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Foreword

These notes are an expanded version of a course given in winter 2015 in Toulouse and which
was meant as a continuation of a course of Jean-Pierre Otal on Riemannian geometry and
ergodic geodesic flows. We thought together it would be nice to supplement such a course
by presenting the subject of Quantum Chaos (or quantum ergodicity) and the famous
Shnirelman Theorem.

The main goal of the course itself was both to introduce students to the beautiful sub-
ject of Quantum Chaos and to motivate some fundamental results of microlocal analysis,
in particular the Egorov Theorem which describes the relationship between the geodesic
flow and the semiclassical Schrodinger equation.

This expanded version can be considered at two levels. At the first level, we define the
objects involved in the Shnirelman Theorem (Theorem 1.18), namely the Laplace Beltrami
operator and its eigenfunctions on the quantum side, and the ergodicity of the geodesic
flow on the classical side, and then prove the theorem by using the existence of a pseudo-
differential quantization (Theorem 2.6) as a black box. This is the purpose of Chapters 1
and 2 which correspond essentially to what was thaught in class (on the board); we had
some time left to present bits of proofs of Theorem 2.6 but definitely not all of them!

At the second level, the objective is to demystify the proof of the Shnirelman Theorem
to beginners in the field by giving a complete and elementary! proof of Theorem 2.6.
This rests on a fairly minimal and elementary approach of the pseudo-differential calculus
on R™ (mostly with compactly supported symbols) and its use in the construction of a
quantization on a manifold. With such tools, we can then prove the local Weyl law and
the Egorov Theorem which are the main microlocal inputs in the proof of the Shnirelman
Theorem.

In principle, this course is designed for students with a standard background on analysis
(functional analysis, distributions theory) and differential geometry at the master level,
although we realize that more familiarity with any of these subjects, e.g. on differential
topology and Riemannian geometry, is helpful. In a few places in these notes, the reader
will find informal references to Otal’s course; this is mostly for the convenience of our
own students to emphasize the relationships between our courses but, in principle, this
document is mostly self contained.

Yone can always do simpler but, for the sake of completeness, it is hard to avoid certain technicalities
such as the invariance of pseudo-differential operators under coordinates change
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Chapter 1

The Shnirelman Theorem

In this chapter, we introduce the objects involved in the Shnirelman Theorem namely,
on the spectral side, the Laplace-Beltrami operator and its eigenfunctions and, on the
dynamical side, the geodesic flow and the notion of ergodicity. The theorem itself is
stated in Section 1.4 (see Theorem 1.18).

1.1 Memento on differential geometry

In this section, we record, in a rather compact form, some notation, conventions and usual
formulas that will be used in these notes. We refer to the lectures by J.-P. Otal and
standard textbooks on differential geometry for a more detailed presentation.

We consider a smooth manifold M of dimension n.

Charts on M. If Kk : U C M — V C R" is a local diffeomorphism (or chart), the

local coordinates (z1,...,z,) are the components of , i.e. k(m) = (z1(m),...,z,(m)).
If & : U — V is another chart (with components (:761, e ,i’n)), the associated transition
maps are

1

Letting x = ko k™", one denotes

oT;
ox yi

(0% /0z) := < ) = dy(z), (9x/d%) = <6f”i) = dy(z)1, (1.1)

0z
that are respectively the Jacobian matrices of the transition maps %o = and ko &7 L.
Our convention is that ¢ labels the rows and j labels the columns.

Tangent bundle. Given local coordinates k = (x1,...,2,) on U C M and ¢ smooth on

U, one sets

Oz, = 0j(Kxp), Ky = oKk L
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and, so defined, (8331, e ,an) is a local basis of the tangent space. More precisely, for
any m € U, the n maps ¢ + (0z;¢)(k(m)) form a basis of T;, M. If one considers another
system of coordinates (501, .. ,a?n), then two decompositions of the same vector
v = Zvjaxj = Zf}k&zk

are related by

Vg = &Ekv-

B - 8a:j 7

J

or, in matrix form (viewing v = (v1,...,v,)" and o = (o1, ...,0,)" as rows),

0 = (0%/0x)v.

The chart of TM associated to & is the map TU = 7m5,,(U) — V x R™ defined by

TU 3 v+ (z1(m), ..., zn(m),v1,...,0n), m=mnrpy(v), v= Zuja%,,

where wrps : TM — M is the projection. The transition map between two such systems
is thus of the form

(z,0) = (2,0) = (x(2), dx(2)v).
Cotangent bundle. The cotangent bundle is the dual to T'M in the sense that
T*M = UpenT, M

with Ty M := (T,,,M)* the dual to the tangent space at m. Given coordinates on M, one
denotes by (dzi,...,dx,) the dual basis to (9y,,...,0z,). Then two decompositions of
the same covector

TRM > X* =Y gduy =Y &diy

o al'j A
gk - ; 8757]4{]7
or in matrix form (with & = (¢1,...,&,)7 and € = (&1,...,&,)7)

€= ((0z/02)7) ¢ (1.2)

The local coordinates on T*M associated to the chart x : U — V on M are defined by

are related by

T

T°U 3 X" (z1(m), . an(m), &1, &), mo=mpep(XF), X5 =) ¢day,
where mp«pr : T*M — M is the projection. The transition maps are then

(2,€) = (%,€) = (x(x), (dx()"H)T¢). (1.3)
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Also, if a is a smooth function on T*M, we set

(kea)(z,€) = a(X*)  if z=r(rpy (X)), X* =) &da;. (1.4)

Notice that, strictly speaking, k.a is meaningless since k., can be applied to functions
on M rather than T*M. Rigorously, this means we consider the pushforward by the
coordinate diffeomorphism associated to x on T*U, but we use the above abuse of notion
for simplicity.

The sections of T*M are the 1-forms on M. In particular, the differential of a smooth
function ¢ on M is intrinsically defined and reads in local coordinates dy = 3 (9x; ¢)dz;.

Transition maps on T(7*M) To describe the symplectic structure on 7% M, it is useful
to record the form of the transition maps between charts on T'(T*M). Given a chart
k:U — V on M, one considers the associated chart on T*M, i.e. T*U — V xR"™ as above,
and then associates to it the corresponding chart on T(T* M), i.e. T(T*U) — V xR"xR?".
Then, the transition map between two such charts associated respectively to x and & is of
the form

)

[1]x

(2,6 X,Y) = (2,¢,X,
where, viewing X, =, X , E as TOwWS,
} > _ X % /0 "
i, E=ae (3)= (U0 o) (B) a9
where X(z,§) = (X;;) with

oxy 0%*%, Oz,
Yij = — £ v 1.
J )\Z 6.%1 (9.Tj8.%',\ 85/15 ( 6)

MV

In other words, two decompositions! of a same vector of T(T*M) of the form
Z Xjf)xj + Ejaﬁj = Z Xkajk + §k6~k,
J k

are related by

~ 0Ty, ~ oxy 0%z, Oz, ox;
Xp=) ——X; = — £ X; —L=,.
P L g F Z 0%y, D01 OFp S | it Z oz,

J J AV J

Symplectic structure on 7% M. The cotangent bundle T* M is equipped with a natural
1-form (i.e. a section of T*(T*M)) called the Liouville form, which we denote by {dzx.
It is defined in local coordinates (x1,...,2Tn,&1,...,&,) as

Ede =y &d(wj o mren),
i

There 8, ; is a short hand for 0y ;0my.,, since, strictly speaking, the coordinates induced on 7™M by
those on M are (z10mr=a1,...,@n 0 Trear, &1, ..., &n)
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which one also writes usually (and below) as > ; &jdxj, but which is better understood
written as above to emphasize it is a section of 7% (7™ M) and not an element of 7*M. The
invariance of this definition follows from the fact that, given another coordinate system
(Z1,.. o Ens 1 ,fn) one has ) §dx; = kadka Equivalently, by using the notation
of the previous paragraph, this last equality can be written

Z §Xj = Z & Xk
j %

and follows from the transformations rules (1.2) and (1.5). One can then define the
symplectic form o as the exterior derivative of the Liouville form

d(¢dz) = Z dé; A dz;.

It is a 2-form on T* M (i.e. a section of A2T*(T*M)) which is closed. To see more explicitly
the action of o, we record that given X* € T*M and two vectors W, W' € Tx«(T*M),
which we write

W = ZXja.’L'j + Ejagj, = ZX]’BIJ + E;agj,

one has

- - X 0, —1In\ (X'

— —

One can also check directly that o is invariantly defined by > ; d&§; ANdz;, in the sense that
> j d¢j Ndxj =3, dgk A dZy. To prove this equality it suffices to observe that, if we set

5= ((gff 5) (ax%@T)’ 7= <(}: _(fn> (1.8)
the invariance is a consequence of the identity
STJS =,
(one says S is a symplectic matrix) which can be checked by hand by using the form of S,
in particular (1.6).
1.2 The Laplace-Beltrami operator

Everywhere in this course we consider a compact (connected) Riemannian manifold (M, g).
We recall that this means that at any point m € M the tangent space T,, M is equipped
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with a scalar product g(m) (also denoted by (:,-)4(m)) smoothly varying with m. More
explicitly, if K = (z1,...,2,) : U C M — V C R" is a local chart then

g(m) = Z gjk(v)dxjdxy,
k=1

where z = k(m) and (g;x(-)) is a matrix of smooth real valued functions on V' which is
positive definite at every point. At each point, this matrix is the Gram matrix of the scalar
product in the basis (811, ey 8%). In other words, if v =} v;0,, and w = ) w;0,, are
two vectors in T}, M, one has

VW) gmy = Y gik(@)vjw.
k=1

Exercise 1.1. If & = (Z1,...,%,) is another coordinates system in which

make sure you understand that, as a product of matrices,

(9/07)" (gj1(x)) (92/0%) = (35())- (1.9)
Here we use the notation (1.1).

We also introduce the standard notation

(" (x)) == (gju(x)) ™" (1.10)
which will be used further in the text. This inverse matrix is the matrix of the natural
scalar product on 75 M in the basis (dxy,...,dz,).

There is a natural measure associated to g, called the Riemannian measure, which
is locally of the form

dvoly = |g(x)|dxy - - - dzxp, l9(2)] := \/det(g;k(x)) (1.11)

in the sense that, whenever ¢ is a continuous function compactly supported in U,

| etmydvol, = [ (p)(@lg(a)ldz, (1.12)
M Vv

where we recall that x.@ = po r L

Exercise 1.2. Use the transformation rule (1.9) to check that (1.12) is independent of
the choice of the chart.
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The Laplace-Beltrami operator, or more simply the Laplacian, is a differential
operator of order 2 acting on functions on M and naturally associated to g. One can
define it as follows. For any smooth function ¢ on M and any m € M, the differential
of ¢ at m, dp(m), belongs to T, M, the dual to the tangent space T, M. Thanks to the
inner product g(m), dp(m) can be represented by a vector, denoted by Vgp(m), in the
sense that

dp(m) - v = (Vap(m), V) g(m) for all v e T, M,

the left hand side standing for dg(m)(v). The vector Vgop(m) € T, M is called the
gradient of ¢ at m.

Exercise 1.3. Check that, in local coordinates, if dp = Z Oz;pdx; then

Vo= YTk, it = S0l

where we recall that Oy ;p(w) is the usual short hand for O(ksp)/0x;.

Then, A, can be defined as the (unique) differential operator on M which satisfies

~ [ olm) @) midvol, = [ (Vpm). Vb m))gmycvoly (1.13)
M

for all ¢,vp € C*°(M). To justify this fact and see what this operator looks like, we work
in local coordinates and assume that at least one of the two functions ¢, is compactly
supported in U. Then, using Exercise 1.3,

/MWW() V() g(mydvoly = / kzgk )5 (Vgth)il(@)]dz
- / S 07 (@)(0s,0) (On )l (a) o
jk 1

Integrating by part, we find

| Voo, =~ [ > 54000, (o) )20, )
=~ [ e )3 100, (1o (@) o)

- / o (m) (Age)) (m)dvol,
M

provided we define Ayt by

o (850) = L lal)l 5 (9l @) () (1.14)

j.k J
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Exercise 1.4. Check directly that (1.14) is invariantly defined, namely if & : U—Vis
another chart, with components (:il, ... ,in), then

z Z|g 7102, (I9(2)|g7" (@)D (1)) = & Z\g )1 7105, (13(2)157" (2)95, (7))

for all ¥ supported in UNU.

Exercise 1.5. Check that in local coordinates, the Laplace-Beltrami operator also reads

Zgjk 2)02, 00, — 0" (@)l ()0, (1.15)

i7j7k

where F;k,(:v) are the Christoffel symbols of g given by
Z 9" (@) (00, 911(x) + Oy, 915 (2) — O, gje()). (1.16)
We next introduce the inner product on L?(M) = L?(M, dvol,),

CRTIVE /M 20y (m)dvol,.

The above integral has a clear sense say for ¢,v € C(M); the space L?(M) itself can be
defined as the closure of C'(M) (or even C°°(M)) for the L? norm. Then, it follows from
(1.13) that

(0 Agh)mr = (Bgp, ) for all ¢,y € C*(M). (1.17)

One says that A, is formally self-adjoint on C*(M). To justify the terminology, we
note that such a relation is the analogue of the fact that AX - Y = X - AY when A is a
real symmetric matrix of size N and X,Y € RY. This analogy goes further since, much
as symmetric matrices can be diagonalized in an orthonormal basis, we have the following
result.

Theorem 1.6. There exists an orthonormal basis (ej)jen of L?(M) composed of smooth
functions and a sequence (\;)jen of real numbers such that

D= <A< hm)\ = +o00, (118)
Jj—00
and
—Agej = Aje;.

The functions e; are called the eigenfunctions and the numbers \; the eigenvalues of
—A,. The sequence ()\;);en is called the spectrum. Let us point out that the eigenvalues
are counted according to their multiplicities; in other words,

mult(Ay) := #{j € N| \j = Ay} = dim Ker(-Ay; — AnI) > 1
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The multiplicity mult(Ay) is finite for each N (since A; — 0o as j — o0o) but it can grow
as N — oo. We also note in passing that A; = 0 has multiplicity 1 (hence the first strict
inequality in (1.18)) since

0= —/ e1(Ageq)dvoly = / ]Vgel\g(m)dvolg = Vger =0 = de; =0,
M M

which in turns implies that e; is constant since M is connected. However, we will not
use this information since the Shnirelman Theorem deals with eigenfunctions in the limit
j — oo.

The most simple illustration of Theorem 1.6 is given by the circle: identifying L?(T)
with L2(0,27), the functions e;() := €%/y/27 form an orthonormal basis of L?(T), by
the L? theory of Fourier series, and are eigenfunctions of the natural Laplacian on T, i.e.

—Wej =7 6]'.

The eigenvalues are j2 and have multiplicity 2 if j # 0, illustrating that multiplicities can
be larger than 1 (note however that the boundedness of the multiplicities is something
quite specific to one dimensional domains).

We won’t prove Theorem 1.6, mostly by lack of time but also since its proof is not
essential to understand the Shnirelman Theorem (for a proof see e.g. [6, Ch. 5, Sec. 1] or
[9, Th. 14.7]. See also [1]).

The spectrum and eigenfunctions of the Laplace-Beltrami operator are fundamental
objects but they are in general very hard (not to say impossible) to compute, up to some
very rare cases such as the torus T™ or the sphere S"”. The Shnirelman Theorem will
give an example of the kind of qualitative information on the eigenfunctions which can be
recovered from geometric properties of the manifold.

1.3 The geodesic flow

In this section, we recall the definition of the geodesic flow on (M, g), in particular its
Hamiltonian formulation on the cotangent bundle. We first recall briefly the Riemannian
formulation: for any m € M and v € T;, M, there exists a unique smooth curve v : R — M
which solves the differential equation

10)=m,  A(0)=v,  Dip(t) =0, (1.19)

where D )¥(t) is the covariant derivative of the vector field  along the curve . That v is
defined on R is non trivial (it solves a nonlinear ODE) but it follows from the compactness
of M (see your course or any textbook on Riemannian geometry). In local coordinates,
this equation reads

Bi(t) + Y T (()d;(t)dx(t) = 0, (1.20)
7,k
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where z(t) = k(y(t)). The geodesic flow (G!);cr on the tangent bundle is then the
family of maps G' : TM — TM associating to any element v € T, M the value at time ¢
of the solution to (1.20), that is

veT,M— ’)’(t) S Tv(t)Mv

ie. mrar(GH(v)) = y(t) and G*(v) = §(t) € Ty M.

A property of the equation (1.19) is that the Riemannian norm is preserved along the
flow, i.e. [[5(t)llgv(t)) = lIVllgem) for all t. This implies that one can restrict G* to the
unit sphere bundle SM (also denoted by UM) defined as the subset of vectors in T M
of norm 1.

In this course, we will adopt the Hamiltonian description of the geodesic flow, i.e. on
the cotangent bundle rather than on the tangent bundle. Both formulations are equivalent,
but the Hamiltonian point of view is more natural in our context. Let us recall some
definitions. The Hamiltonian associated to the metric g is the function

p:T"M — R
which is invariantly defined by the following formula in local coordinates

(up) (2, €) = Zg )€€k (1.21)

(we refer to (1.4) for the abuse of notation k,p). In other words, in each fiber of T*M, p is
the quadratic form arising from the natural scalar product induced by g(m). By looking
at the top order term in the expression of the Laplace-Beltrami operator in (1.15) (i.e. the
one with derivatives of higher order) and by replacing d,; by i{;, we recover (1.21). For
this reason, p is also called the principal symbol of (minus) the Laplacian?.

The differential dp is a 1-form on T*M and, using the symplectic form o on T* M, one
can identify dp with a vector field on T M, namely the unique vector field W), such that,

for all vector field W on T*M
o(W,W,) = dp- W, (1.22)

i.e. at each X* € T*M, ox+(W(X*), Wp(X*)) = dp(X*) - W(X™*). In local coordinates on
T*M, Wy is of the form

Wy = (95,0)0x; — (0u; )0, (1.23)
J
One can then consider the differential equation associated to this vector field
¥ =Wp(v), (1.24)

2we will not do any further use of the notion of principal symbol in these notes; we thus record this
terminology very briefly, mainly to help a reader who will find it in the literature
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whose solutions are curves t — ~v*(t) on T*M. More explicitly in local coordinates, if we
write (zf,..., 2L, &, ... &) the coordinates of v*(t), the equation (1.24) reads

n

] —229“6 k& == (0™l (1.25)

jk=1
Exercise 1.7. The two questions are independent.

1. Check that

d
- Zgﬂ’“ )Eigk | = 0. (1.26)
7,k=1

2. Recover the Riemannian formulation (1.20) from the Hamiltonian one (1.25).
Hints: use (and check) that il = 3> gjk(xh)EL and that, if G(z) = (g;1(x)), then
9z, (G(z)™) = —=G(2)1(9,G(2))G(z) . Recall also (1.10) and (1.16).

The geodesic flow on the cotangent bundle (®!);cR is the flow of the vector field
W, ie. given Xi € T*M, t — ®'(X}) is the solution to (1.24) such that v*(0) = X§.
That it is defined for all ¢ € R follows from (1.26), i.e. equivalently

pod =p, (1.27)

and from the fact that for any compact set K of R, p~1(K) is compact (the trajectory
t > ®'(X) is confined in the compact set p~!({p(X{)}) hence cannot blow up in finite
time). This last property follows from the compactness of M and the positive definiteness
of the matrix (¢/*(z)) in (1.21).

Exercise 1.8. Check the details.

The property (1.27) is called the conservation of the energy. It is nothing but the
Hamiltonian expression of the preservation of the Riemannian norm along the flow, as
mentionned previously. Much as G acts on the unit sphere bundle SM, ®' acts on the
unit cosphere bundle S*M which is defined as

S*M =p1(1).

That S*M is preserved by the flow is a direct consequence of (1.27).

We next recall the notion of ergodicity of the geodesic flow. One first needs to recall
that T* M is equipped with a natural measure |dzd¢| defined locally as dzy - - - dx,d€; - - - d&,.
The invariance of this definition follows from the fact that the transitions maps (1.3) on
T* M have their Jacobian equal to 1; indeed, if k : U — V and & : U — V are local charts
on M and a € C5°(T*M) such that a vanishes outside the intersection of coordinates
patches 77, (U N U), one has

/ /Van kxa)(z,&)dy - dfn—/ /VXRn fva)(Z,€)dEy - - - dEy,
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where we use the (abuse of) notation (1.4) for s, and &.. One then defines the com-
mon value of these integrals as [ a|dzd| and extends this definition to all functions in
C§°(T* M) by mean of a partition of unity on M.

There is then a natural measure on S*M called the Liouville measure® which we
denote by Ly or dL,. It is defined by mean of “polar coordinates” on T*M as follows.
The Liouville measure can be defined as the unique measure on S*M such that

/W‘”dmS = /OOO (/S*Ma(Pw)dLg(w)) " tdp, (1.28)

say for all a € C5°(T*M). We point out that the precise knowledge of the construction of
dL, is useless for our purposes (basically, it consists in introducing polar coordinates on
each cotangeant space as can be done on any Euclidean space). To see that it is unique,

and also to compute certain integrals, we essentially only need to observe that, for p > 0
and a € Cg°(T*M),

jp (/p<p2a|dazd§|> =p"! /S*Ma(pw)dLg(w)- (1.29)

Exercise 1.9. Prove formula (1.29) by cheking first that

/pgp2 aldzdg| = /0” pnt </5M a(uw)dLg(w)> dyi.

Hint: formally this is (1.28) with a replaced by alyy ,2)(p), but the latter is not smooth.
Justify the formula by approximating 1o ,21(p) by a family of smooth functions U((p—p?)/e)
with € — 0% and ¢ € C®°(R) equal to 1 on (—o0,0] and vanishing on [1,00).

We illustrate the interest of (1.29) with the following formula which will be useful in
the proof of the Shnirelman theorem (see (2.17) and (2.23)).

Proposition 1.10. Let f € C{°(R), v € C>*(M) and consider a = 1 x fop (ie.
a= (Yomppr)(fop)). Then

[ atpwydzy =nlg\f() [ wlmivol,
S*M M

where |B™| is the Lebesgue measure of the unit (Euclidean) ball on R™.

Proof. By using a partition of unity, we may assume that 1 is supported in a coordinate

patch. Then
/ aldwdé| = / / (k) (@) (€ - G2)E)dard
p<p? &G(z)E<p?

3this terminology is also used for the natural measure on SM but we will not use it in these notes
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where G(z) = (¢7F(z)). One can rewrite £ - G(x)¢ as |G(z)'/2€|? with G(z)'/? the unique
positive definite square root of G(x). Then, using the change of variable G(z)'/2¢ = ¢
whose Jacobian is det (G(:U)l/Q)*l, that is exactly |g(z)| (see (1.11)), we find

[ alirici = ( CI<pf<\<|2>d<> (f weoaataiae)

where the second factor in the right hand side is precisely | a Ydvolg. On the other hand,
we can easily differentiate the first factor with respect ot p by using polar coordinates on
R™ for it reads

p
/ f(rH)r"tdrdvolgn-1
0 Jsn-1

hence its derivative is p" 1 f(p?) times the the measure of S*~! which is exactly n|B"|
since |B"| = fol " [ou1 dvolga-1dr. O

A straightforward consequence of Proposition 1.10 is that the Liouville measure is
finite and more precisely that

Lg(S*M) = n|By |vol, (M).

It is also invariant by the geodesic flow ®, i.e. Ly(B) = L,(®'(B)) for every Borel
subset B C S*M and t € R (for completeness this fact is proved in Proposition 1.15).

Definition 1.11. The geodesic flow is ergodic if the Borel subsets of S*M which are
invariant by ® have either zero or full Liouville measure.

For a function a on T*M (resp. S*M), we denote by [a]r its time average along the
geodesic flow,

T
la]7(w) := ;/0 ao ®f(w)dt.

It is a function on T*M (resp. S*M ; note that the definition still makes sense since ®!
preserves S*M). For a function on S*M, we denote by

w5 .
Q= —- adL
]i*M Ly(S*M) Jgps 7

the (phase space) average of a over S*M.
A consequence of the ergodicity is the following famous result.

Theorem 1.12 (Birkhoff’s Ergodic Theorem). Let a € C*°(S*M). For L4 almost every
w € S*M, [a]r(w) has a limit a*(w) as T — +oo. If in addition the geodesic flow is
ergodic, then for Ly almost every w, one has

ay(w) = ]{W a.
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We leave as an exercise for the reader to check that the above theorem implies the
following result.

Corollary 1.13. If (®'),cr is ergodic, then for every a € C*(S*M,R) one has

/S*M (MT B ][S*M a>2 ALy =0, T oo (1.30)

Notice that a direct proof of Corollary 1.13 (i.e. without using Theorem 1.12) is given
in Zworski’s book [9].

Remark. As far as the Shnirelman Theorem is concerned, one could consider directly
(1.30) as an assumption (instead of the ergodicity), since this is this property which will
be used in the proof (see page 36). The course by J.-P. Otal and the Birkoff Ergodic
Theorem show you that manifolds with an ergodic geodesic flow (e.g. compact quotients
of the hyperbolic plane) satisfy this property.

Exercise 1.14 (The Poisson bracket and its invariance by the geodesic flow). Given two
functions a,b € C>°(T*M) one defines their Poisson bracket by

{a,b} := o (W4, W) (1.31)

(see (1.7) and (1.23)) that is, in local coordinates,

"\ da Ob da 0b
{a b} = ———— — ——. (1.32)
; 8@ al'j 856]' 8@

It is a function on T*M. The purpose of this exercise is to show that
{ao®' bod") ={a,b}od (1.33)

for allt € R (recall that the flow is complete by compactness of M ). In Questions 1 and 2
below, we choose local coordinates and use the same notation for the Hamiltonian vector
field or the geodesic flow and their components in local coordinates, namely

WP = (8§1p7 sy aﬁnpa _axlpv sy _axnp)T

for the (components of the) Hamiltonian vector field and

o = (2f, ... 2l et )T
for the (components of the) geodesic flow.
1. Check that JdAW, +dW]J =0 (see (1.8) for J).
2. Check that

d t t _
o ((d@")T J(d@")) = 0.
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3. Check that for all X* € T*M, W,W' € Tx«(T*M) and t € R,
TPt (x*) (d@fX*W, dCDTX*W’) = ox«(W,W").
Remark: one says that the symplectic form is invariant by the flow, or that ®¢ is
symplectic.
4. Prove (1.33) by using Question 3.

Proposition 1.15 (Measure preserving properties of the geodesic flow). For all t € R
and all functions a € Cg°(T*M), b € C*(S*M),

/ ao ®'|dxdé| = / a|dzdg| (1.34)
*M T*M

and

/ bo @' dLg—/ b dLy. (1.35)
S*M S*M

Furthermore, for any Borel subset B C S*M, Ly(®'(B)) = Ly(B).

Proof. We prove first (1.34). Since the equality is true for ¢ = 0 and R is connected, it
suffices to check that the left hand side is locally constant in ¢. By the group property of the
flow, it then suffices to show that for any a € C§°(T* M) there exists to > 0 such that (1.34)
holds for |t| < tg. By using a partition of unity on M, we may assume that a is supported
in W;*IM (K) for some compact subset K of an open coordinate patch U. By compactness
of supp(a) and continuity of the flow, there exists to > 0 such that ®*(supp(a)) is contained
in 7.4, (U) for |t| < to. The interest of this reduction is that we can compute everything
in single patch which we do now. As in Exercise 1.14, we keep the notation ® for its
expression in local coordinates. Then using that %detMt = detM; tr (Mt_lMt) whenever
M, is an invertible matrix depending smoothly on ¢, we find

d
%det(dq)t) = det(d®") tr((d®") "' dW,g:dD").

On the other hand, using that*

9%p 9%p
de _ ( 0x;08; 0E;0¢; >

N 0%p . 9%p
Ox;0x; 0€;0x;

we have tr(dWW,) = 0 hence %det(d@t) = 0. Since d®° = I, the determinant is equal to 1
and we get (1.34) by the change of variable (2, ¢') = ®!(z, €).
We can now prove (1.35). We start by observing that (1.34) implies that for any p

/ ao ®|dxdé| = / a|dzdg].
p~1([0,0%]) p~1([0,0%])

4; labels the rows and j the columns
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This follows as Exercise 1.9 together with the observation that p~1([0, p?]) is invariant by
®!, which follows from (1.27). Then, by differentiating the above identity at p = 1 and
using (1.29), we get (1.35) when b = ag«);. Since any smooth function on S*M can be
written as such a restriction, we have proved (1.35). Finally, the invariance L,(®'(B)) =
Ly(B) is exactly (1.35) with, formally, b = 1. This can be justified using standard
arguments, by approximating 1 in L'(S*M, dLg4) by a sequence of smooth functions (in
local coordinates dLg is the Lebesgue measure multiplied by a positive smooth function).
O

Exercise 1.16. For a function a € C*(T*M) and p > 0, we denote by a, the function
on S*M defined by a,(w) = a(pw).
1. Check that for all p >0, w e S*M andt € R
@ (pw) = p@(w).
2. Show that for all a € C§°(T*M), w € S*M and p > 0,
[ap]r(w) = [a]7),(pw),

and thus that, if the geodesic flow is ergodic, for all p > 0 and almost every w € S*M
one has

[a]T(pw) — ap, T — +oo0.
S* M
1.4 Statement of the theorem
Definition 1.17. A subset S of N is of density 1 if

Dn(S) := %#Sﬂ [1,N] — 1, N — oo,

or equivalently® if
liminf Dy (S) = 1.
N—o00

In the sequel, we let

][ b= VOI / Wh(m)dvoly,

be the (space) average of a (continuous) function ¢ on M.

®the equivalence following from the obvious fact that D (S) < 1 hence so does its lim sup
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Theorem 1.18 (Shnirelman’s theorem). Assume that the geodesic flow on M s ergodic.
Let (ej)jen be an orthonormal basis of eigenfunctions of Ay. Then there exists S C N of
density 1 such that, for ally € C(M),

(ej,vej) m —>][ W as j — oo in S. (1.36)
M
This result can be rephrased as the following weak convergence of probability measures
1
lej(m)|*dvol, — deolg, as j — oo in S.

One says loosely that ”almost all eigenfunctions are equidistributed” over the manifold,
“almost” refering to the fact that j runs over a set of density 1 and ”equidistributed”
refering to the fact that the limit is the uniform measure on M.

Some references: Theorem 1.18 first appeared in the paper [4] of Shnirelman. Complete
proofs were given later by Zelditch [8] and Colin de Verdiere [2] (we do not comment on
other forms of this theorem for manifolds with boundary or toral automorphisms). Since
then, it has attracted a lot of activity, particularly around the question of Unique Quantum
Ergodicity, i.e. whether or not one can take S = N. This was answered positively in the
special case of quotients of the hyperbolic plane (and for a special type of eigenfunctions)
by Lindenstrauss [5] but remains open for manifolds with variable (negative) curvature.
The proof of Theorem 1.18 displayed in the next chapter follows closely the presentation of
Zworski’s book [9] (up to the fact that we try to use a fairly elementary pseudo-differential
calculus rather than the complete theory developed in [9]).

In the rest of this section, we give a brief description of the quantum mechanical
interpretation of Shnirelman’s theorem, to justify in particular the name of quantum
chaos.

We present first some elementary facts on classical vs quantum mechanics. To keep
the discussion at a reasonable length and since we don’t assume any prior knowledge of
the reader on quantum mechanics, we will be fairly sketchy and only stress on the main
elementary aspects illustrating our purpose.

Let us start with a well known example of classical mechanics, the harmonic oscillator,
that is a particle of mass m connected to a spring moving (horizontally) along an axis.
Its motion is governed by Newton’s law (mass x acceleration = sum of forces), i.e. the
ordinary differential equation

mi = —kx, (1.37)

where x = x(t) € R is the position on the axis of the particle at time ¢. This system can
be described equivalently by its Hamiltonian, or total energy, namely the function

1 k
Hoy(z,§) = %52 + 5552
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from which the following (system of) first order differential equation(s)
0H,

S : _
o€ (@8 =2 =—7 (@8 = ke (1.38)

O,

T —

allows clearly to recover (1.37). The solutions to this autonomous system are given by a
one parameter group of diffeomorphisms (®!);cr, called the (classical) flow and defined
by ®!(z0,&) = (z(t),&(t)) if (x(t),£(t)) is the solution to (1.38) at time ¢ satisfying
(2(0),£(0)) = (x0, o)-

Exercise 1.19. Compute explicitly ®F.

Let us note that the first equation in (1.38) yields £ = ma so that £ can be interpreted
as the momentum of the particle and the first term of the Hamiltonian as its kinetic
energy. The second term is the potential energy and the associated force —kx is minus
its derivative with respect to = (one says the force derives from the potential kx?/2). As
is well known, the total energy of the particule is constant (in time): if (x(¢),&(¢)) is a
solution to the above system, then

= 0. (1.39)

In other words, H, = H, o ®!, i.e. the Hamiltonian is invariant by the flow.

The above properties of the harmonic oscillator remain valid for any smooth function
H : R" x R" — R, or more generally H : T*M — R. In this context, R™ x R" or T*M
are called the classical phase space. The associated Hamilton motion equations are the
system of 2n equations

OH : OH

w.:i(xag)v &Z_aim(

a€ x,§), (1.40)

generating a one parameter group of diffeomorphisms under which H is invariant. A special
case of interest is when H = p (see (1.21)), in which case the Hamiltonian trajectories
are geodesics (compare (1.40) and the vector field (1.23)). For this reason, we will see
the geodesic flow as an object of classical mechanics and sometimes rephrase some of its
mathematical properties in physical terms; for instance, the preservation of the cosphere
bundle by the geodesic flow is exactly the conservation of the energy.

Classical mechanics allows to describe the dynamics of systems at macroscopic scales.
At microscopic (i.e. atomistic or molecular) scales, one has to use a quantum mechanical
description by mean of wave functions. This means that a quantum particle moving in
the Euclidean space® R” is no longer described by 2n coordinates (position + speed (or
momentum)) but by a function 1 € L?*(R"), so called state or wave function, which
is normalized by |[¢||;2 = 1. Information on the particle are recovered from 1 in a

Sfor simplicity, but one can also consider a n dimensional manifold
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probabilistic fashion: for instance, the probability of the particle to be in a (Borel) set
B C R" is given by

Plparticle € 5) = | (o) de = (0. 159 1o

where 1p is the characteristic function of B and (.,.)r2gn) the L? inner product. The
quantum Hamiltonians are defined by self-adjoint operators on L?(R™). A typical example
is the one of Schrodinger operators

. K2

H:=—A+V(x

2m ( )7

where m is the mass of the particle, 7 is the Planck constant, A is the usual Laplacian and
V a real valued function acting on L?(R") (or a subspace of L?(R")) as a multiplication
operator. For instance, if one considers V(z) = —K/|z| in R? then, with appropriate
physical constants, H gives a good description of the hydrogen atom (i.e. an electron
moving around a proton) in the sense that the operator H has a sequence of negative
eigenvalues” proportional to —1/n% n € N (see [7]), which fit the energy levels that
are observed experimentaly. We note that the corresponding hamiltonian in classical

mechanics describing the motion of a light body around a heavy one (e.g. a satellite

around the earth) would be the fun ction % — % Naively, this is very similar to an
electron moving around a proton but, at microscopic scales, quantum Hamiltonians give
a better description than classical ones.

The relation between classical and quantum Hamiltonians is given by a quantization
procedure: in the present context, the quantum Hamiltonian H is constructed from the
classical Hamiltonian H(z,§) := % + V(x) by replacing the momentum variables &; by

the differentiation operators hd,, /i, that is formally
H = H(z,—ihV).

The quantization is the mapping H — H, which goes from the set (or a subset) of functions
on the classical phase space T*R" to a set of operators on L?(R"™).

From the dynamical (i.e. time dependent) point of view, the evolution of a quantum
particle in the initial state ¢ is described by the Schrédinger equation

iho, U = HU, Ut =0,z) = p(z),

which is linear PDE. At least formally, viewing H as continuous operator on L? (this is
not the case; the Laplacian forces H to be defined on a subspace of L?), the solution is
given by )

U(t,x) = (e /M) (x)

there is also a (continuous) spectrum on [0, +00) which corresponds to “scattering states” but we will
not discuss it in this short description
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that is by mean of the family of operators (e_itH / f”) which forms a group. We do not

teR
enter here into the detailed definition of such a group (see Section 2.2 when H = Ag) but
rather point out the analogy with classical mechanics, in particular with the geodesic flow,
where the dynamics is also described by mean of a one parameter group.

We now discuss the role of the Planck constant which has so far only played the role
of a physical backing. Physically, it is a very small constant which shows up only at the
quantum level. From a theoretical point of view, we can extrapolate the smallness of &
by letting it go to zero; it turns out that this allows to describe the transition between
quantum and classical mechanics. This is called the semiclassical limit. In some sense,
as h — 0, the equations of quantum mechanics converge to their classical counterparts.
From a purely mathematical point of view, many equations involving a small parameter
can be seen as quantum mechanical ones, the small parameter being interpreted as a
Planck constant. For instance, in the study of large eigenvalues of the Laplace-Beltrami
operator, we can rewrite

2
—AgeN = /\NeN = —hNAgeN =en

and interpret hy := /\]_Vl/ ? as a Planck constant (it goes to 0 as N — oo). We will see
in the next chapter to which extent the Schrodinger group associated to the Laplace-
Beltrami operator eithiy Ag/hy converges to the geodesic flow (see the Egorov Theorem
inside Theorem 2.6). This is a purely mathematical fact, but it is of course reminiscent of
the above statement on the convergence of quantum to classical mechanics as A — 0.
Given this rough description of classical and quantum mechanics, one can summarize
what quantum chaos is. It consists in the study of “quantum systems”, e.g. the eigenfunc-
tions of the Laplace Beltrami operator on a manifold, whose dynamics of the “classical
background”, e.g. the geodesic flow on the cotangent bundle, is chaotic, i.e. ergodic. Note
that this is not limited to Riemannian manifolds; other models exhibit similar features
(certain bounded domains of R"™, toral automorphisms, quantized baker’s map,...).
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Chapter 2

Proof of the Shnirelman theorem

In this chapter, we show how to get the Shnirelman theorem from the existence of a
quantization on M.
2.1 Sets of density one

Proposition 2.1. Let (u;);>1 be a sequence of complex numbers such that
| N
NZ‘W‘_}O as N — oc.
j=1

Then there exists a set S of density 1 such that
uj — 0 as j — oo, jE€S.
To prove this proposition, we will use the following lemma.
Lemma 2.2. 1. A finite intersection of sets of density 1 has density 1.

2. If (Sk)k>1 is a nonincreasing' sequence of sets and (Ny)r>1 an increasing sequence
of N such that

1
Dn(Sk) 21— e N = Ny, (2.1)

then one can find a set S of density 1 such that

S N [Nk, +o00) C Sy, for all k > 2. (2.2)

3. If (Sk)k>1 is a nonincreasing of sets of density 1, one can find an increasing sequence
(Nk)k>1 such that (2.2) holds.

'Sk+1 C Sk

27
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Proof of Lemma 2.2. 1. By induction, the proof is reduced to the case of two sets S, So
of density 1. Using that S; C (51 N S2) USS, one has
SiN[1,N]C ((S1NS2)N[1,N]) U (S5sN[1,N]).
By taking the cardinal and dividing by N, we obtain
Dn(S1) < Dn(S1 N S2) +1— Dpn(S2).

This shows that Dy (S1 N Sy) > Dy (S1) + Dn(S2) — 1 which yields the result by taking
the liminf.
2. Observe that the intervals [V, Ny+1) NN form a partition of [N, 00) N N. Define

S:=J S N[N, Niga).
=1

The fact that S; C Sy for | > k implies that S N [Ny, +00) C Sk. To see that S has
density 1, we note first that for any integer N > Nj there is a unique & = k(V) such
that N € [Ny, Nky1). Since Ny is increasing, k() is non decreasing. It is also clearly
unbounded so k(N) — oo as N — oo. Observing finally that

Skvy N [N1, N = Sivy N [N1, N2) U=+ - U Sivy N [Ny, V]
is contained in S N [N, N] (since Si is nonincreasing), we see that

_ #SN[1,N] S #S N[Ny, N| S #Sk(N)ﬂ[Nl,N]
N N = N = N

Ny

> Dn(Skvy) — N

Dy (S)

whose right hand side goes to 1 as N — oo by (2.1).
3. It suffices to choose the sequence (Nj)r>1 as an increasing sequence such that (2.1)
holds and then to use the item 2. O

The last lemma and its proof are essentially taken from [3].

Proof of Proposition 2.1. For all £ > 1, we can find N, > 1 such that

1 & 1
— | < — N > Ng.
N2l < e V2

By the Tchebychev inequality, we then have for all N > N,

1 N

<7< > — < —
#{1<isNillz o)< g

and thus by taking the complement, we have

1 1
# <7< . R > - .
{1—‘7—N|’“J’<2k}—N<l 2k>
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Setting

1
=497 >1 ; —
Si={i =11l < 5}

the above inequality says precisely that
1
Dn(Si) >1— o N > N,

and we can assume that the sequence (Nj) is increasing (otherwise, it suffices to replace
Ni by max(Ny,...,Ni)+ 1). We next choose S of density 1 according to the item 2 of
Lemma 2.2 and it remains to see that u; — 0 as j — oo in S. Indeed, since S N [Ny, 00)
is contained in S we have

li luj] < L
imsup |uj| < —.
jES
This is true for all k so we get the result. O

Another application of Lemma 2.2 is that Theorem 1.18 is a consequence of the fol-
lowing one.

Theorem 2.3. For all ) € C°°(M) there exists Sy, of density 1 such that (1.36) holds.
Lemma 2.4. There is a countable subset of C°°(M) which is dense in C'(M).

Proof. Pick a partition of unity El]\i 1%i = 1 on M with functions supported in coordi-
nates patches. We let k; be the corresponding diffeomorphisms. Each space C'(supp(;))
is separable since, by the Stone-Weierstrass Theorem, polynomials with rational coeffi-
cients are dense in C (IQZ' (supp(goi))), the space of continuous functions on the compact set
Ki (supp(goi)) (if you are not familiar with this result prove it as an exercise). The result
follows. O

Proof that Theorem 2.3 = Theorem 1.18. By Lemma 2.4, we pick first a countable
family (17);>1 of C°°(M) which is dense in C(M). For each v, Theorem 2.3 allows to
choose a subset Sy, of density 1 such that (1.36) holds for ;. We define

k
Sk = ("] Su

=1

which is a nonincreasing sequence of subsets of density 1 by the item 1 of Lemma 2.2. We
next choose S as in the item 3 of the same lemma. Then, for all [ > 1, we have

(ej, iej)m — ][wl as j — oo in S,
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since, for j large enough, j belongs to S; (by (2.2)) hence to Sy,. Then, for any ¢ € C(M)
and any € > 0 we can find [ such that |[¢) — ¥||cc < €. Thus, for all j > 1,

+][M\¢—¢l\

IN

(ej, (¥ — r)ej) | +

(ej, Vej)m — ][M X‘ (ej,viej)m — ][M b

< e+ + ¢,

(ej, ey — ][M (0

where the estimate of the first term of the right hand side uses that |[e;||z2(pr) = 1. Using
next that, for all j large enough in S, the second term in the right hand side is smaller
than €, we get the result. O

The above proof reduces Theorem 1.18 to Theorem 2.3. The proof of Theorem 2.3
rests on the construction of a quantization as we will see below.

2.2 Functional calculus

In this section, we introduce the functional calculus associated to A,. It will play an
important role in the properties of the quantization displayed in Theorem 2.6 (Section
2.3).

Let us denote by B(R) the algebra of bounded Borel functions on R (actually, piecewise
continuous will be sufficient here). For any f € B(R) and any ¢ € L?(M), which can be
uniquely written as

p=> cej = (e, 0,
jeN

with convergence in L%(M), we set

F(=Dg)p =" f(N\)cje;. (2.3)

jeN
This defines an element in L?(M) since it is a sum of orthogonal terms such that

SO <sup [F2D7 e = (sup |F1) (|l 324 < 00 (2.4)
R
J J

It is clear that the map ¢ — f(—A,)y is linear on L2(M). It is also continuous since, by
(2.4),

F (=Bl < sup [f1, (2.5)

where L.(L?) denotes the algebra of bounded (i.e. continuous) linear operators on L?(M)
and | - |[£.(z2) is the usual operator norm.
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Proposition 2.5. The map
B(R) 3 [ = f(=Ay) € L(L?) (2.6)
18 a continuous morphism of algebras. In particular

fl(_Ag)fQ(_Ag) = (flfQ)(_Ag)7

for all f1, fo € B(R). Furthermore,
F(=8g)" = F(=A,),
for all f € B(R). In particular, if f is real valued then f(—Ay) is selfadjoint. Finally
F20 = f(-A) >0 (2.7
Proof. Left to the reader as an exercise. O

The morphism (2.6) is usually called the functional calculus of the Laplacian. The
operators of the form f(—A,) are called functions of the Laplacian.

Let us comment more specifically on the functions of the Laplacian we shall use to
prove the Shnirelman Theorem. We will consider the Schrédinger group which is the
family of operators defined as

eiTAg _

= fr(=4y) with  fr(\) := e 1T,

It follows from Proposition 2.5 that the family (e729) g is a unitary group on L?(M) in

the sense that

(eiTAg)* — e*iTAg7 eiOAg =1, eiTlAgeiTzAg — 61(T1+7—2)Ag.

The terminology comes from the fact that €729 solves the Schrodinger equation. We

record here an elementary aspect of this fact (which is the only one we will use in this
course): given an eigenfunction e;, the function p(7,m) = (e™9¢;)(m) solves

187'90 + Ag‘p = 07 Plr=0 = €5, (28)

which is a trivial consequence of the fact that ¢ = e~17% ej and Age; = —Aje;.

We will see (and use) below that there is a deep connection between the geodesic flow
and the Schrodinger group.

Other useful functions of the Laplacian are the semiclassical spectral localizations
which are of the form f(—h?A,) with f compactly supported and h a (small) parameter
in (0, 1]. For instance, if f = 1o 1), the operator 11[071](—h2Ag) is an orthogonal projector,
since

]1[0,1}(—h2Ag) = ]1[0,1](—h2Ag)*, ]1[0,1](—h2Ag)2 = ]1[0,1](—h2Ag)
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by Proposition 2.5. An important observation is that this operator is a finite rank operator
since it is given by

Lo 1) (=h*Ag)p = Z (ej, o) mej,
Aje[o,h—Q}

where the sum contains finitely many terms since A\; — +oo. As a finite rank operator,
one can compute its trace and one finds

tr(Lp(=h*Ag)) = > 1 (2.9)

A;€[0,h2]
= #{jeN| ) €0,n?}. (2.10)

We will see in the next section the interest of this observation. We note here that the
number (2.10) can be written as the trace of a function of h2A, which is very important:
it turns out that one can give non trivial information on functions of h?A but getting
relevant properties on other projections, e.g. on individual eigenfunctions, is very hard
(not to say impossible). Actually, analyzing the orthogonal projection ]1[071](—h2Ag) is
not so easy but we will see that we can get more easily information from f(—h2?A,) with
f € CP(R) and this will be sufficient.

2.3 Main proof

In this section, we prove Theorem 2.3 by using as a black box the following theorem on a
the existence of quantization that will be investigated further on in text.

Theorem 2.6 (Existence of a quantization). One can find a quantization, namely a family
of linear maps
Opp : C(T*M) — Lo(L*(M))

indexed by h € (0,1] and satisfying the following properties
e Uniform L? bounds: for all a € C§°(T*M), there exists C > 0 such that
Opr(a)llz 2y < C (2.11)
for all h € (0,1].
e Symbolic calculus: for all a,b € C3°(T*M) there exists C > 0 such that
[10pn(@)Op(b) — Opn(ab)] | 2 < Ch (2.12)
and
||Opr(a)” = Opn(@) ||, 12y < Ch (2.13)

for all h € (0,1].
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e Egorov Theorem: for all T > 0 and all a € C(T*M), there exists C > 0 such
that

< Ch, (2.14)

He—ithAgOph(a)eithAg — Opu(ao q)t)’

L(L?)
for all h € (0,1] and t € [-T,T]. Recall that (®')cr is the geodesic flow on T*M.

e Approximate functional calculus: for all f € C§°(R) and allp € C*°(M) there
exists C' > 0 such that

wa(_thg) - Oph (wf Op) ‘ ‘»Cc(L2) < Ch (215)
for all h € (0,1]. Recall that p is the principal symbol of the Laplacian (see (1.21)).
e Local Weyl’s law: for all a € Cg°(T*M) and all E; < E»,

(2mh)" Z (ej, Opn(a)e;)nr — / al|dxd€|, h—0. (2.16)
E1<h?)\;<E; p~H([E1,E2))

The proof of this theorem will be splitted into separate propositions or theorems which
will be proved in the next chapters. For the convenience of the reader, we record in the
next table the localization of the proofs of the different items.

Parts of the proof of Theorem 2.6

Item (2.11) (2.12) (2.13) (2.14) (2.15) (2.16)
Proof | Prop 3.15 | Prop 3.17 | Prop 3.18 | Sec. 3.3 | Chap. 5 | Thm 4.18

In the rest of the present section, we use Theorem 2.6 to prove the Shnirelman Theorem,
more precisely Theorem 2.3.

Let us pick ¢ € C*°(M). We wish to show that (e;,ve;)nr — f,, ¥ along a subset of
density 1. Using that ||e;|[z2(as) = 1, we have

wa = <][M ¢> (ej,ej)m = (ej, (][M V)es) i

so up to the replacement of ¥ by 1 — fM 1), we may assume that

][M Y =0. (2.17)

Under this assumption and according to Proposition 2.1, it then suffices to prove that

N

1

NZ‘<ej,wej)M|2—>O, N — oo. (2.18)
j=1
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Summing from j = 1 to N, namely over the eigenvalues A, ..., Ay is not easy; it is more
convenient to sum over all eigenvalues A; such that Ay < A; < Ay, that is to possibly
consider additional terms An41,... which are equal to Ay. Therefore, we introduce

h;VQ = AN
and define
Nay = #{5 | \j < Av} = #{7 | h3A; € [0,1]}.
We will see that we can replace the proof of (2.18) by the proof of
1 2
N Z [(ej, veshm|” — 0, hn — 0. (2.19)
N p2a<1

The interest is that we will be able to study this sum by mean of the local Weyl law (with
E; =0 and F3 = 1). This reduction follows from Theorem 2.7 and Proposition 2.8 below.

Theorem 2.7 (Weyl’s law). Let E1 < E3 be real numbers and for h € (0,1] set
Ni(E1, Ep) = #{j | h®); € [E1, B}
Then

(27h)" Ny (B4, By) — / dzde],  h— 0. (2.20)
p([E1,E2])

In particular, we have
Npy ~ (QWhN)_”/ |dxdE], (2.21)
p~1([0,1])
and
{7 125 =An} = o(hy"). (2.22)

Proof. This is essentially a consequence of the local Weyl law (2.16). Let f € C5°(R) be
equal to one on [Ej, Es]. Then

Nu(Bv, Bp) = > L= > Alehedu
{] | h2)‘jE[E17E2]} h2)\jE[E17E2]
= ) e fF(=RA)e)ur
h2/\j€[E1,E2]
= > (lej, Opn(f o p)esyu + O(h))
hQAjE[El,EQ]

using (2.15). Therefore, using that the sum contains Ny (E, E2) terms, we get

(1+O(m)Nu(Br, E2) = > {ej,Opn(f o p)eshu.

h? )\]‘ S [El ,EQ}
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Multiplying this identity by (27h)™ and letting h go to zero, we get (2.20) from (2.16) with
a = fop (note that fop =1 on p~([Ey, E2])). Then (2.21) (resp. (2.22)) is a special
case obtained by considering h = hyy and Fy =0, E2 = 1 (resp. E3 = E5 = 1). For (2.22),
we use additionally that p~*({1}) has zero measure on T*M. O

Proposition 2.8. Let (b;);j>1 be a bounded sequence. Then
S ohl-(— 3 b5]o0 Now
5 Np,
<JSN N X< <N
Proof. Let us observe first that N < N}, and that, according to (2.22),
=#{j | X <An}+o(hy") <N +o(hy")
so that Ny, — N = o(hy"). In particular

ij— Zb_NhNi— > bl =0, N-owx

1<j<N N 1<j<N 1<]<N

since the bracket in the right hand side is bounded while N}]L\J,\”:N goes to zero by (2.21)
N
and the fact that Ny, — N = o(hy"). On the other hand

1 1
: — > b - o >y <T bj| — 0, N = o,
N 1<j<N . Alg)\jﬁ)\]\] )\' AN
by (2.21) and (2.22). This completes the proof. O

Proof of Theorem 2.3. Let f € C§°(R) be equal to 1 on [0,1]. Using that, if A; < Ay,
f(—h%\,Ag)ej = e; and (2.15), we have

2
-~ Z ejvwej ~ Z 6]7@}”\; €j>M| +O(hN)7
Niy Aj<AN hv N <
with
a=vfop.

Note that, by Proposition 1.10 and (2.17), we have for all p > 0,

/ a(pw)dLg(w) = 0. (2.23)
S*M

Using next that elth®oe; = e~1thAs

(ej, Opny(a)ej) s = ("™ %9¢e; Oppy (a)e"™Bae;)
— <€j, e—ithNAg Q)hN (a)eithNAg 6J>M

ej, we have
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By fixing 7' > 0 and taking the mean in time, (2.14) implies that
(e, Opny (a)ej) v = {ej, Opny ([alT)ej)m + Or(hn),

where Or(hy) is a quantity bounded (in modulus) by Chy, for some constant independent
of j (such that A\; < Ayx) but possibly depending on 7. Using that each e; is normalized
in L2(M), we get from (2.11), (2.12), (2.13) and the Cauchy Schwartz inequality

[{ej: Opny (@)esynrl® < [|Opny ([alT)esl T2 ary + Or(hn)
< {ej Opny ([alr[*)ej)ar + Or ().
Note that to get the second line, we have used
10phy ([alr)e;172ar) = (e, Opn,, ([alr) " Opny (lalr)ej)ar-
Thus, using the local Weyl law,
) 1
timsup ( —— 37 [(ejveul* | <€ / [a)[2|dade]. (2.24)
N—00 BN ey p=1((0,1))

Since T' is arbitrary, we can let it go to infinity so that the right hand side goes to zero by
Corollary 1.13, Exercise 1.16 and (2.23). This proves (2.19) and thus completes the proof.
O



Chapter 3

Quantization

3.1 Elementary pseudo-differential calculus

The prototype of operators on R™ for the quantization we wish to construct is given by
pseudo-differential operators.

Definition 3.1. For a € C§°(R?") and h € (0,1], the pseudo-differential operator
oppla] is defined by

n

opplalu(x) = (27r)”/ eix'ga(x,hf)ﬂ(f)dﬁ, (3.1)

for alluw € C§°(R™). Here 4(£) = [pn eV u(y)dy is the Fourier transform of u.

One has to think of R?® as T*R"™. In this definition, we consider only symbols a in
C§°(R?") to avoid technical discussions which can be (mostly) avoided in this course. How-
ever (3.1) makes sense on much larger classes of symbols (see Chapter 5 for an example).
In particular, if we take a = 1, the Fourier inversion formula yields

opp[l] = 1.
This formula justifies the normalization factor (27)~" in (3.1).

A simple application of the Fubini Theorem and the change of variable £ — £/h show
that

opilalute) = 2m)" [ [ o neuty)ayde
= [ (@ [ et era gac ) i
In other words, opy[a] is an operator with an integral kernel, i.e.

opplaju(z) = /Kh(x,y)u(y)dy
37
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with
Kn(a,y) = 2eh) " [ &0 elha(a, e (3.2)

This suggests to introduce the following more general definition.

Definition 3.2. For A € Cp°(R3™) with compact support in & (i.e. supp(A) C R" x R" x
B(0, R) for some R > 0), we let OP},(A) be the operator with integral kernel

Kap(e.y) == (2nh) " / SV Ay €)dE. (3.3)

Recall that Cp°(R3") is the space of smooth functions on R3" which are bounded
together with all their derivatives.

Remark. It is trivial but important to observe that

OP;,(A) = opp|al, if  A(x,y,€) = a(z,€) with a € C°(R™). (3.4)

To see that such operators are well defined on L?, we will use the following lemma.

Lemma 3.3 (Fast decay of the Fourier transform). Let A € Cg°(R3") be compactly sup-
ported in £. Denote by A be the Fourier transform of A with respect to &, i.e.

Az, y,2) = /eiﬁ'ZA(x,y,g)dg.
Then, for all N > 0 there exists C' > 0 such that
Az, y,2)| < C(1+ 27N,

for all x,y,z € R™. In particular

N —x
KA,h(wvy) = (27Th)7nA <§U,y, Y h ) ’

. Ty
decays fast with respect to =3~.

Proof. The main observation is that
|Z|2e—i§~z — _Age—i&z

so that, by iteration, (1 + |z|?)Ne ™% = (1 — A¢)Ne™ %, Then, by integration by part

(1422 Y Ay, 2) = / e (1— AV A, . €)de.
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Therefore, assuming that A (hence (1 — Ag)N A) is supported in R?" x B(0, R) we obtain
(1+ [z Y] A(z,y,2)| < [[(1 = Ag)N Al[ oo (asny | B(0, R))| (3.5)

whose right hand side is a constant independent of x, vy, z. This shows that |fl(:1:, y,2)| <
C(1+ |2|?)~" which implies the result since (1 + |z|?)™' < 2(1 + |z])~%. O

Remark. If A depends on a parameter but is uniformly compactly supported in ¢ and
has uniformly bounded derivatives, it follows from (3.5) that the constant C' in Lemma
3.3 can be chosen independent of the parameter.

It follows from Lemma 3.3 that, for all u € L?(R"),

OP,(A)u(z) = /KA,h(%y)U(?/)d%

is a well defined continuous function on R} (here K4, is defined by (3.3)).

Exercise 3.4. Check this ! Check also that, for all a € C§°(R*"), opyla] maps L*(R™)
into C§°(R™).

Not only OP,(A)u is continuous (hence measurable) whenever u belongs to L%, but we
will see that it also belongs to L2, making OP,(A) a linear map on L?. Furthermore this
map is continuous. This is a consequence of the following proposition.

Proposition 3.5 (Uniform L? boundedness). For a given A € Cg°(R3™) with compact
support in &, there exists C > 0 such that

||OP(A)u|| 2 < CllullL2,
for allu € L? and h € (0,1].

Note that this proposition provides the estimate
|OP(A)[ 2 p2 < €,

which is uniform in h € (0, 1]. It rests on the following elementary result.

Lemma 3.6 (Schur test). Let K be a measurable function on R*" such that

C) := sup /\K(x,y)|dy < 00, Cy := sup /|K(:c,y)|d:c < 0. (3.6)
zeR? yeR™

Then the operator IC with the integral kernel K satisfies

1Kl 1222 < /C1Co (3.7)
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Proof. By the Cauchy-Schwarz inequality for | K (z, y)u(y)| = | K (z,y)|"/?x|K (z,y)|"?|u(y)],

we find first

[ 1Ky (/ rK<x,y>rdy)1/2(/ \K(x,ymu(y)r?dy)l/z
1/2
VG ( / |K<x,y>|u<y>\2dy> .

Then, by the above inequality (used in the second line below), we get

/\/K(x,y)u(y)dyfdx < \/ </\K(m,y)|yu(y),dy>2d$

¢ [ [ 1@t Pyds

10y / lu(y) 2dy

IN

IN

IN

IN

which yields the result. (I

Proof of Proposition 3.5. It is a consequence of Lemma 3.6 together with the kernel
estimate of Lemma 3.3. Indeed, choosing N > n, one has

/|KAh z,y)|dy < C(2wh)~ ( ‘ ) C(27r)"/(1+ |z)"Ndz

whose right hand side is finite (since the integral is finite) and independent of h and x.
The same estimate holds for [ |K4 (2, y)|dz so the result follows. O

As a direct consequence of (3.4) and Proposition 3.5, we get

Corollary 3.7. For all a € C§°(R?"), there exists C > 0 such that
||opnla HL2—>L2 <G,

for all h € (0,1].

The next proposition will be useful to justify the results of symbolic calculus.
Proposition 3.8. Let A, B € CI?O(R:)’”) be compactly supported in €. Assume that

A(z,z,€) = B(x,z,§), (3.8)

for all x,& € R™. Then there exists C > 0 such that, for all h € (0,1],

||OP,(A) — OP,(B < Ch.

)HLQaL2
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Proof. The integral kernel of OP;,(A) — OFy,(B) reads

2ty [ D (A .6) - By, ). (3.9)

By the Taylor formula
1
A(‘Tvyvg) - A(ZE, xag) = Z(y] - .’E]) /0 (8yjA)(337x + S(y - a:),ﬁ)ds,
j=1

where each integral belongs to C;° (R3") and is compactly supported in &. Thus, using
(3.8), one can write

A(x,y,f)— l‘ 'Y 5 Z .Z' yag)
7j=1
with C; € Cy(R3™) compactly supported in £. Using that
(y; — a;)el@ v/ = ihd, cl(@=y)-&/h

and integrations by part in &, we see that (3.9) is the sum
—lhz (27h)~ / @) L/hge Cj(x, y, €)dE.

Therefore
OP,(A) — OP,(B) = —ih Y | OP;(9¢,C;)
j

has norm bounded by Ch according to Proposition 3.5. The result follows. O

Proposition 3.9 (Elementary composition formula). For all a,b € C§°(R?"), there exists
C > 0 such that

Hoph[a]oph[b] - Oph G/b HL2—>L2 S Ch’
for all h € (0,1].

Lemma 3.10. Let 6py[b] be the operator with kernel (2h)™™ [ @=9)E/hp(y, €)d¢. Then

—

GonlBlu(e) = / Vb (y, he)u(y)dy,

for all uw € Cg°(R™).
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Proof. Let pp(€) = [ e ¥b(y, hé)u(y)dy. Then

Galblu(z) = (27) / 7€ 0 (€)dE = (27) " Gn ()

thus, by the Fourier inversion formula

—

o Blu(e) = (2) " [ g (-a)dn = en(@)
which is exactly the result. Il
Proof of Proposition 3.9. Observe first that

|lopnlall| L2 12 ||opn[b] — oy [B]]] 2= 12
Ch, (3.10)

|lopn[alopn[b] — opnlalopy [b]l| 22 <
<

using Proposition 3.7 and Proposition 3.8. On the other hand, using the definition (3.1)
together with Lemma 3.10

oprlaldp Bu(e) = (2m)" [ e"afe,he) ( / eiy'fbw,hﬁ)u(y)dy) ¢
-/ ((2@‘" [ e <ata hby, h&)ds) u(y)dy

that is
opplalopy[b] = OPW(A),  A(z,y,8) = a(x,§)b(y, ).
Since A(z,z,€) = a(z,€)b(x, &), Proposition 3.8 implies that

||OP(A) — opp[ab < Ch.

]HL2—>L2

Together with (3.10), this yields the result. O

In the following proposition, we provide an elementary justification of the fact that
pseuodifferential operators are invariant by conjugation by diffeomorphisms.

Proposition 3.11 (Invariance mod h). Let x : V. — W be a diffeomorphism between open
subsets of R™. Let ¢ € C3°(V). For a € C°(W x R") define

ax(2,€) = a(x(x), (dx(2)")7'¢).
Then a, belongs to Cg°(V x R™) and
|| (x*opnlalx. ) — opplax || o, > < Ch,  h e (0,1].

The constant C' remains bounded as long as a and i belong respectively to bounded subsets
of C°(W x R™) and C3°(V').
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Let us comment that the operator (X*oph [a] X*)w, namely

— (x*opn[a)xs) (vu)

is defined globally, i.e. for all u € L?(R"), since the cutoff 1) guarantees that y.(iu) =
(Ypox 1) (uox™!) is well defined on R” (it is implicitly continued by 0 outside the support
of Y ox~t € C§°(W)) even if u is not supported where ™! is defined. Also x*(opy[a]v)
is well defined for all v € L%(R") (in particular for v = y.(tu)) since the compactness of
supp(a) in W x R™ ensures that opp[a]v is supported in a compact subset of W hence can
be composed with x.

Lemma 3.12. The integral kernel of x*opp|a|xy is

Kyn(z,y) = (27Th)_"/6i(X(x)_X(y))'"/ha(x(w)7U)w(y)\det(dx(y))ldn- (3.11)

Proof. A simple calculation using that

opnlalxau(z) = (2mh)” / / Onlha (), ) (o) (L (1)) dtdn

and using the change of variable y~1(¢) = y. O

Lemma 3.13. Let § € C§°(R") be such that 6 = 1 near 0. Then, for all N > 0,
(1~ 0z — ) Ky (2, ) reads

(1NN T oy [ XA ) (), ) et

In particular, if ICy 9. is the operator with kernel (1 — 0(x — y)) Ky n(z,y), there exists
C > 0 such that

1Kxoml| 2, p2 < Ch, (3.12)
for all h € (0,1].

Proof. The first observation is that, due to the support of ¢ and 1, we may assume that
both = and y belong to a compact subset of V' (otherwise a(x(x),n)1(y) vanishes). Then,
by injectivity of x and the fact that 1 — 6(x — y) vanishes near the diagonal z = y, we
know that x(z) — x(y) does not vanish on the support of (1 —0(z — y))a(x(z),n)¥(y). In
particular, on such a support, we can use the identity

A, el X@)=xW)n/h — i(x(@)=x(y))n/h
x(@) = x() "
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Using N times this identity and integrating by part in (3.11), we get the expected formula
for (1 —6(x,y)) Ky 9.n(x,y). Let us now prove (3.12). The support of (Aéva)(x(a:),n)q/)(y)
ensures that there exist R > 0, C' > 0 and V; € V such that

(A a)(x(z),n)(y)|det(dx ()] < Cly, (z)Lv; (y)L p(o,r)(1)-

On the other hand, on the support of the above function, we have

’ —0(z—y)
Ix(x) — x(y)[*N

since the denominator does not vanish on the support of 1 — §(z — y). Therefore, one can
find a constant (depending on N) such that

(1= 8z — ) Ky n(z,y)| < CRN "Ly, (2)1vs (1),

for all z,y € R™ and h € (0,1]. Choosing N > n + 1 and using Lemma 3.6, the result
follows. 0

<o

Proof of Proposition 3.11. By (3.12), it suffices to consider the operator with kernel
0(x — y) Ky n(z,y) for some suitable § € C3°(R"™) equal to 1 near 0. Let us introduce

1
A(z,y) == /0 dx(z + s(y — )T ds.

If we let Wy € W be a compact subset of W such that supp(a) C Wy x R", A(x,y) is well
defined for all z € x~1(Wy) and y € supp(¢) such that x — y is small enough (to guarantee
that the segment [x,y] is contained in V' where x is defined). Thus, by choosing 6 with a
small enough support,

n— A(z,y)n is invertible for all z € x 1 (Wp), y € supp(¥)) such that z —y € supp(h),
since A(z,y) is close to dx(x)? if 2 — y is small. Then, writing
(x(@) =x(®)) -n = (z—y) - Alz,y)n,

and using the change of variable A(z,y)y = &
Ol ) Kn(e,y) = (2) ™ [ oD,y )y
with
F(z,y,6) = 0(z — y)a (x(x), Az, y)€) [det(dx(y))||det Az, y)| " ¥ (y).
Setting G(z,y,&) = ay(z,)Y(y), we find

F(z,2,§) = ay(z,v(x) = G(z,z,),
so using Proposition 3.8 and the fact that opy[a,]v = OP,(G), the result follows. O
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3.2 Definition of the quantization on M

Let us pick a finite atlas on M, composed of charts x; : M DU, -V, C R, I =1,...,L,
and consider a partition of unity on M of the form

Y Ui=1 with ¥ €CEU). (3.13)

The existence of such a partition is classical (for completeness, we refer to Proposition
A.1 for a construction). We recall that x; and k. denote respectively the pullback and
pushforward operators defined as

Kfu=uoky,  Kup=@or
when u is a function on V; and ¢ a function on U;. One also defines
P = KUy € CSO(W) C 080<Rn> (3.14)

We also recall that we use the notation x;, for functions on 7*M (see (1.4)). In particular,
we use this notation in the following definition.

Definition 3.14. For h € (0,1] and a € C§°(T*M), we set

L
Z K] Oph[Kix \I/la)]/il*)‘lfl (3.15)
=1

We repeat the same kind of comments as those after Proposition 3.11 to justify that
this definition is meaningful. On one hand, the cutoff ¥; on the right hand side allows to
localize functions inside U; hence to apply the operator k;,. On the other hand the cutoff
U, on a ensures that k. (¥;a) is globally defined (it belongs to C§°(R?")) and that the
range of opp[k1(¥;a)] is contained in C§°(V}) so that one can apply the operator ;.

The above formula defines Opy,(a) on C*°(M). However, according to the next propo-
sition, we can extend it to L?(M).

Proposition 3.15. For all a € C§°(T*M) there exists C > 0 such that
[1Opn (@)@l L2(ary < CllellL2(an

for all h € (0,1] and ¢ € C°(M). In particular Opp(a) has a unique linear continuous
extension to L?>(M) and (2.11) holds true.

Proof. This is mostly a consequence of Corollary 3.7. We provide some detail to explain
ho to pass from L?(R") to L?>(M). We consider a single term in the sum (3.15). Then

|\(n?‘oph[m*(\llla)]m*)\lllap|\iQ(M) :/RT |opn [k (V10)] (K W) (2 ‘ lgi(x)|dx



46 CHAPTER 3. QUANTIZATION

where |g;(z)| is the Riemannian density. Since k. (V;a) is supported in a compact subset
of V; x R™, we integrate only over a compact subset of V;. In particular, |g;(z)| is bounded
there so

|| (57 opnlren (V1)) ki) Wip| | 2y < Cllopnlin(W10)] ki (Vi) | 2 eny
< C/H”l*(qjl@)HL%Rn) (3.16)

the second line following from Corollary 3.7. Finally, writing 1 = |g;(z)|~*|g;(z)| and using
that |g;(z)|~! is bounded on the support of x;,¥;, we have

151 (L1)] T2y = /R N(r W) (o) e < © /R (W) @) (@)l = Ol W1l [Faagy-

We can thus replace ||k (¥19)|[2(gn) in (3.16) by (a constant times) ||Wi¢|[r2(ar), which
is itself bounded by [[¢|[z2(ar), s0 the result follows. O

Proposition 3.16. Let x: U C M — V CR" be a local chart. If K is a compact subset
of U and ¥ € C§°(U) is equal to 1 near K, then for all a € C§°(T*M) such that

supp(a) C mpiy, (K), (3.17)

we have
HOph(a) — (k" (opn[ea)) k) ¥ i SO hE©1]

The constant C' remains bounded as long as a belongs to a bounded subset of C§°(T* M)
such that (3.17) holds.

Proof. Write first

(k*(opnlksa))re) ¥ = Z\P%n*(oph[ﬁ*a](m*@))ﬁ*
l

= > K ((5.9)) 0pplraal (12 9)) 5. (3.18)
l

where k,W¥; makes only sense on V; NV for those [ such that U; N U is non empty, but the
assumption on the support of a allows to set to zero the terms such that U; N U is empty.
Furthermore, for the other terms, (k+¥;)?(k4a) is smooth on R?". We next wish to write
for each [

(k00 2opnliaa] (ke 0) = (R U)oy liaa] (e U) (0F) + Op 2y (), (3.19)

namely to move one of the cutoffs x,V¥; from the left to the right, up to a remainder. One
has to be a little careful there, because k. ¥; alone is not globally smooth on R™ (it is not
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well defined due to the part of supp(¥;) which may not meet U). One can justify (3.19)
as follows. Write the integral kernel of (k. ¥;)%opy,[k+a]r. ¥ as

(154 21) () ((%h)” / elemve/ h(ﬁ*a)(a?,f)(m@)(y)d§> (3.20)

where the parenthese is smooth on R?" and supported in K, x Ky while (k,¥;) is only
smooth (and defined) on V. Pick § € C§°(R™) which is equal to 1 near 0. Then, the
operator with kernel 1 — 6(z — y) times (3.20) has O(h*°) operator norm. On the other
hand, on the support of the bracket of (3.20) i.e. on K x K, one can write

1
(s T1) (&) — (R T)(w)) Bz — y) = Bz — ) /0 A1)y + s(z — y))ds - (z — y)

where the right hand side is smooth on K x K since the segment [x,y] is contained in V'
whenever z,y belong to K and z — y is small enough (which is guaranteed by taking the
support of @ close enough to 0). This allows to replace (k.«¥;)(x)? by (k«¥;)(7) (k) (y)
in (3.20) up to an error of size O(h) in operator norm, hence to justify (3.19). We are
then left with the study of

& (omlse (Ri)] (s (009)) ) 50 = 7 0 1) (omn s (W10 (1)) (0 7)o,

where we can use both charts since U;a and U, are supported in the intersection of their
domains. Using Proposition 3.11 with y = nomfl, the right hand side of the last displayed
formula reads

wi (oplee (910)) (k2 (009)) ) ki, + O, 1) () = 7 (viopnlivsaliby(.9) ) k. + O, (1) (h).
It remains to see that, since U = 1 near the support of a, one has

K] (¢l0ph[m*a]¢l(f€z*¢’)> K1, = K] (Yropu[kialn) ki, + O (12)(h)
which is proved similarly as (3.19). Thus (3.18), reads
> ki (ropalrisalipn) ki + O, (r2)(h) = Opn(a) + Og,(r2)(h),
l

which completes the proof. O

One first application of Proposition 3.16 is to provide a simple proof of the approximate
composition formula (2.12).

Proposition 3.17. For all a,b € C§°(T*M), there exists C > 0 such that, for all h €
(0,1],
HQ)h(a)Q)h(b) - Q)h(ab)HCC(LQ) < Ch.
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Proof. By linearity of Opp,(-) and by using a partition of unity on M, we may assume that
a is as in Proposition 3.16. Then, using that ||Ops(b)||.,(z2) is bounded uniformly in h,
we find

Opn(a)Opr(b) = K™ (opn[k<a)) £ Opn(¥b) + O, (12)(h).

Now observe that Wb is supported in the same coordinate patch as a. Then by picking
S C3°(U) which is equal to 1 near the support of U, Proposition 3.16 gives

Opn(96) = (" (opnlies (B) 1. ) W + O, (12 (k)

Using Proposition 3.9, we have

(5 (opn[k+a]) k) <I€* (oph[/i*(‘i/b)]m*) U= </~1* (Oph[li*(a\i/b)])l-{*) U + O (z2)(h).

Using the support property of a, we have a®b = ab. Using again Proposition 3.16, we
then find

(r* (opn[rs(ab)]re) U = Opp(ab) + O, (12)(h)
and the result follows. O

Proposition 3.18. The property (2.13) is true.

Proof. Let T = (m?oph[/ﬂ*(\llla)]/{l*)‘lll. For notational simplicity in the computation
below, we drop the index [ and, for ¢, € C*°(M), we set

v = K:*d)a U = Kxp, TP = ’%*\Ij(: ’%l*\Ijl*)‘

Then
6. T\ = / (520) (1) (opnliea (W) 12 (U)) ()] g()|d
[v@ (<2w>—” / ei@—y)fw(a:)(ma)(x,h@w(y)u(y)dy) l9(2)dz

~ o | ( [ eoelgta)nae h@wx)v(m)dx) (y)uly)dy.

Introducing the Riemannian measure by writing dy = |g(y)|~!|g(y)|dy, and then swapping
the names of the integration variables, we see that (¢, T'¢) s reads

(2m) / ( / )€ g (y) | (,0) (5. hwy)v(y)dy) l9()| () ula)|g @) de,

or equivalently
(6. To)mr = (K" (OPy(A)ks0), )
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with
Az, y,€) = |g(x)| " () (k) (y, hE) g () [ ().

Using proposition (3.8) together with the fact that A and ¢ (z)(k«a)(z, h€)1(y) coincide
when x = y, we find that

Iﬂ< = H*OP}L(A)K,* = (H*Oph[fi*(qja)]/{*)‘l’ + Oﬁc(LQ)(h)a

and the result follows. O

3.3 The Egorov Theorem

In this section, we prove a weak version of the Egorov Theorem, namely the property
(2.14). The proof itself is given at the end of the section. We need first to establish some
preparatory results. In passing, we collect some computations which will be useful in other
sections.

We start with calcultation in local coordinates; we use a chart k : U C M — V C R"
and consider the local expression of A,

—P = Zgjk(x)(?j@k + Z Fi<$)ai,
.k i

where, according to Exercise 1.5, one has I'i(z) = — >, ¢ g’k (l‘)F;k(SL') We won’t however
use the explicit form of I';(x). We also define

po(,€) = > gF(@)&,
ik

p1(z,§) = Z Li(x)&

that is pg = k«p according to (1.21).
We start with a local result.
Proposition 3.19. Let ¢ € C3°(V) and b € Cg°(R™ x R™)
h2P (Yopy[b]) = opy, [bo + hby + h?bs]

where

bo = poyvb
b1 = —i0po - Oz (b) — ip19b
by — P(4b).
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Proof. Given any arbitrary u € C§°(R™), we apply h2P to
opnlutluta) = (2m) " [ Eu @b, i) ds

and use the Leibniz rule to distribute the z derivatives on €< and v (z)b(z, h€). One
then obtain a sum of the form S~ h*opy,[br]u with

bo(x,€) = Zg )86k (2)b(x, €)
bi(x,8) = 2129” )&, ((2)b(2,€)) =1 Tr(x)&tb()b(x, ),
k

and by = P(1b). This yields the result. O

We record in passing the following global consequence of this calculation.

Proposition 3.20. For all a € C§°(T*M), one has
—h*AgOpp(a) = Opy(pa) + O, 2y ().
More generally, for all k € N,
(—h?Dg)*Opn(a) = Opn(p¥a) + O, 12 (h).

Proof. We give the proof in the case k = 1 and leave its adaptation to the case of larger
k as an exercise.

M=

—h2A,Opp(a) = —h? Ay (K opn[kis (¥1a)] ks )

=1

I
M=

(k7 h* Propp ki (¥10)] 1) U,

=1

where P, is the expression of —A in the I-th chart, namely —Ayx] = k] P. By Proposition
3.19 with b := Kz (¥;a), one has

h? Piop ki« (V1a)] = opp (ki (P1pa)] + hopp (b1 + hba]
for some smooth and compactly supported symbols by ;,b2;. One can then check that
|| (5} opnlb1, + hb?:l]’il*)%ucc(m(M)) <C, h € (0,1],
exactly as in the proof of Proposition 3.15. The result follows. (I

In Proposition 3.19, we have composed a pseudo-differential operator with h>P on the
left. We now compute the composition with h2P on the right.
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Proposition 3.21. Let b € C°(R?*") and ¢ € C§°(V). Then
opn[b]ihh*P = OP;,(Ag + hA; + h?Ay)

where, for each j,

Aj(xv Y, f) = b(w7 f)Cj(y, E)

with
co = Ypo
= i(divy(¥0epo) — ¥p1)
e o= =Y 90k(vg’") +Za Yr;)
7.k

Note that, using Propositions 3.5 and 3.8, we find in particular that

Oph[b]’lﬁth = opp[bpo]t + OEC(LQ(R"))(h)- (3.21)

Proof of Proposition 3.21. 1t is stlightly less direct than the one Proposition 3.19. The
first step is to observe that for any u € C5°(V)

(v Pu)(y Z 0; Ok y)u) — Z 0; (f‘l(y)u) + W(y)u (3.22)

with

W(y) = =) 0;0@wWe™ )+ 0T
Jik i

The interest is to write )P with derivatives to the left rather than to the right. Then,
using the expression (3.2) for the kernel of opy[b], we can write

(op w1 Pu) (a) = (2e) ™ [ [ e €0, )12 Py

and then integrate by part in y the derivatives coming from (3.22). This shows that the
above integral reads

(2mh)~ // i@=y)&/hp(, €) (thjyg) y)dedy

which is exactly the result. 0

We then obtain a result similar to Proposition 3.20.
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Proposition 3.22. For all a € C§°(T*M), one has

Opn(a)(—h*Ag) = Opp(pa) + O, (12)(h).
More generally, for aoll k € N,
Opi(a)(=h*Ag)" = Opn(p*a) + O, (12)(h).
Proof. It is similar to the one of Proposition 3.20 using additionally (3.21). ]

Definition 3.23. The commutator of two linear operators A, B acting on the same
vector space is the operator

[A,B] = AB — BA.

This definition is relatively formal but is sufficient for our purpose below. Typically,
we will consider the case when A, B are differential (or pseudo-differential) operators,
for which the compositions AB and BA make clearly sense on the space of smooth and
compactly supported functions. We suggest readers non familiar with commutators to
work out the following exercise.

Exercise 3.24. 1. If A,B,C are linear operators (such that all compositions make
sense) check that

[A, BC] = [A, B|C + B[A, C).

2. Let ¢ be a smooth function, seen as a differential operator of order 0. Let o be a
non zero multi-index. Show that

[(h0) o) = b 3 A @0l (100)

0#v<a B

It follows in particular from Propositions 3.20 and 3.22 that

[~h?Ag, Opp(a)] = —h*A,Opn(a) + Opp(a)h®A
= Opn(pa) — Opp(pa) + O, (12)(h)
= Or.2)(h).

The next proposition gives a sharper description of this commutator.

Proposition 3.25. For all a € C5°(T*M),

[—h*Ag, Opn(a)] = ihOpu({a,p}) + O 12y(h*), k€ (0,1], (3.23)

where {.,.} is the Poisson bracket which has been introduced in Exercise 1.14.
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Remark 1. To be completely rigorous, the meaning of (3.23) is that the left hand
side, seen as an operator acting on C°°(M), has a continuous extension to L?(M) which
coincides with the right hand side.

Remark 2. In the proof of (2.14) below, we will apply Proposition 3.25 with a replaced
by a o ®® and t in a compact set. In this case, the remainder term Ocr.( Lz)(hQ) depends
on t. However, the bound O(h?) is locally uniform in ¢, i.e. for all T there is Cr such
that the norm of the remainder is bounded by Crh? for |t| < T. This follows from the
remark after Lemma 3.3 and the Schur test. We won’t insist on this technical point below
to focus on the main ideas.

Before proving in detail Proposition 3.25, we isolate first a calculation which allows to
understand the main point on R", without worrying about extra technical details due to
the partition of unity on the manifold.

If b € C§°(R?™), Propositions 3.19 and 3.21 allow to compute explicitly

(2P, vpopp[alyy] = OP,(Co + hCy + h*Cs) (3.24)
with
Co = ¥(x)b(z,&)(po(z,€) — po(y, &) v (y)
Cr = —i(x)(9epo - Dbz, &) + (p1(x,€) — p1(y, €))b(, &) + divy (Fepo(y, €))b(x, €)) ¥ (y)

—it)(2)b(, §)0epo(y, §) - Oyb(y) — 10x9(x) - Ogpo(z, §)b(z, §) Y (y)

and some computable Cy € C§°(R3") which does not need to be explicited since, by
Proposition 3.5,
1R OPy(Co)l| £, (12(rn)) < Ch>.

One can also rewrite the operator OP,(Cy) by using the Taylor formula

po(7,€) — po(y, &) = 9qo(w,y,8) - (. —y) (3.25)

where

1
Oq0(z,y,§) = /O (02p0)(y + s(z — ), €)ds.

Indeed, by integration by part in £ (e.g. as in the proof of Proposition 3.8), the kernel of
OP;(Co)

¥(a) <<27rh>—" [ I, 00w (- y>d5> (y)
can be written

ih(2) ((%h)“ [ et oz ©0u(z.v.€) dé) b(y)



54 CHAPTER 3. QUANTIZATION

which provides a factor ih. Using additionally that
dive (b(x,£)0q0(x, v, f))p::y = O¢b - Ozpo + bdive (0zpo)
we conclude by using Proposition 3.8 that

OPh(CO) = ihyopy [agb - Oxpo + bdin(awpo)] P+ OLC(LQ(R"))(hQ)' (3.26)

Remark. Strictly speaking, the Taylor formula for py (which is defined on V' x R™) only
makes sense if the segment [x,y] is contained in V. Since z,y belong to the support of v
hence to V, this condition is satisfied if V' is convex, but not in general. One can overcome
this difficulty by considering @ZNJ € C3°(V') which is equal to 1 near the support of ¢ which

allows to replace everywhere po(z, &) by po(x,§) := ¢¥(x)po(z, &) which is globally defined.
This allows to justify completely the above argument and get in the end (3.26).

Using again Proposition 3.8, we can change y into « wherever we want in the expression
of C'1 up to an error of size h at the level of the operator; in other words

OPh(Cl) = —i vopp [agpo - Ogb + bdivx(agpo)]lb — iopp, [b(@ﬂ/ﬂ) . (95]90} + OLC(LQ(Rn))(h).

Observing that div,(Jd¢po) = dive(9zpo) and taking into account the factor h in front of
C} in (3.24), we conclude that

(R P, popy[ble)] = ihpopu[Beb - Dupo — Depo - Dublt) — ihopy [b(Dx?) - Depo]
+ O (12(rny) (R7). (3.27)

If the operator P was defined on R”, we could take ¢ = 1 so that 9,(¢?) = 0 and (3.27)
would read exactly

(R P, opy[b]] = ihopp[{b, po}] + O, (r2(@ny)(h?)

that is the analogue of Proposition 3.25 on R™ rather than M. Intuitively, the reason why
the above computations also cover the case of a manifold is that we will replace ¢ by the
functions (3.14) of the partition of unity (3.13) so that the sum of derivatives 9, (1?) will be
zero thus discarding again the contribution of the second term of (3.27) after summation.
In the proof below, we mostly consider this question.

Proof of Proposition 3.25. In the expression (3.15) of Opy(a), we let for simplicity
Y1 = KV, bl = Kixa.
We also let P} = ki (—Ag)k; as in the proof of Proposition 3.20. Then
[ = 12Ag, o bilvrse.] = w7 [W2 Py, ropn bili] ks

Also, letting U, be smooth and compactly supported in the same patch as ¥; and equal
to 1 near the support of ¥;, by setting ¢; = k5, ¥;, one has

[h2 P, yop[bi]wn] = [h2 Py, viopn bilvn] .
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This follows from Exercise 3.24 using that ¢y = 1 and ¢y[P, ;] = 0 Hence, using (3.27)
and setting po; = ki«p, we find

(W2 Py, hropn bilihr] = ihabopn[{br, po. }v + ihopn [bif{wE, o + O (r2mny) (B?)

where, by the invariance of the definition of the Poisson bracket under coordinates change,

{blupo,l} == K’l*{a7p}7 bl{wl27p0,l} = KRix (a{\I/l27p})

Furthermore, using Proposition 3.16, we have

K] (OPh[bl{%b?,po,l}]iLl) ki = Op (a{¥7,p}) + Or, (12 (h).

Therefore, after summation in I, we find
[ — h*Ay, Opp(a)] = ihOpy({a, p}) + ihOpy, <a {Z \If?,p}) + Oﬁc(Lz)(;ﬂ)
l

where the second term in the right hand side vanishes since {1,p} = 0. This completes
the proof. O

The last step to prove (2.14) is the following one.

Proposition 3.26. Let a € C°(T*M). Define a; = ao ®' for allt € R. Then

dar = {p, at}-
Proof. Using that ®' is the flow of the vector field W), defined in (1.22) one has

8t(a o (I)t) = (da . Wp) = U(Wp7 Wa)|<1>t‘

| @

Using the definition of the Poisson bracket (1.31), the above function equals precisely
{p,a} o ®! and thus, using (1.33),

Oay ={po dt ao o'l
By conservation of energy, i.e. (1.27), one has p o ®" = p and the result follows. O

Proof of (2.14). We start by giving the main idea and then comment on some minor
technical details. One computes

d

= (" 8aOpn(ar)e™™ 80} = e (ihALOpn(ar) + Opi(Dhar) — Opn(ar)ihlsg) e
= (lthAg (Oph(@tat) - %[— R A, Oph(at)}> e 1thde (3.28)



o6 CHAPTER 3. QUANTIZATION

By integration of this identity, we find

i

1 Opy (ay)e 780 — Opy (a) = /t eishg (Oph(asas) — %
0

[— KA, Oph(as)]) e 1hBa s,

By Propositions 3.25 and 3.26, one has

i
Opn(0sas) — 7 [ = h?Ag, Opn(as)] = Opu({p, as}) — Opu({p, as}) + O, r2y(h)  (3.29)
where the last term depends on s but, on every compact time interval .J, its operator norm
can be bounded by Ch, with C' independent of s (but depending on J). By integration,
also using that e*$"2s have norm 1, we find that for every T,

By unitarity of et#2s  this estimate is equivalent to (2.14). This essentially completes
the proof, up to the justification of some algebraic manipulations which are related to the
remark after Proposition 3.25. To get (3.28), we have used that

<Crh, he(0,1], |t|<T. (3.30)

eithAg Oph(at)e—ithAg o Qgh(a) ‘

Lc(L?)

d - d hA o
7elthAg _ elthAg ihA “e ithAg _ _elthAglhA — —ihA elthAg
dt 7o dt I I

which is formally obvious but has to be handled with care since A, is not a bounded
operator on L2(M). One way to proceed is to prove (3.28) in the weak sense, by testing it
against finite linear combinations of eigenfunctions of A,. Indeed for any two eigenfunc-
tions e;, ey of Ay, one has

<€ithAg Opp(ag)e™ithBs e, €k> _ <®h(at)e—ithAg e, e—ithAg€k>
_ <th(at)eith)\jej’ eith)\kek>
and using (2.8) the derivative can be rigorously computed and is the sum of
<eithA9 Opp(Dyar)e Ao, ek> (3.31)
and
<61thA90ph(at)(—ihAg)e_ithAg €5 €k> + <Oph(at)6_ithAg € (—ihAg)eithA"ekz> :

In these two terms, we can integrate by part the second Laplacian using (1.17) (recall also
that we consider a complex Hilbert space so that moving i from one factor to the other
turns it into —i) and we get

<eithA9 [ihA, Oph(at)]e_ithAgej, ek> (3.32)
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which is meaningful since this equality is tested against smooth functions. Applying
Propositions 3.25 and 3.26 and then integrating in time, we find

<(eithﬁgoph(at)e*ithﬁg - oph(a)) e, ek> - << /0 t hBh(s)ds> e, ek>

for some Bj(s) € L.(L?), locally uniformly bounded in s. By linearity, this identity
remains true if one replaces the eigenfunctions by finite linear combinations of eigenfunc-
tions and then by any L? functions, since one can use a density argument for the operators
involved on both sides are continuous on L?(M). This then fully justifies (3.30). O
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Chapter 4

Proof of the local Weyl law

4.1 Hilbert-Schmidt operators
Let H and K be two separable Hilbert spaces over C.

Lemma 4.1. Let A € L(H,K). If (ej)jen and (fi)ren are orthonormal bases of H and

KC respectively, then
Dl Aegll =D 11A* il
j k

Proof. For each j, we have

[ Ae;|l3 = ;}(fk,Aej),CF = Y (A froes)

k

Summing over j and swapping the summations with respect to j and k, we get
2
Y olAeille = DD (A fres) el = DA%
J E o j k
which is precisely the result. O

Definition 4.2. An operator A € L(H,K) is Hilbert-Schmidt if
1/2

[Allns = | D ll4eillk | < oo,

J

for some orthonormal basis (e;)ecn of H. We denote by So(H, K) the set of Hilbert-Schmidt
operators from H to K. If H = K, we denote it by Sa(H).

Note that || A||gs is independent of the choice of the orthonormal basis by Lemma 4.1.

99
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Proposition 4.3. 1. [fAe€ S, (H,IC), then A* € Sy (IC,”H) and
1Allms = [[A™|ms-
2. For all A€ S, (7—[, IC), we have
A[l3—x < [|Allus.
3. So(M,K) is a vector space and || - ||us is a norm thereon.
4. Sz(’H,IC) is complete.
5. If H1 and K1 are separable Hilbert spaces and
A€ S (H,K), Be L(Hi,H), Ce LK, Ky)
then CAB € Sy (7—[1,/C1) and
ICAB|lus < [|C|lk—k: || Allus || Bl |3, -

Proof. Ttem 1 follows directly from Lemma 4.1. To prove item 2, we fix u € ‘H and write

u= lim u Uy = E e u),,e;.
N oo N N . (]7 )H 7
J<N

Then, by the triangle inequality and the Cauchy-Schwartz inequality,

lAunllc < D [(ej )y, l||Aes] |,
J<N
1/2 1/2
< D ey, > |1 Ae| [
J<N J<N
< lAllms|ul|%-

Letting N go to infinity and using the continuity of A, we obtain ||Au||x < ||A||us||u||x
which yields the result. The proof of item 3 is a routine which we omit; we only point out
that ||A||us = 0 only if A =0 by item 2. Let us now prove item 4. Let (A4;) be a Cauchy
sequence in Sy (7—[, IC). By item 2, it is a Cauchy sequence in L(H, K) hence converges in
operator norm to a bounded operator A. It remains to show that A is Hilbert-Schmidt
and that ||A — Aj||us — 0. Fix € > 0. Then for J > 0 large enough

|Ax — Ajllus <€, 4. k>
This implies in particular that,

A= Apenllt <€, N20, k>
m<N
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Thus, by letting k£ go to infinity for fixed N and j and then N to infinity, we see that A
is Hilbert-Schmidt and that ||A — A;||as < € for j > J. Therefore ||A — Aj||us — 0. We
finally prove item 5. We first observe that

1CAejl[%, < IOk, 1A%

hence by summing over j, we see that CA € So(H, K1) and that ||CAl|us < ||C||k—x. || A]|us-
To handle the case when B # I3, we observe that

CAB = (B*(CA)*)"
which shows that C AB is Hilbert-Schmidt and that
[|[CAB|lus < ||B*||#—3:11CAllas < ||Cllk—k, [|Allus||Bll#: -,

using item 1 and the fact that the operator norms of an operator and its adjoint coincide.
O

Proposition 4.4. Let A € So(H,K) and (fi)ren be an orthonormal basis of K. Define
IIy = orthogonal projection on span {f | k < N}.

Then
HHNA—AHH3—>0, N — oo.

Proof. By item 1 of Proposition 4.3, it is equivalent to show that ||A*TIy — A*||us — 0.
Writing this Hilbert-Schmidt norm in term of the orthonormal basis (f;), we obtain

1A (I = Dllfs = Y 14" ful

k>N

which clearly goes to zero as N — oo. O

Remark. Of course if we consider a projection Py onto the N first vectors of an or-
thonormal basis of H, we also have APy — A in the Hilbert-Schmidt class. This follows
directly from Proposition 4.4 by taking the adjoint.

Using that Il is a finite rank operator and the property 2 in Proposition 4.3, we
derive automatically the following corollary.

Corollary 4.5. Hilbert-Schmidt operators are compact.

We conclude this section with an important example of Hilbert-Schmidt operator.
To any K € L?(R?"), we can associate the sesquilinear form

Q) = [ [T@K @ pudyde.  wve PE),

By the Cauchy-Schwarz inequality, @ is obviously continuous on L?(R™)? hence there
exists a unique bounded operator A : L?(R™) — L?(R"™) such that

Qv,u) = (U,AKU)LQ(Rn).
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Definition 4.6. Ay is the operator with L? kernel K.
Proposition 4.7. The operator Ak belongs to So(L*(R™)) and
1Ak [[as = || K| L2 (2n)-

Proof. Let (ej)jen be an orthonormal basis of L2(R™). Then the countable family

(er ®E) jaenz: ek ®EG(@,y) = ex(x)e;(y)

is an orthonormal basis of L?(IR?"): that this is an orthonormal system is a simple calcu-
lation which we omit and proving that finite linear combinations are dense follows from
the density of L?(R") ® L?(R") in L*(R?") and the density of finite linear combinations
of (ej) in L?(R™). Then

lAxllis = D olAxeiliiegn = D030 |(en Axes) pagen)|
J Jj ok
= Y 3 |Qlerey)|
j k
= > e ®T.K) pagen)|” = 1K [Fagen,
(4.k)
completes the proof. O

4.2 Trace class operators

Definition 4.8 (Trace class operators). An operator T : H — H is trace class if it can
be written

N
T =) A;B; (4.1)
k=1

for some N and some Hilbert-Schmidt operators
A, B : H — Ky, k=1,...,N,
between a Hilbert space K, and H.
The interest of trace class operators is that one can define their trace.

Definition 4.9 (Trace of an operator). If T : H — H is trace class and (e;)jen is an
orthonormal basis of H, the trace of T is

tr(7T) = Z(ej,Tej). (4.2)

JjeN

Sometimes, if we need to specify the Hilbert space, we will denote try(T) for tr(T).
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The following proposition says that this definition is meaninful.

Proposition 4.10. Let T': H — H be trace class and (e;);jen be an orthonormal basis of
H. Then

1Y en ‘(ejjTej)} < 00. In particular, the sum in (4.2) is convergent.

2. If (fr)ken 1s another orthonormal basis, then 3 n(ej, Tej) = 3 pen(fi, T fx)-
The second item says that the trace of T is intrinsinc, i.e. does not depend on the

orthonormal basis.

Proof of Proposition 4.10. It suffices to prove the result when N = 1 in (4.1) i.e. when
T =A*B, with A, B : H — K Hilbert-Schmidt. The first item follows from

3 l(es Tegul = 3 (e Beyl < (el i) (S 11Besl1E)

the right hand side being finite since A and B are Hilbert-Schmidt. To prove the second
item, we pick an orthonormal basis (&,,);en of K and use that for any j,
(ej;Tej)n = (Aej, Bej)x
= > (em Aej)x(em, Bej)x

m

= Z (A*Em, ej)H(B*sm, ej)y.[

m

and thus, summing over j, we get

SlenTen = 303 Az es)u(Blem )
- szw%m&j)%
= Z Z(ej, A*ﬁm)Hm

= ) (B'em, A'em)n

m

which does not depend on (e;);en. Note that in the second line we have swapped the
summations over m and j which is possible since (A*ey,,e;)y and (B*ep, ej)y belong to
I2(N x N) since

> A emeul’ = D 142l = 14| < oo.
m,j m

The proof is complete. O

In the next proposition, we give an example of calculation of a trace. We consider
Hilbert-Schmidt operators with L? kernels, as in Definition 4.6.
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Proposition 4.11. Let A = Ak, and B = Ak, be operators on L*(R™) with L? kernels
K1, Ko € L3(R?"). Then

trLQ(Rn)(AB) :/ Ki(z,y)Ka(y, x)dzdy.

Proof. Let us observe first that A* is the operator with L? kernel K} (z,y) := Ki(y,z).
Observe also that

(Kika KQ)LQ(RQn) = / Ky (l’,y)Kg(y,l')d$dy

The conclusion follows then from the following calculation. Given an orthonormal basis
(e;) of L2(R™), we have

tr(AB) = Z(ej,ABej)Lz(Rn) = Z(A*ej7Bej)L2(R”)
j J

= > > (er A%¢) o (e BE) 2y
ik

= Z z (ex @77, Kf)L%R%)(ek ® €j, K2)L2(]R2")
ik

= (KfaKQ)LQ(RQn)?

using in the fourth line that (e, ®e;)(; k) is an orthonormal basis of L?(R?") (see Proposition
4.7). O

A useful consequence of this proposition is the following one.

Proposition 4.12. Let K € S(R?") be a Schwartz function and A be the operator with
kernel K,

Aufz) = / K, y)u(y)dy.

Then A is trace class on L*(R?*") and
tr(A) = /K(£,$)d$.

Proof. Denote (x) = (1 + |z|>)Y/2. Let Ay = (1 — A)*(z)?™A, that is the operator with
integral kernel
K2(xvy) = (1 - Am)n(<x>2nK($ay))7

which belongs to S(R?"). Then A = A; Ay with

A= (2) (1 - D)™
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that is the operator with integral kernel

Ka(ey) = () 2 [ S ) e
(If this is not clear to you check that (1 — A)"(z)?" [ Ky (x,y)u(y)dy = u(z) for all u €
S(R™).) The function K7 belongs to L?(R?") since the integral is an L? function of x — y

and (x)~2" belongs to L. Obviously K, is L? since it is Schwartz so A; and A, are
Hilbert-Schmidt. On the other hand, using that A = A;As, we have

K(z,z) = /Kl(:u,y)Kg(y, 2)dy.

Using Proposition 4.11, we get the result. O

We conclude this section with applications to pseudo-differential operators.

Proposition 4.13. Let a € C{°(R*™) and v1,v2 € CO(R™). Then ropplalhe is both
Hilbert-Schmidt and trace class on L*(R™). Furthermore

|[Y1opplalia|lus < CR7™2, R e (0,1] (4.3)

and
trLz(Rn)(wloph[a]wg) = (2wh)™" // 1 (z)a(z)a(z, §)dedE. (4.4)

Proof. By (3.2), the integral kernel of 1;opy[ais is

Kifey) = (0 " n(piati"a (2.277)

where a is the Fourier transform of a with respect to £&. The function K} is smooth and
compactly supported. It is in particular L? and its L? squared norm is bounded by

(27rh)_2"// a2 (ﬁ’;”’)

C = (2m) 2 |[2oe o2l B / / aa, 2)|2dadz,

dady| ¢ |7 |[¢2|[f = CAT"

with

which yields (4.3) by application of Proposition 4.7. That the operator is trace class and
the formula (4.4) follow from Proposition 4.12. O

We state a similar result for operators on M rather than R”.
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Proposition 4.14. For all a € C§(T*M), Opp(a) is Hilbert-Schmidt and trace class.
Furthermore

10pn(a)llus < Ch™™2, e (0,1] (4.5)

and
trr2 () (Oph(a)) = (27Th)"/*Ma|da:d§|. (4.6)

Proof. This result is of course a consequence of Proposition 4.13. Our purpose is to explain
how to pass from R™ to M. Let us observe first that if x; : Uy C M — V; C R™ is a chart,
the mapping

U : LP(U1) 3 ¢ = |gi| ' (k1ep) € L* (V1)
is unitary (here |g;|'/? is a shorthand for for |g(x)|*/? - see (1.11) - in the I-th chart ) since,
by (1.12),

Lol L2(vi ey = @l L2(,dvol,)-

Furthermore, if B is an operator on R™ with kernel K € C§°(V; x V), then we can see B
as an operator on L?(R") or L?(V}) (by restriction) and it is not hard to check that

1Bllusz2®ny) = [1Bllasz2mw))

by considering an othornormal basis of L?(R") made of the union of an othonormal basis of
L?(V}) (made of functions supported in V) and of an orthonormal basis of the orthogonal
complement L?(R™\ V}), the contribution of which is zero in the Hilbert-Schmidt norm of
B (on L?(R™)) for all its elements belong to the null space of B. The same property holds
for an operator A on L?(M) with a kernel supported on U; x U;. As a first application, we
consider the Hilbert-Schmidt norm of each operator 4; := (/ﬁ}"oph[/ﬁl*(\ha)]/@l*)\lﬁ in the
sum (3.15). One can see it as an operator on L?*(U;) and L?(M), and then one has

[ Aullms L2 (a,dvoly)) = 1 Atllas(z2wravoly)) = AU || L2V da) -

Using that
UAU = |1 iopn[(Kisa) ] gi] 22

we see that (4.5) follows from (4.3). The same argument allows to show that A; is of
trace class since Ui AjU}" is trace class by Proposition 4.13 . Furthermore, using that U is
unitary hence maps an orthonormal basis into an orthonormal basis, we also have

tr 2 (r,avoly) (A1) = trr2, avory) (A1) = trp20p; a0y (UA)
= (27h)” //wl (Kpea)(x, &)dxdE
— (2xh) / (W) 0 7 s 2a] dade|
M

the last two identities following from (4.4) and the definition of |dzd¢| on page 17. After
summation over [, using (3.13), we get (4.6).
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4.3 The local Weyl law

Definition 4.15. For a given compact interval J C R we define
Ny(h) = {jeN|h\ e}

and

Ny(h) = #N;(h).

One of the main results of this section is an asymptotic formula for Nj(h). Before,
proving it, we give first a rough estimate.

Proposition 4.16 (Rough bound on the eigenvalues distribution). For all compact inter-
val J € R, there exists C = C(J) such that

Ny(h) < Ch™, (47)
for all h € (0,1].
Proof. Let f € C§°(R) be equal to 1 on J. Then

Ny = > llelliz= D lIf(h*P)ejl[7=.
JEN(h) JEN;(h)
By (2.15) we have, for some C' independent of h,
Ny(h) < 3 [|0pn(f o p)esl[ s + ChN(h). (4.8)
JEN(R)
On the other hand, by the non-negativity of Opp,(f o p)*Opr(f o p), we have
> ||opa(s opej|lr. = > (e, Opn(f o) Opn(f o p)es)
JEN;(R) JEN(R)
tr(Opn(f o p) Opn(fop)) = |[Opa(fop)|ls = OGB™),

the last estimate following from Proposition 4.14. Using (4.8), we obtain

IN

(1—Ch)Ny(h) < Ch™™.

This implies the result for 0 < A < hg small enough. It also trivially true for h € [hg, 1].
This completes the proof. ]

A consequence of Proposition 4.16 is the following useful result.

Proposition 4.17. For all s > n/4, (1 — h?A,)~% is Hilbert-Schmidt on L?(M) and one
has the bound

(1= h?A0) | s < Csh™"2,

for all h € (0,1].
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Proof. Write 3 [[(1 — hQAg)*SejH%Q(M) = >"(h*\j + 1)~2* and decompose it as

PBRUDYES RS DN O VES Vs

h2X;<1 k>0 \2k<h2);<2k+1
By (4.7), this expression is of the form
O(h™) + > O((2¥2h =1y O(272+)
k>0

where, in the sum over k, the first O is for the number of terms in the sum over j (by (4.7)
applied with 27%/2} instead of h) and the second O is for the terms themselves. Therefore

1(1 = h2Ag)~*[[fis = O(A™") (1 + 2<3_28)k>
k

the sum in the right hand side being convergent by the assumption on s. The result
follows. O

Theorem 4.18 (Local Weyl’s law). For all compact interval J and all a € C§°(T*M),
h" Z <ej,0ph(a)ej>M — (271')_”/ a |dzdg|,
JEN () )
as h — 0.

Lemma 4.19. Let U be a coordinate patch on M and a € C§°(T*U) be real valued. Then
there ezist two real valued functions by, by € C§°(T*U) such that

a=0b3— bl
Proof. Let C' > 0 such that sup |a| < C. We can then choose x € C§°(T*U) such that
X =1 in a neighborhood of supp(a).

If Kk : U — V is a chart, this follows from the standard existence of cutoff functions on
V x R™. Write then
a=20%%+a—20%°

The function 2Cx? 4 a belongs to Ce(T*U). Our choice of C' implies that it is non-
negative. Therefore, its square root by := \/2Cx2 + a clearly belongs to C§(T*U). Let us
show it is smooth. On the open set supp(a)®, by = v/2Cx which is smooth. On the the
other hand, in a neighborhood of supp(a), we have

2CX2+a:2C—a2C'>O

hence by is smooth on this neighborhood. Therefore, by is smooth on T*M. Finally, we
obviously have —2Cx? = —b? with by := v2Cx € C5°(T*U) so the result follows. O
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Lemma 4.20. Let b € C§°(T*M) be real valued and set B, = Opp(b). Let f € C3°(R).
Then

|tr (B Bnf(—h*Ag)) — tr(Opn(b*(f o p)))| < CR'™"
Proof. Let us write B; By, f(—h%Ay) — Opp(b*(f o p)) as
(BiBf(=h*Ag) = Opp(B*(f o p))) (1 = h*Ag)"(1 = h?Ag) ™"

By Proposition 4.17, (1—h2A,)™" = (1—h%A,)"™2(1—h?A,)~"/? is a composition of two
Hilbert-Schmidt operators whose product of Hilbert-Schmidt norms is O(h~"). Therefore,
it suffices to show that

|| (BrBrf(—=h*Ag) — Opn(b*(f o p))) (1 — h*Ay)"| ’cc(p) < Ch.
On one hand, we have
BiBrf(—h?A,)(1 — h2A)" = BiBrf(—h?4A,)  with f(A) = (A2 +1)"f(N).
Moreover, using (2.11), (2.13), (2.12) and (2.15),
B} Bpf(—h*Ag) = Opp(b*f o p) + O, (12)(h).
On the other hand, using Proposition 3.22, we have
Opn(b*(f op))(1 = h*Ag)" = Opu(b*(fop)(p+1)") + O, (12)(h)
= Opn(V*(fop)) + O, (12)(h).

The result follows. O

Proof of Theorem 4.18. By linearity and a partition of unity argument, we may assume
that a is supported in T*U for some coordinate patch U. By linearity again, we may also
assume that a is real valued and then, by Lemma 4.19, that a = b? for some b € C§e(T*M).
For simplicity, we write

Ap, = Opy(a), By, := Opy(b).
Then

> (e dneg) = tw(Op(b*)Ls(=h"Ay))

JEN;(h)
= tr(B;;Bh]lJ(—hQAg)) + O(hl_n)

using that

|tx ((Opn(b*) — B Bp)1(—h*Ay))) | 1B} Br, — Opn(0°)|1 2. (22) 115 (—h*Ag)) IIiis

Ch'—™.

IA A
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Fix next fi, fo € C§°(R) such that

fi<1; < fo

Note that if J has empty interior (i.e. is reduced to a point) then f; = 0. Then, by
non-negativity of ,
(BiBnej: ej) = || Buej|[ 2

for all 7, we have
tr(BiBpfi(—h*Ag)) < tr(BiBpls(—h*Ay)) < tr(Bj By fo(—h*Ay)).
By Lemma 4.20, we have
tr (B Brfe(—h*Ag)) = tr(Opn(V fr o p)) + O(R'™™),  k=1,2,

hence, using (4.6), we have

htr (B B fe(—h*Ag)) — (2m) ™" /

*

b2 fr o p |dzd€|, h — 0.
M

Therefore
(%)n/ afy o p |dede| < liminf (h"tr(ApL(—h2A,)))
M h—0

and

lim inf (h"tr(Ah]IJ(—hQAg))) < (27r)_”/ afoop |dxdg|.
h—0 T*M

By approximating 1 by smooth functions (see Exercise 4.21 below), one can choose,for
any € > 0, the functions f; and f5 such that

| aiopldsdel~ [ aldsic
*M p~1(J)

For all € > 0, we thus have the inequalities

<€, k=1,2.

(2%)"/ a |dzd§| — e < liminf h"trp2 ) (Ahﬂj(hQP))
p=1(J) h—0

and

lim sup h"™trz2 () (Ah]lJ(—h2Ag)) < (27?)_”/ a |dzdg| + €.
h—0 p—1(J)

Since € is arbitrary, we can let it go to zero and see that the liminf and the limsup are
equal. This yields the result. (I

Exercise 4.21. Let J = [Ey, Es] be a compact interval.
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. Let (far)k>1 be a sequence of functions in C§° such that

0< fg’k < 1, supp(fzk) C [El — 1//€,E2 + 1/k], f2,k =1 on [El,EQ].

Check that, as k — oo,
for — 17 in L'(R), fokop = Lyor(yy in LYNT* M, |dzdé)).

Construct similarly a sequence fi in C3°(R) approaching 1; from below and such
that fiop — L1y in L' (T* M, |dzdg]).

Hint: You may wish to use that p~*({E1}) and p~'({E2}) have zero |dxd¢| measure.
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Chapter 5

Approximate functional calculus

In this part, we give a proof of the property (2.15). We give it in a separate chapter for it
requires more than the pseudo-differential calculus with C§° symbols. However, it remains
elementary enough to avoid using a general pseudo-differential calculus.

Let us introduce the following definition.

Definition 5.1 (Semiclassical resolvent of the Laplacian). For z € C\ R and h € (0,1]
we define
(—h*Ag = 2)71 = f.(=h?Ay),

with f.(\) = (A — 2)71, using (2.3).
Notice that, by (2.5), one has in particular

|[(=r*Ay —

IN

[ f2]| Lo ()
1
[Tm(z)|

Z)_IHLC(LQ)

(5.1)

Exercise 5.2. Show that the map z — (—h*Ay—2)"1 is continuous from C\R to L.(L?).
Hint. Use (and prove) that

(_h2Ag - 2)71 - (_hQAg - 4)71 =—(2— C)(_h2Ag - Z)il(_hQAg - C)il-

The relationship between the semiclassical resolvent and C§° functions of —thg is
given by the so called Helffer-Sjostrand formula. To state it, we need another definition.

Definition 5.3. Let f € C°(R). A function fe Cs°(R?) is an almost analytic ex-
tension of f if

1. for all N >0, 8f (z,y) = O(Jy|N), where 8 = 8, + i0y,

2. f(x,0)= f(z).

73



74 CHAPTER 5. APPROXIMATE FUNCTIONAL CALCULUS

Note that the first condition is a condition at y = 0, that is on the real axis, saying
that Jf vanishes to infinite order at y = 0.
The next exercise gives a simple explicit way to construct almost analytic extensions.

Exercise 5.4. Let f € C3°(R). Let x1,x2 € C°(R) such that
x1 =1 near the support of f, x2 =1 near 0.

Check that

Flo) = xa@newy: [ P amoFon

is an almost analytic extension of f.

In the sequel, for a continuous function B(z,y) defined on R?\ {y = 0}, or equivalently
on C\ R, with values in a Banach space, we shall denote

[ ofesena) = [ ([ of@ypena)a. oo

and

/(C 0f(2)B(2)L(dz) := lim 0f(2)B(z)L(dz), (5.2)

€20 JImz|>e

when the limit exists.

The main interest of almost analytic extensions is the following Cauchy type formula.

Proposition 5.5. Let f € C§°(R) and fe C§°(R?) be an almost analytic extension of f.
Then, for all X € R,

) =5 /C BF(=)(A — 2)" ' L(d2). (5.3)

Corollary 5.6 (Helffer-Sjostrand formula). Let f € Cg°(R) and f be an almost analytic
extension of f. Then

F=h?A,) = ;ﬁ/@@f(z)(—thg — ) L(dz). (5.4)

This corollary follows directly from Proposition 5.5 and the spectral theorem or, more
precisely, the definition (2.3). We only note that the convergence of the integral follows
from (5.1), which allows to bound the resolvent norm by |[Im(z)|~!, and from the fact that
df(z) = O(]Im(2)|). We let the interested reader work out the details in exercise (we also
refer to [1]).
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Proof of Proposition 5.5. For fixed €, we integrate by part with d and use that d(A\—z)~1 =
0 to get

—m+ze — T — 1€

G o Flo,e)—
/|[mz|>eaf( )()\—Z L dZ —Z/f f(x’e))\ —dzx. (5.5)

Then, using _ _
[z, te) = f(x) £ €dyf(z,0) + O(€2<[E>_2)
and the fact that

[

.t
IAN—ztie] T €

the right hand side of (5.5) can be written

/f (x— X +2 /af )A)dJrO()

/f)\+et ze/aayf (A +5,0) In(s® + €*)ds + O(e). (5.6)

that is,

By dominated convergence, using that | In(s? + €?)| < max (|In€|, 1+ |s|), (5.6) converges
to 2w f(A) as € goes to zero. O

The Helffer-Sjostrand formula suggests that to get (2.15), which is a pseudo-differential
approximation of f (—h2Ag), it suffices to find a pseudo-differential approximation of the
semiclassical resolvent. This is what we check in the rest of this appendix. The proof of
(2.15) itself is given at the end.

In the following definition, we use the notation (¢) = (1+]£|?)"/2. Note also that below
x belongs to R™ and has nothing to do with the notation = used above for Re(z).

Definition 5.7. For u € R, S* = SH#(R?") is the space of smooth functions a : R*™ — C
such that, for all multi-indices o, 8

10907 a(x, )| < Caap(€)" 7,

i.e. equivalently such that H(§>*”+|5|8§8€6a|]po < co. Here and below L™ = L>®°(R?*").

For such symbols, one can define opj, [a]u for all  in C§°(R™) (or in the Schwartz space)
exactly as in (3.1), since @ decays fast in £ while a(x, h§) grows at most polynomially.
Note that constant functions belong to S° and, as already observed in Section 3.1, that
the Fourier inversion formula gives directly

opp[l] = 1. (5.7)

Apart from the Helffer-Sjostrand formula, the main property we will use in this ap-
pendix is the following proposition, or rather Corollary 5.9 below.
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Proposition 5.8. Let a € S™™(R™ x R™) with 0 < m < n. Then opyla] has a locally
integrable integral kernel K, p(x,y) such that,

m—n —2n
Kan(zy) < Coh" |2 (14 2E2)) (5.8)
h h
with a constant C, of the form
Chm max H(QmﬂmﬁgaHLm. (5.9)

|IB‘SNn,m
Proposition 5.8 together with the Schur test (Lemma 3.6) imply directly

Corollary 5.9. If a € S™™ with 0 < m < n, then opya] is bounded on L*(R™) with an
operator norm that can be estimated by (5.9) .

Note that we consider only the case when —n < —m < 0 for this is the only one we are
going to use, but the L? boundedness holds for other classes of symbols. In particular, any
symbol of order y# < —n belongs to all spaces S™™ with m > n hence the corresponding
operator is also bounded on L?(R").

To prove Proposition 5.8, we need the following lemma.

Lemma 5.10. Let v, N > 0 be positive real numbers such that N > v. Then, there exists
C = Cyn such that, for all A >0,

AN\ AV
kl/ _ < .
S (14 5%) < Cqi

k>0

Proof. The estimate is equivalent to the fact that the sum is O(A™") if 0 < A < 1 and
O\ N) if A > 1. We thus prove these two estimates. Using that

A -N 2—]<:N
<1 * w) S
the sum is bounded by A=V 3, 27F(N=¥) — O(A~N), which yields the result if A > 1. If
0 < XA <1, we let kg be the integer part of —log A/log?2 so that

2 ko=l N\ < 2 ko,
Then

A

9—k

)\ —N

—N
(3/2)—Ng<1+ > <1 ifk <k, <1+

so that

ko A —-N

kv k kov —v
Y 2 <1+2_k> < Yok g okor <)
k=0 k<ko
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and
k AN\ kvo— N (k—ko—1) (ko+1) (N—=v)(k—ko—1)
v Vo— —ko—1) _ ov(ko+1 —(N—v)(k—ko—1 —v
> 2 <1+2_k> <y 22 071 = vt tl) } "9 =D <A,
k>ko k>ko k>ko
This yields the result when 0 < A < 1. g

Exercise 5.11 (Dyadic partition of unity). Let xo € C5°(R™) be such that xo(n) = 1 near
n=0. Let x(n) := x0(n/2) — xo0(n). Check that x € C§°(R™\ 0) and that

N—

Xo(€) + ) x(27F¢) =x0(27 V¢ — 1. (5.10)
k=0

—_

as N — oo

Proof of Proposition 5.8. Formally, the Schwartz kernel of opp[a] reads

(ZWh)_”/eiz;y'fa(x,g)dﬁ.

See for instance (3.2). The problem here is that a is not integrable in £. Using Exercise
5.11, this kernel can be rigorously written as the limit as N — oo, in the distributions
sense, of

N-1
(2mh)™ / H Sz, &) xo(2NE)dE = B (Kh(:z,y) +3 K§k>(x,y)> (5.11)

k=0

where, replacing ¥ by X, we have set
K@) = em™ [ ¥ ate n@ e
= 2" (2m)™" / €2 X a(z, 2%n)x (n)dn
Kp(z,y) = (27T)_n/eina(I,é)XO(ﬁ)df-

We show that the right hand side of (5.11) converges in L] (R?"). Proceeding exactly as
for (3.5), we find that for any NV,

—2N
K3 (2. y)] < 2 (1 + QXD sup (1 = 8)" (a(z, 2" n)x(n))|
n
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where the sup is bounded by a constant times 27™* max|g|<an H(f>m+|m6?aHLoo since

1= AN (a(z, 2fn)x(m)| < D 299 a) (@, 25n)|[(0*x) ()]

81+lal=2N

S 27k S P9 a) (2, 250) (97 X) ()]
81+lal=2N

S 2 Y @) 0fa) (@, 28)l| (070 ()]
81+lal=2N

using that |n| is bounded from below on the support of y. Similarly,

_N
[ atwonatern| v (1+]75Y))

x_ym—n
1
G

A

by choosing N > 3n — m and with an implicit multiplicative constant of the form (5.9).

By Lemma 5.10, we thus see that, if x # y
—2n
r—Yy
2
By dominated convergence, this implies the convergence of (5.11) in L{ (R*") and then
the estimate (5.8). O

B | eyl + Y K @) | < Cob
k>0

h

m—n
‘T—y’ <1+

Our approximation of the semiclassical resolvent is the following one.

Proposition 5.12. One can write
(—=h*Ag —2)7' = Opn((p = 2) ") + hR(h, 2)

where, for some C >0 and M > 0,

M
1Rl < () (5.12)

for all h € (0,1] and z € C\ R.

We point out that in this statement we take Opy, of (p—2z)~! which is not a C§° function
on T*M (it is smooth but not compactly supported) that is not as in Definition 3.14. We
shall see in the proof below that this does not cause any problem and only uses that opy
can be defined on symbols in S¥.

Exercise 5.13. We let po(z,&) = Zgjk(x)fjfk as in Section 8.3.
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1. Show that, for any multi-index v # 0 in N7,

a’ylpo ce 677])0
(po — 2)t*7 7

1
a7 ( > = linear combination of
Po— =

with 1 <j<|y[, m+-+y=7andm,...,7 #0.
2. Show that for any compact subset K € V, there exists Ck such that

(€)? K1+|Z|
po(z,§) —z| ~ 7 [Im(z)|
forallz € K, £ € R" and z € C\ R.

oL Lo (62 (62 potl
Hint: write P s

the matriz (g7%(x)) is positive definite for each .

and use that po(z,&) > ci|&|? for some cx > 0 since

Proof of Proposition 5.12. We use the same notation as in the beginning of Section
3.3, for P, pg, p1, ¥, etc... We start by observing that the computation in Proposition 3.19
is still valid if the symbol is not compactly supported in £. In particular, we find that

(h*P — z)opy, [ ] ¢ = (opn[Y] + hopnlgr,:] + h*opnlgs,:]) ¥
= ? + (hopplaqr,2] + h*opnlae,.]) ¥ (5.13)

where the function 1 to the right of the operators has to be understood as a multiplication
operator and where

bo—~%

q1,z = —i plw - ia§p0 : 8:(: <
Po— =z

Note that to get the first term in (5.13), we have used that opp,[1)] = vopp[1] = ¢ by (5.7).

Now, using Exercise 5.13, we observe that ¢, € S~1 and ¢, €8 ~2 (hence also belongs

to S~1) and that, for any N, there exist M and C such that, for j = 1,2,

> ; @, =P W(po—2)"").

bo— =

o 1647020, < 0 ()T
<N e =)l

Therefore, using Proposition 5.8 and (5.13) , we find that for some M,

. 1+ 2]\
(h2P — 2)opy, [po — J Y = + Or.(L2(rm)) (h <‘Im(LZ)”> ) .

Using this result with ¢» = 1); defined in (3.14) and pulling back the above identity on M,
we find after summation over [,

M
(=h*Ag = 2)0pn((p = 2)7") = I+ Or.(12()) (h <|1Im+(LZ)|I> ) |
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Applying (—h%A, — z)7! to the left of the operators in both sides of this equality and
using (5.1), we get the result. O

Proof of the Property (2.15). We let f be an almost analytic extension of f. We
observe first that by linearity of Op, and Proposition 5.5, we have

o (5 [07) -2 2t )
= Opn(fop)

Thus, using the Helffer-Sjostrand formula and Proposition 5.12, we have

2 [ 0FGIOm (0~ 2 2(d2)

Hf(_thg) — Opi(f Op)ch(p) < h/ léf(z)‘HR(hv Z)HEC(B)L(dZ)
< Ch
since the integral can be bounded by
1
C Im(z)|M —————L(dz
oot [Im(2)] T () (dz)

using (5.12) and the fact that df vanishes to infinite order on Im(z) = 0. This completes
the proof of (2.15) when ¥ = 1. The general case follows from the easily verified fact that

Opn (W f o p) = YOpi(f o p). O

Comment. In the proof of (2.15), we have deliberately omitted to specify in which sense
the integrals are taken, in order stress on the simplicity of the argument. The scrupulous
reader whishing to rewrite the proof in full details can take the integrals in (5.14) and
in the Helffer-Sjostrand formula in the weak sense (i.e. by testing the integrands against
elements of L?(M)).



Appendix A

Partition of unity

Proposition A.1 (Partition of unity). Assume that M is a smooth compact manifold and
that we are given a finite open cover of M,

Furthermore, each 6; can be taken of the form 6; = go? for some @; € C3°(W;).

A useful application of this result is that, when W1, ..., Wy are coordinate patches,
each smooth function f on M can be written ), 6;f, ie as a (finite) sum of functions
supported in coordinate patches.

Proof. Since each W; is open, for any m € W; we can choose open subsets U! and ﬁfn
contained in a coordinate patch at m such that

meU:, €U cW. (A.1)

Then, by compactness, we obtain a finite open cover of M
N . .
M=J U000, ). (A.2)
i=1

By pulling back cutoffs on R", we can select

qﬁzn}-c e Cg° (U;”?;) such that qﬁ;n}-e =1 on U:”Z and (b:n;-c >0 on M. (A.3)

81



82 APPENDIX A. PARTITION OF UNITY

We then introduce
2 N
k i=1

n;
o; =
=1
Clearly ®; belongs to Cg°(W;) by (A.1) and (A.3). By (A.3), we also have ®; > 1 on each
U:n,- hence on their union (over k). Therefore (A.2) implies that ® > 1 on M so that we

k
can define

>

1 - 7 00
i = NG kz_ldhnz € Cg°(Wi),

which obviously satisfies ZZ]\L 1 gp% =1. N
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