] = /0 O (Nt — T3)dt +3 </0 P (At — Tz‘)dt> ,

1
< / PR (t) (At = 73) + 3Nt — 7)) dt.
0

Hence EY ' YA <n fol @fk(t) (A*g(t) + 3A? x g(t)) dt. Then, using Lemma IO E Y"1, V1 <
Cn27(4v+1) (H)\Hg + H)\H ) |9lloc- Using again Proposition 6 in [27] and Lemma [0l one obtains
that EY;? = fo HAx g(t)dt < C2%7||A||2]lg]|cc Which ends the proof of the proposition. [J

Proposition 10.2 Assume that A\ € Ay and let v > 0. Then, there exists a constant C' > 0
such that for any j >0, k € {0...29 — 1} and all sufficiently large n

N 2V.2’y logn loen
P\ By — Bl > 2max | A% (1)) =T+ 5;1 35 <Cn, (10.22)

where A% (v) is defined in (IL1).

Proof :
Using the notations introduced in the proof of Proposition [0.1] write B]’,k‘ —Bjk =21+ 2o
and remark that for any u > 0

P(|Zy + Zo| > w) < P(|Z1] > u/2) + P(|Za] > u/2) (10.23)

Now, arguing as in Proposition 4 in [5] and using Bernstein’s inequality, one has immediately

that
2V2~logn 1
P12 > (| =20 +5ﬂ;g” <on . (10.24)
n n
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Let us now control the deviation of Zo = * ) D] fo z/)j w(t)dN}. First, remark that con-
ditionnaly to the shifts 71,...,7,, the process Y ", N% is a Poisson process with intensity
Yoy A(. — 7). For the sake of convenience, we introduce some additionnal notations. For
n21,j20and0§k§2j—1,deﬁne

1
Tk = Z/ T/Jgk — 7;)dt, and My, = EMJ, :/0 w?k(t))\*g(t)dt

Using an analogue of Bennett’s inequality for Poisson processes (see e.g. Proposition 7 in
[27]), we get that for any s > 0

2s s~
P <’Z2’ >\ oMy + %ij,k”ooh'la cos 7Tn> < 2exp(—s) (10.25)

Remark that the quantity Mj"/,C is not computable from the data as its depends on A\ and the
unobserved shifts 71,...,7,. Nevertheless it is possible to compute a data-based upper bound
for M. Indeed, note that Bernstein’s inequality (see e.g. Proposition 2.9 in [22]) implies that

~ logn 2~vlogn
P(Mjnk>Mjk+Mjk <73§ +\/%>> <n 7.

with Mjx = | Alool[¥)jx]|3. Obviously, Mj; is unknown but for all sufficiently large n, one has
that

M, = | Mool ill3 < log nllih;kll3.
Moreover, remark that Mj, = ||tV A* g3 < [[¥jkll3]lg]lcc IA]l1- Hence,

logn)?  [2v(logn)3
P(Mk>uwmu<mmwﬂh+<”ﬁim T ”“f“>>>>gn~n (10.26)

In order to obtain a data-based upper bound for M &> it remains to derive an upper bound for

IAll1. Recall that we have denoted by K; the number of points of the process N?. Conditionally
to 7;, K; is real random variable that follows a Poisson distribution with intensity fol At —
T;)dt. Since \ is assumed to be periodic with period 1, it follows that for any ¢ = 1,...,n,
fol t—1)dt = fo t)dt, and thus (KZ)Z 1,..n are 1.i.d. random variables following a Poisson

distribution with intensity ||A|; = fo t)dt. Usmg standard arguments to derive concentration
inequalities one has that for any u > 0

2u||)\||1 U
<M1 ZK+ 4+ < 2exp(-u).

Now, define the function h(y) = y? — v/2ay — a/3 for y > 0 and with a = u/n. Then, the above
inequality can be written as

IP’( ( B ) ZK><26Xp w).

Since h restricted on [y/a(v/30 + 3v/2)/6;+oo| is invertible with h=!(y) = y/y+ 53¢ + V5 it

follows that for u = vlogn and all sufficiently large n

- 4v1 2v1 - 5v2(1 2
n

n 3n2
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where K, = 1 3" | K;. Therefore, using (IL26)) it follows that

3n n

P( > il <Hg||oofcn<v>+<”“°g”)2+ QW(IOg”)?’)))ggnv, (10.28)

where K,,(7) is defined in (5.6). Hence, combining ([025) with s = vlogn and (I0.28) we obtain
that

P

n 3n n 3n

2vlogn - - ~v(log n)? 2v(logn)3 ~vlogn -~
|Z| > [KCAE: (HgHooKn(W) + (7 T — ||t 195kl

(10.29)

Combining inequalities (I0.23]), (I0.:24)) and (I0.29) concludes the proof. O
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