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Université de Bordeaux 1

4ème rencontre du GDR Dynamique Quantique
February 10, 2012

Joint work with
J.-F. Bony and I.M. Sigal

1 / 23



Propagation
estimates

for photons

Jérémy
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The model

Standard model of non-relativistic QED

Non-relativistic atomic system (N charged non-relativistic quantum particles)
interacting with the quantized electromagnetic field

Atomic system

To simplify, we assume that the atomic system consists of a hydrogen atom
with infinitely heavy nucleus. The Schrödinger operator associated to it is
written as

Hel = −∆x + V (x),

where V is real-valued and ‖V (x)ψ‖ ≤ ε‖∆xψ‖+ Cε‖ψ‖. For instance

V (x) = − C

|x |
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Fock space

Hlbert space for the photon field

• Hilbert space for 1 photon: L2(R3 × {1, 2})
• Symmetric Fock space for the photon field:

Fs = C⊕
M
n≥1

SnL
2((R3 × {1, 2})n) =

M
n≥0

Fn
s

where Sn is the symmetrization operator

Creation and annihilation operators

• a∗λ(k) and aλ(k):

a∗λ(k) : Fn
s → Fn+1

s

aλ(k) : Fn
s → Fn−1

s

• Canonical commutation rules:

[a∗λ(k), a∗λ′(k ′)] = [aλ(k), aλ′(k ′)] = 0

[aλ(k), a∗λ′(k ′)] = δλλ′δ(k − k ′)
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Standard model in non-relativistic QED

Hilbert space for the non-relativistic electron and the photon field

H = L2(R3)⊗Fs ' L2(R3;Fs)

Pauli-Fierz Hamiltonian acting on H

H = (−i∇x + A(x))2 + V (x) + Hf

where

A(x) =
X
λ=1,2

Z
R3

κ(k)p
|k|
ελ(k)

“
a∗λ(k)e−ik·x + aλ(k)e ik·x

”
dk

Hf =
X
λ=1,2

Z
R3

|k|a∗λ(k)aλ(k)dk
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Faupin

Introduction

Propagation
observables

Proof

Minimal
velocity

Ionization threshold, localization of
photons

Ionization threshold

Let Σ denote the ionization threshold defined by

Σ := lim
R→∞

inf
ϕ∈DR ,‖ϕ‖=1

〈ϕ,Hϕ〉,

where DR = {ϕ ∈ D(H); ϕ(x) = 0 if |x | < R}

Theorem (Bach, Fröhlich, Sigal), (Griesemer)

For all δ, ξ ∈ R such that ξ + δ2 < Σ,‚‚eδ|x|1(−∞,ξ](H)
‚‚ <∞

Localization of photons

Let f ∈ C∞0 (R; [0, 1]) be such that supp(f ) ⊂ [1, 2] and define
F (s) =

R s

−∞ f (τ) dτ. Let y := i∇k . We localize the photon position using the
operator F (|y | ≥ ct) := F (|y |/ct)
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Maximal velocity of photons

Theorem (Bony, F., Sigal)

Let χ ∈ C∞0 ((−∞,Σ)) and c > 1. For all u ∈ D(dΓ(〈y〉)
1
2 ), we have‚‚‚dΓ

`
F (|y | ≥ ct)

´ 1
2 e−itHχ(H)u

‚‚‚ . t−γ
‚‚`dΓ(〈y〉) + 1

´ 1
2 u
‚‚,

where

γ < min
“1

2

“
1− 1

c

”
,

1

10

”
.

Remark

The operator dΓ
`
F (|y | ≥ ct)

´
represents the number of photons in the region

{|y | ≥ ct}. Hence the theorem means that, asymptotically (as t →∞), the
probability to find photons in the region {|y | ≥ ct} vanishes. In other words,
photons do not propagate faster that the speed of light (= 1 in our units)

7 / 23



Propagation
estimates

for photons

Jérémy
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Propagation observables

Heisenberg derivative

Let ψt := e−itHψ0. Given a family of operators Φt on H, the Heisenberg
derivative is defined by

DΦt := ∂tΦt + i [H,Φt ], so that ∂t〈ψt ,Φtψt〉 = 〈ψt ,DΦtψt〉

Definition

A family of operators Φt on a subspace H1 ⊂ H is called a weak propagation
observable, if for all ψ0 ∈ H1, it has the following properties

• supt〈ψt ,Φtψt〉 . ‖ψ0‖2
∗;

• DΦt ≥ Gt + Rem, where Gt ≥ 0 and
R∞

0
dt|〈ψt ,Remψt〉| . ‖ψ0‖2

♦,

for some norms ‖ψ0‖∗, ‖ · ‖♦ ≥ ‖ · ‖. Similarly, a family of operators Φt is
called a strong propagation observable, if it has the following properties

• Φt is a family of non-negative operators;

• DΦt ≤ −Gt + Rem, where Gt ≥ 0 and
R∞

0
dt|〈ψt ,Remψt〉| . ‖ψ0‖2

♦,

for some norm ‖ · ‖♦ ≥ ‖ · ‖
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Propagation estimates

Weak propagation estimate

If Φt is a weak propagation observable, thenZ ∞
0

dt‖G 1/2
t ψt‖2 . ‖ψ0‖2

♦ + ‖ψ0‖2
∗

Strong propagation estimate

If Φt is a strong propagation observable, then

〈ψt ,Φtψt〉+

Z ∞
0

dt‖G 1/2
t ψt‖2 . ‖ψ0‖2

♦ + 〈ψ0,Φ0ψ0〉

Remark

For the strong propagation estimate, Φt does not need to be uniformly
bounded in time. On the other hand, Φt must be ≥ 0, with ≤ 0 Heisenberg
derivative (up to integrable remainder terms)
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Idea of the proof of the main theorem

Theorem

Let χ ∈ C∞0 ((−∞,Σ)) and c > 1. For all u ∈ D(dΓ(〈y〉)
1
2 ), we have‚‚‚dΓ

`
F (|y | ≥ ct)

´ 1
2 e−itHχ(H)u

‚‚‚ . t−γ
‚‚`dΓ(〈y〉) + 1

´ 1
2 u
‚‚,

for some γ > 0

Idea of the proof

It suffices to show that Φt := t2γdΓ
`
F (|y | ≥ ct)

´
is a strong propagation

observable on Ranχ(H) ∩ D(dΓ(〈y〉)
1
2 )
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Field operators

Simplification for this talk

We consider scalar bosons on the Fock space

Fs = C⊕
M
n≥1

SnL
2(R3n) =

M
n≥0

Fn
s

Creation and annihilation operators

For f ∈ L2(R3),

(a∗(f )Φ)(n)(k1, · · · , kn) :=
1√
n

nX
i=1

f (ki )Φ(n−1)(k1, · · · , k̂i , · · · , kn)

(a(f )Φ)(n)(k1, · · · , kn) =
√

n + 1

Z
R3

f̄ (k)Φ(n+1)(k, k1, · · · , kn)dk

Field operators

Φ(f ) := a∗(f ) + a(f )

13 / 23
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Second quantization and commutation
properties

Second quantized operators

Let b be an operator on L2(R3). The second quantization of b is defined on
Fs by

dΓ(b)|Fn
s

=
nX

j=1

1⊗ · · · ⊗ b ⊗ · · · ⊗ 1

dΓ(b)Ω = 0

where Ω = (1, 0, 0, · · · ) (Fock vacuum)

Commutation properties

Let b, c be operators on L2(R3) and f ∈ L2(R3). We have

[dΓ(b),dΓ(c)] = dΓ([b, c]),

[dΓ(b),Φ(f )] = −iΦ(ibf )

14 / 23
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Proof of the theorem (I)

Nelson model

To simplify the presentation, we consider the Nelson model

H = −∆x + V (x) + dΓ(|k|) + Φ(hx), hx(k) = |k|µe ik·xκ(k), µ > 0

Propagation observable

Let v = |y |/ct. The choice Φt = t2γdΓ
`
F (v)

´
does not work. Let instead

Φt = t2γdΓ(Jβ(v 2)), where Jβ(s) = sβF (s1/2). Then Φt is well-defined on
χ(H)D

`
dΓ(〈y〉2β)

´
(not trivial) and satisfies Φt ≥ t2γdΓ

`
F (v)

´
(trivial)

Heisenberg derivative

DΦt = ∂tΦt + i [H,Φt ] = 2γt2γ−1dΓ
`
Jβ(v 2)

´
← has a sign

− 2t2γ−1dΓ
`
v 2J ′β(v 2)

´
← has a sign

+ t2γdΓ
`
i
ˆ
|k|, Jβ(v 2)

˜´
← ??

− t2γΦ(iJβ(v 2)hx)← remainder term
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Faupin

Introduction

Propagation
observables

Proof

Minimal
velocity

Proof of the theorem (I)

Nelson model

To simplify the presentation, we consider the Nelson model

H = −∆x + V (x) + dΓ(|k|) + Φ(hx), hx(k) = |k|µe ik·xκ(k), µ > 0

Propagation observable

Let v = |y |/ct. The choice Φt = t2γdΓ
`
F (v)

´
does not work. Let instead

Φt = t2γdΓ(Jβ(v 2)), where Jβ(s) = sβF (s1/2). Then Φt is well-defined on
χ(H)D

`
dΓ(〈y〉2β)

´
(not trivial) and satisfies Φt ≥ t2γdΓ

`
F (v)

´
(trivial)

Heisenberg derivative

DΦt = ∂tΦt + i [H,Φt ] = 2γt2γ−1dΓ
`
Jβ(v 2)

´
← has a sign

− 2t2γ−1dΓ
`
v 2J ′β(v 2)

´
← has a sign

+ t2γdΓ
`
i
ˆ
|k|, Jβ(v 2)

˜´
← ??

− t2γΦ(iJβ(v 2)hx)← remainder term

15 / 23



Propagation
estimates

for photons

Jérémy
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Proof of the theorem (II)

The field remainder term

Recall hx(k) = |k|µe ik·xκ(k)

• Use that

‖Φ(iJβ(v 2)hx)(Hf + 1)−1/2‖ . ‖|k|−1/2Jβ(v 2)hx‖L2 + ‖Jβ(v 2)hx‖L2 ,

• Use that Jβ(·) is supported away from 0: ‖|y |−ρJβ(v 2)‖ . t−ρ

• Use that ‖|k|−1/2|y |ρhx‖L2 . 〈x〉ρ (for ρ not too large, depending on the
value of µ)

• Use exponential decay in the electron position variable below the
ionization threshold to bound ‖〈x〉ρχ(H)‖ <∞

• It follows that

t2γ‖χ(H)Φ(iJβ(v 2)hx)χ(H)‖ . t−1−ε

for 2γ + 1 + ε+ 1/2 + 2β − µ < 3/2 (requires µ > 0)
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Proof of the theorem (III)

Commutator expansion

Consider the term t2γdΓ
`
i
ˆ
|k|, Jβ(v 2)

˜´
• By the Helffer-Sjöstrand formula,

i
ˆ
|k|, Jβ(v 2)

˜
= (J ′β)

1
2 (v 2)i [|k|, v 2](J ′β)

1
2 (v 2) + Rem

= − 1

ct
(J ′β)

1
2 (v 2)

`
v · k

|k| +
k

|k| · v
´
(J ′β)

1
2 (v 2) + Rem

• The main term: since supp(J ′β) ⊂ [1,∞),

− 1

ct
(J ′β)

1
2 (v 2)

`
v · k

|k| +
k

|k| · v
´
(J ′β)

1
2 (v 2) ≤ 2

ct
v 2J ′β(v 2)

• The remainder term: use Hardy’s inequality in R3

(‖|k|−δu‖L2 . ‖|y |δu‖L2 for 0 ≤ δ < 3/2) to show that‚‚|k| δ2 Rem|k|
δ
2
‚‚ . t−1−δ, 0 ≤ δ ≤ 1
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Proof of the theorem (IV)

Control of small momenta

• After second quantization, the previous estimate give

t2γdΓ
`
i
ˆ
|k|, Jβ(v 2)

˜´
≤ 2c−1t2γ−1dΓ

`
v 2J ′β(v 2)

´
+ Ct−1−δdΓ(|k|−δ)

• Control the growth of dΓ(|k|−δ) along the evolution: Assume

ψ0 ∈ D(|H|
1
2 ) ∩ D(dΓ(|k|−δ)

1
2 ). Then for any δ ∈ [−1, 1],

〈ψt , dΓ(|k|−δ)ψt〉 . t
1+δ
2+µ (〈ψ0, (|H|+ 1)ψ0〉+ 〈ψ0, dΓ(|k|−δ)ψ0〉)

• Therefore
t−1−δ〈ψt , dΓ(|k|−δ)ψt〉 . t−1−ε,

with ε = δ − 1+δ
2+µ

, and hence ε > 0 provided that µ > δ−1 − 1
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Proof of the theorem (V)

Conclusion

• Combine the previous estimates to obtain

DΦt = 2γt2γ−1dΓ
`
Jβ(v 2)

´
− 2t2γ−1dΓ

`
v 2J ′β(v 2)

´
+ t2γdΓ

`
i
ˆ
|k|, Jβ(v 2)

˜´
− t2γΦ(iJβ(v 2)hx)

≤ 2t2γ−1dΓ(γJβ(v 2)− (1− c−1)v 2J ′β(v 2)) + Int. term

• Use that v 2J ′β(v 2) ≥ βJβ(v 2) which implies

DΦt ≤ 2t2γ−1(γ − (1− c−1)β)dΓ(Jβ(v 2)) + Int. term

• Choose β such that γ − (1− c−1)β < 0

Standard model of non-relativistic QED

• Infrared singularity is of order |k|µ with µ = −1/2 (while we used the
condition µ > 0 for the Nelson model)

• Use a (generalized) Pauli-Fierz transformation to improve the infrared
behavior
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Minimal velocity of photons

Conjecture

Since physically, photons propagate at the speed of light (c = 1), we expect
that, for F ∈ C∞0 ((0, 1)) and χ ∈ C∞0 ((−∞,Σ) \ σp(H))Z ∞

1

‚‚‚dΓ
`
F (|y |/t)

´ 1
2 e−itHχ(H)u

‚‚‚2 dt

t
<∞

for u in some dense set

Problems

• Let Φt = dΓ
`
G(v 2)

´
. We have

DΦt = ∂tdΓ(v 2) + i [H,G(v 2)]

Now the second term should dominate the first one

• To prove a weak propagation estimate, we need that 〈ψt ,Φtψt〉 is
uniformly bounded. However, it is not known that 〈ψt , dΓ(1)ψt〉 is
uniformly bounded
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Local decay

Mourre estimate (Fröhlich, Griesemer, Sigal)

Let E := inf σ(H), egap = e1 − e0 with e0 = inf σ(Hel), e1 = inf σ(Hel) \ {e0},
and

Bσ := dΓ(bσ), bσ :=
1

2
ησ(k)(k · y + y · k)ησ(k)

Let I b (0, 1) be an open interval. There exist c0 > 0 such that, for
sufficiently small coupling and 0 < σ ≤ egap/2,

1σI (H − E)[H, iBσ]1σI (H − E) ≥ c0σ1σI (H − E)

(Non uniform) Local decay (Hunziker, Sigal, Soffer)

Let ϕ ∈ C∞0 ((0, 1); R), ϕσ(·) := ϕ(·/σ). For all s ≥ 0, there exits Cs,ϕ > 0
such that, for sufficiently small coupling and for all 0 < σ ≤ egap/2 and t ∈ R,‚‚〈Bσ〉−se−itHϕσ(H − E)〈Bσ〉−s

‚‚ ≤ Cs,ϕ

〈tσ〉s
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Minimal velocity of at least one photon

(Uniform) Local decay (Bony, F.)

For sufficiently small coupling, for all χ ∈ C∞0 ((E ,E + egap/4); R) and
0 ≤ s < 2, we have

‖〈dΓ(|y |)〉−se−itHχ(H)〈dΓ(|y |)〉−s‖ . 〈t〉−s

Consequence

Let Γ(b) = b ⊗ · · · ⊗ b on the n-particles subspace. For sufficiently small
coupling, for all χ ∈ C∞0 ((E ,E + egap/4); R)‚‚‚ Γ(F (|y | ≤ ctα))e−itHχ(H)ψ

‚‚‚2

. tα−
9

20 ,

for all c > 0 and α < 9/20. In other words, asymptotically as t →∞, at least
one particle is in the region {|y | ≥ ctα}
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